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PREFACE

In the second edition, we have added chapters on Bayesian inference in linear models
(Chapter 11) and linear mixed models (Chapter 17), and have upgraded the material
in all other chapters. Our continuing objective has been to introduce the theory of
linear models in a clear but rigorous format.

In spite of the availability of highly innovative tools in statistics, the main tool of
the applied statistician remains the linear model. The linear model involves the sim-
plest and seemingly most restrictive statistical properties: independence, normality,
constancy of variance, and linearity. However, the model and the statistical
methods associated with it are surprisingly versatile and robust. More importantly,
mastery of the linear model is a prerequisite to work with advanced statistical tools
because most advanced tools are generalizations of the linear model. The linear
model is thus central to the training of any statistician, applied or theoretical.

This book develops the basic theory of linear models for regression, analysis-of-
variance, analysis—of—covariance, and linear mixed models. Chapter 18 briefly intro-
duces logistic regression, generalized linear models, and nonlinear models.
Applications are illustrated by examples and problems using real data. This combination
of theory and applications will prepare the reader to further explore the literature and to
more correctly interpret the output from a linear models computer package.

This introductory linear models book is designed primarily for a one-semester
course for advanced undergraduates or MS students. It includes more material than
can be covered in one semester so as to give an instructor a choice of topics and to
serve as a reference book for researchers who wish to gain a better understanding
of regression and analysis-of-variance. The book would also serve well as a text
for PhD classes in which the instructor is looking for a one-semester introduction,
and it would be a good supplementary text or reference for a more advanced PhD
class for which the students need to review the basics on their own.

Our overriding objective in the preparation of this book has been clarity of expo-
sition. We hope that students, instructors, researchers, and practitioners will find this
linear models text more comfortable than most. In the final stages of development, we
asked students for written comments as they read each day’s assignment. They made
many suggestions that led to improvements in readability of the book. We are grateful
to readers who have notified us of errors and other suggestions for improvements of
the text, and we will continue to be very grateful to readers who take the time to do so
for this second edition.

xiii
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Another objective of the book is to tie up loose ends. There are many approaches
to teaching regression, for example. Some books present estimation of regression
coefficients for fixed x’s only, other books use random x’s, some use centered
models, and others define estimated regression coefficients in terms of variances
and covariances or in terms of correlations. Theory for linear models has been pre-
sented using both an algebraic and a geometric approach. Many books present clas-
sical (frequentist) inference for linear models, while increasingly the Bayesian
approach is presented. We have tried to cover all these approaches carefully and to
show how they relate to each other. We have attempted to do something similar
for various approaches to analysis-of-variance. We believe that this will make the
book useful as a reference as well as a textbook. An instructor can choose the
approach he or she prefers, and a student or researcher has access to other methods
as well.

The book includes a large number of theoretical problems and a smaller number of
applied problems using real datasets. The problems, along with the extensive set of
answers in Appendix A, extend the book in two significant ways: (1) the theoretical
problems and answers fill in nearly all gaps in derivations and proofs and also extend
the coverage of material in the text, and (2) the applied problems and answers become
additional examples illustrating the theory. As instructors, we find that having
answers available for the students saves a great deal of class time and enables us to
cover more material and cover it better. The answers would be especially useful to
a reader who is engaging this material outside the formal classroom setting.

The mathematical prerequisites for this book are multivariable calculus and matrix
algebra. The review of matrix algebra in Chapter 2 is intended to be sufficiently com-
plete so that the reader with no previous experience can master matrix manipulation
up to the level required in this book. Statistical prerequisites include some exposure to
statistical theory, with coverage of topics such as distributions of random variables,
expected values, moment generating functions, and an introduction to estimation
and testing hypotheses. These topics are briefly reviewed as each is introduced.
One or two statistical methods courses would also be helpful, with coverage of
topics such as 7 tests, regression, and analysis-of-variance.

We have made considerable effort to maintain consistency of notation throughout
the book. We have also attempted to employ standard notation as far as possible and
to avoid exotic characters that cannot be readily reproduced on the chalkboard. With a
few exceptions, we have refrained from the use of abbreviations and mnemonic
devices. We often find these annoying in a book or journal article.

Equations are numbered sequentially throughout each chapter; for example, (3.29)
indicates the twenty-ninth numbered equation in Chapter 3. Tables and figures are
also numbered sequentially throughout each chapter in the form “Table 7.4 or
“Figure 3.2.” On the other hand, examples and theorems are numbered sequentially
within a section, for example, Theorems 2.2a and 2.2b.

The solution of most of the problems with real datasets requires the use of the com-
puter. We have not discussed command files or output of any particular program,
because there are so many good packages available. Computations for the numerical
examples and numerical problems were done with SAS. The datasets and SAS
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command files for all the numerical examples and problems in the text are available
on the Internet; see Appendix B.

The references list is not intended to be an exhaustive survey of the literature. We
have provided original references for some of the basic results in linear models and
have also referred the reader to many up-to-date texts and reference books useful for
further reading. When citing references in the text, we have used the standard format
involving the year of publication. For journal articles, the year alone suffices, for
example, Fisher (1921). But for a specific reference in a book, we have included a
page number or section, as in Hocking (1996, p. 216).

Our selection of topics is intended to prepare the reader for a better understanding
of applications and for further reading in topics such as mixed models, generalized
linear models, and Bayesian models. Following a brief introduction in Chapter 1,
Chapter 2 contains a careful review of all aspects of matrix algebra needed to read
the book. Chapters 3, 4, and 5 cover properties of random vectors, matrices, and
quadratic forms. Chapters 6, 7, and 8 cover simple and multiple linear regression,
including estimation and testing hypotheses and consequences of misspecification
of the model. Chapter 9 provides diagnostics for model validation and detection of
influential observations. Chapter 10 treats multiple regression with random x’s.
Chapter 11 covers Bayesian multiple linear regression models along with Bayesian
inferences based on those models. Chapter 12 covers the basic theory of analysis-
of-variance models, including estimability and testability for the overparameterized
model, reparameterization, and the imposition of side conditions. Chapters 13 and
14 cover balanced one-way and two-way analysis-of-variance models using an over-
parameterized model. Chapter 15 covers unbalanced analysis-of-variance models
using a cell means model, including a section on dealing with empty cells in two-
way analysis-of-variance. Chapter 16 covers analysis of covariance models.
Chapter 17 covers the basic theory of linear mixed models, including residual
maximum likelihood estimation of variance components, approximate small-
sample inferences for fixed effects, best linear unbiased prediction of random
effects, and residual analysis. Chapter 18 introduces additional topics such as
nonlinear regression, logistic regression, loglinear models, Poisson regression, and
generalized linear models.

In our class for first-year master’s-level students, we cover most of the material in
Chapters 2—5, 7-8, 10—12, and 17. Many other sequences are possible. For example,
a thorough one-semester regression and analysis-of-variance course could cover
Chapters 1-10, and 12-15.

Al’s introduction to linear models came in classes taught by Dale Richards and
Rolf Bargmann. He also learned much from the books by Graybill, Scheffé, and
Rao. Al expresses thanks to the following for reading the first edition manuscript
and making many valuable suggestions: David Turner, John Walker, Joel
Reynolds, and Gale Rex Bryce. Al thanks the following students at Brigham
Young University (BYU) who helped with computations, graphics, and typing of
the first edition: David Fillmore, Candace Baker, Scott Curtis, Douglas Burton,
David Dahl, Brenda Price, Eric Hintze, James Liechty, and Joy Willbur. The students
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in Al’s Linear Models class went through the manuscript carefully and spotted many
typographical errors and passages that needed additional clarification.

Bruce’s education in linear models came in classes taught by Mel Carter, Del
Scott, Doug Martin, Peter Bloomfield, and Francis Giesbrecht, and influential short
courses taught by John Nelder and Russ Wolfinger.

We thank Bruce’s Linear Models classes of 2006 and 2007 for going through the
book and new chapters. They made valuable suggestions for improvement of the text.
We thank Paul Martin and James Hattaway for invaluable help with LaTex. The
Department of Statistics, Brigham Young University provided financial support
and encouragement throughout the project.

Second Edition

For the second edition we added Chapter 11 on Bayesian inference in linear models
(including Gibbs sampling) and Chapter 17 on linear mixed models.

We also added a section in Chapter 2 on vector and matrix calculus, adding several
new theorems and covering the Lagrange multiplier method. In Chapter 4, we pre-
sented a new proof of the conditional distribution of a subvector of a multivariate
normal vector. In Chapter 5, we provided proofs of the moment generating function
and variance of a quadratic form of a multivariate normal vector. The section on the
geometry of least squares was completely rewritten in Chapter 7, and a section on the
geometry of least squares in the overparameterized linear model was added to
Chapter 12. Chapter 8 was revised to provide more motivation for hypothesis
testing and simultaneous inference. A new section was added to Chapter 15
dealing with two-way analysis-of-variance when there are empty cells. This material
is not available in any other textbook that we are aware of.

This book would not have been possible without the patience, support, and
encouragement of Al’s wife LaRue and Bruce’s wife Lois. Both have helped and sup-
ported us in more ways than they know. This book is dedicated to them.

ALVIN C. RENCHER AND G. BRUCE SCHAALJE

Department of Statistics
Brigham Young University
Provo, Utah



1 Introduction

The scientific method is frequently used as a guided approach to learning. Linear
statistical methods are widely used as part of this learning process. In the biological,
physical, and social sciences, as well as in business and engineering, linear models
are useful in both the planning stages of research and analysis of the resulting data.
In Sections 1.1-1.3, we give a brief introduction to simple and multiple linear
regression models, and analysis-of-variance (ANOVA) models.

1.1 SIMPLE LINEAR REGRESSION MODEL

In simple linear regression, we attempt to model the relationship between two vari-
ables, for example, income and number of years of education, height and weight
of people, length and width of envelopes, temperature and output of an industrial
process, altitude and boiling point of water, or dose of a drug and response. For a
linear relationship, we can use a model of the form

y=PpB+ Bix+e, (I.D

where y is the dependent or response variable and x is the independent or predictor
variable. The random variable ¢ is the error term in the model. In this context, error
does not mean mistake but is a statistical term representing random fluctuations,
measurement errors, or the effect of factors outside of our control.

The linearity of the model in (1.1) is an assumption. We typically add other
assumptions about the distribution of the error terms, independence of the observed
values of y, and so on. Using observed values of x and y, we estimate 3, and 3, and
make inferences such as confidence intervals and tests of hypotheses for 3, and f3;.
We may also use the estimated model to forecast or predict the value of y for a
particular value of x, in which case a measure of predictive accuracy may also be
of interest.

Estimation and inferential procedures for the simple linear regression model are
developed and illustrated in Chapter 6.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.



2 INTRODUCTION
1.2 MULTIPLE LINEAR REGRESSION MODEL

The response y is often influenced by more than one predictor variable. For example,
the yield of a crop may depend on the amount of nitrogen, potash, and phosphate fer-
tilizers used. These variables are controlled by the experimenter, but the yield may
also depend on uncontrollable variables such as those associated with weather.

A linear model relating the response y to several predictors has the form

y=Bo+ Bix1 + Boxz2 + -+ Bxi + & (1.2)

The parameters S, 3;,...,B; are called regression coefficients. As in (1.1), &
provides for random variation in y not explained by the x variables. This random
variation may be due partly to other variables that affect y but are not known or
not observed.

The model in (1.2) is linear in the 8 parameters; it is not necessarily linear in the x
variables. Thus models such as

y =By + Bix1 + Box] + Bsxa + Bysinx, + &

are included in the designation linear model.

A model provides a theoretical framework for better understanding of a pheno-
menon of interest. Thus a model is a mathematical construct that we believe may
represent the mechanism that generated the observations at hand. The postulated
model may be an idealized oversimplification of the complex real-world situation,
but in many such cases, empirical models provide useful approximations of the
relationships among variables. These relationships may be either associative or
causative.

Regression models such as (1.2) are used for various purposes, including the
following:

1. Prediction. Estimates of the individual parameters B, B, ..., B; are of less
importance for prediction than the overall influence of the x variables on y.
However, good estimates are needed to achieve good prediction performance.

2. Data Description or Explanation. The scientist or engineer uses the estimated
model to summarize or describe the observed data.

3. Parameter Estimation. The values of the estimated parameters may have
theoretical implications for a postulated model.

4. Variable Selection or Screening. The emphasis is on determining the import-
ance of each predictor variable in modeling the variation in y. The predictors
that are associated with an important amount of variation in y are retained;
those that contribute little are deleted.

5. Control of Output. A cause-and-effect relationship between y and the x
variables is assumed. The estimated model might then be used to control the
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output of a process by varying the inputs. By systematic experimentation, it
may be possible to achieve the optimal output.

There is a fundamental difference between purposes 1 and 5. For prediction, we need
only assume that the same correlations that prevailed when the data were collected
also continue in place when the predictions are to be made. Showing that there is a
significant relationship between y and the x variables in (1.2) does not necessarily
prove that the relationship is causal. To establish causality in order to control
output, the researcher must choose the values of the x variables in the model and
use randomization to avoid the effects of other possible variables unaccounted for.
In other words, to ascertain the effect of the x variables on y when the x variables
are changed, it is necessary to change them.

Estimation and inferential procedures that contribute to the five purposes listed
above are discussed in Chapters 7—11.

1.3 ANALYSIS-OF-VARIANCE MODELS

In analysis-of-variance (ANOVA) models, we are interested in comparing several
populations or several conditions in a study. Analysis-of-variance models can be
expressed as linear models with restrictions on the x values. Typically the x’s are Os
or 1s. For example, suppose that a researcher wishes to compare the mean yield for
four types of catalyst in an industrial process. If n observations are to be obtained for
each catalyst, one model for the 4n observations can be expressed as

yvi=m+e;, i=1,234, j=12,...,n, (1.3)

where u; is the mean corresponding to the ith catalyst. A hypothesis of interest is
Hy : w, = p, = w3 = py. The model in (1.3) can be expressed in the alternative form

yij:lL+ai+eij’ i:1,2,3,4, j:1,2,...,n. (14)

In this form, o; is the effect of the ith catalyst, and the hypothesis can be expressed as
Hoza1:a2:a3:a4.

Suppose that the researcher also wishes to compare the effects of three levels of
temperature and that n observations are taken at each of the 12 catalyst—temperature
combinations. Then the model can be expressed as

i=1,2,3,4 j=1,23; k=1,2,....n,

where w; is the mean for the jjth catalyst—temperature combination, «; is the effect of
the ith catalyst, B; is the effect of the jth level of temperature, and y;; is the interaction
or joint effect of the ith catalyst and jth level of temperature.
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In the examples leading to models (1.3)—(1.5), the researcher chooses the type of
catalyst or level of temperature and thus applies different treatments to the objects or
experimental units under study. In other settings, we compare the means of variables
measured on natural groupings of units, for example, males and females or various
geographic areas.

Analysis-of-variance models can be treated as a special case of regression models,
but it is more convenient to analyze them separately. This is done in Chapters 12—15.
Related topics, such as analysis-of-covariance and mixed models, are covered in
Chapters 16—17.



2 Matrix Algebra

If we write a linear model such as (1.2) for each of n observations in a dataset, the n
resulting models can be expressed in a single compact matrix expression. Then the
estimation and testing results can be more easily obtained using matrix theory.

In the present chapter, we review the elements of matrix theory needed in the
remainder of the book. Proofs that seem instructive are included or called for in
the problems. For other proofs, see Graybill (1969), Searle (1982), Harville (1997),
Schott (1997), or any general text on matrix theory. We begin with some basic defi-
nitions in Section 2.1.

2.1 MATRIX AND VECTOR NOTATION

2.1.1 Matrices, Vectors, and Scalars

A matrix is a rectangular or square array of numbers or variables. We use uppercase
boldface letters to represent matrices. In this book, all elements of matrices will be
real numbers or variables representing real numbers. For example, the height (in
inches) and weight (in pounds) for three students are listed in the following matrix:

65 154
A=(73 182]. @2.1)
68 167

To represent the elements of A as variables, we use

ap  diz
A= (a,]) = dazy dx |. (22)
asy  dasp

The first subscript in a;; indicates the row; the second identifies the column. The nota-
tion A = (a;j) represents a matrix by means of a typical element.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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The matrix A in (2.1) or (2.2) has three rows and two columns, and we say that A is
3 x 2, or that the size of A is 3 x 2.

A vector is a matrix with a single row or column. Elements in a vector are often
identified by a single subscript; for example

As a convention, we use lowercase boldface letters for column vectors and lowercase
boldface letters followed by the prime symbol (') for row vectors; for example

X' = (x1,X2,%3) = (x1 X2 X3).

(Row vectors are regarded as fransposes of column vectors. The transpose is defined
in Section 2.1.3 below). We use either commas or spaces to separate elements of a
row vector.

Geometrically, a row or column vector with p elements can be associated with a
point in a p-dimensional space. The elements in the vector are the coordinates of the
point. Sometimes we are interested in the distance from the origin to the point
(vector), the distance between two points (vectors), or the angle between the
arrows drawn from the origin to the two points.

In the context of matrices and vectors, a single real number is called a scalar. Thus
2.5, —9, and 7.26 are scalars. A variable representing a scalar will be denoted by a
lightface letter (usually lowercase), such as c. A scalar is technically distinct from a
1 x 1 matrix in terms of its uses and properties in matrix algebra. The same notation
is often used to represent a scalar and a 1 X 1 matrix, but the meaning is usually
obvious from the context.

2.1.2 Matrix Equality

Two matrices or two vectors are equal if they are of the same size and if the elements
in corresponding positions are equal; for example

3-2 4\ [(3-2 4
13 7) " \1 3 7)
52-9) (5 3 9
8—4 6 8 —4 6)

but
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2.1.3 Transpose

If we interchange the rows and columns of a matrix A, the resulting matrix is known
as the franspose of A and is denoted by A’; for example

-2

6
6 4 1
A=|4 71, A’:( )
M -2 7 3

Formally, if A is denoted by A = (a;), then A’ is defined as
Al = (aij)/ = (aj). (2.3)

This notation indicates that the element in the ith row and jth column of A is found in
the jth row and ith column of A’. If the matrix A is n x p, then A’ is p x n.
If a matrix is transposed twice, the result is the original matrix.

Theorem 2.1. If A is any matrix, then
A = A. (2.4)

Proor. By (2.3), A’ = (a;)' = (aj;). Then (A'Y = (a;;) = (a3) = A. O
(The notation U is used to indicate the end of a theorem proof, corollary proof or
example.)

2.1.4 Matrices of Special Form

If the transpose of a matrix A is the same as the original matrix, that is, if A’ = A or
equivalently (aj;) = (a;), then the matrix A is said to be symmetric. For example

3 2 6
A=12 10 -7
6 —7 9

is symmetric. Clearly, all symmetric matrices are square.

The diagonal of a p x p square matrix A = (a;) consists of the elements
aii,a»n,...,ap,. If a matrix contains zeros in all off-diagonal positions, it is said
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to be a diagonal matrix; for example, consider the matrix

SO O
(e

(=N}

~ O OO

which can also be denoted as
D = diag(8, —3,0, 4).

We also use the notation diag(A) to indicate a diagonal matrix with the same diagonal
elements as A; for example

3 2 6 300
A=1|2 10 -7, diagA)={(0 10 O
6 -7 9 0 0 9

A diagonal matrix with a 1 in each diagonal position is called an identity matrix,
and is denoted by I; for example

2.5)

]
Il

S O =

S = O

- o O

An upper triangular matrix is a square matrix with zeros below the diagonal; for
example,

|
W

SO O
S O O
S AW
0 —= QN

A lower triangular matrix is defined similarly.
A vector of 1s is denoted by j:

i= .| (2.6)
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A square matrix of s is denoted by J; for example

J=11 1 1]. 2.7

We denote a vector of zeros by 0 and a matrix of zeros by O; for example

(2.8)

[=e e
(=R

2.2 OPERATIONS

We now define sums and products of matrices and vectors and consider some pro-
perties of these sums and products.

2.2.1 Sum of Two Matrices or Two Vectors

If two matrices or two vectors are the same size, they are said to be conformal
for addition. Their sum is found by adding corresponding elements. Thus, if A is
nxp and B is nxp, then C=A+B is also nxp and is found as
C = (¢;j) = (a; + by); for example

7—34+115—6_182—2
2 8 =5 3 4 2) \5 12 =3)

The difference D = A — B between two conformal matrices A and B is defined simi-
larly: D= (d,j) = (Cl,‘j — b,j)
Two properties of matrix addition are given in the following theorem.

Theorem 2.2a. If A and B are both n x m, then

i) A+B=B+A. (2.9)
(i) (A+BY =A'+B. (2.10)
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2.2.2 Product of a Scalar and a Matrix

Any scalar can be multiplied by any matrix. The product of a scalar and a matrix is
defined as the product of each element of the matrix and the scalar:

can caypp - CAiy
cany cdyy -+ Cdyy

cA = (cay) = . . . . (2.11)
Cdyy Cdyy -+ Cdpy

Since ca; = a;jc, the product of a scalar and a matrix is commutative:

cA = Ac. (2.12)

2.2.3 Product of Two Matrices or Two Vectors

In order for the product AB to be defined, the number of columns in A must equal the
number of rows in B, in which case A and B are said to be conformal for multipli-
cation. Then the (ij)th element of the product C = AB is defined as

= aiby, (2.13)
k

which is the sum of products of the elements in the ith row of A and the elements in
the jth column of B. Thus we multiply every row of A by every column of B. If A is
n x mand B is m X p, then C = AB is n x p. We illustrate matrix multiplication in
the following example.

Example 2.2.3. Let

1 4
A(AZL é g) and B=1[2 6
3 8

Then

Ap_ (2112433 24416438
\4-146-24+5-3 4.446-6+5-8

13 38
31 92)°

18 25 23
BA=| 28 38 36
38 51 49

O

Note that a 1 x 1 matrix A can only be multiplied on the right by a 1 x n matrix B or
on the left by an n x 1 matrix C, whereas a scalar can be multiplied on the right or
left by a matrix of any size.



2.2 OPERATIONS 11

If Aisn x mand B is m x p, where n # p, then AB is defined, but BA is not
defined. If A is n x p and B is p x n, then AB is n x n and BA is p x p. In this
case, of course, AB # BA, as illustrated in Example 2.2.3. If A and B are both
n x n, then AB and BA are the same size, but, in general

AB # BA. (2.14)

[There are a few exceptions to (2.14), for example, two diagonal matrices or a square
matrix and an identity.] Thus matrix multiplication is not commutative, and certain
familiar manipulations with real numbers cannot be done with matrices. However,
matrix multiplication is distributive over addition or subtraction:

AB + C) = AB + AC, 2.15)

(A + B)C=AC + BC. (2.16)
Using (2.15) and (2.16), we can expand products such as (A — B)(C — D):

(A—B)(C—-D)=(A—B)C—(A—BD [by (2.15)]
= AC—-BC—AD +BD [by (2.16)]. 2.17)

Multiplication involving vectors follows the same rules as for matrices. Suppose
that Aisn x p,bisp x 1,cisp x 1, and d is n x 1. Then Ab is a column vector
of size n x 1, d’A is a row vector of size 1 x p, b’c is a sum of products (1 x 1),
bc' is a p x p matrix, and cd’ is a p X n matrix. Since b’cis a 1 x 1 sum of products,
it is equal to ¢'b:

b'c = bici + bycy + -+ bpcp,

¢'b = ciby + c2by + - - + cpby,
b'c = ¢'b. (2.18)

The matrix ed’ is given by

cdi cidy -+ cidy,
ody cdy --- cd,

cd’ (2.19)

cpdi cpdy - cpdy
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Similarly
b'b = b} + b3+ + by, (2.20)
b} biby --- bib,
byby b3 - bab,
bb' = | . N 221
byby byby - D

Thus, b’b is a sum of squares and bb’ is a (symmetric) square matrix.
The square root of the sum of squares of the elements of a p x 1 vector b is the
distance from the origin to the point b and is also referred to as the length of b:

)4
m%mdb:vwbzuzpﬁ (2.22)
i=1

If jis an n x 1 vector of 1s as defined in (2.6), then by (2.20) and (2.21), we have
fi=n ii'=1|. . =1 (2.23)

where J is an n X n square matrix of 1s as illustrated in (2.7). If ais n X 1 and A is
n X p, then

di=ja=>Y a (2.24)
P
Zjal}
, Zj aj
A= (Zailazaib-nzzaip): Aj= : - 225
2 nj

Thus a’j is the sum of the elements in a, j’A contains the column sums of A, and Aj
contains the row sums of A. Note that in a’j, the vector jis n x 1; in j'A, the vector j
is n x 1; and in Aj, the vector jis p x 1.
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The transpose of the product of two matrices is the product of the transposes in
reverse order.

Theorem 2.2b. If A is n X p and B is p x m, then
(ABY = B'A. (2.26)

Proor. Let C = AB. Then by (2.13)

p
C= (CU) = (Z a[kbkj> .

k=1
By (2.3), the transpose of C = AB becomes
(AB) = C' = (¢p)' = (cj0)

P P
= (Z ajkbk,-> = (Z bk,»ajk> = B/A/. O
k=1 k=1

We illustrate the steps in the proof of Theorem 2.2b using a 2 x 3 matrix A and a
3 x 2 matrix B:

bt b2
a3
AB = < ) by by
axs
by b
_ (aubi +anby +aizbsi  anbin + anbxn +a13b32)
axiby1 + anbyy + axbsy  ay by + apby + apbi;
(AB) = <allbll + apby +aizbs;  ax by + axnboy + axbs; )
aibiy +apby +aizbyy  ay b + anby + apbs;
B <buau + byiann + byiaiz  briax + byaxn + b31a23)
bypay + bpay + bxpaiz  bipax + bypaxn + biyans

air ax
<bu by b3 ) i a
= 12 an
by by bxn
aiz  azs

=BA.



14 MATRIX ALGEBRA

The following corollary to Theorem 2.2b gives the transpose of the product of
three matrices.

Corollary 1. If A,B, and C are conformal so that ABC is defined, then
(ABC) = C'B'A’. O

Suppose that A isn x mand B is m x p. Let a} be the ith row of A and b; be the jth
column of B, so that

A= ., B=(b,by....b,).

Then, by definition, the (ij)th element of AB is agbj:

/ / /
aby ajb, --- ajb,
/ / /
ab; a)b, --- a)b,
AB =
/! / /
ab; ab, --- ab,

This product can be written in terms of the rows of A:

a’l(bl,bz,...,b,,) a’lB a’l
al(by, by, ..., b,) a,B a)

AB = . =1 = " Is (2.27)
a(bi,by,...,by) aB a)

The first column of AB can be expressed in terms of A as

/ /

ab, a

! /

a)b, a,
= | . |by=Ab;.

a’b; a),

n

Likewise, the second column is Ab,, and so on. Thus AB can be written in terms of
the columns of B:

AB = A(b;,by,...,b,) = (Ab, Ab,, ..., Ab,). (2.28)
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Any matrix A can be multiplied by its transpose to form A’A or AA’. Some pro-
perties of these two products are given in the following theorem.

Theorem 2.2¢. Let A be any n x p matrix. Then A’A and AA’ have the following
properties.

(i) A’A is p x p and its elements are products of the columns of A.
(ii) AA’is n x n and its elements are products of the rows of A.
(iii) Both A’A and AA’ are symmetric.
(iv) If AY/A =0, then A = O. O

Let A be an n x n matrix and let D = diag(d,,d>, . . ., d,). In the product DA, the
ith row of A is multiplied by d;, and in AD, the jth column of A is multiplied by d;.
For example, if n = 3, we have

d 0 0 an  ap A
DA=]10 d O az1 axn axp

0 0 d; a3 azx  ass

dian  diap  diais

= | drary draxyn drax |, (2.29)

dzazi  diaz  diaz

aj; app  a; d 0 0
AD = any dyy  adxs 0 d2 0
az; azx  as; 0 0 ds
diay  dhap  diapz

= | diayy draxn diay |, (2.30)

diazi  dhazy  diasz
2
diayy  didrar, didzags

DAD = d2d1 ary d%azz d2d36123 . (23 1)

2
didiaz1  didrazn,  dsas
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Note that DA # AD. However, in the special case where the diagonal matrix is the
identity, (2.29) and (2.30) become

A = Al = A. (2.32)

If A is rectangular, (2.32) still holds, but the two identities are of different sizes.
If A is a symmetric matrix and y is a vector, the product

YAY = aii + > ayyiy; (2.33)
i i#j

is called a quadratic form. If xisn x 1,y is p x 1, and A is n x p, the product

XAy = azxy; (2.34)

i

is called a bilinear form.

2.2.4 Hadamard Product of Two Matrices or Two Vectors

Sometimes a third type of product, called the elementwise or Hadamard product,
is useful. If two matrices or two vectors are of the same size (conformal for addition),
the Hadamard product is found by simply multiplying corresponding elements:

aybyy apbp - apby

axibyr  apby - ayby,
(a;by) =

anlbnl aannZ o anpbnp

2.3 PARTITIONED MATRICES
It is sometimes convenient to partition a matrix into submatrices. For example, a par-

titioning of a matrix A into four (square or rectangular) submatrices of appropriate
sizes can be indicated symbolically as follows:

Al Ap
A= .
(A21 Azz)
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To illustrate, let the 4 x 5 matrix A be partitioned as

7 2 5| 8 4
-3 4 0| 2 7 <A11 A12>

A: p— A A N
9 3 6|5 -2 A A
31201 6

where

7 2 5 8 4
All(_3 4 0>, A12<2 7),
A21=(9 3 6)’ A22=<5 —2>.

31 2 1 6

If two matrices A and B are conformal for multiplication, and if A and B are parti-
tioned so that the submatrices are appropriately conformal, then the product AB can

be found using the usual pattern of row by column multiplication with the subma-
trices as if they were single elements; for example

A A B B
AB:< 11 12)( 11 12>
Ay Axp By Bxn
_ (AllBll +ApBy AnBp +Alszz) (2.35)
A2Bii +A»By AyBp +ApBy /) .

If B is replaced by a vector b partitioned into two sets of elements, and if A is
correspondingly partitioned into two sets of columns, then (2.35) becomes

b
Ab = (AI,A2><b;) = Arb; + Asby, (2.36)

where the number of columns of A is equal to the number of elements of by, and A,
and b, are similarly conformal. Note that the partitioning in A = (A}, A,) is indicated
by a comma.

The partitioned multiplication in (2.36) can be extended to individual columns of
A and individual elements of b:

by
by
Ab = (aj,ay,...,a,)| . =bja; +bray +--- + bja,,. (2.37)

by
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Thus Ab is expressible as a linear combination of the columns of A, in which the
coefficients are elements of b. We illustrate (2.37) in the following example.

Example 2.3. Let

6 -2 3 4
A=12 1 0], b= 2
4 3 2 -1
Then
17
Ab=1 10
20

Using a linear combination of columns of A as in (2.37), we obtain

Ab = bja; + bya; + bra;

6 -2 3
=42 |+2| 1 (o
4 3 2
24 —4 3 17
=1 8|+ 2]=-|o]l=]10
16 6 2 20 O

By (2.28) and (2.37), the columns of the product AB are linear combinations of the
columns of A. The coefficients for the jth column of AB are the elements of the jth
column of B.

The product of a row vector and a matrix, a’B, can be expressed as a linear com-
bination of the rows of B, in which the coefficients are elements of a’:

b
! b2 / / /
aB=(a,a,...,a,)| . =aib; +aby +--- +a,b,. (2.38)

b
By (2.27) and (2.38), the rows of the matrix product AB are linear combinations

of the rows of B. The coefficients for the ith row of AB are the elements of the ith
row of A.
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Finally, we note that if a matrix A is partitioned as A = (A, A,), then

A =(ALA) = (i:l ) (2.39)
2

24 RANK

Before defining the rank of a matrix, we first introduce the notion of linear indepen-
dence and dependence. A set of vectors a;, a,, .. ., a, is said to be linearly dependent
if scalars ¢y, ¢y, . .., c, (not all zero) can be found such that

ciay +ca+---+cya, =0. (2.40)

If no coefficients ¢y, ¢, ...,c, can be found that satisfy (2.40), the set of vectors
aj,a,,...,a, is said to be linearly independent. By (2.37) this can be restated as
follows. The columns of A are linearly independent if Ac = 0 implies ¢ = 0. (If a
set of vectors includes 0, the set is linearly dependent.) If (2.40) holds, then at
least one of the vectors a; can be expressed as a linear combination of the other
vectors in the set. Among linearly independent vectors there is no redundancy of
this type.
The rank of any square or rectangular matrix A is defined as

rank(A)

number of linearly independent columns of A

number of linearly independent rows of A.

It can be shown that the number of linearly independent columns of any matrix is
always equal to the number of linearly independent rows.

If a matrix A has a single nonzero element, with all other elements equal to 0, then
rank(A) = 1. The vector 0 and the matrix O have rank 0.

Suppose that a rectangular matrix A is n X p of rank p, where p < n. (We typically
shorten this statement to “A is n X p of rank p < n.”) Then A has maximum possible
rank and is said to be of full rank. In general, the maximum possible rank of ann x p
matrix A is min(n, p). Thus, in a rectangular matrix, the rows or columns (or both) are
linearly dependent. We illustrate this in the following example.

Example 2.4a. The rank of
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is 2 because the two rows are linearly independent (neither row is a multiple of the
other). Hence, by the definition of rank, the number of linearly independent columns
is also 2. Therefore, the columns are linearly dependent, and by (2.40) there exist
constants ¢y, ¢z, and ¢z such that

(D ra(2)va(3)=(2) 2

By (2.37), we can write (2.41) in the form

ci
1 -2 3 0
<5 ) 4) o | = <O> or Ac=0. (2.42)

The solution to (2.42) is given by any multiple of ¢ = (14, —11, —12). In this case,
the product Ac is equal to 0, even though A # O and ¢ # 0. This is possible because
of the linear dependence of the column vectors of A. (]

We can extend (2.42) to products of matrices. It is possible to find A # O and
B # O such that

AB =0; (2.43)

for example

(234 2)=( o)

We can also exploit the linear dependence of rows or columns of a matrix to create
expressions such as AB = CB, where A # C. Thus in a matrix equation, we cannot,
in general, cancel a matrix from both sides of the equation. There are two exceptions
to this rule: (1) if B is a full-rank square matrix, then AB = CB implies A = C; (2)
the other special case occurs when the expression holds for all possible values of the
matrix common to both sides of the equation; for example

if Ax = Bx for all possible values of x, (2.44)

then A = B. To see this, let x = (1,0,...,0)". Then, by (2.37) the first column of A
equals the first column of B. Now let x = (0, 1,0,...,0)', and the second column of
A equals the second column of B. Continuing in this fashion, we obtain A = B.
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Example 2.4b. We illustrate the existence of matrices A, B, and C such that
AB = CB, where A # C. Let

12
13 2 2 11
A‘(z 0 —1>’ B= (1’ (1) ’ C_(s —6 —4>'

Then

35
AB_CB_<1 4). O

The following theorem gives a general case and two special cases for the rank of a
product of two matrices.

Theorem 2.4

(1) If the matrices A and B are conformal for multiplication, then rank(AB) <
rank(A) and rank(AB) < rank(B).

(i1) Multiplication by a full-rank square matrix does not change the rank; that is,
if B and C are full-rank square matrices, rank(AB) = rank(CA) = rank(A).

(iii) For any matrix A, rank(A’A) = rank(AA’) = rank(A’) = rank(A).
Proor

(i) All the columns of AB are linear combinations of the columns of A (see a
comment following Example 2.3). Consequently, the number of linearly
independent columns of AB is less than or equal to the number of linearly
independent columns of A, and rank(AB) < rank(A). Similarly, all the
rows of AB are linear combinations of the rows of B [see a comment follow-
ing (2.38)], and therefore rank(AB) < rank(B).

(i1) This will be proved later.

(iii) This will also be proved later.

2.5 INVERSE

A full-rank square matrix is said to be nonsingular. A nonsingular matrix A has a
unique inverse, denoted by A~!, with the property that

AAT=ATA=1L (2.45)
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If A is square and less than full rank, then it does not have an inverse and is said to be
singular. Note that full-rank rectangular matrices do not have inverses as in (2.45).
From the definition in (2.45), it is clear that A is the inverse of AL

A H T =A. (2.46)

Example 2.5. Let

Then

and

G D=5 DC-6Y .

We can now prove Theorem 2.4(ii).

Proor. If B is a full-rank square (nonsingular) matrix, there exists a matrix B~! such
that BB~! = I. Then, by Theorem 2.4(i), we have

rank(A) = rank(ABB™!) < rank(AB) < rank(A).

Thus both inequalities become equalities, and rank(A) = rank(AB). Similarly,
rank(A) = rank(CA) for C nonsingular. (I

In applications, inverses are typically found by computer. Many calculators also
compute inverses. Algorithms for hand calculation of inverses of small matrices
can be found in texts on matrix algebra.

If B is nonsingular and AB = CB, then we can multiply on the right by B!
to obtain A =C. (If B is singular or rectangular, we can’t cancel it from
both sides of AB = CB; see Example 2.4b and the paragraph preceding the
example.) Similarly, if A is nonsingular, the system of equations Ax = ¢ has the
unique solution

x=A"lc, (2.47)
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since we can multiply on the left by A~! to obtain

A 'Ax = A" l¢
Ix = A lc.

Two properties of inverses are given in the next two theorems.

Theorem 2.5a. If A is nonsingular, then A’ is nonsingular and its inverse can be
found as

AHY ' =AY, (2.48)
O

Theorem 2.5b. If A and B are nonsingular matrices of the same size, then AB is
nonsingular and

(AB)"' =B'AL (2.49)
O

We now give the inverses of some special matrices. If A is symmetric and nonsin-
gular and is partitioned as
Al A
A— 11 2]
Ay Ap

and if B = Ay — A21A1_1'A12, then, provided Al_ll and B~ exist, the inverse of A is
given by

A= (A A ALB A A —AnlAnBl). 2.50)

B 'AyA] B!
As a special case of (2.50), consider the symmetric nonsingular matrix
A= (Alll ap ) ’
4, ax»

in which Ay is square, a;; is a 1 x 1 matrix, and a;, is a vector. Then if Al’l1 exists,
A~! can be expressed as

1 L(bAT +ATlapa, A7 —Ajla
Al == 11 11 41241243 11 912 2.51
b( Sl 2 (2.51)
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where b = ay — a/lel’llalz. As another special case of (2.50), we have

—1
Ay O (A O
< (0] Azz) N ( (0] A2_21 ' (2:52)

If a square matrix of the form B + c¢¢’ is nonsingular, where ¢ is a vector and B is a
nonsingular matrix, then

B 'c¢'B7!
B+ed)'=B' - — " —. 2.53
(B + cc) 1+c¢Ble 2:53)
In more generality, if A, B, and A 4+ PBQ are nonsingular, then
(A+PBQ)' =A!' —A"'PB(B + BQA~'PB) 'BQA . (2.54)

Both (2.53) and (2.54) can be easily verified (Problems 2.33 and 2.34).

2.6 POSITIVE DEFINITE MATRICES

Quadratic forms were introduced in (2.33). For example, the quadratic form
392 + 3 + 23 + 4y1y2 + 5y1y3 — 6y2y3 can be expressed as

3y7 433 + 23 + 4y1ya + Sy1y3 — 6y2y3 = YAy,

where

Vi 3 4 5
y=(»]. A=[0o1 -6
y3 0 0 2

However, the same quadratic form can also be expressed in terms of the symmetric
matrix

1(A+A’)—
5 -

(1L NS OS]
—_—
I

N W
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In general, any quadratic form y’Ay can be expressed as

A+ A
YAy = y’( 5 )y, (2.55)

and thus the matrix of a quadratic form can always be chosen to be symmetric (and
thereby unique).

The sums of squares we will encounter in regression (Chapters 6—11) and
analysis—of—variance (Chapters 12—15) can be expressed in the form y’Ay, where
y is an observation vector. Such quadratic forms remain positive (or at least nonne-
gative) for all possible values of y. We now consider quadratic forms of this type.

If the symmetric matrix A has the property y’Ay > 0 for all possible y except
y = 0, then the quadratic form y’Ay is said to be positive definite, and A is said to
be a positive definite matrix. Similarly, if y'Ay > 0 for all y and there is at least
oney # 0 such that yAy = 0, then y'Ay and A are said to be positive semidefinite.
Both types of matrices are illustrated in the following example.

Example 2.6. To illustrate a positive definite matrix, consider

2 -1
(43
and the associated quadratic form

YAy =2y7 — 2yiv2 + 393 = 2(y1 — 230)? + 353,

which is clearly positive as long as y; and y, are not both zero.
To illustrate a positive semidefinite matrix, consider

Qy1 —¥2)* + Gy — ¥3)* + Gya — 2y3)7,

which can be expressed as y'Ay, with

13 -2 -3
A=1|-2 10 -6
-3 -6 5

If  2y;=y,3y1=y3, and 3y, =2y;, then 2y —y)’ + Gy —y)’+
(3y> —2y3)*> = 0. Thus yAy = 0 for any multiple of y = (1, 2, 3)’. Otherwise
y'Ay > 0 (except for y = 0). O
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In the matrices in Example 2.6, the diagonal elements are positive. For positive
definite matrices, this is true in general.

Theorem 2.6a

(1) If A is positive definite, then all its diagonal elements a;; are positive.
(ii) If A is positive semidefinite, then all a; > 0.

Proor

(i) Lety =(0,...,0,1,0,...,0) with a 1 in the ith position and 0’s elsewhere.
Then y'Ay = a; > 0.

(ii) Lety' =(0,...,0,1,0,...,0) with a 1 in the ith position and 0’s elsewhere.
Then y'Ay = a; > 0. O

Some additional properties of positive definite and positive semidefinite matrices
are given in the following theorems.

Theorem 2.6b. Let P be a nonsingular matrix.

(i) If A is positive definite, then P’AP is positive definite.
(i) If A is positive semidefinite, then P’AP is positive semidefinite.

Proor

(i) To show that yP’APy > 0 for y # 0, note that y'(P’AP)y = (Py)' A(Py).
Since A is positive definite, (Py)A(Py) > 0 provided that Py # 0. By
(247), Py=0 only if y=0, since P 'Py=P'0=0. Thus
yP'APy > 0if y # 0.

(i) See problem 2.36. [l

Corollary 1. Let A be ap x p positive definite matrix and let B be a k x p matrix of
rank k < p. Then BAB' is positive definite. O

Corollary 2. Let A be a p x p positive definite matrix and let B be a k X p matrix.
If k>p or if rank(B)=r, where r <k and r<p, then BAB’ is positive
semidefinite. ([l

Theorem 2.6¢c. A symmetric matrix A is positive definite if and only if there exists a
nonsingular matrix P such that A = P'P.
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Proor. We prove the “if” part only. Suppose A = P'P for nonsingular P. Then
YAy = y'P'Py = (Py)'(Py).

This is a sum of squares [see (2.20)] and is positive unless Py = 0. By (2.47), Py = 0
only if y = 0. g

Corollary 1. A positive definite matrix is nonsingular. |
One method of factoring a positive definite matrix A into a product P'P as in
Theorem 2.6¢ is provided by the Cholesky decomposition (Seber and Lee 2003,
pp. 335-337), by which A can be factored uniquely into A = T'T, where T is a non-
singular upper triangular matrix.
For any square or rectangular matrix B, the matrix BB is positive definite or posi-
tive semidefinite.

Theorem 2.6d. Let B be an n X p matrix.

(i) If rank(B) = p, then B'B is positive definite.
(ii) If rank(B) < p, then BB is positive semidefinite.

ProOF

(i) To show that yB'By > 0 for y # 0, we note that

y'B'By = (By) (By),

which is a sum of squares and is thereby positive unless By = 0. By (2.37),
we can express By in the form

By = yib; + y2b2 + -+ - + y,bp.
This linear combination is not 0 (for any y # 0) because rank(B) = p, and
the columns of B are therefore linearly independent [see (2.40)].
(ii) If rank(B) < p, then we can find y # 0 such that

By = yiby +ybo+---+y,b, =0

since the columns of B are linearly dependent [see (2.40)]. Hence
y'B'By > 0.
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Note that if B is a square matrix, the matrix BB = B? is not necessarily positive
semidefinite. For example, let

Then

, (-1 2 w2 —4
B_(—lz’BB_ —4  8)

In this case, B? is not positive semidefinite, but B'B is positive semidefinite, since
y'B'By = 2(y; —2y,).

Two additional properties of positive definite matrices are given in the following
theorems.
Theorem 2.6e. If A is positive definite, then A~ " is positive definite.
Proor. By Theorem 2.6¢, A = P'P, where P is nonsingular. By Theorems 2.5a and
250, Al =@®P)' =P 1(P)! =P !(P'Y, which is positive definite by
Theorem 2.6c. (]
Theorem 2.6f. If A is positive definite and is partitioned in the form

Al Ap
A= ,
(A21 Ax )

where A, and Ao, are square, then A;; and Ay, are positive definite.

Proor. We can write A, for example, as Aj; = (1, O)A( (I)>, where I is the same

size as Aj;. Then by Corollary 1 to Theorem 2.6b, A;; is positive definite. [l

2.7 SYSTEMS OF EQUATIONS

The system of n (linear) equations in p unknowns

apxy +apx; + - +apx, =c

aixy + anxy; + -+ agpxy =2

an X1 + apxy + - -+ AypXp = ¢y (2.56)
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can be written in matrix form as
Ax = ¢, (2.57)

where Aisn X p,xisp X 1,and cisn x 1. Note that if n # p, x and ¢ are of differ-
ent sizes. If n = p and A is nonsingular, then by (2.47), there exists a unique solution
vector X obtained as x = A~ '¢. If n > P, so that A has more rows than columns, then
Ax = c typically has no solution. If n < p, so that A has fewer rows than columns,
then Ax = c¢ typically has an infinite number of solutions.

If the system of equations Ax = ¢ has one or more solution vectors, it is said to be
consistent. If the system has no solution, it is said to be inconsistent.

To illustrate the structure of a consistent system of equations Ax = ¢, suppose that
A is p x p of rank r < p. Then the rows of A are linearly dependent, and there exists
some b such that [see (2.38)]

b'A = bia) +bay, + -+ bpa, =0.

Then we must also have b’ec = bic; + bycy + -+ - + b,c, = 0, since multiplication of
AXx = ¢ by b’ gives b’Ax = b’c, or 0'x = b’c. Otherwise, if b'c # 0, there is no x
such that Ax = ¢. Hence, in order for Ax = ¢ to be consistent, the same linear
relationships, if any, that exist among the rows of A must exist among the elements
(rows) of ¢. This is formalized by comparing the rank of A with the rank of the aug-
mented matrix (A, ¢). The notation (A, ¢) indicates that ¢ has been appended to A as
an additional column.

Theorem 2.7 The system of equations Ax = ¢ has at least one solution vector x if
and only if rank(A) = rank(A, c).

Proor. Suppose that rank(A) = rank(A, c), so that appending ¢ does not change the
rank. Then c is a linear combination of the columns of A; that is, there exists some x
such that

x1a; +xpa2 + - +xpap =g

which, by (2.37), can be written as Ax = c¢. Thus x is a solution.

Conversely, suppose that there exists a solution vector x such that Ax = ¢. In
general, rank (A) < rank(A, ¢) (Harville 1997, p. 41). But since there exists an x
such that Ax = ¢, we have

rank(A, ¢) = rank(A, Ax) = rank[A(, x)]
< rank(A) [by Theorem 2.4(i)].
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Hence
rank(A) < rank(A, ¢) < rank(A),

and we have rank(A) = rank(A, c). O

A consistent system of equations can be solved by the usual methods given in
elementary algebra courses for eliminating variables, such as adding a multiple of
one equation to another or solving for a variable and substituting into another
equation. In the process, one or more variables may end up as arbitrary constants,
thus generating an infinite number of solutions. A method of solution involving gen-
eralized inverses is given in Section 2.8.2. Some illustrations of systems of equations
and their solutions are given in the following examples.

Example 2.7a. Consider the system of equations

X1 +2x, =4
X1 —)C2:1
X1 +x =3

or

The augmented matrix is
1 2 4
A,e)=(1 -1 1]/,
1 1 3

which has rank = 2 because the third column is equal to twice the first column plus
the second:

1
211 )+ -1} =11
1 1

Since rank(A) = rank(A, c¢) = 2, there is at least one solution. If we add twice the first
equation to the second, the result is a multiple of the third equation. Thus the third
equation is redundant, and the first two can readily be solved to obtain the unique
solution x = (2, 1)'.
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Figure 2.1 Three lines representing the three equations in Example 2.7a.

The three lines representing the three equations are plotted in Figure 2.1. Notice
that the three lines intersect at the point (2, 1), which is the unique solution of the
three equations. 0

Example 2.7b. If we change the 3 to 2 in the third equation in Example 2.7, the aug-
mented matrix becomes

1 2 4
Aeo=[1 -1 1],
1 12

which has rank = 3, since no linear combination of columns is 0. [Alternatively,
|(A, ©)] # 0, and (A, ¢) is nonsingular; see Theorem 2.9(iii)] Hence rank (A, ¢) =
3 # rank(A) = 2, and the system is inconsistent.

The three lines representing the three equations are plotted in Figure 2.2, in which we
see that the three lines do not have a common point of intersection. [For the “best”
approximate solution, one approach is to use least squares; that is, we find the values
of x; and x, that minimize (x; 4+ 2x; — 4)> 4+ (x; —x2 — 1)?> + (x1 +x2 — 2)%.] [l

Example 2.7c. Consider the system
xi1+x+x3=1

2x1 +x +3x3=5
3x1 + 2x, + 4x3 = 6.
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Figure 2.2 Three lines representing the three equations in Example 2.7b.

The third equation is the sum of the first two, but the second is not a multiple of the
first. Thus, rank(A, ¢) = rank(A) = 2, and the system is consistent.
By solving the first two equations for x; and x, in terms of x3, we obtain

x;=—2x3+4

)C2ZX373.

The solution vector can be expressed as

—2x3 + 4 -2 4
X = x3—3 =Xx3 +1-31,
X3 0

where x3 is an arbitrary constant. Geometrically, x is the line representing the inter-
section of the two planes corresponding to the first two equations. ]

2.8 GENERALIZED INVERSE

We now consider generalized inverses of those matrices that do not have inverses in
the usual sense [see (2.45)]. A solution of a consistent system of equations Ax = ¢
can be expressed in terms of a generalized inverse of A.
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2.8.1 Definition and Properties

A generalized inverse of an n X p matrix A is any matrix A~ that satisfies
AATA =A. (2.58)

A generalized inverse is not unique except when A is nonsingular, in which case
A~ = A™!. A generalized inverse is also called a conditional inverse.

Every matrix, whether square or rectangular, has a generalized inverse. This holds
even for vectors. For example, let

AW N =

Then x; = (1,0,0,0) is a generalized inverse of x satisfying (2.58). Other examples
are x, = (0, %,0, 0),x5 = (0,0, %,O), and x; = (0,0,0, %). For each x;”, we have

xx, x=xl=x, i=1234.

In this illustration, x is a column vector and X; is a row vector. This pattern is
generalized in the following theorem.

Theorem 2.8a. If A is n X p, any generalized inverse A~ is p X n. g

In the following example we give two illustrations of generalized inverses of a
singular matrix.

Example 2.8.1. Let
2 23
A=(1 0 1]. (2.59)
3 2 4

The third row of A is the sum of the first two rows, and the second row is not a mul-
tiple of the first; hence A has rank 2. Let

0 10 0 10
Ar=(1 -1 o], aA;=(0 -3} (2.60)
0 00 0 00

It is easily verified that AATA = A and AAJA = A. g
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The methods used to obtain A} and A5 in (2.60) are described in Theorem 2.8b
and the five-step algorithm following the theorem.

Theorem 2.8b. Suppose A is n x p of rank r and that A is partitioned as

A Ap
A= :
<A21 Azz)

where A;; is r X r of rank r. Then a generalized inverse of A is given by

_ Al O
A = 11
(%6 o)
where the three O matrices are of appropriate sizes so that A~ is p X n.

Proor. By multiplication of partitioned matrices, as in (2.35), we obtain

([ An Ap

| O
AATA = _ A= - .
(A21A111 0) (AZl A21AulAlZ)

To show that Ay;Aj'Aj; = Ay, multiply A by

| (o)
B= _ ,
(—AZIAHI I )

where O and I are of appropriate sizes, to obtain

Ap Ap
BA = _ .
( 0O Ay-— A21A]11A12>

The matrix B is nonsingular, and the rank of BA is therefore r = rank(A) [see

Theorem 2.4(ii)]. In BA, the submatrix (A(;) is of rank r, and the columns

headed by A, are therefore linear combinations of the columns headed by A;;. By
a comment following Example 2.3, this relationship can be expressed as

Ap A
) _ 2.61
(Azz —A21A111A12> ( o )Q 261)
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for some matrix Q. By (2.27), the right side of (2.61) becomes

(5)e-(6a) - (%)

Thus Ay, — A21A1711A12 =0,or

Ap = AnA A 0O

Corollary 1. Suppose that A is n x p of rank r and that A is partitioned as in
Theorem 2.8b, where Ay, is r X r of rank r. Then a generalized inverse of A is

given by
_ O O
A= (O A )
where the three O matrices are of appropriate sizes so that A~ is p X n. g

The nonsingular submatrix need not be in the A or Ay, position, as in Theorem
2.8b or its corollary. Theorem 2.8b can be extended to the following algorithm for
finding a conditional inverse A~ for any n X p matrix A of rank r (Searle 1982,
p- 218):

1. Find any nonsingular r x r submatrix C. It is not necessary that the elements
of C occupy adjacent rows and columns in A.

Find C ' and (C™'Y.
Replace the elements of C by the elements of (cy.
Replace all other elements in A by zeros.

wokwN

Transpose the resulting matrix.

Some properties of generalized inverses are given in the following theorem, which
is the theoretical basis for many of the results in Chapter 11.

Theorem 2.8c. Let Aben x p ofrank r,let A~ be any generalized inverse of A, and
let (A’A)” be any generalized inverse of A’A. Then

(i) rank(A ~A) = rank(AA ) = rank(A) = r.
(ii) (A7) is a generalized inverse of A’; that is, (A))” = (A 7).
(i) A = A(A’A)"A’A and A’ = A’A(A’A)"A.
(iv) (A’A)"A’ is a generalized inverse of A; that is, A~ = (A’A)"A’.
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(v) A(A’A)”A’ is symmetric, has rank = r, and is invariant to the choice of
(A’A)7; that is, A(A’A)”" A’ remains the same, no matter what value of
(A’A)” is used. O
A generalized inverse of a symmetric matrix is not necessarily symmetric.
However, it is also true that a symmetric generalized inverse can always be found

for a symmetric matrix; see Problem 2.46. In this book, we will assume that gener-
alized inverses of symmetric matrices are symmetric.

2.8.2 Generalized Inverses and Systems of Equations

Generalized inverses can be used to find solutions to a system of equations.

Theorem 2.8d. If the system of equations Ax = ¢ is consistent and if A~ is any
generalized inverse for A, then x = A™ ¢ is a solution.

Proor. Since AA A = A, we have

AATAX = Ax.

Substituting Ax = ¢ on both sides, we obtain

AA c=c.

Writing this in the form A(A™¢) = ¢, we see that A~ ¢ is a solution to Ax =¢. [J

Different choices of A~ will result in different solutions for Ax = c.

Theorem 2.8e. If the system of equations Ax = c is consistent, then all possible sol-
utions can be obtained in the following two ways:

(1) Use a specific A~ inx = A" ¢+ (I — A~ A)h, and use all possible values of
the arbitrary vector h.

(i1) Use all possible values of A~ inx = A cif ¢ # 0.

Proor. See Searle (1982, p. 238). ([l

A necessary and sufficient condition for the system of equations Ax = ¢ to be
consistent can be given in terms of a generalized inverse of A (Graybill 1976, p. 36).
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Theorem 2.8f. The system of equations Ax = ¢ has a solution if and only if for any
generalized inverse A~ of A

AA"c=c.

Proor. Suppose that Ax = ¢ is consistent. Then, by Theorem 2.8d, x =A"cis a
solution. Multiply ¢ = Ax by AA™ to obtain

AATc=AA"Ax=Ax=c.
Conversely, suppose AA™ ¢ = ¢. Multiply x = A™¢ by A to obtain
Ax=AAc=c.

Hence, a solution exists, namely, x = A "c. O

Theorem 2.8f provides an alternative to Theorem 2.7a for determining whether a
system of equations is consistent.

2.9 DETERMINANTS

The determinant of an n x n matrix A is a scalar function of A defined as the sum of
all n! possible products of n elements such that

1. each product contains one element from every row and every column of A.

2. the factors in each product are written so that the column subscripts appear
in order of magnitude and each product is then preceded by a plus or
minus sign according to whether the number of inversions in the row sub-
scripts is even or odd. (An inversion occurs whenever a larger number pre-
cedes a smaller one.)

The determinant of A is denoted by |A| or det(A). The preceding definition is not
very useful in evaluating determinants, except in the case of 2 x 2 or 3 x 3 matrices.
For larger matrices, determinants are typically found by computer. Some calculators
also evaluate determinants.

The determinants of some special square matrices are given in the following
theorem.

Theorem 2.9a.

() If D = diag(dy.ds. .. ..d,), [D|=T[[",d:
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(i) The determinant of a triangular matrix is the product of the diagonal
elements.

(iii) If A is singular, |A|=0.
@iv) If Ais nonsingular, |A| # 0.
(v) If A is positive definite, |A| > 0.
(i) A=A 1
(vii) If A is nonsingular, |A™!'|=—.
Al O
Example 2.9a. We illustrate each of the properties in Theorem 2.9a.

(i) diagonal: ‘ g (3) ‘ =2)B3)—-0)0)=2)(@3).

(ii) triangular:

2 1
o 3 ‘ =B -O1 =20

(iii) singular:

I 2
; 6‘:(1)(6)_(3)(2)20’

nonsingular:

1 2
3 4’=<1><4)—(3><2)=—2.

-2

(iv) positive definite: 5 4

’ =0)@H-(=2(-2)=8>0.

(v) transpose:

3 -7
) 1‘=(3)(1)—(2)(—7)=17,
32
'_7 1‘=(3)(1)—(—7)(2)=17-
(vi) inverse:

~1
3 2 4 =2 3 2 4 =2
(1 4) _(—.1 .3)’ ’1 4‘_10’ ’—.1 .3._'1‘

As a special case of (62), suppose that all diagonal elements are equal, say,
D = diag(c,c,...,c) = cl. Then

d

ID| = [cl] = [Je=¢" (2.68)
i=1
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By extension, if an n X n matrix is multiplied by a scalar, the determinant becomes
|cA| = c"|A]. (2.69)

The determinant of certain partitioned matrices is given in the following theorem.

Theorem 2.9b. If the square matrix A is partitioned as

Al Ap
A= , 2.70
<A21 Azz) (2.70)

and if A;; and Ay, are square and nonsingular (but not necessarily the same size), then

Al = |A11||An — Ay AT Ay (2.71)
= |An||A1l — AnAL Ay (2.72)
O

Note the analogy of (2.71) and (2.72) to the case of the determinant of a2 X 2 matrix:

apn  dap
= dapdax —azdiz

o ariap
=an|\an ———
an

az  dax

Corollary 1. Suppose
Ay O Ayl Ap
A= or A= ,
<A21 Ay ) ( 0 Ay
where A;; and Ay, are square (but not necessarily the same size). Then in either case

|A] = |A1||A|. (2.73)
O
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Corollary 2. Let

_ A11 (0}
A= ( 0O Ap )’
where A;; and Ay, are square (but not necessarily the same size). Then

|A| = |A11| ‘A22|. 2.74)
O
A ap

/
a, an
matrix, a;, is a vector, and a,, is a 1 x 1 matrix, then

Corollary 3. If A has the form A = ( ), where A;; is a nonsingular

A = t:/u ap

an

= |Aq1|(an — a),A  'a). (2.75)
O

Corollary 4. If A has the form A = (_Bc, T), where ¢ is a vector and B is a
nonsingular matrix, then

IB + cc’| = [B|(1 + ¢B '¢). (2.76)
O

The determinant of the product of two square matrices is given in the following
theorem.

Theorem 2.9c. If A and B are square and the same size, then the determinant of the
product is the product of the determinants:

|AB| = |A]| |B. (2.77)
O

Corollary 1
|AB| = |BA]. (2.78)
O

Corollary 2
|A?| = |A%. (2.79)
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Example 2.9b. To illustrate Theorem 2.9c, let

1 2 3 =2
A—<3 4> and B_(l 2).
Then

5 2
AB = ., |AB| = —16,
13 2

Al =-2, [B[=38, [A[[B|=-16.

O
2.10  ORTHOGONAL VECTORS AND MATRICES
Two n x 1 vectors b and b are said to be orthogonal if
a'b = ab; + axb, + --- +a,b, = 0. (2.80)

Note that the term orthogonal applies to two vectors, not to a single vector.
Geometrically, two orthogonal vectors are perpendicular to each other. This is
illustrated in Figure 2.3 for the vectors x; = (4,2) and x, = (—1,2)". Note that
X =@ (—D+2)(2) =0.
To show that two orthogonal vectors are perpendicular, let 6 be the angle between
vectors a and b in Figure 2.4. The vector from the terminal point of a to the terminal
point of b can be represented as ¢ = b — a. The law of cosines for the relationship of

(_1 ’ 2)

Xz

-1.0 0.0 1.0 2.0 3.0 4.0

Figure 2.3 Two orthogonal (perpendicular) vectors.
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y

z

Figure 2.4 Vectors a and b in 3-space.

0 to the sides of the triangle can be stated in vector form as

_aa+bb—(b—a)b-a)
2/(a’a)b'b)
_a'a{+b'b—(b'b+a'a—2a'b)
2+/(a’a)(b’b)
_ @ (2.81)

V(@a)b'b)

When 6 =90°, a’b = 0 since cos(90°) = 0. Thus a and b are perpendicular when
ab=0.

If a’a = 1, the vector a is said to be normalized. A vector b can be normalized by
dividing by its length, v/b'b. Thus

cos 0

c= b (2.82)
b’'b
is normalized so that ¢’c = 1.
A set of p x 1 vectors ¢j,¢y,...,¢, that are normalized (c;c; = 1 for all i) and
mutually orthogonal (cj¢; = 0 for all i # j) is said to be an orthonormal set of
vectors. If the p x p matrix C = (¢, ¢,,...,¢,) has orthonormal columns, C is

called an orthogonal matrix. Since the elements of C'C are products of columns of
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C [see Theorem 2.2c(i)], an orthogonal matrix C has the property

CC=1 (2.83)
It can be shown that an orthogonal matrix C also satisfies

CC' =1 (2.84)

Thus an orthogonal matrix C has orthonormal rows as well as orthonormal columns.
It is also clear from (2.83) and (2.84) that C' = C ' if C is orthogonal.

Example 2.10. To illustrate an orthogonal matrix, we start with

whose columns are mutually orthogonal but not orthonormal. To normalize the
three columns, we divide by their respective lengths, \/§, V6, and v/2, to obtain
the matrix

1/V3  1/vV6 12
C=|1/V/3 —2/v6 0 ,
1/vV3  1/vV6 —1/2

whose columns are orthonormal. Note that the rows of C are also orthonormal, so that
C satisfies (2.84) as well as (2.83). ([l

Multiplication of a vector by an orthogonal matrix has the effect of rotating axes;
that is, if a point x is transformed to z = Cx, where C is orthogonal, then the distance
from the origin to z is the same as the distance to x:

7'z = (Cx)(Cx) = xX'C'Cx = x'Ix = x'x. (2.85)

Hence, the transformation from x to z is a rotation.
Some properties of orthogonal matrices are given in the following theorem.

Theorem 2.10. If the p x p matrix C is orthogonal and if A is any p X p matrix, then

@) |Cl=+1or —1.



44 MATRIX ALGEBRA

(i) |[C'AC| = |A].
(iii) —1 < ¢; <1, where ¢;; is any element of C.

2.11 TRACE

The trace of an n x n matrix A = (a;) is a scalar function defined as the sum of the

diagonal elements of A; that is, tr(A) = Y, a;;. For example, suppose

8 4 2
A=12 -3 6
3 5 9
Then

tr(A) =8 —3+9 = 14.

Some properties of the trace are given in the following theorem.

Theorem 2.11

(i) If A and B are n x n, then

tr(A + B) = tr(A) + tr(B). (2.86)

(i) If Aisn x p and B is p x n, then
tr(AB) = tr(BA). (2.87)

Note that in (2.87) n can be less than, equal to, or greater than p.
(iii) If A is n x p, then

P
u@m:i}% (2.88)
i=1
where a; is the ith column of A.
@iv) If Ais n x p, then
umngpm (2.89)
i=1

where a; is the ith row of A.
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(v) If A = (a;) is an n x p matrix with representative element a;, then

tr(A’A) = r(AA") = >

=1 j

a. (2.90)

n )4
P

(vi) If A is any n x n matrix and P is any n X n nonsingular matrix, then
tr(P~'AP) = tr(A). (2.91)

(vii) If A is any n x n matrix and C is any n X n orthogonal matrix, then
tr(C'AC) = tr(A). (2.92)
(viii) If A is n x p of rank r and A~ is a generalized inverse of A, then

tr(A"A) =tr(AA™) =r. (2.93)

Proor. We prove parts (ii), (iii), and (vi).
(i) By (2.13), the ith diagonal element of E = AB is e¢; = ) _, auby. Then
tr(AB) = tr(E) = Z e = Z Z aibyi.
i ik
Similarly, the ith diagonal element of F = BA is f;; = >, biay, and

wBA) =tr(F)=> fi=Y Y baay
i i k

=3 aubi = tr(E) = tr(AB).
k i

(iii) By Theorem 2.2c(i), A’A is obtained as products of columns of A. If a; is
the ith column of A, then the ith diagonal element of A’A is aja;.

(vi) By (2.87) we obtain
tr(P~'AP) = tr(APP™!) = tr(A).
Example 2.11. We illustrate parts (ii) and (viii) of Theorem 2.11.

(i) Let

>
|
N N e

3 -2 1
—1 and B—(2 4 5).
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Then
9 10 16
3 17
AB=| 4 -8 -3 |, BA= ,
30 32
24 16 34

tr(AB) = 9 — 8 + 34 =35, tr(BA) =3 + 32 = 35.

(viii) Using A in (2.59) and A| in (2.60), we obtain
1 0

AT A=|0 1

0 0

tr(A"A) =1+ 140 =2 = rank(A),

tr(AA") =14 140 =2 = rank(A).

AA™ =

>

0
0f,
0

O D= =
—_— O =

2.12 EIGENVALUES AND EIGENVECTORS

2.12.1 Definition

For every square matrix A, a scalar A and a nonzero vector x can be found such that

AX = AX,

X2

AX

X1

Figure 2.5 An eigenvector x is transformed to Ax.

(2.94)
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where A is an eigenvalue of A and X is an eigenvector. (These terms are sometimes

referred to as characteristic root and characteristic vector, respectively.) Note that in

(2.94), the vector x is transformed by A onto a multiple of itself, so that the point

Ax is on the line passing through x and the origin. This is illustrated in Figure 2.5.
To find A and x for a matrix A, we write (2.94) as

(A — ADx = 0. (2.95)

By (2.37), (A — ADx is a linear combination of the columns of A — Al and by (2.40)
and (2.95), these columns are linearly dependent. Thus the square matrix (A — Al) is
singular, and by Theorem 2.9a(iii), we can solve for A using

|A —AI| =0, (2.96)

which is known as the characteristic equation.

If A is n X n, the characteristic equation (2.96) will have n roots; that is, A will
have n eigenvalues Ay, Az, ..., A,. The A’s will not necessarily all be distinct, or all
nonzero, or even all real. (However, the eigenvalues of a symmetric matrix are
real; see Theorem 2.12c¢.) After finding Ay, Ay, . . ., A, using (2.96), the accompanying
eigenvectors X, Xy, . . ., X, can be found using (2.95).

If an eigenvalue is 0, the corresponding eigenvector is not 0. To see this, note that
if A =0, then (A — AI)x = 0 becomes Ax = 0, which has solutions for x because A
is singular, and the columns are therefore linearly dependent. [The matrix A is singu-
lar because it has a zero eigenvalue; see (63) and (2.107).]

If we multiply both sides of (2.95) by a scalar k, we obtain

k(A — ADx = k0 = 0,

which can be rewritten as

(A—ADkx=0  [by (2.12)].

Thus if x is an eigenvector of A, kx is also an eigenvector. Eigenvectors are therefore
unique only up to multiplication by a scalar. (There are many solution vectors x
because A — Al is singular; see Section 2.8) Hence, the length of x is arbitrary,
but its direction from the origin is unique; that is, the relative values of (ratios of)
the elements of x = (x1,x,...,%,) are unique. Typically, an eigenvector X is
scaled to normalized form as in (2.82), xX'x = 1.
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Example 2.12.1. To illustrate eigenvalues and eigenvectors, consider the matrix

A=(12)

By (2.96), the characteristic equation is

1—-A 2

|A_)‘I|_’ -1 4-2

’_(1 —ND4—-N+2=0,
which becomes
N5 +6=A-3)(A—-2)=0,

with roots Ay = 3 and A, = 2.
To find the eigenvector x; corresponding to A; = 3, we use (2.95)

A—=21Dx; =0,
1-3 2 X1 0
( = 4—3><x2> - (0)
which can be written as
—2x1+2x, =0
—x1 +x,=0.

The second equation is a multiple of the first, and either equation yields x; = x;. The
solution vector can be written with x; = x, = ¢ as an arbitrary constant:

0= (3)- () =) ()

If ¢ is set equal to 1/+/2 to normalize the eigenvector, we obtain

- (74)

Similarly, corresponding to A, = 2, we obtain

- (74)
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2.12.2 Functions of a Matrix

If A is an eigenvalue of A with corresponding eigenvector x, then for certain functions
g(A), an eigenvalue is given by g(A) and x is the corresponding eigenvector of g(A)
as well as of A. We illustrate some of these cases:

1. If Ais an eigenvalue of A, then cA is an eigenvalue of cA, where c is an arbi-
trary constant such that ¢ # 0. This is easily demonstrated by multiplying the
defining relationship Ax = Ax by c:

cAX = cAX. (2.97)

Note that x is an eigenvector of A corresponding to A, and x is also an eigen-
vector of cA corresponding to cA.

2. If A is an eigenvalue of the A and x is the corresponding eigenvector of A,
then cA + k is an eigenvalue of the matrix cA + kI and x is an eigenvector
of cA + kI, where ¢ and k are scalars. To show this, we add kx to (2.97):

cAX + kX = cAX + kx,
(cA + kDx = (cA + k)x. (2.98)

Thus cA + k is an eigenvalue of cA + kI and x is the corresponding eigen-
vector of cA + kI. Note that (2.98) does not extend to A + B for arbitrary
n X n matrices A and B; that is, A + B does not have A4 + Ap for an eigen-
value, where A4 is an eigenvalue of A and Ag is an eigenvalue of B.

3. If A is an eigenvalue of A, then A? is an eigenvalue of A2, This can be demon-
strated by multiplying the defining relationship Ax = Ax by A:

A(AX) = A(Ax),
A%x = MAX = A(Ax) = A%x. (2.99)

Thus A? is an eigenvalue of A%, and x is the corresponding eigenvector of A%,
This can be extended to any power of A:

Afx = My (2.100)

that is, A¥ is an eigenvalue of A¥, and x is the corresponding eigenvector.
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4. If A is an eigenvalue of the nonsingular matrix A, then 1/A is an eigenvalue
of A~!. To demonstrate this, we multiply Ax = Ax by A~! to obtain

AAx = A ")x,

X = )\A_'x,
A 'x :lx. (2.101)
A

Thus 1/A is an eigenvalue of A~!, and x is an eigenvector of both A and A",

5. The results in (2.97) and (2.100) can be used to obtain eigenvalues and eigen-
vectors of a polynomial in A. For example, if A is an eigenvalue of A, then

(A3 + 4A? — 3A + 5D)x = A%x + 4A%x — 3Ax + 5x
= A3Xx +4A°x — 3Ax + 5x
= (A +422 =31+ 5)x.

Thus A> +4A% — 3X + 5 is an eigenvalue of A® + 4A% — 3A + 51, and x is
the corresponding eigenvector.

For certain matrices, property 5 can be extended to an infinite series. For example,
if A is an eigenvalue of A, then, by (2.98), 1 — A is an eigenvalue of I — A. If
I — A is nonsingular, then, by (2.101), 1/(1 — A) is an eigenvalue of (I — AL
If —1 < A <1, then 1/(1 — X) can be represented by the series

BT S S I
1—A '

Correspondingly, if all eigenvalues of A satisfy —1 < A < 1, then
I—A)"'"=T+A+AZ+A ... (2.102)

2.12.3 Products

It was noted in a comment following (2.98) that the eigenvalues of A + B are not of
the form A4 + Ap, where A4 is an eigenvalue of A and Ap is an eigenvalue of B.
Similarly, the eigenvalues of AB are not products of the form A4Ap. However, the
eigenvalues of AB are the same as those of BA.

Theorem 2.12a. If A and B are n x n or if A is n X p and B is p X n, then the
(nonzero) eigenvalues of AB are the same as those of BA. If x is an eigenvector
of AB, then Bx is an eigenvector of BA. O
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Two additional results involving eigenvalues of products are given in the follow-
ing theorem.

Theorem 2.12b. Let A be any n X n matrix.

(i) If P is any n X n nonsingular matrix, then A and P~ 'AP have the same
eigenvalues.

(ii) If C is any n x n orthogonal matrix, then A and C’'AC have the same
eigenvalues. 0

2.12.4 Symmetric Matrices

Two properties of the eigenvalues and eigenvectors of a symmetric matrix are given
in the following theorem.

Theorem 2.12¢. Let A be an n X n symmetric matrix.

(i) The eigenvalues A, Ay, ..., A, of A are real.

(ii) The eigenvectors X, X»,...,X; of A corresponding to distinct eigenvalues
ALLAg, ..., A are mutually orthogonal; the eigenvectors Xgi, Xx+42,-- -, Xy
corresponding to the nondistinct eigenvalues can be chosen to be mutually
orthogonal to each other and to the other eigenvectors; that is, xng =0 for
i #J. O

If the eigenvectors of a symmetric matrix A are normalized and placed as columns
of a matrix C, then by Theorem 2.12c¢(ii), C is an orthogonal matrix. This orthogonal
matrix can be used to express A in terms of its eigenvalues and eigenvectors.

Theorem 2.12d. If A is an n X n symmetric matrix with eigenvalues A, Ay, ..., A,
and normalized eigenvectors X, Xy, . . ., X,, then A can be expressed as
A = CDC’ (2.103)
n
= Z Aixix), (2.104)
i=1

where D = diag(A,A;, ..., A,) and C is the orthogonal matrix C = (x1,Xp, . . ., X,).
The result in either (2.103) or (2.104) is often called the spectral decomposition of A.

Proor. By Theorem 2.12c¢(ii), C is orthogonal. Then by (2.84), I = CC’, and multi-
plication by A gives

A =ACC.
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We now substitute C = (x1, X», .. .,X,) to obtain

A =A(X],Xs,...,X,)C
— (Ax;,A%,...,Ax,)C'  [by (2.28)]
= (AMi1X1, A2Xa, . . ., Ax,)C [by (2.94)]
= CDC/, (2.105)

since multiplication on the right by D = diag(Ay, A, . . ., A,) multiplies columns of C
by elements of D [see (2.30)]. Now writing C’ in the form

/

X
X5
C/ = (X19 XZ’ MR X"L)/ = . [by (2.39)],

<
(2.105) becomes ,
X
1
X5

A = (A1x1, oXo, ..., AXy)

X/

n

= MXiX] + AXoX) + -+ XX,
[l

Corollary 1. If A is symmetric and C and D are defined as in Theorem 2.12d, then C
diagonalizes A:

C'AC =D. (2.106)
O

We can express the determinant and trace of a square matrix A in terms of its
eigenvalues.

Theorem 2.12e. If A is any n X n matrix with eigenvalues Aj, A, ..., A,, then

@ |A| = H Ai. (2.107)
(i) o
tr(A) = Z Ai. (2.108)
i=1 ‘:l

We have included Theorem 2.12e here because it is easy to prove for a symmetric
matrix A using Theorem 2.12d (see Problem 2.72). However, the theorem is true for
any square matrix (Searle 1982, p. 278).
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Example 2.12.4. To illustrate Theorem 2.12e, consider the matrix A in Example
2.12.1

which has eigenvalues A; = 3 and A, = 2. The product A;A; = 6 is the same as
[A|=4—-(—1)(@2)=6. The sum A;+A;=3+2=35 is the same as
tr(A) =1+4=5. O
2.12.5 Positive Definite and Semidefinite Matrices

The eigenvalues Ay, Ay, . . ., A, of positive definite and positive semidefinite matrices
(Section 2.6) are positive and nonnegative, respectively.

Theorem 2.12f. Let A be n x n with eigenvalues Ay, Ay, ..., A,.

(1) If A is positive definite, then A; > 0 fori=1,2,...,n.
(i) If A is positive semidefinite, then A; > 0 for i = 1,2, ..., n. The number of
eigenvalues A; for which A; > 0 is the rank of A.

PRrOOE.
(i) For any A;, we have Ax; = A;x;. Multiplying by x|, we obtain

! !
X Ax; = AixX;,

/
_ XAx;

A > 0.

/
X;X;

In the second expression, x\Ax; is positive because A is positive definite, and
x/x; is positive because x; # 0. O

If a matrix A is positive definite, we can find a square root matrix A'/* as follows.

Since the eigenvalues of A are positive, we can substitute the square roots 1/A; for A;
in the spectral decomposition of A in (2.103), to obtain

A2 = cp'2C, (2.109)

where D'/? = diag(v/A1, VA2, . - ., v/Ay). The matrix A'/? is symmetric and has the
property

AZAZ = (A2 = AL (2.110)
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2.13 IDEMPOTENT MATRICES

A square matrix A is said to be idempotent if A> = A. Most idempotent matrices in
this book are symmetric. Many of the sums of squares in regression (Chapters 6—11)
and analysis of variance (Chapters 12—15) can be expressed as quadratic forms y’Ay.
The idempotence of A or of a product involving A will be used to establish that y'Ay
(or a multiple of y'Ay) has a chi-square distribution.

An example of an idempotent matrix is the identity matrix I.

Theorem 2.13a. The only nonsingular idempotent matrix is the identity matrix I.

Proor. If A is idempotent and nonsingular, then A> = A and the inverse A~ exists.
If we multiply A2 = A by A~!, we obtain

ATTAZ = ATIA,
A=1

d
Many of the matrices of quadratic forms we will encounter in later chapters are

singular idempotent matrices. We now give some properties of such matrices.

Theorem 2.13b. If A is singular, symmetric, and idempotent, then A is positive
semidefinite.

Proor. Since A = A’ and A = A2, we have
A =A% =AA = A'A,
which is positive semidefinite by Theorem 2.6d(ii). O

If a is a real number such that > = a, then a is either 0 or 1. The analogous prop-
erty for matrices is that if A2 = A, then the eigenvalues of A are Os and Is.

Theorem 2.13c. If A is an n x n symmetric idempotent matrix of rank r, then A has
r eigenvalues equal to 1 and n — r eigenvalues equal to 0.

ProoF. By (2.99), if Ax = Ax, then A’x = A’x. Since A’ =A, we have
A’x = Ax = Ax. Equating the right sides of A’x = A%x and A%x = Ax, we have

AX=Ax or (A—A)x=0.

But x # 0, and therefore A — A2 = 0, from which, A is either 0 or 1.

By Theorem 2.13b, A is positive semidefinite, and therefore by Theorem 2.12f(ii),
the number of nonzero eigenvalues is equal to rank(A). Thus r eigenvalues of A are
equal to 1 and the remaining n — r eigenvalues are equal to 0. (]
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We can use Theorems 2.12e and 2.13c to find the rank of a symmetric idempotent
matrix.

Theorem 2.13d. If A is symmetric and idempotent of rank r, then rank(A) =
tr(A) =r.

Proor. By Theorem 2.12e(ii), tr(A) = Z:’:l A;, and by Theorem 2.13c,
Z?:] Ai =r. ]

Some additional properties of idempotent matrices are given in the following four
theorems.

Theorem 2.13e. If A is an n X n idempotent matrix, P is an n X n nonsingular
matrix, and C is an n X n orthogonal matrix, then

(1) I — A is idempotent.
(i) AD—A)=0and I—A)A =0.
(iii) P~'AP is idempotent.
(iv) C’AC is idempotent. (If A is symmetric, C'AC is a symmetric idempotent
matrix.) g

Theorem 2.13f. Let A be n x p of rank r, let A~ be any generalized inverse of A,
and let (A'A)” be any generalized inverse of A’A. Then A~A,AA”, and
A(A’A)” A’ are all idempotent. O

Theorem 2.13g. Suppose that the n X n symmetric matrix A can be written as
A= Zle A; for some k, where each A; is an n X n symmetric matrix. Then any
two of the following conditions implies the third condition.

(1) A is idempotent.
(ii) Each of A, A,, ..., A is idempotent.

Theorem 2.13h. IfI = Zf:l A;, where each n X n matrix A; is symmetric of rank 7;,
and if n = Zf;l r;, then both of the following are true:

(1) Each of A}, Ay, ..., Ay is idempotent.
(i) AjAj =0 fori # j.
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2.14 VECTOR AND MATRIX CALCULUS

2.14.1 Derivatives of Functions of Vectors and Matrices

Let u = f(x) be a function of the variables x{,x;,...,x, in X = (x1,x2,. .. ,xp)’, and
let Ou/0xy,0u/0x,, ..., 0u/0x, be the partial derivatives. We define Ju/0x as

o
8)6 1

ou
ou

H_ | ox . 2.111
Tl 2.111)

u
0xp

Two specific functions of interest are u = a’x and u = x’Ax. Their derivatives with
respect to x are given in the following two theorems.

Theorem 2.14a. Let u = a’x = x'a, where a’ = (a;,a, ..., ap) is a vector of con-
stants. Then

Ou _ 0(a'x) _ O(x'a) .

— = 2.112
ox ox 19)¢ ( )
Proor
Ou  Oaix) +asxy + -+ + apxp)
P = d;.
8xi 8xi
Thus by (2.111) we obtain
aj
Ou @
& = a.
ap .

Theorem 2.14b. Let u = x'Ax, where A is a symmetric matrix of constants. Then

@ ~ O(X'Ax)
ox  Ox

2AX. (2.113)
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Proor. We demonstrate that (2.113) holds for the special case in which A is 3 x 3.
The illustration could be generalized to a symmetric A of any size. Let

X1
x=|x and A=
X3

ar

a3

apy a3 a;

!

app dxy a3 | = | a4
!

az3  dsj a3

Then X’ Ax = X%an + 2x1xa12 + 2x1x3013 + X%dzz + 2x2x3003 + x§a33, and we have

O(x' Ax)
0xy
O(x' Ax)
8x2
O(x' Ax)
ox3

/
= 2x1a11 + 2xa12 + 2x3a13 = 2alx

’
= 2x1a12 + 2x2a20 + 2x3003 = 232)&

= 2xj1a13 + 2x2a23 + 2x3a33 = 2a%x.

Thus by (2.11), (2.27), and (2.111), we obtain

O(x' Ax)
8x1 a,x
IA / 1
XA _ | OXAY) | _, ax | = 2Ax.
ox 8)62 /
. asx
I(x'Ax)
8)63 O
Now let u = f(X) be a function of the variables xi1,x12,...,Xx,, in the p X p

matrix X, and let (Qu/0x11), (Ou/0x12), . ..

Similarly to (2.111), we define Ou/dX as

Ou
8x11
Ou |
oxX :
Ou
3x,,1

,(0u/0x,p) be the partial derivatives.

Ou
: (2.114)
ou

Oxpp

Two functions of interest of this type are u = tr(XA) and u = In|X| for a positive

definite matrix X.

Theorem 2.14¢c. Let u = tr(XA), where X is ap X p positive definite matrix and A is

a p X p matrix of constants. Then

Qu _ Jlr(XA)]
X 80X

=A+A — diagA. 2.115)
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Proor. Note that tr(XA) = 37, D", xja;; [see the proof of Theorem 2.11(ii)].
Since Xij = Xjis [8tr(XA)]/6x,j = aj + aij if i # j, and [8'[1‘(XA)]/8X,‘,’ = Qajj. The
result follows. Il

Theorem 2.14d. Let u = In|X]| where X is a p X p positive definite matrix. Then
Oln |X|

_ow—l _ -1
ox = X!~ diagX7h. (2.116)

Proor. See Harville (1997, p. 306). See Problem 2.83 for a demonstration that this
theorem holds for 2 x 2 matrices. O

2.14.2 Derivatives Involving Inverse Matrices and Determinants

Let A be an n X n nonsingular matrix with elements a;; that are functions of a scalar x.
We define 0A/Ox as the n x n matrix with elements Oa;;/Ox. The related

derivative DA™ /Ox is often of interest. If A is positive definite, the derivative
(0/0x)log |A| is also often of interest.

Theorem 2.14e. Let A be nonsingular of order n with derivative A /0x. Then

-1
‘Z_‘: _ _A—I‘Z_‘;A—l @.117)

Proor. Because A is nonsingular, we have

ATTA=1L
Thus
OA™! 0A
A+A'—=0
ax ATA g
Hence
OA™! A _a10A
Ox Ox’
and so
OA™! 0A
=—A'T—AL
0x Ox O

Theorem 2.14f. Let A be an n x n positive define matrix. Then

Olog|A| _10A
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Proor. Since A is positive definite, its spectral decomposition (Theorem 2.12d) can
be written as CDC’, where C is an orthogonal matrix and D is a diagonal matrix of
positive eigenvalues, A;. Using Theorem 2.12e, we obtain

Olog|A|  Olog[, A
ox 0x
_ 0% loghi
B Ox
10N
= A; Ox

oD
=uw(D'—).
( ax)

oA aCDC’
Al —=_=cCcDp'C—/—=
Ox Ox

Now

/
:CDIC,[CaDC Lo }

i ) Yo
Ox +8x ¢

!
=CD'C ca—DC’ + CD6£+6—CDC’
Ox ox  Ox

oD ac’ aC
=CD ' —=C +C=—+CD'C'=—=DC.
Ox Ox Ox

Using Theorem 2.11(i) and (ii), we have

O0A oD oc’ oC
-1 _ -1 /
tr(A 8x> tr(D pe +C g +C _8x>'

Since C is orthogonal, C'C = I which implies that

! /
oC'C _ ,0C , oC
X

ox ax T ax €70

and

oC oC'C oC oc’
/— pr— ,— p—
tr(C 8x+ o ) tr(C 8x+C 8x> 0.

Thus tr[A~'(0A/0x)] = t[D~1(OD/0x)] and the result follows. O
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2.14.3 Maximization or Minimization of a Function of a Vector

Consider a function u = f(x) of the p variables in x. In many cases we can find a
maximum or minimum of u by solving the system of p equations

Ou
o 0. (2.119)

Occasionally the situation requires the maximization or minimization of the func-
tion u, subject to ¢ constraints on X. We denote the constraints as
h(x) =0, hy(x) =0,...,hy(x) =0 or, more succinctly, h(x) = 0. Maximization
or minimization of u subject to h(x) = 0 can often be carried out by the method of
Lagrange multipliers. We denote a vector of ¢ unknown constants (the Lagrange mul-
tipliers) by N\ and let y' = (x/,\’). We then let v = u + N'h(x). The maximum or
minimum of u subject to h(x) = 0 is obtained by solving the equations

ov
=0
dy
or, equivalently
h
Ou +a—)\ =0 and h(x) =0, (2.120)
ox Ox
where
Ohy oh,
8)61 Bxl
oh
ox | :
oh oy
Ox, 0x,
PROBLEMS

2.1 Prove Theorem 2.2a.

7 -3 2
2.2 LetA(4 9 5).

(a) Find A’.
(b) Verify that (A"Y = A, thus illustrating Theorem 2.1.
(¢) Find A’A and AA’.

2 4 1 3
2.3 LetA-(_1 3) andB—(2 _1).
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2.5

2.6

2.7

2.8
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(a) Find AB and BA.

(b) Find |A|,|B|, and |AB|, and verify that Theorem 2.9c holds in this case.
(c) Find |BA| and compare to |AB|.

(d) Find (AB) and compare to B'A’.

(e) Find tr(AB) and compare to tr(BA).

(f) Find the eigenvalues of AB and of BA, thus illustrating Theorem 2.12a.

1 3 4 3 -2 5
LetA_<5 7 2>andB—(6 9 7).
(a) Find A + B and A — B.

(b) Find A’ and B'.

(¢) Find (A + B) and A’ + B', thus illustrating Theorem 2.2a(ii).

Verify the distributive law in (2.15), A(B + C) = AB + AC.

2 5 12
LetAz(_g g _;) B=| 3 7|, c=|-3 1
6 —4 2 4

(a) Find AB and BA.

(b) Find B + C, AC, and A(B + C). Compare A(B 4 C) with AB + AC, thus
illustrating (2.15).

(¢) Compare (AB)' with B’A’, thus illustrating Theorem 2.2b.

(d) Compare tr(AB) with tr(BA) and confirm that (2.87) holds in this case.

!/

(e) Leta) and a), be the two rows of A. Find ( :}g ) and compare with AB in
part (a), thus illustrating (2.27). 2

(f) Let by and b, be the two columns of B. Find (Ab;, Ab,) and compare with
AB in part (a), thus illustrating (2.28).

3 21 I -1 2
LetA=| 6 4 2], B=| -1 1 -2
12 8 4 -1 1 -2

(a) Show that AB = O.
(b) Find a vector x such that Ax = 0.
(c) What is the rank of A and the rank of B?

If j is a vector of 1s, as defined in (2.6), show that

(@) ja=a'j=>,a;, as in (2.24).
(b) Aj is a column vector whose elements are the row sums of A, as in (2.25).
(¢) j'A is arow vector whose elements are the column sums of A, as in (2.25).
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2.9 Prove Corollary 1 to Theorem 2.2b; that is, assuming that A, B, and C are
conformal, show that (ABC) = C'B’A’.

2.10 Prove Theorem 2.2c.
2.11 Use matrix A in Problem 2.6 and let

5 00
Dlz((?; _(2)), D,=10 3 0
0 0 o
Find D;A and AD», thus illustrating (2.29) and (2.30).

1
212 LetA= |4
7

[c <V, I \V]

3
6|, D=
9

S O K

0 0
b 0
0 ¢
Find DA, AD, and DAD.
2.13 Fory = (y1,y2,y3) and the symmetric matrix
ap  diz dis
A=|apn an ax |,

a3 dzz asz

express y'Ay in the form given in (2.33).

5 -1 3 6 -2 3 2 =3
214 lLet A=| —1 1 21, B=17 1 0), C=| -1 4],
3 2 7 2. =3 5 3 1
3
x=|-11|, y=1|2], Z=<§>
2 4

Find the following:

(a) Bx (h) xy’
(b) y'B @i B'B
(©) XAx  (j) yz
d) xXCz (k) zy
(e) x'x O Wy
(f) x'y (m) C'C
(g) xx'

2.15 Usex,Yy, A, and B as defined in Problem 2.14.

(a) Find x+yand x —y.
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(b) Find tr(A), tr(B), A + B, and tr(A + B).
(¢) Find AB and BA.

(d) Find tr(AB) and tr(BA).

(e) Find |[AB| and [BA]|.

(f) Find (AB)" and B'A’.

2.16 Using B and x in Problem 2.14, find Bx as a linear combination of the columns
of B, as in (2.37), and compare with Bx as found in Problem 2.14(a).

25 1 -6 2 1 0
2 teas (23w (102 1o ()0)

(a) Show that (AB) = B’A’ as in (2.26).

(b) Show that AT = A and that IB = B.

(¢) Find |A|.

(d) Find A~".

(e) Find (A~!)~! and compare with A, thus verifying (2.46).

(f) Find (A")"! and verify that it is equal to (A~!)’ as in Theorem 2.5a.

2.18 Let A and B be defined and partitioned as follows:

[y

2 1] 2 1
A=13 2/ 0f, B=]|2
1 ol 1 2

(O
—_
NN O

(a) Find AB as in (2.35), using the indicated partitioning.
(b) Check by finding AB in the usual way, ignoring the partitioning.

2.19 Partition the matrices A and B in Problem 2.18 as follows:

211 2

A=13]| 2 0| =(@1,A),
1o 1
1 110 .

B=[2 11 2 :<;I),
23 1 2 2

Repeat parts (a) and (b) of Problem 2.18. Note that in this case, (2.35) becomes
AB = alb’l + AZBZ.
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2.20

2.21

2.22

2.23

2.24

2.25

2.26

2.27

2.28
2.29
2.30
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2
5 -2 3
LetA—(7 3 1>, b= _;1

Find Ab as a linear combination of the columns of A as in (2.37) and check the

result by finding Ab in the usual way.

Show that each column of the product AB can be expressed as a linear com-
bination of the columns of A, with coefficients arising from the corresponding
column of B, as noted following Example 2.3.

30 2 2 -1
LetA=(1 -1 1|, B=[ 3 1
2 10 1 -1

Express the columns of AB as linear combinations of the columns of A.

Show that if a set of vectors includes 0, the set is linearly dependent, as noted
following (2.40).

Suppose that A and B are n x n and that AB = O as in (2.43). Show that A
and B are both singular or one of them is O.

1 2
1 3 2 2 1 1
LetA(2 0 _1>, B=|0 1], C<5 _6 _4).
1 0
Find AB and CB. Are they equal? What are the ranks of A, B, and C?

2 1
wa- (30 2) w-foo
I 0

(a) Find a matrix C such that AB = CB. Is C unique?
(b) Find a vector x such that Ax = 0. Can you do this for B?

3 1 2 5
LetA=|4 -2 31, x=|2
1 0 -1 3

(a) Find a matrix B # A such that Ax = Bx. Why is this possible? Can A
and B be nonsingular? Can A — B be nonsingular?

(b) Find a matrix C # O such that Cx = 0. Can C be nonsingular?

Prove Theorem 2.5a.

Prove Theorem 2.5b.

3 1
and (AB)fl. Verify that Theorem 2.5b holds in this case.

Use the matrix A in Problem 2.17, and let B = (4 _2>. Find AB, B!,
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2.32

2.33
2.34
2.35
2.36
2.37
2.38
2.39
240

241
242

2.43
2.44

245
2.46

2.47
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Show that the partitioned matrix A =

in (2.50).

(Au A
Ay Ap

> has the inverse indicated

Show that the partitioned matrix A = <A,“ a2
@.51). R

> has the inverse given in
Show that B + ¢¢’ has the inverse indicated in (2.53).

Show that A + PBQ has the inverse indicated in (2.54).

Show that y'Ay =y’ [1(A 4+ A)]y as in (2.55).

Prove Theorem 2.6b(ii).

Prove Corollaries 1 and 2 of Theorem 2.6b.

Prove the “only if” part of Theorem 2.6c.

Prove Corollary 1 to Theorem 2.6c.

Compare the rank of the augmented matrix with the rank of the coefficient
matrix for each of the following systems of equations. Find solutions where
they exist.

(a) X1 +2x%+3x53=6 (b) X1 —Xx+2x3=2
)C]*)CZZZ X]*)Cz*)Cg.:*l
X —x3 =—1 2x1 —2xp +x3 =2

(¢) xi+x2+x3+x3=28
X1 — X2 — X3 — X4 = 6
3x1+x +x3 +x4 =22
Prove Theorem 2.8a.

For the matrices A, A}, and A; in (2.59) and (2.60), show that AA[ A = A
and AA; A = A,

Show that A in (2.60) can be obtained using Theorem 2.8b.

Show that A; in (2.60) can be obtained using the five-step algorithm follow-
ing Theorem 2.8b.

Prove Theorem 2.8c.

Show that if A is symmetric, there exists a symmetric generalized inverse for
A, as noted following Theorem 2.8c.

4 2 2
LetA=(2 2 0
2 0 2

(a) Find a symmetric generalized inverse for A.
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248

2.49
2.50

2.51

2.52
2.53
2.54

2.55
2.56
2.57

2.58
2.59
2.60
2.61

2.62
2.63
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(b) Find a nonsymmetric generalized inverse for A.
(a) Show that if A is nonsingular, then A~ = A~!.

(b) Show that if A is n X p of rank p < n, then A™ is a “left inverse” of A,
thatis, ATA =1

Prove Theorem 2.9a parts (iv) and (vi).

Use A = <% ;) from Problem 2.17 to illustrate (64), (2.66), and (2.67) in

Theorem 2.9a.

(a) Multiply A in Problem 2.50 by 10 and verify that (2.69) holds in this case.
(b) Verify that (2.69) holds in general.

Prove Corollaries 1, 2, 3, and 4 of Theorem 2.9b.
Prove Corollaries 1 and 2 of Theorem 2.9c.

Use A in Problem 2.50 and let B = <§ _% )

(a) Find |A|, |B|, AB, and |AB| and illustrate (2.77).

(b) Find |A[” and |A?| and illustrate (2.79).

Use Theorem 2.9¢ and Corollary 1 of Theorem 2.9b to prove Theorem 2.9b.
Show that if C'C =1, then CC’ =1 as in (2.84).

The columns of the following matrix are mutually orthogonal:
-1 1
A= -1 0 2
11

(a) Normalize the columns of A by dividing each column by its length;
denote the resulting matrix by C.

(b) Show that C'C = CC' =L

Prove Theorem 2.10a.

Prove Theorem 2.11 parts (i), (iv), (v), and (vii).

Use matrix B in Problem 2.26 to illustrate Theorem 2.11 parts (iii) and (iv).
Use matrix A in Problem 2.26 to illustrate Theorem 2.11(v), that is,
tr(A’A) = tr(AA') = l.jaizj.
Show that tr(A”A) = tr(AA™) = r = rank(A), as in (2.93).

Use A in (2.59) and A; in (2.60) to illustrate Theorem 2.11(viii), that is,
tr(A”A) = tr(AA™) = r = rank(A).
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Obtain x, = (2/v/5,1/+/5) in Example 2.12.1.
For k = 3, show that A*x = A*x as in (2.100).

Show that lim;_,., A¥ = O in (2.102) if A is symmetric and if all eigenvalues
of A satisfy —1 < A < 1.

Prove Theorem 2.12a.
Prove Theorem 2.12b.

Prove Theorem 2.12c¢(ii) for the case where the eigenvalues Ay, Ay, . . ., A, are
distinct.

Prove Corollary 1 to Theorem 2.12d.

Let A =

—_ D
N O =
SN =

(a) The eigenvalues of A are 1, 4, —2. Find the normalized eigenvectors and
use them as columns in an orthogonal matrix C.

(b) Show that A = CDC/, as in (2.103), where D = diag(1,4, —2).
(¢) Show that C'AC = D as in (2.106).

Prove Theorem 2.12e for a symmetric matrix A.

1 1 -2
LetA=| -1 2 1
0 1 -1

(a) Find the eigenvalues and associated normalized eigenvectors.
(b) Find tr(A) and |A| and verify that tr(A) = 3> | A; and |A| = [, A;, as
in Theorem 2.12e.

Prove Theorem 2.12f(ii).

1 0 -1
Let A = 0 1 -1
-1 -1 3

(a) Show that |A| > 0.
(b) Find the eigenvalues of A. Are they all positive?

Let A'/? be defined as in (2.109).
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(a) Show that A2 s symmetric.
(b) Show that (A'/?)> = A as in (2.110).

For the positive definite matrix A = < 2 -1 ), calculate the eigenvalues

-1 2

and eigenvectors and find the square root matrix A2 as in (2.109). Check
by showing (A'/2)2 = A.

Prove Theorem 2.13e.

Prove Theorem 2.13f.

Let A =

S = O
o ool

u|§|0w|m

(a) Find the rank of A.

(b) Show that A is idempotent.
(¢) Show that I — A is dempotent.
(d) Show that A(I — A) = O.

(e) Find tr(A).

(f) Find the eigenvalues of A.

Consider a p x p matrix A with eigenvalues Aj, A,...,A,. Show that
[r(A)]* = (A +23 3, JAA;.

Consider a nonsingular n X n matrix A whose elements are functions of the
scalar x. Also consider the full-rank p x n matrix B. Let H = B'(BAB')"'B.
Show that

OH OA

—=-H—H.

ox ox
Show that

JdIn|X
;}‘( | o1 diagX!
for a 2 x 2 positive definite matrix X. 1 0 0
Let u = x’Ax where x is a 3 x 1 vector and A= | 0 2 0 |. Use the
0 0 3

Lagrange multiplier method to find the vector x that minimizes u subject to
the constraints x; + x, = 2, and x, + x3 = 3.



3 Random Vectors and Matrices

3.1 INTODUCTION

As we work with linear models, it is often convenient to express the observed data
(or data that will be observed) in the form of a vector or matrix. A random vector
or random matrix is a vector or matrix whose elements are random variables.
Informally, a random variable is defined as a variable whose value depends on the
outcome of a chance experiment. (Formally, a random variable is a function
defined for each element of a sample space.)

In terms of experimental structure, we can distinguish two kinds of random vectors:

1. A vector containing a measurement on each of n different individuals or exper-
imental units. In this case, where the same variable is observed on each of n
units selected at random, the n random variables yy, y», . . ., y, in the vector are
typically uncorrelated and have the same variance.

2. A vector consisting of p different measurements on one individual or exper-
imental unit. The p random variables thus obtained are typically correlated
and have different variances.

To illustrate the first type of random vector, consider the multiple regression model
yi = Bo+ Bixit + Boxip + -+ Brxa + i, i=1,2,...,n,

as given in (1.2). In Chapters 7-9, we treat the x variables as constants, in which case
we have two random vectors:

V1 €]
Y2 %)

y = . and &= B (3.1
yl‘l 81‘1

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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The y; values are observable, but the &;’s are not observable unless the B’s are
known.

To illustrate the second type of random vector, consider regression of y on several
random x variables (this regression case is discussed in Chapter 10). For the ith indi-
vidual in the sample, we observe the k 4 1 random variables y;, x;1, x>, - - . , Xj, Which
constitute the random vector (y;, x;q,...,xy) . In some cases, the k + 1 variables
Yis X1, - - - » Xir. are all measured using the same units or scale of measurement, but
typically the scales differ.

3.2 MEANS, VARIANCES, COVARIANCES, AND CORRELATIONS

In this section, we review some properties of univariate and bivariate random vari-
ables. We begin with a univariate random variable y. We do not distinguish notation-
ally between the random variable y and an observed value of y. In many texts, an
uppercase letter is used for the random variable and the corresponding lowercase
letter represents a realization of the random variable, as in the expression P(Y < y).
This practice is convenient in a univariate context but would be confusing in
the present text where we use uppercase letters for matrices and lowercase letters
for vectors.

If f(y) is the density of the random variable y, the mean or expected value of y is
defined as

n=EQy) = J W) dy. (3.2)

This is the population mean. Later (beginning in Chapter 5), we also use the sample
mean of y, obtained from a random sample of n observed values of y.

The expected value of a function of y such as y* can be found directly without first
finding the density of y*. In general, for a function u(y), we have

00

Elu(y)] = J Uy () dy. (33)

For a constant a and functions u(y) and v(y), it follows from (3.3) that

E(ay) = aE(y), G4

Elu(y) + v(y)] = E[u(y)] + E[v(y)]. (3.5

The variance of a random variable y is defined as

o = var(y) = E(y — w), (3.6)
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This is the population variance. Later (beginning in Chapter 5), we also use the
sample variance of y, obtained from a random sample of n observed values of y.
The square root of the variance is known as the standard deviation:

o= +/var(y) = \/E(y — p)°. (3.7)

Using (3.4) and (3.5), we can express the variance of y in the form

o = var(y) = E(Y’) — u’. (3.8)
If a is a constant, we can use (3.4) and (3.6) to show that

var(ay) = azvar(y) = a’o’. 3.9)

For any two variables y; and y; in the random vector y in (3.1), we define the
covariance as

oy = cov(yi, ) = El(yi — p)(yj — wl, (3.10)
where u; = E(y;) and w; = E (y;). Using (3.4) and (3.5), we can express o; in the form
o = cov(yi, y;)) = E(yiyj) — pip- G.11)

Two random variables y; and y; are said to be independent if their joint density
factors into the product of their marginal densities

S y) = fid) ), (3.12)

where the marginal density f;(y;) is defined as

o0

) = j FOmypdy; (3.13)

From the definition of independence in (3.12), we obtain the following properties:
1. E(y;, y;)) = E(y)E(y;) if y; and y; are independent. (3.14)

2. o = cov(y;, y;) = 0if y; and y; are independent. (3.15)

The second property follows from the first.
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y
y=1+2x-x2
y=2x—x
0 i 2 x
Figure 3.1 Region for f(x, y) in Example 3.2.
In the first type of random vector defined in Section 3.1, the variables y;, y, . .. ,

would typically be independent if obtained from a random sample, and we would
thus have o; =0 for all i # j. However, for the variables in the second type of
random vector, we would typically have o; # O for at least some values of i and j.

The converse of the property in (3.15) is not true; that is, o;; = 0 does not imply
independence. This is illustrated in the following example.

Example 3.2. Suppose that the bivariate random variable (x, y) is distributed uni-
formly over the region 0 < x <2, 2x — x? <y<1+42x— x%; see Figure 3.1.
The area of the region is given by

2 pl42x—22
Area = J J dydx = 2.
0 J2x—x2

Hence, for a uniform distribution over the region, we set
fyy =3, 0<x<2, -2 <y<1+2x—42

so that [ [ f(x, y)dx dy = 1.
To find o, using (3.11), we need E(xy), E(x), and E(y). The first of these is
given by

2 pl42x—x7
E(xy) = Jo L i xy(Y)dydx

2
7
- L%(l +dx = 220 = .
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To find E(x) and E(y), we first find the marginal distributions of x and y. For fi(x),
we have, by (3.13),

142x—x%

fl(x):J %dyz%, 0<x<2
2x—x*

For f>(y), we obtain different results for0 <y <land 1 <y <2:

2

1Ty
A= dacr | da—1-vTR 0<y<i Gae
0 1+/T—y
I+v2=y
fz(y)ZJ Jdx=+2—-y, 1<y<2. (3.17)
-2~y
Then
2
Ex) = J x(%)dx =1,
0

E) = J W1 — T2 )dy+J W2—y dy=1.
Now by (3.11), we obtain

Oy = E(X)’) - E(x)E(y)

1) -

However, x and y are clearly dependent since the range of y for each x depends on the
value of x.

As a further indication of the dependence of y on x, we examine E(y|x), the
expected value of y for a given value of x, which is found as

E(ylx) = Jyf(yIX)dy-

The conditional density f(y|x) is defined as

fO,y)
fix)’

fOlo) = (3.18)
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y=1+2-x°

N EGIm =50 a-22)

y=2x—x?

0 1 2 X

Figure 3.2 E(y|x) in Example 3.2.

which becomes

1
_ 2 _ 2 2
f(y|x)—T— I, 2x—x"<y<1+2x—x".
2
Thus
142x—x2
E(y|x) =J YDy
2x—x

= %(1 + 4x — 2x%).

Since E(y|x) depends on x, the two variables are dependent. Note that
E(y|x) = 1(1 + 4x — 2x?) is the average of the two curves y=2x —x” and y =
1 + 2x — x°. This is illustrated in Figure 3.2. 0

In Example 3.2 we have two dependent random variables x and y for which o, = 0.
In cases such as this, o, is not a good measure of relationship. However, if x and y have
abivariate normal distribution (see Section 4.2), then o, = 0 implies independence of
x and y (see Corollary 1 to Theorem 4.4c). In the bivariate normal case, E(y|x) is a
linear function of x (see Theorem 4.4d), and curves such as
E(yx) = (1 + 4x — 2x*) do not occur.

The covariance o;; as defined in (3.10) depends on the scale of measurement of
both y; and y;. To standardize o;;, we divide it by (the product of) the standard devi-
ations of y; and y; to obtain the correlation:

(7
p;j = corr(y;, yj) = — (3.19)
g,0;.
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3.3 MEAN VECTORS AND COVARIANCE MATRICES FOR
RANDOM VECTORS

3.3.1 Mean Vectors

The expected value of a p x 1 random vector y is defined as the vector of expected

values of the p random variables yi, y5,...,y, in y:
Vi E(y1) My
2 E(y>) M
Ey=El . [=]| . |=].|=m (3.20)
Yp E(yp) S

where E(y;) = u; is obtained as E(y;) = [y:fi(y) dy;, using fi(y;), the marginal
density of y;.

If x and y are p x 1 random vectors, it follows from (3.20) and (3.5) that the
expected value of their sum is the sum of their expected values:

Ex+y) = EX) + E(y). (3.21)

3.3.2 Covariance Matrix

The variances 0'12, o-%, R 013 of yi, y2,...,Y, and the covariances oy; for all i # j
can be conveniently displayed in the covariance matrix, which is denoted by 3,
the uppercase version of o;:

g11 g12 e Op
071 O ... Oy

S=cov(y)=| . ) - (3.22)
Opl Op2 ... Opp

The ith row of 3 contains the variance of y; and the covariance of y; with each of the
other y variables. To be consistent with the notation o3;, we have used o;; = o’,~2, i=1,
2,...,p, for the variances. The variances are on the diagonal of 3, and the covari-
ances occupy off-diagonal positions. There is a distinction in the font used for %
as the covariance matrix and 3 as the summation symbol. Note also the distinction
in meaning between the notation cov(y) = 2 and cov(y; y;) = 0y,

The covariance matrix % is symmetric because o;; = o7; [see (3.10)]. In many appli-
cations, 3, is assumed to be positive definite. This will ordinarily hold if the y variables
are continuous random variables and if there are no linear relationships among them.
(If there are linear relationships among the y variables, 3, will be positive semidefinite.)
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By analogy with (3.20), we define the expected value of a random matrix Z as the
matrix of expected values:

21 22 ... Zlp E(z11) E(zi) ... E(zip)
21 222 ... 2p E(z21) E(z) ... E(z2)

EZ)=E| . ) = ) ) ) . (3.23)
Znl Zn2 --- Zmp E(z.1) Ezp) ... E(an)

We can express X as the expected value of a random matrix. By (2.21), the (ij)th
element of the matrix (y —p)(y — ) is (y;— w;)( ¥;—u;). Thus, by (3.10) and (3.23),
the (ij)th element of E [(y — p) (y — )] is E[ (y;— ) (y;— )] = oy Hence

g11 g2 ce. O1p
0721 g2 ce. O2p
El(y-—my-ml=| . : C =2 (3.24)
Opl Opr ... Opp
We illustrate (3.24) for p = 3:
S=Ely-my—-mw]
WIS
=E[]| y2— My |1 — M, Y2 — o, ¥3 —¥3)
Y3 — M3
1 — m)? 01— )02 — ) 1 — )3 — 13)
=E| (2 — w1 — py) (2 — my)* (2 — )3 — p3)
L (3 — m3)1 — ) (3 — m3)(v2 — M) (3 — m3)?
E(y1 — m)? E[(y1 — k)2 — m)]  El(n — )3 — py)l
= | El(y2 — )01 — ] E(y, — ) E[(y2 — m)(v3 — i3)]
LE[(y3 — )1 — )] E[(v3 — m3)(2 — w0)] E(y; — p3)?
o7 on on
= 1| o2 0% 023
oy on 03
We can write (3.24) in the form
S =E[(—mwy—m]=EQYy)— pw, (3.25)

which is analogous to (3.8) and (3.11).
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3.3.3 Generalized Variance

A measure of overall variability in the population of y variables can be defined as the
determinant of X:

Generalized variance = || (3.26)

If |3| is small, the y variables are concentrated closer to p than if %] is large. A small
value of |%| may also indicate that the variables y;, y,, ..., Y, in y are highly inter-
correlated, in which case the y variables tend to occupy a subspace of the p dimen-
sions [this corresponds to one or more small eigenvalues; see Rencher (1998, Section
2.1.3)].

3.3.4 Standardized Distance

To obtain a useful measure of distance between y and u, we need to account for the
variances and covariances of the y; variables in y. By analogy with the univariate stan-
dardized variable (y — w)/ o, which has mean 0 and variance 1, the standardized dis-
tance is defined as

Standardized distance = (y — w2 "' (y — m). (3.27)

The use of 3 standardizes the (transformed) y; variables so that they have means
equal to 0 and variances equal to 1 and are also uncorrelated (see Problem 3.11).
A distance such as (3.27) is often called a Mahalanobis distance (Mahalanobis 1936).

3.4 CORRELATION MATRICES

By analogy with ¥, in (3.22), the correlation matrix is defined as

Lpn oo pyp
pn L py
P, =(py) = . . s (3.28)
ppl ppz N 1

where p; = o /o0 is the correlation of y; and y; defined in (3.19). The second row
of P,, for example, contains the correlation of y, with each of the other y variables.
We use the subscript p in P, to emphasize that P is the uppercase version of p.

If we define

D, = [diag(2)]"/? = diag(o, 0, . .., 7)), (3.29)



78 RANDOM VECTORS AND MATRICES

then by (2.31), we can obtain P, from 3 and vice versa:

P,=D,'3D,’, (3.30)

3 =D,P,D,. (3.31)

3.5 MEAN VECTORS AND COVARIANCE MATRICES FOR
PARTITIONED RANDOM VECTORS

Suppose that the random vector v is partitioned into two subsets of variables, which
we denote by y and x:

Y1

Thus there are p 4+ ¢ random variables in v.
The mean vector and covariance matrix for v partitioned as above can be expressed
in the following form

_ (YN _(EWMY (M
) (D)) o

. . Y\ 2)’}’ 2}9(
3 =cov(v) = cov<x> = <Exy 2xx>, (3.33)

where 2, = E;x. In (3.32), the submatrix p, = [E(y1),E(y2), ..., E(yp)l
contains the means of yi,y, ...,¥,. Similarly m, contains the means of the x
variables. In (3.33), the submatrix X, = cov(y) is a p X p covariance matrix for y
containing the variances of y;, y,,..., ¥, on the diagonal and the covariance of
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each y; with each y; (i # j) off the diagonal:

a2

Vi O-yly2 e O-ylyp
Oy 0:32 T Oy,
2y = .
O-,VPYI (7-)’1))’2 e 0-3,,
Similarly, 3, = cov(x) is the ¢ X g covariance matrix of x;, x5, ..., x,. The matrix

3, in (3.33) is p x ¢ and contains the covariance of each y; with each x;:

Oyix; Oyx, 77 Oy,

Oyxy Oyxy, "7 7 Oyyy,
ny -

Oypxi Oy 70 Oy,

Thus X, is rectangular unless p = ¢g. The covariance matrix 2, is also denoted
by cov(y, x) and can be defined as

3y = cov(y, x) = E[(y — p)(x — p)']. (3.34)

Note the difference in meaning between cov 3" in (3.33) and cov(y, x) = ny

in (3.34). We have now used the notation cov in three ways: (1) cov(y;, ¥,), (2)
cov(y), and (3) cov(y, x). The first of these is a scalar, the second is a symmetric
(usually positive definite) matrix, and the third is a rectangular matrix.

3.6 LINEAR FUNCTIONS OF RANDOM VECTORS

We often use linear combinations of the variables yi,y», ...,¥, from a random
vector y. Let a = (ay,ay, ... ,ap)’ be a vector of constants. Then, by an expression
preceding (2.18), the linear combination using the a terms as coefficients can be
written as

z=ay1 tays + -+ apy, = a/Y~ (3.35)

We consider the means, variances, and covariances of such linear combinations in
Sections 3.6.1 and 3.6.2.
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3.6.1 Means

Since y is a random vector, the linear combination z = a'y is a (univariate) random
variable. The mean of a'y is given the following theorem.

Theorem 3.6a. If a is a p x 1 vector of constants and y is a p x 1 random vector
with mean vector u, then

w, = E@'y) = a'E(y) = a'p. (3.36)

Proor. Using (3.4), (3.5), and (3.35), we obtain

E(@'y) = E(a1y1 + axy> + -+ - + apy,)
= E(a1y1) + E(axy2) + - - - + E(apyp)
= a1 E(y1) + aE(y2) + - - + a,E(y,)

E(y1)
E(y2)
:(alyaza"'aap) .
E(yp)
=a'Ey)=a'pn. O

Suppose that we have several linear combinations of y with constant coefficients:

Z1=anyr tapy+...tapy, = ally

2 =anyr +any: + ... + ayy, = ayy

%k = @y + ays + ...+ gy, = ayy,

where a; = (a;1,ap, ... ,ap) and y = (¥1,¥2, - .. ,yp)’. These k linear functions can
be written in the form

Z— Ay, (3.37)



3.6 LINEAR FUNCTIONS OF RANDOM VECTORS 81

where

4| a; a ap ... ap
/
22 a, a dayp ... day
zZ= , A= ) =
i
Tk a; gl Ay ... Qi

It is possible to have k > p, but we typically have k < p with the rows of A
linearly independent, so that A is full-rank. Since y is a random vector, each
Zi = aﬁy is a random variable and z = (z;,22,... ,2) is a random vector. The
expected value of z = Ay is given in the following theorem, as well as some
extensions.

Theorem 3.6b. Suppose that y is a random vector, X is a random matrix, a and b are
vectors of constants, and A and B are matrices of constants. Then, assuming the
matrices and vectors in each product are conformal, we have the following expected
values:

(i) E(Ay) = AE(y). (3.38)

(i) E(a’Xb) = a’E(X)b. (3.39)

(iii) E(AXB) = AE(X)B. (3.40)
Proor. These results follow from Theorem 3.6A (see Problem 3.14). O

Corollary 1. If A is a k x p matrix of constants, b is a k x 1 vector of constants, and
y is a p x 1 random vector, then

E(Ay + b) = AE(y) + b. (3.41)

O

3.6.2 Variances and Covariances

The variance of the random variable z = a’y is given in the following theorem.

Theorem 3.6¢. If a is a p x 1 vector of constants and y is a p x 1 random vector
with covariance matrix 3, then the variance of z = a'y is given by

o2 = var(a'y) = a’3a. (3.42)
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Proor. By (3.6) and Theorem 3.6a, we obtain

var(a'y) = E(a'y — a'p)’ = E[a'(y — wI
= E[a'(y — wa'(y — p)]
= E[a'(y — m)(y — w'a] [by (2.18)]
=aE[(y — m)(y — p]a [by Theorem 3.6b(ii)]
—a'Sa [by(3.24)]. -

We illustrate 3.42 for p = 3:

var(a'y) = var(aiy, + azy, + asy3) = a'2a
= a%a’% + a%o% + a%a’% + 2a1a2012 + 2a1a3013 + 2a2a3073.
Thus, var(a'y) = a’Xa involves all the variances and covariances of y;, y,, and ys.

The covariance of two linear combinations is given in the following corollary to
Theorem 3.6c.

Corollary 1. If a and b are p x 1 vectors of constants, then

cov(a'y,b’y) = a'3b. (3.43)
O
Each variable z; in the random vector z = (71, 22, ..., 2x) = Ay in (3.37) has a

variance, and each pair z; and z; (i # j) has a covariance. These variances and covari-
ances are found in the covariance matrix for z, which is given in the following
theorem, along with cov(z, w), where w = By is another set of linear functions.

Theorem 3.6d. Let z = Ay and w = By, where A is a k X p matrix of constants, B
is an m X p matrix of constants, and y is a p X 1 random vector with covariance
matrix 2. Then

(i) cov(z) = cov(Ay) = AZA/, (3.44)
(ii) cov(z, w) = cov(Ay, By) = AXB'. (3.45)
[l

Typically, k < p, and the k x p matrix A is full rank, in which case, by Corollary 1
to 2.6b, AX A is positive definite (assuming 3, to be positive definite). If k > p, then
by Corollary 2 to Theorem 2.6b, AX A’ is positive semidefinite. In this case, AZ A’ is
still a covariance matrix, but it cannot be used in either the numerator or denominator
of the multivariate normal density given in (4.9) in Chapter 4.
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Note that cov(z, w) = AB' is a k x m rectangular matrix containing the covari-
ance of each z; with each wj, that is, cov(z, w) contains cov(z;, w;),i=1,2,...,k,
j=1,2,..., m. These km covariances can also be found individually by (3.43).

Corollary 1. If b is a k x 1 vector of constants, then

cov(Ay + b) = AZA'. (3.46)
O

The covariance matrix of linear functions of two different random vectors is given
in the following theorem.

Theorem 3.6e. Lety be ap x 1 random vector and X be a ¢ X 1 random vector such
that cov(y, x) = X,. Let A be a k X p matrix of constants and B be an /& x g matrix
of constants. Then

cov(Ay, Bx) = AS,,B'. (3.47)

Proor. Let

e (2) o c= (4 Q)

Use Theorem 3.6d(i) to obtain cov(Cv). The result follows.

PROBLEMS

3.1 Show that E(ay) = aE(y) as in (3.4).

3.2 Show that E(y — wn)* = E(y*) — 2 as in (3.8).

3.3 Show that var(ay) = a*¢> as in (3.9).

3.4 Show that cov(y;, y;) = E(yiy;) — ;4 as in (3.11).

3.5 Show that if y; and y; are independent, then E(y;y;) = E(y;)E(y;) as in (3.14).
3.6 Show that if y; and y; are independent, then o; = 0 as in (3.15).

3.7 Establish the following results in Example 3.2:

(@) Show that AH(y)=1—+/1—yfor0<y<1and f2(y) =+/2 —y for
I<y<2

(b) Show that E(y) = and E(xy) = L.
(¢) Show that E(y[x) = 1 (1 + 4x — 2x?).
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3.8

3.9
3.10
3.11

3.12
3.13

3.14
3.15
3.16
3.17
3.18
3.19

3.20

RANDOM VECTORS AND MATRICES

Suppose the bivariate random variable (x, y) is uniformly distributed over the
region bounded below by y=x—1 for | <x<2 and by y=3 —x for
2 < x < 3 and bounded above by y =x for 1 <x <2 and by y =4 — x for
2<x<3.

(a) Show that the area of this region is 2, so that f(x,y) = %

(b) Find fi(x), £2(¥), E(x), E(y), E(xy), and 0y, as was done in Example 3.2.
Are x and y independent?

(c) Find f(y|x) and E(y|x).
Show that E(x +y) = E(x) + E(y) as in (3.21).
Show that E[(y — p)(y — p)']1 = E(yy') — ppt’ as in (3.25).

Show that the standardized distance transforms the variables so that they are
uncorrelated and have means equal to 0 and variances equal to 1 as noted
following (3.27).

Mlustrate P, = D, '=D_ ! in (3.30) for p = 3.
Using (3.24), show that

cov(Vv) = cov ( i) = (?’y §yx )
Xy XX
as in (3.33).

Prove Theorem 3.6b.
Prove Corollary 1 to Theorem 3.6b.
Prove Corollary 1 to Theorem 3.6¢.
Prove Theorem 3.6d.
Prove Corollary 1 to Theorem 3.6d.

Consider four k£ x 1 random vectors y, X, v, and w, and four /2 X k constant
matrices A, B, C, and D. Find cov(Ay + Bx, Cv + Dw).

Let y = (y1, y2, y3) be a random vector with mean vector and covariance
matrix

1 1 0
0 3 10
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(a) Let z = 2y; — 3y, + y3. Find E(z) and var(z).
(b) Let z; = y; +y2, +y3 and z, = 3y; + y» — 2y3. Find E(z) and cov(z),
where z = (71, 22)'.

Let y be a random vector with mean vector and covariance matrix p and 2, as
given in Problem 3.20, and define w = (wy, wa, w3)’ as follows:

wr=2y1 —y2+ 3
wy =y + 2y, — 3y3
ws =y1 +y2 + 2y3.

(a) Find E(w) and cov(w).
(b) Using z as defined in Problem 3.20b, find cov(z, w).



4 Multivariate Normal Distribution

In order to make inferences, we often assume that the random vector of interest has a
multivariate normal distribution. Before developing the multivariate normal density
function and its properties, we first review the univariate normal distribution.

4.1 UNIVARIATE NORMAL DENSITY FUNCTION

We begin with a standard normal random variable z with mean 0 and variance 1. We
then transform z to a random variable y with arbitrary mean w and variance o2, and
we find the density of y from that of z. In Section 4.2, we will follow an analogous
procedure to obtain the density of a multivariate normal random vector.

The standard normal density is given by

2
e o2

1
g = oL ,

for which E(z) = 0 and var(z) = 1. When z has the density (4.1), we say that z is dis-
tributed as N(0, 1), or simply that z is N(0,1).

To obtain a normal random variable y with arbitrary mean w and variance o2, we
use the transformation z=(y—u)/o or y=o0z+ u, so that E(y) = pu and
var(y) = o>. We now find the density f(y) from g(z) in (4.1). For a continuous
increasing function (such as y = oz 4 w) or for a continuous decreasing function,
the change-of-variable technique for a definite integral gives

— 00 <7< oo, 4.1)

JO) = g@)| (4.2)

dz
dy

where |dz/dy| is the absolute value of dz/dy (Hogg and Craig 1993, p. 169). To use
(4.2) to find the density of y, it is clear that both z and dz/dy on the right side must be
expressed in terms of y.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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Let us apply (4.2) to y = oz + w. The density g(z) is given in (4.1), and for
7= (y — w)/ o, we have |dz/dy| = 1/0. Thus

_ dz| _ ry—p\ 1
SO =gk dy —g(—a )a
1 2
_ - -w/20 4.3
\/ﬁae ’ (4-3)

which is the normal density with E(y) = u and var(y) = o>. When y has the density
(4.3), we say that y is distributed as N(u, 0®) or simply that y is N(u, 02).

In Section 4.2, we use a multivariate extension of this technique to find the multi-
variate normal density function.

4.2 MULTIVARIATE NORMAL DENSITY FUNCTION

We begin with independent standard normal random variables zi, 22, ... , zp, With
w; =0 and o7 = 1 for all i and o;; = 0 for i # j, and we then transform the z/s to
multivariate normal variables y{, y2, ..., y,, with arbitrary means, variances, and
covariances. We thus start with a random vector z = (z1, 22, ... , Z), Where
E(z) =0, cov(z) = 1, and each z; has the N(0,1) density in (4.1). We wish to trans-
form z to a multivariate normal random vector y = (y;, y2 ..., yp)/ with E(y) = pm
and cov(y) = 3, where u is any p x 1 vector and X, is any p x p positive definite
matrix.
By (4.1) and an extension of (3.12), we have

81,20, -+, 2p) = 8(2) = g1(21)82(22) - - - 8p(2p)

1 _Z2/2 1 e_z§/2 L 1 e_zz/z

“Varl Vom N

= 1 e Z,Ziz/z
V2my

1 /
- 222 by (2.20)]. 4.4
2y e [by (2.20)] 4.4)

If z has the density (4.4), we say that z has a multivariate normal density with mean
vector 0 and covariance matrix I or simply that z is distributed as N, (0, I), where p is
the dimension of the distribution and corresponds to the number of variables in y.

To transform z to y with arbitrary mean vector E(y) = p and arbitrary (positive
definite) covariance matrix cov(y) = X, we define the transformation

y=32"z+pn, 4.5)
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where 3'/2 is the (symmetric) square root matrix defined in (2.109). By (3.41) and
(3.46), we obtain

Ey) = EE24+ @ =3"E@ + p =30+ p=p,

cov(y) = COV(El/zl +p= El/zcov(z)(El/z)’ A DR

Note the analogy of (4.5) to y = o0z + w in Section 4.1.
Let us now find the density of y = 31274 p from the density of z in (4.4). By
(4.2), the density of y = oz+ u is f(y) = g(z)|dz/dy = g(z)|1/o|. The analogous

expression for the multivariate linear transformation y = 31274 M is

£(y) = g@abs(|X '), (4.6)

where 3 "/? is defined as (3'/?)~! and abs(|2_l/ 2|) represents the absolute value of
the determinant of 37V ?, which parallels the absolute value expression

1/2

|dz/dy| = |1/0] in the univariate case. (The determinant |3~ /“| is the Jacobian of

the transformation; see any advanced calculus text.) Since 3712 positive definite,
we can dispense with the absolute value and write (4.6) as

fy) = g@|x " 4.7)

=g@[E[? by @671 (4.8)

In order to express z in terms of y, we use (4.5) to obtain z = E_I/Z(y — m). Then
using (4.4) and (4.8), we can write the density of y as

_ 2*1/2: 1 —7'2/2
=3 =

1 e B P a-wrE P y-wi 2

= 172
2y (3|
1 o EPE P 2

N TIEE

e—(y—ﬂ)’E’l(y—m/{ 4.9)

1
C(V2ay |3

which is the multivariate normal density function with mean vector p and covariance
matrix %. When y has the density (4.9), we say that y is distributed as N,(u, %) or
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simply that y is N,(u, 2). The subscript p is the dimension of the p-variate normal
distribution and indicates the number of variables, that is, y is p x 1, p is p X 1,
and X is p X p.

A comparison of (4.9) and (4.3) shows the standardized distance (y — w)
271(y — ) in place of (y — w)? /a? in the exponent and the square root of the gen-
eralized variance |3 in place of the square root of o in the denominator. [For stan-
dardized distance, see (3.27), and for generalized variance, see (3.26).] These
distance and variance functions serve analogous purposes in the densities (4.9) and
(4.3). In (4.9), f(y) decreases as the distance from y to g increases, and a small
value of || indicates that the y’s are concentrated closer to p than is the case when
|%] is large. A small value of || may also indicate a high degree of multicollinearity
among the variables. High multicollinearity indicates that the variables are highly
intercorrelated, in which case the y’s tend to occupy a subspace of the p dimensions.

4.3 MOMENT GENERATING FUNCTIONS

We now review moment generating functions, which can be used to obtain some of
the properties of multivariate normal random variables. We begin with the univariate
case.

The moment generating function for a univariate random variable y is defined as

M, (1) = E(e"), (4.10)

provided E(e”) exists for every real number ¢ in the neighborhood —h < ¢t < h for
some positive number /. For the univariate normal N(u, o?), the moment generating
function of y is given by

My(1) = P72, (4.11)

Moment generating functions characterize a distribution in some important ways
that prove very useful (see the two properties at the end of this section). As their
name implies, moment generating functions can also be used to generate moments.
We now demonstrate this. For a continuous random variable y, the moment generating
function can be written as M, (1) = E(e”) = ffooo e”f(y)dy. Then, provided we can
interchange the order of integration and differentiation,we have

dM,(1) *

Wm0 = eroa @.12)

Setting + = 0 gives the first moment or mean:

o0

M,(0) = J () dy = E(y). (4.13)
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Similarly, the kth moment can be obtained using the kth derivative evaluated at O:
MP©0) = EG). (4.14)

The second moment, E(y?), can be used to find the variance [see (3.8)].
For a random vector y, the moment generating function is defined as

My(t) = E(e 24y — E(e'Y), 4.15)
By analogy with (4.13), we have

OMy(©0) _

g E(y), (4.16)

where the notation OMy(0)/0t indicates that OMy(t)/0t is evaluated at t=0.
Similarly, 82My(t) /01,0t evaluated at 1, = t; = 0 gives E(y,y;):

52M,(0)
S = EOm). (4.17)

For a multivariate normal random vector y, the moment generating function is
given in the following theorem.

Theorem 4.3. If y is distributed as N,(u, %), its moment generating function is
given by

My(t) = e P22, (4.18)
Proor. By (4.15) and (4.9), the moment generating function is

o0

My(t):J J ket Y O—mET0=m/2 gy (4.19)

—00

where k = 1/(\/277')1’|2}|1/2 and dy = dy, dy, - - - dy,. By rewriting the exponent, we
obtain

My(t):J J k20X 20/ gy (4.20)

— ofrttEt/2 Jm _.Joo k ef[yf(wzt)]’z"[yf(u+2t>]/2 dy (4.21)

—00

— nttS2
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The multiple integral in (4.21) is equal to 1 because the multivariate normal
density in (4.9) integrates to 1 for any mean vector, including p + Xt. (I

Corollary 1. The moment generating function for y — p is

My (t) = e>Y2. (4.22)

We now list two important properties of moment generating functions.

1. If two random vectors have the same moment generating function, they have
the same density.

2. Two random vectors are independent if and only if their joint moment gener-
ating function factors into the product of their two separate moment generating
functions; that is, if y = (¥}, y5) and t' = (t], t}), then y, and y, are indepen-
dent if and only if

My (t) = My, (t)My, (t2). (4.23)

4.4 PROPERTIES OF THE MULTIVARIATE NORMAL
DISTRIBUTION

We first consider the distribution of linear functions of multivariate normal random
variables.

Theorem 4.4a. Let the p x 1 random vector y be N,(u, %), let a be any p x 1

vector of constants, and let A be any k x p matrix of constants with rank k < p.
Then

(i) z=a'yis N(a'u, a’2a)
(i) z= Ay is Ny(Ap, AZA").
ProOF
(i) The moment generating function for z = a'y is given by
M.(1) = E(e") = E(e™Y) = E(e™")

— g(ta),prl*(ta)/z(ta)/z [by (4 18)]

_ e(a’p)t+(a’2a)r2/2. (4.24)
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On comparing (4.24) with (4.11), it is clear that z = a'y is univariate normal
with mean a’pu and variance a’Ya.

(i) The moment generating function for z = Ay is given by

M, (t) = E('?) = E(e'™Y),

which becomes

MZ (t) _ et/(AM)+t/(AEAl)t/2 (425)

(see Problem 4.7). By Corollary 1 to Theorem 2.6b, the covariance
matrix AXA’ is positive definite. Thus, by (4.18) and (4.25), the k x 1
random vector z = Ay is distributed as the k-variate normal N (Apm,
AZA). O

Corollary 1. If b is any & x 1 vector of constants, then
z=Ay+b is N(Ap+b, AZA"). 0

The marginal distributions of multivariate normal variables are also normal, as
shown in the following theorem.

Theorem 4.4b. If y is N,(m, %), then any r x 1 subvector of y has an r-variate
normal distribution with the same means, variances, and covariances as in the orig-
inal p-variate normal distribution.

Proor. Without loss of generality, let y be partitioned as y’ = (y}, y5), where y; is the
r x 1 subvector of interest. Let o and 3, be partitioned accordingly:

_ (YN _ (™ (20 2
y()’z)’ M(Mz)’ E’<221 Ezz)

Define A = (I,, O), where I, is an r x r identity matrix and O is an r X (p — r)
matrix of 0s. Then Ay =y,;, and by Theorem 4.4a (ii), y; is distributed as
Ny, 211). O

Corollary 1. If y is N,(m, %), then any individual variable y; in y is distributed as

N(w;, o). U
For the next two theorems, we use the notation of Section 3.5, in which the random

vector v is partitioned into two subvectors denoted by y and x, where y is p x 1 and x
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is g x 1, with a corresponding partitioning of g and 3 [see (3.32) and (3.33)]:

By (3.15), if two random variables y; and y; are independent, then o;; = 0. The
converse of this is not true, as illustrated in Example 3.2. By extension, if two
random vectors y and x are independent (i.e., each y; is independent of each x;),
then X, = O (the covariance of each y; with each x; is 0). The converse is not
true in general, but it is true for multivariate normal random vectors.

;heor%n 44c. If v= (i) is Npiq(m,2), then y and x are independent if
o — -

Proor. Suppose 2, = O. Then
_ (% O
*= ( 0 3.)

and the exponent of the moment generating function in (4.18) becomes

/ / / M ;g Ey 0 ty
tﬂﬂ—%tzt:(ty’t;)(”i) +%(t),tx)<(; Exx)(tx>

= t;”’y +tp, + %t;zyyty + %t;f'xxtx-
The moment generating function can then be written as

My (t) = e‘f“ mHE 3t /2 ot Ht 3t /2 ,

which is the product of the moment generating functions of y and x. Hence, by (4.23),
y and x are independent. (]

Corollary 1. If y is N,(u, ), then any two individual variables y; and y; are inde-
pendent if o;; = 0.

Corollary 2. If y is N,(u, 2) and if cov(Ay, By) = A2ZB’ = O, then Ay and By are
independent. (]

The relationship between subvectors y and x when they are not independent
(Zyx # 0) is given in the following theorem.
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Theorem 4.4d. If y and x are jointly multivariate normal with X, # O, then the

conditional distribution of y given x, f(y|x), is multivariate normal with mean
vector and covariance matrix

E(y|x) = p, + 3,3 (x — ), (4.26)
cov(y|x) = X, — nyzgxl 2 4.27)
Proor. By an extension of (3.18), the conditional density of y given X is

8y, x)
h(x) ’

[yl = (4.28)
where g(y, x) is the joint density of y and x, and A(x) is the marginal density of x. The
proof can be carried out by directly evaluating the ratio on the right hand side of
(4.28), using results (2.50) and (2.71) (see Problem 4.13). For variety, we use an
alternative approach that avoids working explicitly with g(y, x) and A(x) and the
resulting partitioned matrix formulas.

Consider the function
HEERE
u X ",
(AN (1 -3,3]
- (2)-(3 )

To be conformal, the identity matrix in A, is p X p while the identity in A, is g X q.
Simplifying and rearranging (4.29), we obtain w =y — [, + nyz);l (x — pm,)] and
u = X — u,. Using the multivariate change-of-variable technique [referred to in (4.6],
the joint density of (w, u) is

where

pw, u) = gy, V[A"| = gy, )
[employing Theorem 2.9a (ii) and (vi)]. Similarly, the marginal density of u is
q(w) = h®|I™'| = h(x).
Using (3.45), it also turns out that

cov(w, u) = A|3A, =3, — 3,313 =0 (4.30)

(see Problem 4.14). Thus, by Theorem 4.4c, w is independent of u. Hence

p(w, w) = r(w)g(u),
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where r(w) is the density of w. Since p(w, u) = g(y, X) and g(u) = h(x), we also have

gy, x) = r(w)h(x),

and by (4.28),

_ 80y, %)

™=

= f(y|x).

Hence we obtain f(y|x) simply by finding r(w). By Corollary 1 to Theorem 4.4a,
r(w) is the multivariate normal density with

e[ e
My My

Eww = AIEAll
_ _ e ny> < I )
=@ - 23, )(zxy P ARBSN
=3, -3, 3.3, (4.32)

Thus r(w) = r(y — [p, + 22 (x — p)]) is of the form N,(0, =), — 3,3 '3,
Equivalently, y[x is Ny[pt, + 30 (X — ), 2y — 20,3301, 0

Since E(y|x) = m, + E),XE);I (x — p,) in (4.26) is a linear function of x, any pair
of variables y; and y; in a multivariate normal vector exhibits a linear trend
EQily) = p; + (0/ )y — ;). Thus the covariance oy; is related to the slope of
the line representing the trend, and o is a useful measure of relationship between
two normal variables. In the case of nonnormal variables that exhibit a curved
trend, o;; may give a very misleading indication of the relationship, as illustrated in
Example 3.2.

The conditional covariance matrix cov(y|x) = X, — nyz;j 2,y in (4.27) does
not involve x. For some nonnormal distributions, on the other hand, cov(y|x) is a
function of x.

If there is only one y, so that v 1is partitioned in the form

v =(y,X1, X, ..., %) = (y,X), then u and % have the form
e(z) (3 )
My Oy Exx
where My and O'y2 are the mean and variance of y, a'y’x = (0y1, 032, ..., Oy) contains

the covariances oy; = cov(y, x;), and 3. contains the variances and covariances of
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the x variables. The conditional distribution is given in the following corollary to
Theorem 4.4d.

Corollary 1. If v = (y, xi, X2, ... , Xg) = (v, X'), with

s _ (o o,
=) == (2 %)

then y|x is normal with

EQN) = p, + 0,3 (x — p)), (4.33)
var(y|x) = o7 — o, 3. oy (4.34)
O

In (4.34), olyxf,; o, > 0 because E;xl is positive definite. Therefore

var(y|x) < var(y). (4.35)

Example 4.4a. To illustrate Theorems 4.4a—c, suppose that y is N3(u, %), where

3 4 0 2
p=11], ==[0 1 -1
2 2 -1 3

For z=y, -2y, +y;=(, —2, 1)y =a'y, we have a’u =3 and a’3a=19.
Hence by Theorem 4.4a(i), z is N(3, 19).
The linear functions

2 =y1—Y2+y, 22=3y1+y2—2y3

Y1
() _ (1 -1 1 _
=(2)-0 1 2)(2)

V3

can be written as

Then by Theorem 3.6b(i) and Theorem 3.6d(i), we obtain

Ap = (2>, AZA' = (T 249>,

and by Theorem 4.4a(ii), we have

(o) (3 )]
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To illustrate the marginal distributions in Theorem 4.4b, note that y; is N(3, 4), ys is

v (3w (D)0 V)] () e[ G)- 5 5))

To illustrate Theorem 4.4c, we note that o, =0, and therefore y; and y, are
independent. (]

Example 4.4b. To illustrate Theorem 4.4d, let the random vector v be Ny(m, ),
where

2 9 0 3 3
5 0 1 -1 2
= 5 =13 1 6 _3
1 3 2 -3 7

1
9 0 3 3 6 -3 .
(0 1), 2= (1 2),and S = (3 7).By (4.26), we obtain

E(y[0) = py + 2,3, (x — p)
(2 . 3 3 6 -3\ '/x;+2
(5) (—1 2)(—3 7) <x2—1>
_<2)+i<30 27><x1+2>
\5 33\-1 9 )\xn—1

If v is partitioned as v = (y;, 2, x1, x2), then my, = (i s My = (_2>, Eyy =

3—1—9161 +2x2
_ 11 11
Sl 3

?—g.ﬂ +HXZ

By (4.27), we have
COV(Y|X) = 2yy - nyz;xlzxy

-G D-C D6
(o ) H(5 w)

(126 —24
S B\-24  14)
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Thus

y|x is N,

34+ 190x +Fx 1(126 —24>
$odmedn ) T\ 1))

O

Example 4.4¢. To illustrate Corollary 1 to Theorem 4.4d, let v be Ny(pm, %), where p

and Y are as given in Example 4.4b. If v is partitioned as v = (y, x1, X2, x3)', then
and Y are partitioned as follows:

2
My 5
w=(2)=13 |
My -2
1
9 0 3 3
s_ (o oy_|0o 1 -1
o-yx Exx 3 -1 6 -3
32 =3 7

By (4.33), we have

E(y|x1, x2, X3) = p, + Oéxzx_xl x—pm)

1 -1 2\ '/x -5
=240,3,3)] -1 6 -3 0 +2
2 -3 7 X+ 1

9% _12 6 9
=3 = X1 + 37X +7X3.

By (4.34), we obtain

-1
Va‘r(.))|xla -x23 -x3) = 0? - OJ 2 O'yx

xS xx
1 -1 2\
=9-(0,3,3)] -1 6 -3 3
2 -3 7 3
zg_gzg,

Hence y|x;, x5, x3 is N(% - 17—2)(1 + gxz + %)@, 17—8). Note that var(y|x;, x5, x3) = 17—8
is less than var(y) = 9, which illustrates (4.35). O
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4.5 PARTIAL CORRELATION

We now define the partial correlation of y; and y; adjusted for a subset of other y vari-
ables. For convenience, we use the notation of Theorems 4.4c and 4.4d. The subset of
y's containing y; and y; is denoted by y, and the other subset of y's is denoted by x.

Let v be N, 4(m, 2) and let v, p, and X be partitioned as in Theorem 4.4c and

4.4d:
y M, s DINNEED
V_<X>’ ”_(M;(>’ _<2xy Ey)cx>.

The covariance of y; and y; in the conditional distribution of y given x will be denoted
by 0j.rs..q» Wwhere y; and y; are two of the variables in y and y,, y;, ..., y, are all the
variables in X. Thus 0y, is the (ij)th element of cov(y|x) = =, — 3,33, For
example, 03.567 represents the covariance between y; and y; in the conditional dis-
tribution of y;, y», ¥3, y4 given ys, ye, and y7 [in this case x = (ys, y¢, ¥7)']. Similarly,
022567 represents the variance of y, in the conditional distribution of yy, y,, ¥3, y4
given ys, ye, y7-

We now define the partial correlation coefficient py,, , to be the correlation
between y; and y; in the conditional distribution of y given X, where
X = (Y, Ys» ---»Yg). From the usual definition of a correlation [see (3.19)], we
can obtain py;.,, , from o 40

_ Girsa (4.36)

pij-rs”.q =
Tiirs..qO jjrs..q

This is the population partial correlation. The sample partial correlation 7., - - - g is
discussed in Section 10.7, including a formulation that does not require normality.

The matrix of partial correlations, Py.. = (p;;.,,_,) can be found by (3.30) and
4.27) as

P, =D 3. D], 4.37)
where 3., = cov(y|x) = %,, — 3,3 '3, and D, = [diag(Z,..)]'"/%.

Unless y and x are independent (%, = O), the partial correlation py, , is differ-
ent from the usual correlation p; = 0y;/,/0;;07;. In fact, p;;,,; , and p;; can be of oppo-
site signs (for an illustration, see Problem 4.16 g, h). To show this, we express ... 4
in terms of oy;. We first write ., in terms of its rows

o—ym U)’lxz Tt Uylxq O-lx
Oyyx) Oyyx, te O-.szq O,

2, = cov(y, X) = : : : = I (4.38)

O'y pX1 O-prCZ e O-ypxq o



PROBLEMS 101

where @ = (Oyx» Oyys -+ -5 Oyx,). Then oy 4, the (i)th element of

—1 .
Sy — B2, 2y, can be written as
1
Oijrs..g = Oij — Ui'xzxx O jx- (4.39)

Suppose that o;; is positive. Then gy, 4 is negative if O'EXE;XIO' x = 0j;. Note also
that since E; is positive definite, (4.39) shows that
—1
Titrs..q = Oii — Oo2 O < 0.
Example 4.5. We compare p;, and p;, 3, using s and 3 in Example 4.4b. From 3,
we obtain

g2 0

= = =0
Voion  /O)I)

P12

126 —-24 . .
=L
From cov(y[x) = 33 (_ o 1 4> in Example 4.4b, we obtain
o J12.34 - —24/33 - —24
N T V/(126/33)(14/33)  /(36)(49)

—4

=—=-.571. 0
7

PROBLEMS

4.1 Show that E(z) = 0 and var(z) = 1 when z has the standard normal density (4.1).
4.2 Obtain (4.8) from (4.7); that is, show that |£~"/?| = |3|7"/2.

4.3 Show that 9My(0)/0t = E(y) as in (4.16).

4.4 Show that BzMy(O) /0,0t = E(y,y;) as in (4.17).

4.5 Show that the exponent in (4.19) can be expressed as in (4.20); that is,
show that ty — (y — w2 ' (y — w)/2 =t m+ t2t/2 — (y — p — 2ty2 "
(y—p—2t)/2.

4.6 Prove Corollary 1 to Theorem 4.3.

4.7 Show that E(e'AY) = ! Am+AZAN/2 o5 in (4.25).

4.8 Consider a random variable with moment generating function M(¢). Show that
the second derivative of In[M(z)] evaluated at r = 0 is the variance of the
random variable.

4.9 Assuming thaty is N,(pm, 0°1) and C is an orthogonal matrix, show that Cy is
N,(Cp, &°1).
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4.10 Prove Corollary 1 to Theorem 4.4a.

411 Let A= (,, O), as defined in the proof of Theorem 4.4b. Show that
Ay =y, Ap = p,, and AZA = 3.

4.12 Prove Corollary 2 to Theorem 4.4c.

4.13 Prove Theorem 4.4d by direct evaluation of (4.28).

4.14 Given w =y — Bx, show that cov(w, x) = X, — B2, as in (4.30).

4.15 Show that E(y—X.3.'x)=pm,—2,3 'm, as in (431) and that
covy — 3,3 ') =3, - 3,513 asin (4.32).

4.16 Suppose that y is N4(u, ), where

4 2 -1 2

2 6 3 =2
-1 3 5 —4

2 -2 -4 4
Find the following.

(a) The joint marginal distribution of y; and y;

(b) The marginal distribution of y,

(c¢) The distribution of z = y; 4+ 2y, — y3 + 3y4

(d) The joint distribution of z; =y; +y, —y3 —y4 and zp = —3y; +y» +
2y3 — 2y4

© fO1, y21y3, y4)

() fO1, y3[y2, ya)

(8 p13

(h) pi3.4

@ fO1ly2, y3, ya)

4.17 Lety be distributed as N3(u, %), where
4 1 0
p=|-1), ==(1 21
01 3

Find the following.

(a) The distribution of z = 4y; — 6y, + y3
(b) The distribution of z = 2); :_y; * y;

1+Y2—y3
© f(y2ly1, ¥3)

d) f(y1, y2|y3)
(€ pi, and pyy5



4.18

4.19

4.20

PROBLEMS

If y is N3(m, %), where

2 0 -1
2= 04 0],
-1 0 3

which variables are independent? (See Corollary 1 to Theorem 4.4a)

If y is Ny(pm, ), where

1 0 0 O

02 0 0
%= 00 3 —4Yp

00 -4 o6

which variables are independent?

Show that gy, - --q = 0y — o % o}, as in (4.39).

103



5 Distribution of Quadratic
Forms in y

5.1 SUMS OF SQUARES

In Chapters 3 and 4, we discussed some properties of linear functions of the random
vector y. We now consider quadratic forms in y. We will find it useful in later chapters
to express a sum of squares encountered in regression or analysis of variance as a
quadratic form y’Ay, where y is a random vector and A is a symmetric matrix of con-
stants [see (2.33)]. In this format, we will be able to show that certain sums of squares
have chi-square distributions and are independent, thereby leading to F tests.

Example 5.1. We express some simple sums of squares as quadratic forms in y. Let
Y1, Y2, - - -» Y be a random sample from a population with mean u and variance o2, In
the following identity, the total sum of squares > ;_, y? is partitioned into a sum of
squares about the sample mean y = >, y;/n and a sum of squares due to the mean:

St = (S m) o
i=1 i=1
=Y Gi— Y+ (5.1)
i=1
Using (2.20), we can express y ., yl.2 as a quadratic form

> yi=vy=vyly,
i=1

where Yy = (y1, ¥2, ..., yn). Using j=(1, 1, ..., 1) as defined in (2.6), we can

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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write y as

[see (2.24)]. Then ny 2 becomes

We can now write Y7, (y; — y)* as
2 / 1
Z(y, P = Zy,—y—yly vi{;I)y
=1

, 1
=yl(I-=-J]y.
n

Hence (5.1) can be written in terms of quadratic forms as

/ ) 1 / 1
yly=y(I--J|y+y|=-J ]y
n n

5.2)

(5.3)

O

The matrices of the three quadratic forms in (5.3) have the following properties:

1 1
. I=(I--J]+-J.
n n

1 1
2. LI—-J, and —J are idempotent.
n n

()0



5.2 MEAN AND VARIANCE OF QUADRATIC FORMS 107

Using theorems given later in this chapter (and assuming normality of the y;’s), these
three properties lead to the conclusion that 7, (y; — y)* /o and ny*/a? have chi-
square distributions and are independent.

5.2 MEAN AND VARIANCE OF QUADRATIC FORMS
We first consider the mean of a quadratic form y’Ay.

Theorem 5.2a. If'y is a random vector with mean g and covariance matrix 3 and if
A is a symmetric matrix of constants, then

E(Ay) = tr(AY) + W Ap. (5.4)
Proor. By (3.25), 2 = E(yy) — pp/, which can be written as
E(yy) =32+ pp'. (5.5)

Since y'Ay is a scalar, it is equal to its trace. We thus have

E(y Ay) = E[tr(y'Ay)]

= E[tr(Ayy)] [by (2.87)]
= tr[E(Ayy')] [by (3.5)]
= tr[AE(yy)] [by (3.40)]

= tu[AE + pp')] [by (5.8)]
= tr[AZ + App'] [by (2.15)]
= tr(AY) + tr(W'Ap) [by (2.86)]
= w(AZ) + WAp

Note that since y’Ay is not a linear function of y, E(y'Ay) # E(y)AE(y). O

Example 5.2a. To illustrate Theorem 5.2a, consider the sample variance

2 2 O —)7)2.

n—1

s (5.6)

By (5.2), the numerator of (5.6) can be written as

1 1
S G- y’(I—J)y,
i1 n



108 DISTRIBUTION OF QUADRATIC FORMS IN y

where y = (y1, ¥2, ..., yn). If the y’s are assumed to be independently distributed
with mean w and variance o, then Ey) = (s i, ..., ) = puj and cov(y) = o’I.
Thus for use in (5.4) we have A =1 — (1/n)J, % = o1, and u = wj; hence

E|) (i= 9)2] =tr (I - 1J) (0'21)} + uj (I - 1J> 0
i=1 n n
1
_ o (1 _ nJ) G- 1D by @23)]
=o? (n - ﬁ) + u? (n - l112> [by (2.23)]
n n
=a*n—1)+0.
Therefore

EL 0i—9] (—De?

E(s?) = p— =1 =0 (5.7

O

Note that normality of the y’s is not assumed in Theorem 5.2a. However, normality
is assumed in obtaining the moment generating function of y’Ay and var(y’'Ay) in the
following theorems.

Theorem 5.2b. If y is N,(u, %), then the moment generating function of y'Ay is
Myay(0) = |1 — 2AZ| /2o #I-(-2A%) 1 /2 (5.8)

Proor. By the multivariate analog of (3.3), we obtain

00

Myiay(t) = E(™¥'AY) = J J VAV, ef(yfu)’z"(yfmﬂdy

—00

00 00
=k J . J e Y A-2ADE 2 Xy X 2 gy
—00 —o0

where k; = 1/[(\/27T)p|2|1/2] and dy = dy; dy; . ..dy,. For t sufficiently close to 0,
I — 2¢AY is nonsingular. Letting @' = p/(I — 2/A3) ' and V™' = (I — 21A3)3 ',
we obtain

o0

My ay(1) = klkzj . J k3e*(y79>’V*‘(y70)/zdy

—00
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(Problem ~ 5.4), where  ky = (@Y V|2 W= m0VI02 gng gy =
1/[(+/ (277)”|V|1/ ?]. The multiple integral is equal to 1 since the multivariate
normal density integrates to 1. Thus Myay(f) = kik,. Substituting and simplifying,
we obtain (5.8) (see Problem 5.5). O

Theorem 5.2¢. If y is N,(u,>), then

var(y’Ay) = 2tr[(AZ)?] + 4 A A p. (5.9)

Proor. The variance of a random variable can be obtained by evaluating the second
derivative of the natural logarithm of its moment generating function at = 0 (see hint
to Problem 5.14). Let C = I — 2¢tA3. Then, from (5.8)

1 1 e
k@) = In[Myay(] = — 5 In[C| — - /(01— €)X .
Using (2.117), we differentiate k(¢) twice to obtain

1! [d|cq2 11 a&c| 1, ,dC

S et bk § el bl I o'l il ot Yt
2P Lar | 2jear 2MC mC e

dcl? ~
+M[C1dt} c's'u

(Problem 5.6). A useful expression for |C| can be found using (2.97) and (2.107).
Thus, if the eigenvalues of AY, are A;,i =1, ..., p, we obtain

)4
IC| = H(l —2t\)
i=1

zleIZ)ti+4t2;)\i/\jf~~+(f 1P2PP A Ay - Ay
i i1#]

Then (d|C|/dt) = —23;); + 812, 4jA;:Aj+ higher-order terms in 7 and
(d*|C|/d*) = 83 2jAiA; + higher-order terms in 7. Evaluating these expressions
at t=0, we obtain |C|=1, (|C|/dD)|_,= 22N =-2tr(AZ) and
(d*|C|/df*)|,_o = 8%ixjAiA;. For t=0 it is also true that C=1, C' =1,
(dC/dt)|,_, = 2AY and (d>C/dt)|,_, = O. Thus

K'(0) = 2[tr(AX)] — 4> " Aidj + 0 + 4/ AZAp
i#j

= 2{ [tr(AX)]> — 2 Z )\i)\j} + 4/ AZAp.

i#j
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By Problem 2.81, this can be written as

2tr[(AY)?] + 4/ AZAp.
O

We now consider cov(y, y'Ay). To clarify the meaning of the expression cov(y,
y'Ay), we denote y'Ay by the scalar random variable v. Then cov(y, v) is a column
vector containing the covariance of each y; and v:

Oy,
Ty

cov(y,v) = E{ly —EWIlv - E®1} = | . | (5.10)

Oy,v

[On the other hand, cov(v, y) would be a row vector.] An expression for cov(y, y'Ay)
is given in the next theorem.

Theorem 5.2d. If y is N,(u, ), then
cov(y, YAy) = 23 Apm. (5.11)
Proor. By the definition in (5.10), we have
cov(y, y'Ay) = E{[y — EW)Ily'Ay — E(y'Ay)]}.
By Theorem 5.2a, this becomes

cov(y, YAy) = E{(y — wly'Ay — tr(AX) — p'Apl}.

Rewriting y'Ay — p/Ap in terms of y — u (see Problem 5.7), we obtain

cov(y, YAy) = E{(y — wl(y — WAy — w) + 2(y — w)Ap — tr(AZ)]} (5.12)
= E[(y — Wy — WAy — w] + 2E[(y — m(y — w)Apl
— E[(y — mtr(AY)]
=0+23Ap— 0.

The first term on the right side is 0 because all third central moments of the
multivariate normal are zero. The results for the other two terms do not depend on
normality (see Problem 5.7). ]
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Corollary 1. Let B be a k x p matrix of constants. Then

cov(By, yAy) = 2BZApu. (5.13)
O
For the partitioned random vector v = i , the bilinear form x’Ay was intro-

duced in (2.34). The expected value of x'Ay is given in the following theorem.

Theorem 5.2e. Letv = (3") be a partitioned random vector with mean vector and

covariance matrix given by (3.32) and (3.33)

(3= () wawr(Y)=(3 )

where y is p x 1, Xis ¢ x 1, and 2, is p x g. Let A be a g x p matrix of constants.
Then
E(X'Ay) = tr(AZ,,) + M;Auy. (5.14)

Proor. The proof is similar to that of Theorem 5.2a; see Problem 5.10. O

Example 5.2b. To estimate the population covariance oy, = E[(x — p,)(y — )] in
(3.10), we use the sample covariance

Spy = Zi:l (x; _x)(yi - y)’ (5.15)
- n—1
where (x1, y1), (X2, ¥2), ..., (X4, y») is a bivariate random sample from a population

with means u, and u,, variances a;zc and 0‘5, and covariance oy, We can write
(5.15) in the form

D Xy — Xy _ xX'[I — (1/n)Jly

=TT n—1

, (5.16)

where x = (x1,%2,...,%,) and 'y = (y1, y2, ..., y»). Since (x;, y;) is independent of

(xj, y;) for i # j, the random vector v = (i) has mean vector and covariance matrix

e(0)= ) = (i)

COV(Y) . <Eyy ny) N 0',31 oyl
X Sy Z 0% B | ’
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where each I is n x n. Thus for use in (5.14), we have A=1-—(1/n)J,
ny = O'xyL My = M’xj: and Py = :u’»j Hence

1 1 1
E[x' (I - —J)y} = tr{(l - —J) a'xyl} + w <I - —J) My
n n n
1 o/ 1./../.
=ogtr| I—=3 ) + puepuy | JJ— T3]
n n
=0y —1)+0.

Therefore

E(sy) = E[Y L, ():: ;_C)()’i -] _ @ n—_l )1% _— (5.17)

5.3 NONCENTRAL CHI-SQUARE DISTRIBUTION

Before discussing the noncentral chi-square distribution, we first review the central
chi-square distribution. Let z;, z2,..., z, be a random sample from the standard
normal distribution N(0, 1). Since the z’s are independent (by definition of random
sample) and each z; is N(0, 1), the random vector z = (71, 22, . . ., 2,) is distributed
as N,(0, I). By definition

n

sz =7z is ¥ (n); (5.18)

i=1

that is, the sum of squares of n independent standard normal random variables is dis-
tributed as a (central) chi-square random variable with n degrees of freedom.

The mean, variance, and moment generating function of a chi-square random vari-
able are given in the following theorem.

Theorem 5.3a. If u is distributed as x*(n), then

E(u) =n, (5.19)
var(u) = 2n, (5.20)

PrOOF. Since u is the quadratic form z'Iz, E(u), var(u), and M, () can be obtained by
applying Theorems 5.2a, 5.2¢, and 5.2b, respectively. (]
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Now suppose that y;, y», ..., ¥, are independently distributed as N(u;, 1), so thaty
is N,(p, ), where = (@, s, - - ., i1,)- In this case, 3, y? = y'y does not have a
chi-square distribution, but 3(y; — w,)* = (y — )/ (y — p) is x*(n) since y; — w; is
distributed as N(0,1).

The density of v =37_,y? =y'y, where the y’s are independently distributed as
N(w;, 1), is called the noncentral chi-square distribution and is denoted by
X°(n, A). The noncentrality parameter A is defined as

1< 1
2;:1 M =sHH (5.22)

Note that A is not an eigenvalue here and that the mean of v = X y? is greater than
the mean of u = 3, (y; — p;)*:

El;@i _Mi)Z] = ;E(yi - )= ;var(yi) = ;1 —n,

E<Zy%> =Y EGH =) (F+u)=>_(I+pu)
i=1 i=1 i=1 i=1
=n+ " ;.Liz =n+2A,

i=1

where A is as defined in (5.22). The densities of u and v are illustrated in Figure 5.1.

x(n)

22

!
T

n

Figure 5.1 Central and noncentral chi-square densities.
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The mean, variance, and moment generating function of a noncentral chi-square
random variable are given in the following theorem.

Theorem 5.3b. If v is distributed as Xz(n, A), then

E(v) =n+2A, (5.23)
var(v) = 2n + 8A, (5.24)
M,(f) = me*“‘*I/(l*Zf)l. (5.25)

Proor. For E(v) and var(v), see Problems 5.13 and 5.14. For M, (t), use Theorem
5.2b. O

Corollary 1. If A = 0 (which corresponds to u; = 0 for all i), then E(v), var(v), and
M (t) in Theorem 5.3b reduce to E(u), var(u), M, () for the central chi-square distri-
bution in Theorem 5.3a. Thus

X (1, 0) = X(n). (5.26)
O

The chi-square distribution has an additive property, as shown in the following
theorem.

Theorem 5.3c. If vi, vy,..., v are independently distributed as Xz(ni, A;), then

k k k
> " viis distributed as x* (Z iy ) (5.27)
i=1 i=1

i=1
O

Corollary 1. If uy, u,, ..., u; are independently distributed as Xz(ni), then

k k
Z u; is distributed as y* (Z n,-) .
=1 i=1

5.4 NONCENTRAL F AND ¢ DISTRIBUTIONS

5.4.1 Noncentral F Distribution
Before defining the noncentral F distribution, we first review the central F. If u is
X(p), vis x¥*(¢), and u and v are independent, then by definition

w =P i disuributed as Fp, g), (5.28)

v/q
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the (central) F distribution with p and ¢ degress of freedom. The mean and variance
of w are given by

2¢°(p+q-2)

q
E = — =V
) V) = = =4

. (5.29)

Now suppose that u is distributed as a noncentral chi-square random variable,
X*(p, M), while v remains central chi-square random variable, x*(¢), with u and v
independent. Then

2= P i diswibuted as F(p, ¢, M), (5.30)

v/q

the noncentral F distribution with noncentrality parameter A, where A is the same
noncentrality parameter as in the distribution of u# (noncentral chi-square distribution).
The mean of z is

E()=—1_ (1 +2—)‘>, (5.31)
q—2

which is, course, greater than E(w) in (5.29).

When an F statistic is used to test a hypothesis Hy, the distribution will typically be
central if the (null) hypothesis is true and noncentral if the hypothesis is false. Thus
the noncentral F distribution can often be used to evaluate the power of an F test. The
power of a test is the probability of rejecting H, for a given value of A. If F, is the
upper « percentage point of the central F distribution, then the power, P(p, ¢, a,
M), can be defined as

P(p, g, a, A) = Prob (z > F,), (5.32)

where z is the noncentral F random variable defined in (5.30). Ghosh (1973) showed
that P(p, g, a, A) increases if g or « or A increases, and P(p, g, «, A) decreases if p
increases. The power is illustrated in Figure 5.2.

The power as defined in (5.32) can be evaluated from tables (Tiku 1967) or
directly from distribution functions available in many software packages. For
example, in SAS, the noncentral F-distribution function PROBF can be used to
find the power in (5.32) as follows:

P(pa q, Q, )\) =1- PROBF(FDU P, 9, /\)

A probability calculator for the F and other distributions is available free of charge
from NCSS (download at www.ncss.com).
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Fp, q)

Fp, g, )

Fo

Figure 5.2  Central F, noncentral F, and power of the F test (shaded area).

5.4.2 Noncentral ¢ Distribution

We first review the central ¢ distribution. If z is N(0,1), u is Xz(p), and z and u are
independent, then by definition

=

is distributed as #(p), (5.33)

4
Vulp

the (central) 7 distribution with p degrees of freedom.
Now suppose that y is N(u, 1), u is x¥*(p), and y and u are independent. Then

is distributed as #(p, w), (5.34)

the noncentral ¢ distribution with p degrees of freedom and noncentrality parameter w.
If y is N(u, 2), then

y/o

=

is distributed as t(p, w/ o),

3
hS)

since by (3.4), (3.9), and Theorem 4.4a(i), y/o is distributed as N(u/a, 1).
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5.5 DISTRIBUTION OF QUADRATIC FORMS

It was noted following Theorem 5.3a that if y is N, (u, I), then (y — p)'(y — p) is
X (n). If y is N,(m, 2), we can extend this to

- w3y - wis ¥m. (5.35)

To show this, we write (y — m) £~ (y — ) in the form

G-wWE'y-mw=g-w3"3 " y-w
=[xy - ] [20 - w

=71z,

where z=3 "2y —p) and 372 =3"?)!, with 3% given by (2.109).
The vector z is distributed as N, (0, I) (see Problem 5.17); therefore, z'z is x*(n) by
definition [see (5.18)]. Note the analogy of (y — m)’ 271(y — @) to the univariate
random variable (y — w)*/02, which is distributed as x*(1) if y is N(u, o2).

In the following theorem, we consider the distribution of quadratic forms in

general. In the proof we follow Searle (1971, p. 57). For alternative proofs, see
Graybill (1976, pp. 134—-136) and Hocking (1996, p. 51).

Theorem 5.5. Let y be distributed as N,(u, ), let A be a symmetric matrix of con-
stants of rank r, and let A = %[L/AM. Then y'Ay is )2(r, A), if and only if AY is
idempotent.

Proor. By Theorem 5.2b the moment generating function of y’Ay is

My ay(D) = |1 — 20AZ| /2 (/210233 e
By (2.98), the eigenvalues of I — 2tAY, are 1 — 2tA;, i = 1,2,..., p, where A; is an
eigenvalue of A3. By (2.107), [I—2:A3|=T[C, (1 —2tA). By (2.102),

A—2A3) " =1+ 37, (20" (A2, provided —1 <27A; <1 for all i Thus
My ay(t) can be written as

P o T
o= (L0212 0 ot
i=1
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Suppose that A3, is idempotent of rank r (the rank of A); then r of the A;’s are equal
to 1, p — rof the A;’s are equal to 0, and (AX)* = A3. Therefore,

Myas(® = (f[a - 20‘1/2) o w5 o fass
i=1
— (1 = 20) 212 1-(0-20- 1A,

provided —1 < 2¢ < 1 or — 1 < ¢ < 1, which is compatible with the requirement that
the moment generating function exists for t in a neighborhood of 0. Thus

1

~ —(1/2) W Ap[1-1/(1-20)]
(1 =28

My’Ay(t) =

>

which by (5.25) is the moment generating function of a noncentral chi-square
random variable with degrees of freedom r = rank(A) and noncentrality parameter

A=1iwAp.
For a proof of the converse, namely, if y’ Ay is }?(r, A), then AY, is idempotent; see
Driscoll (1999). ]

Some corollaries of interest are the following (for additional corollaries, see
Problem 5.20).

Corollary 1. If y is N,(0, I), then y'Ay is X°(r) if and only if A is idempotent of
rank r. (]

Corollary 2. If y is N,(p, o), then y'Ay/a? is x*(r, W Ap/20?) if and only if A
is idempotent of rank r. U

Example 5. To illustrate Corollary 2 to Theorem 5.5, consider the distribution of
(n—1s?*/o? =", (i —y)?/0?, where y= (1, 2,...,y,) is distributed as
N,(uj, oI) as in Examples 5.1 and 5.2 In (5.2) we have S i — y)? =
y'[I — (1/n)d]y. The matrix I — (1/n)J is shown to be idempotent in Problem 5.2.
Then by Theorem 2.13d, rank [I — (1/n)J] = tr[ — (1/n)J] = n — 1. We next find
A, which is given by

Ao AR p A Dui G =D
202 202 202

_we - @ = tmm)]
o 202 - 202 o

0.

Therefore, y'[I — (1/n)d]y/o? is x*(n — 1). O
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5.6 INDEPENDENCE OF LINEAR FORMS AND
QUADRATIC FORMS

In this section, we discuss the independence of (1) a linear form and a quadratic form,
(2) two quadratic forms, and (3) several quadratic forms.

For an example of (1), consider y and s in a simple random sample or 3 and s* in
a regression setting. To illustrate (2), consider the sum of squares due to regression
and the sum of squares due to error. An example of (3) is given by the sums of
squares due to main effects and interaction in a balanced two-way analysis of
variance.

We begin with the independence of a linear form and a quadratic form.

Theorem 5.6a. Suppose that B is a k X p matrix of constants, A is a p X p sym-
metric matrix of constants, and y is distributed as N,(u, ). Then By and y'Ay are
independent if and only if BXA = O.

Proor. Suppose BXA = O. We prove that By and y'Ay are independent for the
special case in which A is symmetric and idempotent. For a general proof, see
Searle (1971, p. 59).

Assuming that A is symmetric and idempotent, y'Ay can be written as

YAy = y'A'Ay = (Ay)'Ay.
If BXA = O, we have by (3.45)
BXA = cov(By, Ay) = O.

Hence, by Corollary 2 to Theorem 4.4c, By and Ay are independent, and therefore
By and the function (Ay) Ay are also independent (Seber 1977, pp. 17, 33-34).

We now establish the converse, namely, if By and y’Ay are independent, then
BXA = O. By Corollary 1 to Theorem 5.2d, cov(By, y'Ay) = 0 becomes

2BXAup = 0.
Since this holds for all possible u, we have BXA = O [see (2.44)]. O

Note that BXA = O does not imply AZB = O. In fact, the product AXB will not be
defined unless B has p rows.

Corollary 1. If y is N,(pm, o°1), then By and y’Ay are independent if and only if
BA = O. O



120 DISTRIBUTION OF QUADRATIC FORMS IN y

Example 5.6a. To illustrate Corollary 1, consider s*> = >, (v — )*/(n — 1) and
y=>1,vi/n, where y = (y1,y2, ..., yu) is Ny(ij, °I). As in Example 5.1, y
and s° can be written as y = (I1/n)j'y and s*> =y'[I—(1/n)J]y/(n—1). By
Corollary 1, y is independent of s> since (1/n)j'[I — (1/n)J] = 0'. O

We now consider the independence of two quadratic forms.

Theorem 5.6b. Let A and B be symmetric matrices of constants. If y is N,(u, X),
then y’Ay and y'By are independent if and only if AZB = O.

Proor. Suppose AXB = O. We prove that y’Ay and y'By are independent for the
special case in which A and B are symmetric and idempotent. For a general proof,
see Searle (1971, pp. 59-60) or Hocking (1996, p. 52).

Assuming that A and B are symmetric and idempotent, y'Ay and y'By can be
written as y'Ay = y'A’Ay = (Ay) Ay and y'By = y'B'By = (By)'By. If AZB = O,
we have [see (3.45)]

AXB = cov(Ay, By) = O.

Hence, by Corollary 2 to Theorem 4.4c, Ay and By are independent. It follows that
the functions (Ay)'(Ay) = y'Ay and (By)'(By) = y'By are independent (Seber 1977,
pp. 17, 33-34). O

Note that AZB = O is equivalent to BXA = O since transposing both sides of
A3B = O gives BXA = O (A and B are symmetric).

Corollary 1. If y is N,(p, o°I), then y’Ay and y'By are independent if and only if
AB = O (or, equivalently, BA = O). O

Example 5.6b. To illustrate Corollary 1, consider the partitioning in (5.1),
S 2 =30 i — ¥)? + ny?, which was expressed in (5.3) as

Yy =y @~ 1/mdy +y((1/n)dy.

If y is N,(uj, o*1), then by Corollary 1, y'[I — (1/n)J]y and y'[(1/n)J]y are indepen-
dent if and only if [T — (1/n)J][(1/n)J] = O, which is shown in Problem 5.2. O

The distribution and independence of several quadratic forms are considered in the
following theorem.
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Theorem 5.6¢c. Let y be N,(m, o2I), let A; be symmetric of rank r; for
i=1,2, ...,k and let yAy = Zf;l y'Ay, where A = Zf:l A; is symmetric of
rank r. Then

() YAy/o?is P(ri, WAp/20%),i=1,2, ...k
(i) y'A;y and y'A;y are independent for all i # j.

(i) y'Ay/a?is >(r, WwAp/20?).

These results are obtained if and only if any two of the following three statements
are true:

(a) Each A; is idempotent.
(b) AA;=O forall i # .
() A= Z;‘:l A; is idempotent.

Or if and only if (c) and (d) are true, where (d) is the following statement:
k
@ r=>,,r.

Proor. See Searle (1971, pp. 61-64). O

Note that by Theorem 2.13g, any two of (a), (b), or (c) implies the third.

Theorem 5.6¢ pertains to partitioning a sum of squares into several component
sums of squares. The following corollary treats the special case where A = I; that
is, the case of partitioning the total sum of squares y'y into several sums of squares.

Corollary 1. Lety be N,(u, o°1), let A, be symmetric of rank r; fori =1, 2, ..., k,
and lety'y = Zle y'A;y. Then (i) each y'A;y/o? is x*(r;, ' A;pn/20?) and (ii) the
y'A;y terms are mutually independent if and only if any one of the following state-
ments holds:

(a) Each A; is idempotent.
(b) AjA; = O forall i # j.
© n=Yr,r O

Note that by Theorem 2.13h, condition (c) implies the other two conditions. Cochran
(1934) first proved a version of Corollary 1 to Theorem 5.6c.

PROBLEMS

5.1 Show that 37, (v; — y)* = >, 2 — ny” as in (5.1).
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5.2

5.3

54

5.5

5.6

5.7
5.8
5.9
5.10
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5.12
513
5.14
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Show that (1/m)J is idempotent, I— (1/n)J is idempotent, and
[I — (1/n)J1[(1/n)J] = O, as noted in Section 5.1.

Obtain var(sz) in the following two ways, where s? is defined in (5.6) as
2=, i —y?/(n—1) and we assume that y = (yi,y2,...,ys) is
N, (uj, o).

(@) Write s” as s> = y'[I — (1/n)J]y/(n — 1) and use Theorem 5.2b.
(b) The function u = (n — 1)s*/a? is distributed as x*(n — 1), and therefore
var(u) = 2(n — 1). Then var(s®) = var[o?u/(n — 1)].

Show that
|2‘—(1/2)|V|(1/2)e7(;u’2’1u70'V*‘0)/2
= 1 — 2tAZ e VPRI — (1 — 2AZ) 1 ' /2
as in the proof of Theorem 5.2b, where 6 = /(I —2tA3) ! and
V= d-2tA3)y .
Show that

oV A-2ADS y2p Sy b w3 /2 (WS OV 012 ,~(y-0) VT (y-0)/2

as in the proof of Theorem 5.2b, where 6 = /(I —2tA3)"! and
V= d-2tA3)3 .

Let k() = —$In|C| =i /(T — C~ )X ' as in the proof of Theorem 5.2c,
where C is a nonsingular matrix. Derive k" (¢).

Show that yAy — W'Ap = (y — p)'A(y — p) +2(y — m)'Ap as in (5.12).
Obtain the three terms 0,22 Apu, and 0 in the proof of Theorem 5.2d.
Prove Corollary 1 to Theorem 5.2d.

Prove Theorem 5.2e.

(a) Show that >"7  (x; —X)(y; —y) in (5.15) is equal to > i, x;y; — nxy
in (5.16).

(b) Show that > ., xy; —nxy=x[I— (1/n)J]y, as in (5.16) in
Example 5.2.

Prove Theorem 5.3a.
If v = x*(n, A), use Theorem 5.2c to show that var(v) = 2n + 8A as in (5.24).

If v is x*(n,A), use the moment generating function in (5.25) to find
E(v) and var(v). [Hint: Use In[M,()]; then dIn[M,(0)]/dt = E(v) and
d*In[M,(0)]/dt =var(v) (see Problem 4.8). The notation dIn[M,(0)]/dt
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indicates that dIn[M,(¢)]/dt is evaluated at 7=0; the notation
d* In[M,(0)]/d¢* is defined similarly.]

Prove Theorem 5.3c.

(a) Show that if r = z/\/u/p is t(p) as in (5.33), then s F (1, p).
(b) Show that if # = y/\/u/p is t(p, p) as in (5.34), then * is F(1, p, 1 p?).

Show that 3'/?(y — ) is N, (0, 1), as used in the illustration at the beginning
of Section 5.5.

(a) Prove Corollary 1 of Theorem 5.5a.

(b) Prove Corollary 2 of Theorem 5.5a.

If y is No(p, 3), verify that (y — m)'S ' (y — p) is x°(n), as in (5.25), by
using Theorem 5.5a. What is the distribution of y’ Efly?

Prove the following additional corollaries to Theorem 5.5a:

(a) Ifyis N,(0,3), then y'Ay is x°(r) if and only if AY is idempotent of
rank r.

(b) Ify is Ny(p, o*I), then y'y/o? is X*(p, W' p/20?).

(c) If y is N, (m, I), then y'Ay is x*(r, 5 W' Ap) if and only if A is idempotent
of rank r.

(d) Ifyis Ny(p, o), then y'Ay/a? is }*(r, W Ap/20?) if and only if A,
is idempotent of rank r.

(e) Ifyis N,(p, 023), then y3'y/o? is X2 (p, w2~ m/20?).

Prove Corollary 1 of Theorem 5.6a.
Show that j'[I — (1/n)J] = 0/, as in Example 5.6a.
Prove Corollary 1 of Theorem 5.6b.

Suppose that y;, ys,..., ¥, is a random sample from N(u, o?) so that
Y= (12> yn) is Ny(uj, o?I). It was shown in Example 5.5 that
(n—1)s*/a* =31 (vi—¥)*/a? is x*(n—1). In Example 5.6a, it was
demonstrated that y and s> = Y1,
(a) Show that yis N(u, o /n).
(b) Show that t = (¥ — w)/(s/+/n) is distributed as ¢ (n — 1).

(c) Given p, # u, show that t = (y — py)/(s/+/n) is distributed as

tn — 1, 8). Find 8.

(yi —¥)*/(n — 1) are independent.

Suppose that y is N,(uj, o*I). Find the distribution of

nj}z

YL 0= = 1)
(This statistic could be used to test Hy: w = 0.)

u
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5.26 Suppose that y is N,(p, %), where p = pj and

1 p ... p

p 1 p
3 = _

p p 1

Thus E(y;) = p for all i, var(y;) = o for all i, and cov(y;, y;) = op for all
i # j; that is, the y’s are equicorrelated.

(a) Show that ¥ can be written in the form 3 = o2[(1 — p)I + pJ].
(b) Show that 37 (y; — y)*/[02(1 — p)] is x*(n — 1).

5.27 Suppose that y is N3(p, %), where

2 4 1 O
p=1|-1], =11 2 1
3 0o 1 3
Let
1 -3 -8
A=| -3 2 -6
-8 -6 3

(a) Find E (y'Ay).

(b) Find var (y'Ay).

(c¢) Does y'Ay have a chi-square distribution?

(d) If X = oI, does y'Ay/c? have a chi-square distribution?

5.28 Assuming that y is N3(p, %), where

S~ O
w o o

find a symmetric matrix A such that y'Ay is x*(3, /Ap). What is
A =IwWAp?
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5.29 Assuming that y is Ns(m, %), where

3 1 0 0 0
) 02 0 0

= 1 2=l 0 3 4l
4 0 0 -4 6

find a matrix A such that y'Ay is x*(4, 1 W/Ap). What is A = 1 w/Ap?
5.30 Suppose that y is N3(p, o’I) and let

3 2 -1 -1
1
p=(-2] A=g(-1 2 -1 B:G (1) _i)
1 -1 -1 2

(a) What is the distribution of y'Ay/c??
(b) Are y’Ay and By independent?
(c) Are y'Ay and y,+ y,+ y3 independent?

5.31 Suppose that y is N3(m, oI), where u = (1, 2, 3)’, and let

(a) What is the distribution of y'By/o>?
(b) Is y'By independent of y'Ay, where A is as defined in Problem 5.30?

5.32 Suppose that y is N,(m, o*I) and that X is an n x p matrix of constants with
rank p < n.

(a) Show that H = X(X'X) "X’ and I — H = I — X(X'X) "X’ are idempo-
tent, and find the rank of each.

(b) Assuming p is a linear combination of the columns of X, that is u= Xb for
some b [see (2.37)], find E(y'Hy) and E[y’'(I — H)y], where H is as defined
in part (a) .

(c) Find the distributions of y'Hy/co?> and y'(I — H)y/o?.

(d) Show that y'Hy and y’(I — H)y are independent.

(e) Find the distribution of

y'Hy/p
YA —Hy/(n—p)




6 Simple Linear Regression

6.1 THE MODEL

By (1.1), the simple linear regression model for n observations can be written as
yi:BO+B1xi+8i’ i:l,2,...,n. (61)

The designation simple indicates that there is only one x to predict the response y, and
linear means that the model (6.1) is linear in 3y and 3;. [Actually, it is the assumption
E(y;) = By + B,x; that is linear; see assumption 1 below.] For example, a model such
asy; = By + B,xiz + &; is linear in By and B;, whereas the model y; = B, + P + &;
is not linear.

In this chapter, we assume that y; and &; are random variables and that the values of
x; are known constants, which means that the same values of x;, x, ... ,x, would be
used in repeated sampling. The case in which the x variables are random variables is
treated in Chapter 10.

To complete the model in (6.1), we make the following additional assumptions:

1. E(g)=0foralli=1,2,...,n, or, equivalently, E(y;) = By + B;xi.
2. var(g)) = o forall i = 1,2,...,n, or, equivalently, var(y;) = o2

3. cov(g;, &) =0 for all i # j, or, equivalently, cov(y;, y;) = 0.

Assumption 1 states that the model (6.1) is correct, implying that y; depends only on x;
and that all other variation in y; is random. Assumption 2 asserts that the variance of €
or y does not depend on the values of x;. (Assumption 2 is also known as the assump-
tion of homoscedasticity, homogeneous variance or constant variance.) Under
assumption 3, the & variables (or the y variables) are uncorrelated with each other.
In Section 6.3, we will add a normality assumption, and the y (or the &) variables
will thereby be independent as well as uncorrelated. Each assumption has been
stated in terms of the &’s or the y’s. For example, if var(g;) = o2, then

var(y;) = E[yi — EG)P = EQvi — By — Brxi)* = E(e2) = o>

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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128 SIMPLE LINEAR REGRESSION

Any of these assumptions may fail to hold with real data. A plot of the data
will often reveal departures from assumptions 1 and 2 (and to a lesser extent assump-
tion 3). Techniques for checking on the assumptions are discussed in Chapter 9.

6.2 ESTIMATION OF B,, Bi;, AND o?

Using a random sample of n observations yy, y,, ..., y, and the accompanying fixed
values xj, x,, .. .,X,, we can estimate the parameters B, B, and o 2. To obtain the

estimates ﬁo and fil, we use the method of least squares, which does not require
any distributional assumptions (for maximum likelihood estimators based on normal-
ity, see Section 7.6.2).

In the least-squares approach, we seek estimators f%o and [31 that minimize the sum
of squares of the deviations y; —y; of the n observed y;’s from their predicted

values y; = [30 + fSlx[:
Fe=> 8= (-9 =Y (i—By—Bx). (6.2)
i=1 i=1 i=1

Note that the predicted value y; estimates E(y;), not y;; that is, Bo + lei estimates

Bo + Bixi,not By + Byx; + &;. Abetter notation would be E/(;),but y;is commonly used.
To find the values of B, and B, that minimize &£ in (6.2), we differentiate with

respect to Bo and Bl and set the results equal to O:

0¢' € 1 . R

— =2 (3~ By— Bix) =0, 6.3)
9By ; v
0¢'€ " . .

— =2 (yi— By — Bxx = 0. (6.4)
8181 i=1

The solution to (6.3) and (6.4) is given by

ki Xy o (= D0 — )
1 — — - — s
S X — nx? S (g — %)

(6.5)

°

=y—Bix. (6.6)

>
(=}

To verify that 30 and [31 in (6.5) and (6.6) minimize £ & in (6.2), we can examine the
second derivatives or simply observe that £ & has no maximum and therefore the first
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derivatives yield a minimum. For an algebraic proof that f%o and 31 minimize (6.2),
see (7.10) in Section 7.3.1.

Example 6.2. Students in a statistics class (taught by one of the authors) claimed that
doing the homework had not helped prepare them for the midterm exam. The exam
score y and homework score x (averaged up to the time of the midterm) for the 18
students in the class were as follows:

y x y X y x
95 96 72 89 35 0
80 71 66 47 50 30

0 0 98 90 72 59
0 0 90 93 55 77
79 78 0 18 75 74
71 64 95 86 66 67

Using (6.5) and (6.6), we obtain

5 D Xy — nxy
Bl - n 2 )
D i X —nx
81,195 — 18(58.056)(61.389)
80,199 — 18(58.056)>

Bo =3 — Bx = 61.389 — .8726(58.056) = 10.73.

= .8726,

The prediction equation is thus given by

$ =10.73 + .8726x.

This equation and the 18 points are plotted in Figure 6.1. It is readily apparent in the
plot that the slope ,81 is the rate of change of ¥ as x varies and that the intercept BO is
the value of y at x = 0.

The apparent linear trend in Figure 6.1 does not establish cause and effect between
homework and test results (for inferences that can be drawn, see Section 6.3). The
assumption var(g;) = o2 (constant variance) for all i =1, 2, ..., 18 appears to be
reasonable. g

Note that the three assumptions in Section 6.1 were not used in deriving the least-
squares estimators ,BO and ,f%l in (6.5) and (6.6). It is not necessary that y; = Bo + le,-
be based on E(y;) = By + Bx;; that is, y; = Bo + lei can be fit to a set of data for
which E(y;) # By + B;x;. This is illustrated in Figure 6.2, where a straight line has
been fitted to curved data.
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100
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20

0 20 40 60 80 100
X

Figure 6.1 Regression line and data for homework and test scores.

However, if the three assumptions in Section 6.1 hold, then the least-squares esti-
mators 3, and 3 are unbiased and have minimum variance among all linear unbiased
estimators (for the minimum variance property, see Theorem 7.3d in Section 7.3.2;

note that [30 and Bl are linear functions of yi,ys, ..., y,). Using the three

e

., X

Figure 6.2 A straight line fitted to data with a curved trend.
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assumptions, we obtain the following means and variances of ,f%o and [31:

EB) = B, 6.7)
E(By) = By (6.8)
. o>
var(B;) = m (6.9)
var(B,) = o* 1+L . (6.10)
’ nS (- %2

Note that in discussing E(ﬁl) and Var(Bl), for example, we are considering
random variation of Bl from sample to sample. It is assumed that the n values x,
X2, ..., X, would remain the same in future samples so that Var(Bl) and VaI(BO)
are constant.

In (6.9), we see that var(Bl) is minimized when ) | (x; — %)% is maximized. If
the x; values have the range a <x; < b, then > " | (x; — %)? is maximized if half
the x’s are selected equal to a and half equal to b (assuming that n is even; see
Problem 6.4). In (6.10), it is clear that Var(ﬁo) is minimized when x = 0.

The method of least squares does not yield an estimator of var(y;) = o %; minimiz-
ation of &€ yields only Bo and B,. To estimate o2, we use the definition in (3.6),
o> = Ely; fE(y,')]z. By assumption 2 in Section 6.1, o2 is the same for each
vi, i = 1,2, ... ,n. Using y; as an estimator of E(y;), we estimate o? by an average
from the sample, that is

2 _ Sy i = 9)° it By — Bix)* _ SSE ’ 6.11)
n—2 n—2 n—2

N

where Bo and 31 are given by (6.5) and (6.6) and SSE = >, (y; — ;)?. The deviation
& = y; — y; is often called the residual of y;, and SSE is called the residual sum of
squares or error sum of squares. With n—2 in the denominator, s% is an unbiased
estimator of o

o2
B = B0 AT 2

(6.12)

Intuitively, we divide by n—2 in (6.11) instead of n—1 as in
§* = i — ¥)?/(n — 1) in (5.6), because y; = ﬁo + ﬁlxi has two estimated para-
meters and should thereby be a better estimator of E(y;) than y. Thus we
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expect SSE = >, (vi — $i)? to be less than > i — ). In fact, using (6.5) and (6.6),
we can write the numerator of (6.11) in the form

NP N ,_72_[2?:1()@'—3)0’1'—)_’)}2
SSE—;(y, 9 —;(y, y) S (6.13)

which shows that Y, (y; — $;)* is indeed smaller than >_; (v; — y)*.

6.3 HYPOTHESIS TEST AND CONFIDENCE INTERVAL FOR B,

Typically, hypotheses about 3, are of more interest than hypotheses about 3, since
our first priority is to determine whether there is a linear relationship between y and x.
(See Problem 6.9 for a test and confidence interval for B,.) In this section, we con-
sider the hypothesis Hy: B; = 0, which states that there is no linear relationship
between y and x in the model y; = B, + Bx; + &;. The hypothesis Hy:3; = ¢ (for
¢ # 0) is of less interest.

In order to obtain a test for Hy: B; = 0, we assume that y; is N(B, + B,x;, 0°).
Then 3 . and s? have the following properties (these are special cases of results estab-
lished in Theorem 7.6b in Section 7.6.3):

L By isN[By, 02/ 3 (xi — %7
2. (n—2)s?/a?is ¥*(n — 2).
3. B] and s° are independent.

From these three properties it follows by (5.29) that

o B (6.14)

s/\/X:i(x,-—)_c)2

is distributed as t(n—2, &), the noncentral ¢ with noncentrality parameter 0.

By a comment following (5.29), & 1is given by 8:E(Bl)/ var(B3,)

=Bi/lo/\/> (xi — %)?]. If B, = 0, then by (5.28), ¢ is distributed as #(n—2). For

a two-sided alternative hypothesis H;:8; # 0, we reject Hy:B;=0 if
|t| > to2, n—2, Where 1,5 ,_» is the upper «/2 percentage point of the central # distri-
bution and « is the desired significance level of the test (probability of rejecting H
when it is true). Alternatively, we reject Hy if p <, where p is the p value. For a two-
sided test, the p value is defined as twice the probability that #(n—2) exceeds the
absolute value of the observed .
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A 100(1 — @)% confidence interval for 3, is given by
s

B1 * fap, A el
\/ Zi:l (x; — X)

Confidence intervals are defined and discussed further in Section 8.6. A confidence
interval for E(y) and a prediction interval for y are also given in Section 8.6.

(6.15)

Example 6.3. We test the hypothesis Hy: 8; = O for the grades data in Example 6.2.
By (6.14), the ¢ statistic is

B, 8726

B N ~ (13.8547)/(139.753) 8.8025.

t

Since t = 8.8025 > 5. 16 = 2.120, we reject Hy: B, = 0 at the & =.05 level of sig-
nificance. Alternatively, the p value is 1.571 x 1077, which is less than .05.
A 95% confidence interval for 3; is given by (6.15) as

N

\ 2t @i = %y’

8726 + 2.120(.09914)
8726 + 2102
(.6624, 1.0828).

By £ tos, 16

6.4 COEFFICIENT OF DETERMINATION

The coefficient of determination r* is defined as

n S =\2
2 _ SSR _ Z[:l Gi—y (6.16)

r= = P — 5
SST L, (i —Y)°

where SSR = ). (i — y)? is the regression sum of squares and SST = > 0i— y)?
is the total sum of squares. The total sum of squares can be partitioned into SST =
SSR + SSE, that is,

D= =D Gi=+ > - (6.17)
i=1 i=1 i=1
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Thus 7> in (6.16) gives the proportion of variation in y that is explained by the
model or, equivalently, accounted for by regression on x.

We have labeled (6.16) as r* because it is the same as the square of the sample
correlation coefficient r between y and x

Sxy o 211:1 (xi - )_C)(yl - )_7)

= , (6.18)
5387 \/ [0 i =7 [, 00 = 9]

where s,, is given by 5.15 (see Problem 6.11). When x is a random variable, r
estimates the population correlation in (3.19). The coefficient of determination r? is
discussed further in Sections 7.7, 10.4, and 10.5.

Example 6.4. For the grades data of Example 6.2, we have

SSR  14,873.0
2 _— 2 =
T TSST 17,9443 8%

The correlation between homework score and exam score is r = v/.8288 = .910.
The ¢ statistic in (6.14) can be expressed in terms of r as follows:

B
f— Pt (6.19)
s/ (/i — 92
- % (6.20)

If Hy: B; = 0 is true, then, as noted following (6.14), the statistic in (6.19) is dis-
tributed as #(n—2) under the assumption that the x;’s are fixed and the y,’s are inde-
pendently distributed as N(B, + B,x;, 02). If x is a random variable such that x and y
have a bivariate normal distribution, then r = v/n — 2 r/v/1 — r2 in (6.20) also has
the #(n — 2) distribution provided that Hy : p = 0 is true, where p is the population cor-
relation coefficient defined in (3.19) (see Theorem 10.5). However, (6.19) and (6.20)
have different distributions if Hy: 8; = 0 and Hy : p = O are false (see Section 10.4).
If B; # 0, then (6.19) has a noncentral ¢ distribution, but if p # 0, (6.20) does not
have a noncentral ¢ distribution.

PROBLEMS

6.1 Obtain the least-squares solutions (6.5) and (6.6) from (6.3) and (6.4).

6.2 (a) Show that E(3,) = B, as in (6.7).
(b) Show that E(B,) = B, as in (6.8).



6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10
6.11
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(a) Show that var(8,) = o2/ 31| (x; — %) as in (6.9).
(b) Show that var(B,) = o2 [1/n+%/3", (& —%)?] as in (6.10).
Suppose that 7 is even and the n values of x; can be selected anywhere in the

interval from a to b. Show that Var(Bl) is a minimum if n/2 values of x; are
equal to a and n/2 values are equal to b.

Show that SSE = Z;‘:] i — 511-)2 in (6.11) can be expressed in the form given
in (6.13).

Show that E(s?) = o2 as in (6.12).

Show that t = 31/[s/ PNEY: —X)?] in (6.14) is distributed as t(n—2, d),
where 8 = B, /[a/+/>; (i — %)1.

Obtain a test for Hy: 8, = c versus H, : B, # c.

(a) Obtain a test for Hy: Bg = a versus H; : By # a.
(b) Obtain a confidence interval for .
Show that Y7, (i — > = S0, Gi — 9> + S0, (i — 31)* as in (6.17).

Show that r* in (6.16) is the square of the correlation

S (=D — Y)
\/[Z:’l:l (i — 0] [, 0 = 9]

r =

as given by (6.18).

TABLE 6.1 Eruptions of Old Faithful Geyser, August 1-4, 1978"

y X y X y X y X
78 4.4 80 43 76 4.5 75 4.0
74 39 56 1.7 82 39 73 3.7
68 4.0 80 39 84 4.3 67 3.7
76 4.0 69 3.7 53 2.3 68 4.3
80 35 57 3.1 86 3.8 86 3.6
84 4.1 90 4.0 51 1.9 72 3.8
50 23 42 1.8 85 4.6 75 3.8
93 4.7 91 4.1 45 1.8 75 3.8
55 1.7 51 1.8 88 4.7 66 25
76 4.9 79 32 51 1.8 84 4.5
58 1.7 53 1.9 80 4.6 70 4.1
74 4.6 82 4.6 49 1.9 79 3.7
75 34 51 2.0 82 35 60 3.8
— — — — — — 86 34

“Where x = duration, y = interval (both in minutes).
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6.12 Show that r = cos 6, where 6 is the angle between the vectors x — Xj and
y—Jyj, where x—Xj=(1 —%x—X, ...,%x, —x) and y—yj = (y1 — ,
Yo=Y s Yn =)

6.13 Show that r = 8,/[s/+/> 1, (x; — ©)*] in (6.19) is equal to t = /n — 2 r/
V1 — 7% in (6.20).

6.14 Table 6.1 (Weisberg 1985, p. 231) gives the data on daytime eruptions of Old
Faithful Geyser in Yellowstone National Park during August 1-4, 1978. The
variables are x = duration of an eruption and y = interval to the next eruption.
Can x be used to successfully predict y using a simple linear model

yi = By + Bixi + &7

(a) Find B, and j3,.

(b) Test Hy : B; = 0 using (6.14).
(¢) Find a confidence interval for S3;.
(d) Find r* using (6.16).



7 Multiple Regression: Estimation

7.1 INTRODUCTION

In multiple regression, we attempt to predict a dependent or response variable y on
the basis of an assumed linear relationship with several independent or predictor vari-
ables x1, xq, ..., x;. In addition to constructing a model for prediction, we may wish
to assess the extent of the relationship between y and the x variables. For this purpose,
we use the multiple correlation coefficient R (Section 7.7).

In this chapter, y is a continuous random variable and the x variables are fixed con-
stants (either discrete or continuous) that are controlled by the experimenter. The case
in which the x variables are random variables is covered in Chapter 10. In analysis-of-
variance (Chapters 12—15), the x variables are fixed and discrete.

Useful applied expositions of multiple regression for the fixed-x case can be found
in Morrison (1983), Myers (1990), Montgomery and Peck (1992), Graybill and Iyer
(1994), Mendenhall and Sincich (1996), Ryan (1997), Draper and Smith (1998), and
Kutner et al. (2005). Theoretical treatments are given by Searle (1971), Graybill
(1976), Guttman (1982), Kshirsagar (1983), Myers and Milton (1991), Jgrgensen
(1993), Wang and Chow (1994), Christensen (1996), Seber and Lee (2003), and
Hocking (1976, 1985, 2003).

7.2 THE MODEL

The multiple linear regression model, as introduced in Section 1.2, can be
expressed as

y=PBo+ Bix1 + B2+ -+ B + & (7.1

We discuss estimation of the 3 parameters when the model is linear in the 8’s. An
example of a model that is linear in the ’s but not the x’s is the second-order

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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response surface model
Y= By + Bixi + Byxa + Baxi + By + Bsxixa + & (71.2)

To estimate the 8’s in (7.1), we will use a sample of n observations on y and the
associated x variables. The model for the ith observation is

Vi :,80+,81xi1 —|—,82x,-2—|—---—|—,8kx,~k+8,~, i=12,...,n (7.3)

The assumptions for &; or y; are essentially the same as those for simple linear
regression in Section 6.1:

1. E(g;)=0 for i=1,2,...,n, or, equivalently, E(y;) = By + B1xi1 + Boxn +
o Bt

2. var(g)) = o° fori= 1,2,...,n, or, equivalently, var(y;) = .

3. cov(e;, &) =0 for all i # j, or, equivalently, cov(y;,y;) = 0.

Assumption 1 states that the model is correct, in other words that all relevant x’s are
included and the model is indeed linear. Assumption 2 asserts that the variance of y
is constant and therefore does not depend on the x’s. Assumption 3 states that the y’s
are uncorrelated with each other, which usually holds in a random sample (the
observations would typically be correlated in a time series or when repeated
measurements are made on a single plant or animal). Later we will add a normality
assumption (Section 7.6), under which the y variable will be independent as well as
uncorrelated.

When all three assumptions hold, the least-squares estimators of the 3’s have some
good properties (Section 7.3.2). If one or more assumptions do not hold, the estima-
tors may be poor. Under the normality assumption (Section 7.6), the maximum like-
lihood estimators have excellent properties.

Any of the three assumptions may fail to hold with real data. Several procedures
have been devised for checking the assumptions. These diagnostic techniques are
discussed in Chapter 9.

Writing (7.3) for each of the n observations, we have

y1 = By + Bixin + Boxiz + -+ + Brxie + &1

2 = By + Bixa1 + Boxoo + - + Brxok + €2

Yn = :80 + B]xnl + Bzan + -+ Bk-xnk + €Ep.
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These n equations can be written in matrix form as

n I X1 X2 ... Xik Bo !
»2 L X1 X2 ... X B &
= +
Yn 1 Xnl  Xn2 coe Xpk Bk €Ep
or
y=XB+e (7.4)

The preceding three assumptions on g; or y; can be expressed in terms of the model in
(7.4):

1. E(e) =0 or E(y) = Xp.
2. cov(e) = I or cov(y) = oL

Note that the assumption cov(g) = oI includes both the previous assumptions
var(g;) = o and cov(e;, &) = 0.

The matrix X in (7.4) is n X (k + 1). In this chapter we assume thatn > k + 1 and
rank (X) =k + 1. If n <k + 1 or if there is a linear relationship among the x’s, for
example, x5 = Zj’:l x;/4, then X will not have full column rank. If the values of the
x;’s are planned (chosen by the researcher), then the X matrix essentially contains the
experimental design and is sometimes called the design matrix.

The B parameters in (7.1) or (7.4) are called regression coefficients. To emphasize
their collective effect, they are sometimes referred to as partial regression coeffi-
cients. The word partial carries both a mathematical and a statistical meaning.
Mathematically, the partial derivative of E(y) = By + Bix1 + Byxz + -+ - + Bixk
with respect to x;, for example, is 8;. Thus B, indicates the change in E(y) with a
unit increase in x; when x,, x3, ..., x; are held constant. Statistically, 8; shows the
effect of x; on E(y) in the presence of the other x’s. This effect would typically be
different from the effect of x; on E(y) if the other x’s were not present in the
model. Thus, for example, 3, and 3; in

y=PBo+Bixi+ B2 te
will usually be different from B3 and B in
y= B+ Bix1+ ¢
[If x; and x, are orthogonal, that is, if X% = 0 or if (x; — X1j)' (X2 — X2j) = 0, where
x; and x, are columns in the X matrix, then 8, = 8 and B, = B7; see Corollary 1 to

Theorem 7.9a and Theorem 7.10]. The change in parameters when an x is deleted
from the model is illustrated (with estimates) in the following example.
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TABLE 7.1 Data for Example 7.2

Observation

Number y Xq X2
1 2 0 2
2 3 2 6
3 2 2 7
4 7 2 5
5 6 4 9
6 8 4 8
7 10 4 7
8 7 6 10
9 8 6 11
10 12 6 9
11 11 8 15
12 14 8 13

Example 7.2. [See Freund and Minton (1979, pp. 36—39)]. Consider the (contrived)
data in Table 7.1.

Using (6.5) and (6.6) from Section 6.2 and (7.6) in Section 7.3 (see Example
7.3.1), we obtain prediction equations for y regressed on x; alone, on x, alone, and
on both x; and x;:

$ = 1.86 + 1.30xy,
§ = .86 + .78x,,
$ =537 +3.0lx; — 1.29x,.

15~

0 I I I I ]
0 3 6 9 12 15

Figure 7.1 Regression of y on x, ignoring x;.
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Figure 7.2 Regression of y on x, showing the value of x, at each point and partial regressions
of y on x,.

As expected, the coefficients change from either of the reduced models to the full
model. Note the sign change as the coefficient of x, changes from .78 to —1.29.

The values of y and x, are plotted in Figure 7.1 along with the prediction equation
y = .86 + .78x,. The linear trend is clearly evident.

In Figure 7.2 we have the same plot as in Figure 7.1, except that each point
is labeled with the value of x;. Examining values of y and x, for a fixed value of
x1 (2, 4, 6, or 8) shows a negative slope for the relationship. These negative relation-
ships are shown as partial regressions of y on x, for each value of x;. The partial

regression coefficient Bz = —1.29 reflects the negative slopes of these four partial
regressions.

Further insight into the meaning of the partial regression coefficients is given in
Section 7.10. ]

7.3 ESTIMATION OF B AND o”

7.3.1 Least-Squares Estimator for

In this section, we discuss the least-squares approach to estimation of the 3’s in the
fixed-x model (7.1) or (7.4). No distributional assumptions on y are required to obtain
the estimators.

For the parameters S, 3, - . ., By, we seek estimators that minimize the sum of
squares of deviations of the n observed y’s from their predicted values y. By extension
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of (6.2), we seek Bo,ﬁl, ceey ,[3'1( that minimize
n n
dE=) i
i—1 i=1
= Z(Yi —Bo —Bixn —Boxin — -+ — Brxic)’ (71.5)
=1

Note that the predicted value y; :BO + leil + - +kaik estimates E(y;), not y;. A
better notation would be E/(y\i), but y; is commonly used.

To obtain the least-squares estimators, it is not necessary that the prediction
equation y; :BO +lei1 + - +ka;k be based on E(y;). It is only necessary to pos-
tulate an empirical model that is linear in the B ’s, and the least-squares method will
find the “best” fit to this model. This was illustrated in Figure 6.2.

To find the values of BO, B Lr oens Bk that minimize (7.5), we could differentiate >, élz

with respect to each [3 ; and set the results equal to zero to yield k + 1 equations that can

be solved simultaneously for the ,é ;’s. However, the procedure can be carried out in more
compact form with matrix notation. The result is given in the following theorem.

Theorem 7'331 If y= Xﬁ’j— g, where X is n X (k + 1) of rank k + 1 < n, then the
value of B = (B, By, - .-, B) that minimizes (7.5) is

B =XX)"'Xly. (7.6)
Proor. Using (2.20) and (2.27), we can write (7.5) as
ge=> (i—xB’ =y —XB(y—XB), (7.7)
i=1

where X; = (1,x;1, . ..,xy) is the ith row of X. When the product (y — Xﬁ)’(y — XB)
in (7.7) is expanded as in (2.17), two of the resulting four terms can be combined to
yield

ge=yy-—2yXB+ BXXB.

We can find the value of ﬁ that minimizes & £ by differentiating £ € with respect to ﬁ
[using (2.112) and (2.113)] and setting the result equal to zero:

.
OFE _ ) _oX'y+ 2X'XB =0,
B

This gives the normal equations

X'XB = Xly. (7.8)
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By Theorems 2.4(iii) and 2.6d(i) and Corollary 1 of Theorem 2.6c, if X is full-rank,
X’X is nonsingular, and the solution to (7.8) is given by (7.6). O

Since f% in (7.6) minimizes the sum of squares in (7.5), [% is called the least-
squares estimator. Note that each [3 ; in ﬁ is a linear function of y; that is,
Bj = ajy, where a; is the jth row of (X' X)~!'X'. This usage of the word linear in
linear estimator is different from that in linear model, which indicates that the

model is linear in the §’s.
We now show that 8 = (X’X)~' X'y minimizes & &. Let b be an alternative estima-

tor that may do better than i% so that £ & is
£'e = (y — Xb)(y — Xb).

Now adding and subtracting X3, we obtain

=(y—XB+XB—Xb)(y—XB+XB—Xb) (7.9)
=(y—XB)(y - XB) + (B—b)X'X(B—b)
+2(B - b)Y X'y — X'XP). (7.10)

The third term on the right side of (7.10) vanishes because of the normal equations
X'y = X’XB in (7.8). The second term is a positive definite quadratic form (assuming
that X is full-rank; see Theorem 2.6d), and & € is therefore minimized when b = B

To examine the structure of X'X and X'y, note that by Theorem 2.2¢c(i), the
(k+ 1) x (k + 1) matrix X'X can be obtained as products of columns of X; similarly,
X'y contains products of columns of X and y:

n >oiXi DX e DXk
, Zixﬂ ixizl Z,-Xilxiz . Zi Xi1Xik
X X - . . . . b
ink Zixilxik Ei XipXik  + - - ixizk
Z,‘ Vi
. Eixilyi
Xy = :
Z,‘xik)’i

If B = (X'’X)"'Xy as in (7.6), then

t=y-XB=y-jy (7.11)
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is the vector of residuals, &, = y; — y1, &, = Y2 — Y2, ..., & = Y — Yn. The residual
vector & estimates € in the model y = X8 + € and can be used to check the validity
of the model and attendant assumptions; see Chapter 9.

Example 7.3.1a. We use the datain Table 7.1 to illustrate computation of [% using (7.6).

2 1 0 2
3 1 2 6
2 12 7
7 1 2 5
6 1 4 9
12 52 102
8 1 4 8 .
y = , X= , X'X=| 52 395 536 |,
10 1 4 7
102 536 1004
7 1 6 10
8 1 6 11
12 1 6 9
11 1 8 15
14 1 8 13
90 97476 24290 —.22871
Xy= |48 |, XX)'=| 24290 .16207 —.11120 |,
872 —.22871 —.11120  .08360
5.3754
B=XX)"'Xy=| 30118
—1.2855

O

Example 7.3.1b. Simple linear regression from Chapter 6 can also be expressed in
matrix terms:

Vi 1x|
» 1 x

v=|"| x=|. | B=<B°),
. . . Bl
Yn I x,

X'X)"! = 1 ixiz =D i
nzixiz—(zixi)2 — > % n '
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Then B, and 3, can be obtained using (7.6), B = (X'X)"'X'y:

. (B()) B 1 (i) (yi) — (32ix) (X xivi) o1
Bi nyx — (0 —(Eixi)(Zyi) +nY Xy o
The estimators .[30 and .[31 in (7.11) are the same as those in (6.5) and (6.6). O

7.3.2 Properties of the Least-Squares Estimator [%

The least-squares estimator f)’ = (X’X)" X'y in Theorem 7.3a was obtained without
using the assumptions E(y) = X and cov(y) = oI given in Section 7.2. We merely
postulated a model y = X8 + € as in (7.4) and fitted it. If E(y) # X3, the model

y = X + € could still be fitted to the data, in which case, [} may have poor proper-
ties. If cov(y) # o°1, there may be additional adverse effects on the estimator [}
However, if E(y) = X8 and cov(y) = ¢°1 hold, [§ has some good properties, as

noted in the four theorems in this section. Note that B is a random vector (from
sample to sample). We discuss its mean vector and covariance matrix in this
section (with no distributional assumptions on y) and its distribution (assuming
that the y variables are normal) in Section 7.6.3. In the following theorems, we
assume that X is fixed (remains constant in repeated sampling) and full rank.

Theorem 7.3b. If E(y) = X, then ﬁ is an unbiased estimator for .
Proor .
E(B) = E[(X'X)"'X'y]
=(X'X)"'X'E(y)  [by (3.38)]
=X'X)"X'Xp
= B. (7.13)
O
Theorem 7.3c. If cov(y) = 021, the covariance matrix for B is given by ¢2(X'X)".
Proor
cov(B) = cov[(X'X) ' X'y]
= (X'X)" "X cov(y)[(X'X)"'XT [by (3.44)]
= X'X)"'X'(DXX'X)™!
= 2X'X) I X'XX'X)™!
= X'X) L. (7.14)
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Example 7.3.2a. Using the matrix (X'X)~! for simple linear regression given in
Example 7.3.1, we obtain

COV([%) = cov [?() — Var(BAO) R COV(B(): Bl) _ UZ(X/X)—I
B cov(By, B) var(B,)

) v
o ( i%i Em) (7.15)

Tar e — (P \ - on
Thus
var(B,) = % var(B,) = ﬁ
cov(By, By) = %

We found Var(Bo) and var([%l) in Section 6.2 but did not obtain COV(BO, B 1)- Note that if
x > 0, then cov(BO, Bl) is negative and the estimated slope and intercept are negatively
correlated. In this case, if the estimate of the slope increases from one sample to another,
the estimate of the intercept tends to decrease (assuming the x’s stay the same). U

Example 7.3.2b. For the data in Table 7.1, (X’X)"! is as given in Example 7.3.1.
Thus, cov(f) is given by

975 243 —229
covf) = AXX) =2 243 162 —.111
—229 —.111 084

The negative value of cov([%l, ,32) = —.111 indicates that in repeated sampling
(using the same 12 values of x; and x,), 31 and [32 would tend to move in opposite

directions; that is, an increase in one would be accompanied by a decrease in the
other. O

In addition to E(f}) = B and cov([i’) = ¢>(X’X)"!, a third important property of ﬁ‘
is that under the standard assumptions, the variance of each B ; is minimum (see the
following theorem).

Theorem 7.3d (Gauss—Markov Theorem). If E(y) = Xf8 and cov(y) = 21, the
least-squares estimators ﬁj, j=0,1, ..., k, have minimum variance among all
linear unbiased estimators.
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Proor. We consider a linear estimator Ay of  and seek the matrix A for which Ay is
a minimum variance unbiased estimator of B. In order for Ay to be an unbiased esti-
mator of 3, we must have E(Ay) = . Using the assumption E(y) = X, this can be
expressed as

E(Ay) = AE(y) = AXB = B,

which gives the unbiasedness condition
AX =1

since the relationship AX = 3 must hold for any possible value of 8 [see (2.44)].
The covariance matrix for the estimator Ay is given by

cov(Ay) = A(0’DA’ = 0?AA.

The variances of the B j’s are on the diagonal of 0?AA’, and we therefore need to
choose A (subject to AX = I) so that the diagonal elements of AA’ are minimized.

To relate Ay to B = (X'X) 'X'y, we add and subtract (X'X) "X’ to obtain
AA = [A - XXX + X'X) XA - X'X) X + (XXX

Expanding this in terms of A — (X’X)” "X’ and (X’X) "X/, we obtain four terms, two
of which vanish because of the restriction AX = I. The result is

AA = [A — (X'X) XA - X'X)IXTT 4+ (X'X) . (7.17)

The matrix [A — (X’X)"!X'][A — (X’X)"!X]’ on the right side of (7.17) is positive
semidefinite (see Theorem 2.6d), and, by Theorem 2.6a (ii), the diagonal elements are
greater than or equal to zero. These diagonal elements can be made equal to zero by
choosing A = (X'X)"'X'. (This value of A also satisfies the unbiasedness condition
AX = I.) The resulting minimum variance estimator of 3 is

Ay = (X'’X)"'Xy,
which is equal to the least—squares estimator [} ]

The Gauss—Markov theorem is sometimes stated as follows. If E(y) = X and
cov(y) = 0”1, the least-squares estimators ,éo, [31, cee, Bk are best linear unbiased
estimators (BLUE). In this expression, best means minimum variance and linear indi-
cates that the estimators are linear functions of y.

The remarkable feature of the Gauss—Markov theorem is its distributional general-
ity. The result holds for any distribution of y; normality is not required. The only
assumptions used in the proof are E(y) = X and cov(y) = o 1. If these assumptions

do not hold, ﬁ may be biased or each f%j may have a larger variance than that of some
other estimator.



148 MULTIPLE REGRESSION: ESTIMATION

The Gauss—Markov theorem is easily extended to a linear combination of the B’s,
as follows.

Corollary 1. If E(y) = X and cov(y) = o021, the best linear unbiased estimator of
a'B is a’B, where B is the least—squares estimator B = (X'X)'X'y.

Proor. See Problem 7.7. O

Note that Theorem 7.3d is concerned with the form of the estimator B fora given X
matrix. Once X is chosen, the variances of the B ;7 are minimized by B = (X'X)"'Xy.
However, in Theorem 7.3c, we have cov(i}') = ¢2(X’X)"! and therefore Var(B ;) and
cov(B,-, [3 ;) depend on the values of the x;’s. Thus the configuration of X’X is important
in estimation of the B;’s (this was illustrated in Problem 6.4).

In both estimation and testing, there are advantages to choosing the x’s (or the
centered x’s) to be orthogonal so that X'X is diagonal. These advantages include mini-
mizing the variances of the B ;s and maximizing the power of tests about the ;s
(Chapter 8). For clarification, we note that orthogonality is necessary but not sufficient
for minimizing variances and maximizing power. For example, if there are two x’s,
with values to be selected in a rectangular space, the points could be evenly placed
on a grid, which would be an orthogonal pattern. However, the optimal orthogonal
pattern would be to place one-fourth of the points at each corner of the rectangle.

A fourth property of [% is as follows. The predicted value y= BO+

P A o . . .
Bix1 + -+ + Bxx = B X is invariant to simple linear changes of scale on the x’s,

where x = (1, x, X2, ..., xx). Let the rescaled variables be denoted by Zj = CjXj,
j=12,...,k where the ¢; terms are constants. Thus x is transformed to
z=(1, c1xy, ..., cxxx). The following theorem shows that ¥ based on z is the same

as y based on x.

Theorem 7.3e. If x=(1,x;, ...,x) and z= (1, cix, ..., xx), then y=
ﬁ/x = ﬁ;z, where BZ is the least squares estimator from the regression of y on z.

Proor. From (2.29), we can rewrite z as z = Dx, where D = diag(l, ¢y, c2, ..., c).
Then, the X matrix is transformed to Z = XD [see (2.28)]. We substitute Z = XD in

the least-squares estimator [S‘Z = (Z/Z)"'Zy to obtain

B.=(Z'Z)"'Zy = [(XD)(XD)] ' (XD)'y
=D !'X'X)"'X'y  [by (2.49)]
=D, (7.18)

where [} is the usual estimator for y regressed on the x’s. Then

Bz= D 'B/Dx = fx.
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In the following corollary to Theorem 7.3e, the invariance of y is extended to any
full-rank linear transformation of the x variables.

Corollary 1. The predicted value y is invariant to a full-rank linear transformation on
the x’s.
Proor. We can express a full-rank linear transformation of the x’s as

/

10 . .
ZZXK:(LXl)(O K > = (j+Xi0, jo' + X, K)) = (j, XiK)),
1

where K| is nonsingular and

X111 X12 e X1k
X21 X222 e X2k

X, = . . e (7.19)
Xnl  Xn2 P

We partition X and K in this way so as to transform only the x’s in X, leaving the first
column of X unaffected. Now B, becomes

B.=Z7)'Zy=K"B, (7.20)
and we have
R N N
y=Bz=pBx, (7.21)
where z = K'x. O

In addition to ¥, the sample variance s> (Section 7.3.3) is also invariant to changes
of scale on the x variable (see Problem 7.10). The following are invariant to changes
of scale on y as well as on the x’s (but not to a joint linear transformation on y and the
x’s): t statistics (Section 8.5), F statistics (Chapter 8), and R? (Sections 7.7 and 10.3).

7.3.3 An Estimator for o>

The method of least squares does not yield a function of the y and x values in the
sample that we can minimize to obtain an estimator of o”. However, we can devise
an unbiased estimator for o” based on the least-squares estimator [3 By assumption
2 following (7.3), 0” is the same foreach y;, i = 1,2, ..., n. By (3.6), o” is defined by
o = E[y; — E(y»)]?, and by assumption 1, we obtain

EQ) = By + Bxit + Boxi + -+ + Bxic = X B,
where x/ is the ith row of X. Thus o” becomes

o® = Ely; — x,81%.

l
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We estimate o by a corresponding average from the sample
1 - p
2 Ty
=— i — X; 7.22
s n—k—li,-:l(y’ B, (7.22)

where n is the sample size and k is the number of x’s. Note that, by the corollary to
Theorem 7.3d, x8 is the BLUE of x;B.
Using (7.7), we can write (7.22) as

1 . .
sf=———(y—XB)(y—XB) (7.23)
n—k—1

_Vy-BXy_ SSE

= 24
n—k—1 n—k—1’ (7.24)

where SSE = (y — XB)(y — XB) =y'y — BX'y. With the denominator
n—k—1, s? is an unbiased estimator of o°, as shown below.

Theorem 7.3f. If s° is defined by (7.22), (7.23), or (7.24) and if E(y) = X and
cov(y) = 021, then

E(s%) = o*. (7.25)
Proor. Using (7.24) and (7.6), we write SSE as a quadratic form:

SSE =y'y — BX'y =yy — yXX'X)"'X'y
=y [I-XXX)'XTy. (7.26)

By Theorem 5.2a, we have

E(SSE) = tr{ [T - X(X'X)"'X'] 0’1}
+ E(Y)[1 - XX'X)"'X'| Ey)
= o’tr[I - XX'X) 'X']
+ BX [1-XX'X)'X]XB
=o*{n— u[XX'X)"'X']}
+ BX'XB - FX'XX'X)"'X'XB
= o*{n — u[X'XX'X)"']}
+ BX'XB - BXXB  [by (2.87)].
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Since X'X is (k + 1) x (k + 1), this becomes

E(SSE) = o?[n — tr(Igy1)] = 0°(n — k — 1).

O

Corollary 1. An unbiased estimator of cov(fy’) in (7.14) is given by
cov(PB) = s2X'X) . (7.27)
O

Note the correspondence betweenn — (k + 1) and y'y — ﬁ/X’ y; there are n terms in
y'y and k + 1 terms in ﬁ/X’ y= [S‘/X’ Xi% [see (7.8)]. A corresponding property of the
sample is that each additional x (and B) in the model reduces SSE (see Problem 7.13).

Since SSE is a quadratic function of y, it is not a best linear unbiased estimator.
The optimality property of s* is given in the following theorem.

Theorem 7.3g. If E(g) = 0, cov(e) = o°1, and E(e}) = 30* for the linear model
y = XB + &, then 5% in (7.23) or (7.24) is the best (minimum variance) quadratic
unbiased estimator of ¢°.

Proor. See Graybill (1954), Graybill and Wortham (1956), or Wang and Chow
(1994, pp. 161-163). O

Example 7.3.3. For the data in Table 7.1, we have
SSE = y'y — B Xy
90
= 840 — (5.3754, 3.0118, —1.2855)| 482
872
= 840 — 814.541 = 25.459,

SSE 25.459
2 _ _ _
s _n—k—1_12—2—1_2'829'

74 GEOMETRY OF LEAST SQUARES

In Sections 7.1-7.3 we presented the multiple linear regression model as the matrix
equation y = X + € in (7.4). We defined the principle of least-squares estimation in
terms of deviations from the model [see (7.7)], and then used matrix calculus and
matrix algebra to derive the estimators of 8 in (7.6) and of o in (7.23) and (7.24).
We now present an alternate but equivalent derivation of these estimators based com-
pletely on geometric ideas.
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It is important to clarify first what the geometric approach to least squares is not. In
two dimensions, we illustrated the principle of least squares by creating a two-
dimensional scatter plot (Fig. 6.1) of the n points (x1, y1), (X2, ¥2), - -+, (Xu, Yn). We
then visualized the least-squares regression line as the best-fitting straight line to
the data. This approach can be generalized to present the least-squares estimate in
multiple linear regression on the basis of the best-fitting hyperplane in (k + 1)-
dimensional space to the n points (X1, X2, -- ., X1k, Y1)> (X215 X225 -« -5 X2k Y2)s - -
(Xn15> Xn25 -+« » Xnk» Yn)- Although this approach is somewhat useful in visualizing
multiple linear regression, the geometric approach to least-squares estimation in
multiple linear regression does not involve this high-dimensional generalization.

The geometric approach to be discussed below is appealing because of its math-
ematical elegance. For example, the estimator is derived without the use of matrix cal-
culus. Also, the geometric approach provides deeper insight into statistical inference.
Several advanced statistical methods including kernel smoothing (Eubank and
Eubank 1999), Fourier analysis (Bloomfield 2000), and wavelet analysis (Ogden
1997) can be understood as generalizations of this geometric approach. The geo-
metric approach to linear models was first proposed by Fisher (Mahalanobis 1964).
Christensen (1996) and Jammalamadaka and Sengupta (2003) discuss the linear stat-
istical model almost completely from the geometric perspective.

7.4.1 Parameter Space, Data Space, and Prediction Space

The geometric approach to least squares begins with two high-dimensional spaces, a
(k + 1)-dimensional space and an n-dimensional space. The unknown parameter
vector f3 can be viewed as a single point in (k + 1)-dimensional space, with axes cor-
responding to the k + 1 regression coefficients 3y, 3;, By, - - -, Bx. Hence we call this
space the parameter space (Fig. 7.3). Similarly, the data vector y can be viewed as a

Prediction space

Parameter space Data space

Figure 7.3 Parameter space, data space, and prediction space with representative elements.
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single point in n-dimensional space with axes corresponding to the n observations.
We call this space the data space.

The X matrix of the multiple regression model (7.4) can be written as a partitioned
matrix in terms of its k + 1 columns as

X = (j, X1, X2, X3, ..., Xg).

The columns of X, including j, are all n-dimensional vectors and are therefore
points in the data space. Note that because we assumed that X is of rank k + 1,
these vectors are linearly independent. The set of all possible linear combinations
of the columns of X (Section 2.3) constitutes a subset of the data space. Elements
of this subset can be written as

Xb = boj + b1x1 + baxp + - - - + bixy, (7.28)

where b is any k + 1 vector, that is, any vector in the parameter space. This subset
actually has the status of a subspace because it is closed under addition and scalar
multiplication (Harville 1997, pp. 28—-29). This subset is said to be the subspace gen-
erated or spanned by the columns of X, and we will call this subspace the prediction
space. The columns of X constitute a basis set for the prediction space.

7.4.2 Geometric Interpretation of the Multiple Linear Regression Model

The multiple linear regression model (7.4) states that y is equal to a vector in the
prediction space, E(y) = Xf3, plus a vector of random errors, £ (Fig. 7.4). The

Prediction space

Parameter space Data space

Figure 7.4 Geometric relationships of vectors associated with the multiple linear regression
model.
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problem is that neither 8 nor € is known. However, the data vector y, which is not in
the prediction space, is known. And it is known that E(y) is in the prediction space.

Multiple linear regression can be understood geometrically as the process of
finding a sensible estimate of E(y) in the prediction space and then determining
the vector in the parameter space that is associated with this estimate (Fig. 7.4).
The estimate of E(y) is denoted as ¥, and the associated vector in the parameter

space is denoted as [§

A reasonable geometric idea is to estimate E(y) using the point in the prediction
space that is closest to y. It turns out that ¥, the closest point in the prediction
space to y, can be found by noting that the difference vector € =y — y must be
orthogonal (perpendicular) to the prediction space (Harville 1997, p. 170).
Furthermore, because the prediction space is spanned by the columns of X, the
point ¥ must be such that £ is orthogonal to the columns of X. Using an extension
of (2.80), we therefore seek ¥ such that

X'z=0
or
X'(y—9 =Xy -XB)=Xy-XXB=0, (7.29)
which implies that
X'XB = Xly.

Thus, using purely geometric ideas, we obtain the normal equations (7.8) and conse-
quently the usual least-squares estimator ﬁ in (7.6). We can then calculate y as
XB = X(X'X)"'X'y = Hy. Also, &€ =y — X3 = (I — H)y can be taken as an esti-
mate of €. Since £ is a vector in (n — k — 1)-dimensional space, it seems reasonable
to estimate o” as the squared length (2.22) of & divided by n — k — 1. In other words,
a sensible estimator of ¢” is 5% = y'd — H)y/(n — k — 1), which is equal to (7.25).

7.5 THE MODEL IN CENTERED FORM

The model in (7.3) for each y; can be written in terms of centered x variables as
Vi = By + Bixit + BoXip + -+ + Byxix + &
= a+ By —X1) + Boylxp —X2) + -+ + Brlxw — X)) + &, (7.30)
i=1,2,...,n, where
a=By+ BiXi+ BoXo+ ...+ Bk (7.31)

and X, = > ¢ x;/n,j=1,2, ..., k. The centered form of the model is useful in
expressing certain hypothesis tests (Section 8.1), in a search for influential obser-
vations (Section 9.2), and in providing other insights.
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In matrix form, the centered model (7.30) for yy, y,, ..., y, becomes
. 64
y =, XC)< ) + &, (7.32)
B

Where BI = (Bl’ 627 RS Bk)/’

X1 —X1 X;2—Xp ... Xip—Xk

1 X201 — X1 Xpp—Xp ... Xop — Xk
Xe=|I-=-J)X = . . . , (7.33)

Xnl — X1 X2 — X2 .. Xpk — Xk

and X; is as given in (7.19). The matrix I — (1/n)J is sometimes called the centering
matrix.
As in (7.8), the normal equations for the model in (7.32) are

&

(J, X' (J, Xc)<ﬂ1

> =(j, Xo)y. (7.34)
By (2.35) and (2.39), the product (j, X.)'(j, X.) on the left side of (7.34) becomes

o/ ofe o/
. . J . i iXe
(Ja XC)’(J& XC) - (XZ‘)(J’ XL) = (Xéj X;Xc)

n 0
=0 wx ) (7.35)

where j’X. = 0’ because the columns of X, sum to zero (Problem 7.16). The right
side of (7.34) can be written as

o/ _
. o — _ ([

The least-squares estimators are then given by
) oot Goxoy— (1 ) (P
ﬁl - J7 C J; C Ja C y - 0 XLXC X/Cy

(% s ) () = (o)
L0 XXt (Xéy XXXy )’

&=y, (7.36)

or

B = X.X,) 'Xly. (7.37)
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These estimators are the same as the usual least-squares estimators [; = X'X) X'y
in (7.6), with the adjustment

Bo=a—BiXi — X — - — BX =y — BiX (7.38)

obtained from an estimator of « in (7.31) (see Problem 7.17).
When we express ¥ in centered form

y=a+ B0 — %)+ -+ Bl — ),

it is clear that the fitted regression plane passes through the point (x, xp, ..., Xk, ).
Adapting the expression for SSE (7.24) to the centered model with centered y’s,
we obtain

SSE=Y (v =y’ — B Xly, (7.39)
i=1

which turns out to be equal to SSE = y'y — ﬁ’X’ y (see Problem 7.19).

We can use (7.36)—(7.38) to express [;1 and ﬁo in terms of sample variances and
covariances, which will be useful in comparing these estimators with those for the
random-x case in Chapter 10. We first define a sample covariance matrix for the x
variables and a vector of sample covariances between y and the x’s

2

57 S12 .. Sk Sy1
2
521 55 e Sk Sy2
Se=1| . . B T A (7.40)
2
Sk1 Sk .. Sk Syk

where, sl.z, sij, and sy; are analogous to s? and 5y, defined in (5.6) and (5.15); for
example

-\
2 Yoy (X —X2)

==L R (7.41)

51y = Yoy G — X)) — xz)’ (7.42)
n—1

52 = > o — xlz)(yi - )’)’ (7.43)
n_

with X, = 27:1 X /n. However, since the x’s are fixed, these sample variances and
covariances do not estimate population variances and covariances. If the x’s were
random variables, as in Chapter 10, the s?, s;;, and sy; values would estimate popu-
lation parameters.
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To express [;’1 and ﬁo in terms of S, and s,,, we first write S, and s, in terms of
the centered matrix X.:

X' X,
S = —5—, (7.44)
n—1
X'y
= ——. 7.45
s} n— 1 ( )

Note that X'y in (7.45) contains terms of the form > , (x; — X;)y; rather than
S, (g —X)(i—y as in (7.43). It can readily be shown that
> (i — X)(i —y) = >, (xj — X)yi (see Problem 6.2).

From (7.37), (7.44), and (7.45), we have

; Xy XX\ Xy
By = (n — DX X.)™! e (n - 1) = S s (7.46)
and from (7.38) and (7.46), we obtain
Bo=a—-Bx=y-s,S'x (7.47)

Example 7.5. For the datain Table 7.1, we calculate [;’ 1 and ,éo using (7.46) and (7.47).

. 6.4242  8.5455\ ' /8.3636
B =S, 8=
8.5455 12.4545 9.7273

B ( 3.0118 )
-\ —1.2855 )’
BO =y- s;xsx;li

4.3333
=7.5000 — (3.0118, —1.2855)

8.5000
=7.500 — 2.1246 = 5.3754.

These values are the same as those obtained in Example 7.3.1a. ]

7.6 NORMAL MODEL

7.6.1 Assumptions

Thus far we have made no normality assumptions about the random variables
Y1, Y25 - - -» ¥n. To the assumptions in Section 7.2, we now add that

yisN,(XB, o?I) or gisN,(0, o*I).
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Under normality, o;; = 0 implies that the y (or &) variables are independent, as well as
uncorrelated.

7.6.2 Maximum Likelihood Estimators for 8 and o”

With the normality assumption, we can obtain maximum likelihood estimators. The
likelihood function is the joint density of the y’s, which we denote by L(B, o). We
seek values of the unknown B and o” that maximize L(S8, o?) for the given y and x
values in the sample.

In the case of the normal density function, it is possible to find maximum likeli-
hood estimators ﬁ and &2 by differentiation. Because the normal density involves a
product and an exponential, it is simpler to work with In L(f8, o), which achieves its
maximum for the same values of 8 and o” as does L(B, o?).

The maximum likelihood estimators for B and o” are given in the following
theorem.

Theorem 7.6a. If y is N,(XB, o°I), where X is n x (k + 1) of rank k + 1 < n, the
maximum likelihood estimators of B and o” are

B=XX)"'Xly, (7.48)
1 R X
7 =~y —XP)(y - XB). (7.49)

Proor. We sketch the proof. For the remaining steps, see Problem 7.21. The likeli-
hood function (joint density of yi, y,,..., ¥,) is given by the multivariate normal
density (4.9)

! —(y—Xp)(’I) ' (y-XPB)/2
LB, A =fy; B, 0*)=—— e O XB @D X
y (277.)11/2|0,21|1/2

1

— YT o~ V—XB(y-XB)/20% (7.50)
7o

[Since the y;’s are independent, L(f3, 0'2) can also be obtained as H?:l fOi xiB, 02).]
Then In L(B, 6°) becomes

|
InL(B, o) = — gln Q) — gan'Z 55— XB) (v ~ XB). (7.51)

Taking the partial derivatives of In L(8, 0°) with respect to 8 and ¢” and setting the

results equal to zero will produce (7.48) and (7.49). To verify that ﬁ maximizes (7.50)
or (7.51), see (7.10). O
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The maximum likelihood estimator ﬁ in (7.48) is the same as the least-squares estima-

tor [§ in Theorem 7.3a. The estimator 62 in (7.49) is biased since the denominator is
rather than n — k — 1. We often use the unbiased estimator s° given in (7.23) or (7.24).

7.6.3 Properties of § and &>

We now consider some properties of ﬁ and &2 (or s%) under the normal model. The
distributions of ﬁ and ¢ are given in the following theorem.

Theorem 7.6b. Suppose that y is N, (X, o°1), where X is n x (k + 1) of rank k +

1 <nand B = (B, Bi,-- -, B)- Then the maximum likelihood estimators B and 62
given in Theorem 7.6a have the following distributional properties:

i) Bis Newr[B, PXX)7'].
(i) no?/0” is x*(n — k — 1), or equivalently, (n — k — 1)s? /0> is x*(n — k — 1).

(iii) [§ and 62 (or s°) are independent.
ProoOF

(i) Since B = (X'X)"'X'y is a linear function of y of the form B = Ay, where
A= (X'X)"'X’ is a constant matrix, then by Theorem 4.4a(ii), B is
Nei[B, X'X) ']

(ii) The result follows from Corollary 2 to Theorem 5.5.

(iii) The result follows from Corollary 1 to Theorem 5.6a.
O

Another property of ﬁ and 6% under normality is that they are sufficient statistics.
Intuitively, a statistic is sufficient for a parameter if the statistic summarizes all the

information in the sample about the parameter. Sufficiency of ﬁ and 6 can be estab-
lished by the Neyman factorization theorem [see Hogg and Craig (1995, p. 318) or

Graybill (1976, pp. 69-70)], which states that B and 62 are jointly sufficient for
and o° if the density f(y; B, 0°) can be factored as f(y; B, o) =
g([}, 2, B, 0®)h(y), where h(y) does not depend on B or o°. The following
theorem shows that ﬁ and &7 satisfy this criterion.

Theorem 7.6¢c. Ify is N, (X, *I), then B and 62 are jointly sufficient for B and o”.

Proor. The density f(y; B, o) is given in (7.50). In the exponent, we add and
subtract X[} to obtain

(y—XBY(y—XB)=(y—XB+XB—-XB)(y—XB+XB—XP)
=y — XB) + X(B - By - XB) + X(B - B)l.
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Expanding this in terms of y — Xﬁ and X(ﬁ — PB), we obtain four terms, two of
which vanish because of the normal equations X’ Xﬁ = X'y. The result is

Y-XB(y-XB) =@y —XB/y—XB)+(B-PXXB-p (152
=no” + (B - PXX(PB - P.
We can now write the density (7.50) as
l . N _— N
‘B ) = —[no?+(B—BYX'X(B—B)]/20
fy; B, o) Qmoty R’ ;

which is of the form

1(y; B, ) = g(B, &, B, Ph(y),
)

where h(y) = 1. Therefore, by the Neyman factorization theorem, 8 and &° are
jointly sufficient for B8 and o”. O

Note that ﬁ and &2 are jointly sufficient for B and o7, not independently sufficient;
that is, f(y; B, 0*) does not factor into the form gl(ﬁ, B)g2(62, 0®)h(y). Also note
that because s> = n6>/(n — k — 1), the proof to Theorem 7.6¢ can be easily modified
to show that ﬁ and s” are also jointly sufficient for 8 and o”.

Since ﬁ and s? are sufficient, no other estimators can improve on the information
they extract from the sample to estimate 8 and o”. Thus, it is not surprising that [% and
s% are minimum variance unbiased estimators (each [3 ; In ﬁ has minimum variance).
This result is given in the following theorem.

Theorem 7.6d. Ify is N, (X, o°I), then [% and s> have minimum variance among all
unbiased estimators.

Proor. See Graybill (1976, p. 176) or Christensen (1996, pp. 25-27). O

In Theorem 7.3d, the elements of ﬁ were shown to have minimum variance among
all linear unbiased estimators. With the normality assumption added in Theorem
7.6d, the elements of [} have minimum variance among all unbiased estimators.
Similarly, by Theorem 7.3g, s> has minimum variance among all quadratic unbiased
estimators. With the added normality assumption in Theorem 7.6d, s> has minimum
variance among all unbiased estimators.

The following corollary to Theorem 7.6d is analogous to Corollary 1 of Theorem
7.3d.

Corollary 1. If y is N,(Xf, ¢°I), then the minimum variance unbiased estimator of
a'B is a’B, where B is the maximum likelihood estimator given in (7.48). O



7.7 R* IN FIXED-x REGRESSION 161
7.7 R?* IN FIXED-x REGRESSION

In (7.39), we have SSE = 37| (y; — y)> — B,X.y. Thus the corrected total sum of
squares SST = > . (y; — ¥)? can be partitioned as

> (i =) = B XLy + SSE, (7.53)
i=1
SST = SSR + SSE,

where SSR = [%/lXiy is the regression sum of squares. From (7.37), we obtain
X'y = X'X.8,, and multiplying this by B, gives B/X.y = B/X'X.8,. Then
SSR = @ X’y can be written as

SSR = B1X/X.B, = X.B)) X:B)). (7.54)

In this form, it is clear that SSR is due to B, = (B, Ba,---» Br) -
The proportion of the total sum of squares due to regression is

BX!X.B, _ SSR
S =y SST’

which is known as the coefficient of determination or the squared multiple corre-
lation. The ratio in (7.55) is a measure of model fit and provides an indication of
how well the x’s predict y.

The partitioning in (7.53) can be rewritten as the identity

R (7.55)

S G- =¥y -5t = (BXy - ) + 'y — BXy)
i=1
= SSR + SSE,

which leads to an alternative expression for R”:

_ BXy —ny?

R? -
Yy —ny?

(7.56)

The positive square root R obtained from (7.55) or (7.56) is called the multiple cor-
relation coefficient. If the x variables were random, R would estimate a population
multiple correlation (see Section (10.4)).

We list some properties of R? and R:

1. The range of R* is 0 < R> < 1. If all the f3;’s were zero, except for 3y, R?
would be 0. (This event has probability 0 for continuous data.) If all the
y values fell on the fitted surface, that is, if y; =3;,i =1, 2,..., n, then R?
would be 1.
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2. R = ry; that is, the multiple correlation is equal to the simple correlation [see
(6.18)] between the observed y;’s and the fitted y;’s.

3. Adding a variable x to the model increases (cannot decrease) the value of R>.
4. Ifﬁl :Bzz"':Bk:O,then

ER?) = % (7.57)

Note that the ﬁj’s will not be O when the B;’s are 0.

5. R? cannot be partitioned into k components, each of which is uniquely attribu-
table to an x;, unless the x’s are mutually orthogonal, that is,
oy (X — %)) (i — X)) = Ofor j # m.

6. R?is invariant to full-rank linear transformations on the x’s and to a scale change
on y (but not invariant to a joint linear transformation including y and the x’s).

In properties 3 and 4 we see that if k is a relatively large fraction of n, it is possible to
have a large value of R? that is not meaningful. In this case, x’s that do not contribute
to predicting y may appear to do so in a particular example, and the estimated
regression equation may not be a useful estimator of the population model. To
correct for this tendency, an adjusted Rz, denoted by Rﬁ, was proposed by Ezekiel
(1930). To obtain Ri, we first subtract k/(n — 1) in (7.57) from R? in order to
correct for the bias when B, =B, =...= B, =0. This correction, however,
would make Ri too small when the ’s are large, so a further modification is made
so that R? = 1 when R* = 1. Thus R? is defined as

RZZ(RZ—n—fl)(n—l):(n—l)Rz—
“ n—k—1 n—k—1

(7.58)

Example 7.7. For the data in Table 7.1 in Example 7.2, we obtain R* by (7.56) and
Rﬁ by (7.58). The values of ﬁ' X'y and y'y are given in Example 7.3.3.

BX'y —ny*  814.5410 — 12(7.5)

R2 = —
y'y — ny? 840 — 12(7.5)

~ 139.5410

o = 8457,

~ 165.0000

_ 2 _
R (n—DR* —k _ (11)(:8457) —2 _ 8114,
@ n—k—1 9

O

Using (7.44) and (7.46), we can express R? in (7.55) in terms of sample variances
and covariances:

R B/ X'X.B, swsml(n—l)s s Sy swsm1 Sy
Z? 1 i Y) Eizl i — S{%

(7.59)
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Prediction space

Data space

Figure 7.5 Multiple correlation R as cosine of 6, the angle between y — yj and y — ¥j.

This form of R* will facilitate a comparison with R” for the random-x case in Section
(10.4) [see (10.34)].

Geometrically, R is the cosine of the angle 6 between y and y corrected for their
means. The mean of yy, ¥, ..., y, is y, the same as the mean of yy, y,, ..., y, (see
Problem 7.30). Thus the centered forms of y and y are y — yj and y — yj. The
angle between them is illustrated in Figure 7.5. (Note that yj is in the estimation
space since it is a multiple of the first column of X.)

To show that cosf is equal to the square root of R? as given by (7.56), we use
(2.81) for the cosine of the angle between two vectors:

(y — 3§ — i) .
VI =3y — DI — W' — il

cos 0 = (7.60)

To simplify (7.60), we use the identity y — yj = (¥ — ¥j) + (y — ¥), which can also
be seen geometrically in Figure 7.5. The vectors y — yj and y — ¥ on the right side
of this identity are orthogonal since ¥ — j is in the prediction space. Thus the numer-
ator of (7.60) can be written as

Y- =1 -0+ -'F -3
=@ -3WE-W+G-9E -
=@ —3'QE-3)+0.
Then (7.60) becomes
V= 3§ — i)
V=3 =)

cos O =

=R, (7.61)
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which is easily shown to be the square root of R® as given by (7.56). This is
equivalent to property 2 following (7.56): R = ry5.
We can write (7.61) in the form

R — S (i =) _SSR

S -y SST
in which SSR = >"" |, (i — ¥)? is a sum of squares for the ;’s. Then the partitioning
SST = SSR + SSE below (7.53) can be written as

D= =D Gi—3+ Y 0i— 3
P P P

which is analogous to (6.17) for simple linear regression.

7.8 GENERALIZED LEAST SQUARES: cov(Y) = oV

We now consider models in which the y variables are correlated or have differing var-
iances, so thatcov(y) # o1 In simple linear regression, larger values of x; may lead to
larger values of var( y;). In either simple or multiple regression, if y, y», . . ., ¥, occur at
sequential points in time, they are typically correlated. For cases such as these, in which
the assumption cov(y) = ¢°1I is no longer appropriate, we use the model

y=XB+e E@y =XB, covy) =2=0dV, (7.62)

where X is full-rank and V is a known positive definite matrix. The usage 3 = oV
permits estimation of ¢ in some convenient contexts (see Examples 7.8.1 and 7.8.2).
n

The n X n matrix V has n diagonal elements and ( 2

) elements above (or below) the

diagonal. If V were unknown, these (n) + n distinct elements could not be esti-

2
mated from a sample of n observations. In certain applications, a simpler structure

for V is assumed that permits estimation. Such structures are illustrated in
Examples 7.8.1 and 7.8.2.

7.8.1 Estimation of 8 and ¢ when cov(y) = o?V

In the following theorem we give estimators of B and o” for the model in (7.62).
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Theorem 7.8a. Let y = XB + &, let E(y) = XB, and let cov(y) = cov(g) = 02V,
where X is a full-rank matrix and V is a known positive definite matrix. For this
model, we obtain the following results:
(1) The best linear unbiased estimator (BLUE) of B is
B=XV'X)'XVly. (7.63)
(i) The covariance matrix for [§ is

cov(B) = AX'V X)L (7.64)

(iii) An unbiased estimator of ¢” is

o -XBV 'y —Xp)

' n—k—1
- y/[V—l _ V—lx(x/v—lx)flx/v—l]y
N n—k—1 ’

(7.65)

(7.66)

where B is as given by (7.63).

Proor. We prove part (i). For parts (ii) and (iii), see Problems (7.32) and (7.33).

1. Since V is positive definite, there exists an n X n nonsingular matrix P such that
V = PP’ (see Theorem 2.6¢c). Multiplying y = XB + £ by P!, we obtain
P~y =P 'XB + P g, for which E(P~'e) = P~ 'E(e) = P10 = 0 and

cov(P~le) = P lcov(e)P!Y [by (3.44)]
=P '?VEPY = PP 'PP(P) ! = L
Thus the assumptions for Theorem 7.3d are satisfied for the model P~y =
P !XB+P'e, and the least-squares estimator B= [(P~'X)(P~'X)]™"
(P~'X)'P~'y is BLUE. Using Theorems 2.2b and 2.5b, this can be written as
ﬁ — [X/(Pfl)/Pflx]flx/(l)fl)/l)fly

=[X'®)'P'XI'X'®) Py [by 2.48)]

= [X'(PP)'X]'X'(PP)) 'y [by (2.49)]

_ (X/V_IX)_IX/V_ly.
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Note that since X is full-rank, X’'V~!X is positive definite (see Theorem 2.6b). The

estimator 8= (X'V'X)"'X'Vy is usually called the generalized least-squares
estimator. The same estimator is obtained under a normality assumption.

Theorem 7.8b. If y is N,(XB, 0°V), where X is full-rank and V is a known positive
definite matrix, where X is n X (k + 1) of rank k + 1, then the maximum likelihood
estimators for B and o” are

ﬁ _ (X’V’IX)’IX’V’ly,

1 A .
o> =-(y—XB'V 'y — XP).

n

Proor. The likelihood function is

1

_ o XB)(@V) (-XB)/2.
(271_)n/2 |O'2V| 1/2

LB, o)

By (2.69), |0®V| = (6®)"|V|. Hence

1 /y7—1 2
L(B, 0.2) — e~V XB'V(y-XB)/20".
Qma2)2|v|'/2

The results can be obtained by differentiation of In L(8, 0®) with respect to 8 and
with respect to o”. (]

We illustrate an application of generalized least squares.

Example 7.8.1. Consider the centered model in (7.32)

R 1 «
y(J,Xc)<B1> + &,

with covariance pattern

3 =d (1 —-pl+pll =’V (7.67)
L p p
p 1 p
:0‘2 . .
p P 1

in which all variables have the same variance o” and all pairs of variables have the
same correlation p. This covariance pattern was introduced in Problem 5.26 and is
assumed for certain repeated measures and intraclass correlation designs. See
(3.19) for a definition of p.
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By (7.63), we have

B= (;}) =XV 'X)"'X'Vly.

For the centered model with X = (j, X,), the matrix X'V~'X becomes

./
X'VIX = (;(, )V—l(j, X,)

_(iVoivX
SAXvl XV, )
The inverse of the n x n matrix V = (1 — p)I + pJ in (7.67) is given by
V! =ad - bpd), (7.68)

where a=1/(1 —p) and b = 1/[1+ (n— 1)p]. Using V™! in (7.68), X'V"'X
becomes

bn o
vy —
XV ' X= ( 0 aX'CXC>' (7.69)
Similarly
_ bny
/ 1,
XVily= (aX’Cy)' (7.70)

We therefore have

a vy lwv-le Y
(5) = vy y= (i )

which is the same as (7.36) and (7.37). Thus the usual least-squares estimators are
BLUE for a covariance structure with equal variances and equal correlations. U

7.8.2 Misspecification of the Error Structure

Suppose that the model is y = X8 + & with cov(y) = 02V, as in (7.62), and we mis-
takenly (or deliberately) use the ordinary least-squares estimator ﬁ* = X'X)"'X'yin

(7.6), which we denote here by B* to distinguish it from the BLUE estimator
B =XV 'X)"'X'Vly in (7.63). Then the mean vector and covariance matrix
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for B* are

EB) =B, (1.71)
cov(B) = AX'X)TIX'VX(X'X) L. (7.72)

Thus the ordinary least-squares estimators are unbiased, but the covariance matrix
differs from (7.64). Because of Theorem 7.8a(i), the variances of the Bf’s in (7.72)
cannot be smaller than the variances in cov(ﬁ) = 2(X'V'X)7! in (7.64). This is
illustrated in the following example.

Example 7.8.2. Suppose that we have a simple linear regression model
yi = By + Bixi + i, where var(y;) = 0%x; and cov(y;, ;) = 0 for i # j. Thus

X1 0 0
0 x ... O
cov(y) = 0°V = o* .2 .
0 0 ... x,

This is an example of weighted least squares, which typically refers to the case where
V is diagonal with functions of the x’s on the diagonal. In this case

Xy
X2
X = s
I x
and by (7.63), we have
ﬁ — <[§O> — (X/V—IX)—IX/V—ly
1
| (i) (S ) = n i v
= - ] . (71.73)
(Sw) (Sd) = \ (S (Sid) -ns
The covariance matrix for ﬁ is given by (7.64):
cov(B) = X'V IX)!
YiXxi  —n
= - (7.74)
Z,-xiZi%,,—nz - 3.1

ix;
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If we use the ordinary least-squares estimator ﬁ* = (X'X)"'X'y as given in (6.5)
and (6.6) or in (7.12) in Example 7.3.1b, then cov(ﬁ*) is given by (7.72); that is,

cov(f") = FAX'X) X' VXX'X)™!
LWL o DRI noYx !
=0
Soixi dox xS Sooxi St
PIEHODEDEEDIETODE IS (> —nd x>
= o’c ’
(3 x)? —n3x 3 ny o =2y x5 Y ()
(7.75)

2 .
where ¢ = 1/ {n = (X x,-)z} . The variance of the estimator 3 is given by the

lower right diagonal element of (7.75):
. 2 P -2 xS a2 x;)?
Var(BT) — O,Zn lez Hle Zl i jgz;x) , (776)
[” ixi2 - (Zixi) }

and the variance of the estimator Bl is given by the corresponding element of (7.74):

Zi(l/xi)
Zixi Zi (/x) — n?’

Consider the following seven values of x: 1, 2, 3, 4, 5, 6, 7. Using (7.76), we obtain
var(8}) = .14290%, and from (7.77), we have var(B,) = .1099¢>. Thus for
these values of x, the use of ordinary least squares yields a slope estimator with a
larger variance, as expected. ([l

Var(Bl) =0

(7.77)

Further consequences of using a wrong model are discussed in the next section.

7.9 MODEL MISSPECIFICATION

In Section 7.8.2, we discussed some consequences of misspecification of cov(y). We
now consider consequences of misspecification of E(y). As a framework for discus-
sion, let the model y = X8 + & be partitioned as

y:Xﬂ+€=(X1,X2)(B1) te
B,

=XiB, + XoB, + £. (7.78)
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If we leave out X, f3, when it should be included (i.e., when B, # 0), we are under-
fitting. If we include X, 3, when it should be excluded (i.e., when 8, = 0), we are
overfitting. We discuss the effect of underfitting or overfitting on the bias and the

variance of the Bj, v, and s2 values.
We first consider estimation of 8; when underfitting. We write the reduced model as

y=XiB + ¢, (7.79)

using B} to emphasize that these parameters (and their estimates BT) will be different

from B, (and Bl) in the full model (7.78) (unless the x’s are orthogonal; see Corollary
1 to Theorem 7.9a and Theorem 7.10). This was illustrated in Example 7.2. In the fol-

lowing theorem, we discuss the bias in the estimator BT obtained from (7.79) and give

the covariance matrix for 7.

Theorem 7.9a. If we fit the model y = X, 8] + £€* when the correct model is
y = XiB, + X2, + € with cov(y) = oI, then the mean vector and covariance
matrix for the least-squares estimator ﬁ’l‘ = (X'le)_lX'ly are as follows:

() E(B) = B; + AB,, where A = (X, X)) "'X/X,, (7.80)
(i) cov(B)) = X/ X)) (7.81)
Proor

() E(B)) = EIX| X)Xyl = X{ X)X E(y)
= X[ X)) XX B, +XoB,)
= B, + X\ X)) X[ Xz,
(i) cov(B}) = cov[(X| X))~ 'Xy]
= X XD ' X{(@’DXi(X[{X)™' [by (3.44)]
=X/ X)) L. O

Thus, when underfitting, ﬁ’f is biased by an amount that depends on the values of the x’s
in both X; and X,. The matrix A = (X} X;)"'X| X, in (7.81) is called the alias matrix.

Corollary 1. If X’1X2 = 0O, that is, if the columns of X; are orthogonal to the
columns of X, then ﬁ’f is unbiased: E([%T) = B,. U

In the next three theorems, we discuss the effect of underfitting or overfitting on ¥, s%, and
the variances of the Bj’s. In some of the proofs we follow Hocking (1996, pp. 245-247).

Let xo = (1, x01, X02, - - - » Xox)' be a particular value of x for which we desire to
estimate E(yo) = xpB. If we partition x{, into (xj,, X(,) corresponding to the



7.9 MODEL MISSPECIFICATION 171

partitioning X = (Xi, X») and B = (B, B5), then we can use either y = xf)ﬁ or
Yo1 = X(,, B] to estimate x;,8. In the following theorem, we consider the mean of Jj;.

Theorem 7.9b. Let j; = X}, B}, where ;1 = (X|X,)"'X}y. Then, if B, # 0, we
obtain

E(xf, B7) = X, (B) + ABy), (7.82)
= xoB — (x02 — A'x01)' B, # X,B. (7.83)
Proor. See Problem 7.43. (Il

In Theorem 7.9b, we see that, when underfitting, x},, 8} is biased for estimating x), .
[When overfitting, x;f8 is unbiased since E(x,8) = x,8 = X, B, + X(,8,, which is
equal to xp, B if B, =0.]

InAthe next thAeorem, we compare the variances of ,Bj’-‘ anfi B;» wherAe ,Bj’f is from B
and B; is from ;. We also compare the variances of x;, 8] and x;,8.

Theorem 7.9¢. Let = (X'X)"'X'y from the full model be partitioned as
ﬁ = ( gl ) ,and let ﬁT = XX )’IX’ly be the estimator from the reduced model. Then
2

@) cov(ﬁl) — cov(ﬁ’f) = 0?AB'A’, which is a positive definite matrix, where
A = (X{X))"'X|X; and B = X}X, — X)X, A. Thus var(B)) > var(8)).

(i) var(xyB) > var(x}, B}).
Proor

(i) Using XX partitioned to conform to X = (X1, X»), we have

. , , 1
cov(p) = cov[ P1 ) = Pxrx) T = &(X}X‘ X}X2)
B, XoX; X0X,

G Gp\ G" "
_ 02 11 12 _ 02 ) » ]
Gy Gnp G G
where G; = X/X; and GV is the corresponding block of the partitioned inverse
matrix  (X'X)"". Thus cov(B)) = 0®G'". By (2.50), G' =G+

G'GB'Gy Gy, where B = Gy, — GG Gra. By (7.81), cov(B)) =
(X[ X)) = ¢?>Gy}'. Hence

cov(By) — cov(B}) = 7(G" - G, )
= d* (G} + G 'GB'Gy Gy - G}H)
= 0’AB A"
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(i) var(xpB) = o?x),(X'X) "' xo

Gll G12 Xo1
= > (xy, X! < )
( 01 02) G2 Gg= Xo

ol e erl a2
= (x4, G""xo1 + x{; G"*x02 + x(,G*'x01 + X0, G Xg).

Using (2.50), it can be shown that
var(xB) — var(x(, B}) = o (2 — A'x01) G (xp2 — A'xq1) > 0
because G?? is positive definite. (I

By Theorem 7.9¢(i), var(,éj) in the full model is greater than var(,é;-‘) in the reduced
model. Thus underfitting reduces the variance of the B;’s but introduces bias. On the
other hand, overfitting increases the variance of the éj’s. In Theorem 7.9c (ii), var(yg)
based on the full model is greater than var(yo;) based on the reduced model. Again,

underfitting reduces the variance of the estimate of E(y,) but introduces bias.
Overfitting increases the variance of the estimate of E(y,).

We now consider s? for the full model and for the reduced model. For the full model
y = XB + & = X; B, + X, + &, the sample variance s* is given by (7.23) as

o _ =Xy —Xp)
N n—k—1 '

In Theorem 7.3f, we have E(s?) = o2. The expected value of s2 for the reduced model
is given in the following theorem.

Theorem 7.9d. If y = X3 + £ is the correct model, then for the reduced model
y = X B] + £ (underfitting), where X, is n x (p + 1) with p <k, the variance
estimator

o =XiB)y—XiB)
I n—p—1

(7.84)

has expected value

2+ BXoll = Xi (X X)X 1XoBy

E(s]) =
(s7) n—p—1

(7.85)

Proor. We write the numerator of (7.84) as

SSE; =Yy — BiX|y =Yy — yXi(X| X)) X}y
=y - X, (X; X)Xy
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Figure 7.6 Straight-line fit to a curved pattern of points.

Since E(y) = X by assumption, we have, by Theorem 5.2a,
E(SSE)) = tr{[I — X;(X| X)) ' X} 16T} + BX[1 - X, (X, X)) 'X|1XB
= (n—p—1o® + BX5 - X (X, X) ' X[ X8
(see Problem 7.45). O

Since the quadratic form in (7.85) is positive semidefinite, s* is biased upward when
underfitting (see Fig. 7.6). We can also examine (7.85) from the perspective of over-
fitting, in which case 8, = 0 and s is unbiased.

To summarize the results in this section, underfitting leads to biased ﬁj’s, biased
s, and biased s°. Overfitting increases the variances of the 31-’5 and of the y’s. We
are thus compelled to seek an appropriate balance between a biased model and one
with large variances. This is the task of the model builder and serves as motivation
for seeking an optimum subset of x’s.

Example 7.9a. Suppose that the model y; = 3 + B]x; + &/ has been fitted when the
true model is y; = By + B1xi + Box? + &;. (This situation is similar to that illustrated

in Figure 6.2.) In this case, ,80, Bl, and s? would be biased by an amount dependent
on the choice of the x;’s [see (7.80) and (7.86)]. The error term & in the misspecified
model y; = B + Bix; + & does not have a mean of 0:

E(s) = E(yi — By — Bix)
— E(yi) — By — Bixi
= By + Bixi + Bzx,‘z - By — Bix;
= By — By + (By — Bxi + Box?.
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X

Figure 7.7 No-intercept model fit to data from an intercept model.

Example 7.9b. Suppose that the true model is y; = B, + B,x; + & and we fit the
model y; = Bix; + €/, as illustrated in Figure 7.7.
For the model y; = B]x; + €], the least-squares estimator is

n
fr = 2 Wi (7.86)
(see Problem 7.46). Then, under the full model y; = B, + B,x; + &;, we have

5 1
EB) =53 5EG)

1

S 2 in(ﬁo + B xi)

- <Bo Sxt b Zx?)
D iXi

2
iXi

=By S5+ B (7.87)

Thus B*{ is biased by an amount that depends on 3, and the values of the x’s.  [J

7.10 ORTHOGONALIZATION

In Section 7.9, we discussed estimation of B} in the model y = X 8] 4+ £* when the true
model is y = X; B8, + X128, + £. By Theorem 7.9a, E(8)) = B, + (X, X)) ™' X! X1,
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so that estimation of B, is affected by the presence of X, unless X)X, = O, in which

case, E(ﬁT) = B,. In the following theorem, we show that if X]X, = O, the estimators
of B} and B, not only have the same expected value, but are exactly the same.

Theorem 7.10. If X’1 X, =0, then the estimator of B, in the full model
y =XiB, +XuB, + £ is the same as the estimator of B} in the reduced model
Y= XIBT + 8*.

Proor. The least-squares estimator of B is ﬁ‘f = (X} X;)"'X}y. For the estimator of
B, in the full model, we partition B=XX)'X y to obtain

B\ _ (XX XX\ (Xy
B> XoX1 X5Xo X5y )

Using the notation in the proof of Theorem 7.9c, this becomes
B\ (o Gn)‘<xay>
B G2 G Xoy
_ Gl 1 G12 ( Xlly )
G21 G22 X’zy

B = G'Xiy+ G Xy

By (2.50), we obtain

= (G} +G{'G;;B'G G )Xy — G'G1,B Xy,
where B = Gy, — G21G1’11G12. If G, = X'le = 0, then Bl reduces to

B, =G X}y = X[ X)X}y,

which is the same as B O

Note that Theorem 7.10 will also hold if X; and X, are “essentially orthogonal,” that
is, if the centered columns of X are orthogonal to the centered columns of X.

In Theorem 7.9a, we discussed estimation of B} in the presence of 8, when
X)X, # 0. We now consider a process of orthogonalization to give additional
insights into the meaning of partial regression coefficients.

In Example 7.2, we illustrated the change in the estimate of a regression coefficient
when another x was added to the model. We now use the same data to further examine
this change.The prediction equation obtained in Example 7.2 was

¥ =5.3754 4 3.0118x; — 1.2855x,, (7.88)
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and the negative partial regressions of y on x, were shown in Figure 7.2. By means of
orthogonalization, we can give additional meaning to the term — 1.2855x,. In order to
add x, to the prediction equation containing only x;, we need to determine how much
variation in y is due to x, after the effect of x; has been accounted for, and we must
also correct for the relationship between x; and x,. Our approach is to consider the
relationship between the residual variation after regressing y on x; and the residual
variation after regressing x, on x;. We follow a three-step process.

1. Regress y on x1, and calculate residuals [see (7.11)]. The prediction equation is
y = 1.8585 + 1.3019x;, (7.89)

and the residuals y; — y;(x;) are given in Table 7.2, where y;(x|) indicates that y
is based on a regression of y on x; as in (7.89).

2. Regress x, on x; and calculate residuals. The prediction equation is
Xy = 2.7358 4+ 1.3302xy, (7.90)

and the residuals x,; — Xp;(x}) are given in Table 7.2, where X;;(x;) indicates that
X, has been regressed on x; as in (7.90).

3. Now regress y — y(x1) on x, — X»(x1), which gives
Y — 3= —1.285500, — ). (7.91)

There is no intercept in (7.91) because both sets of residuals have a mean of 0.

TABLE 7.2 Data from Table 7.1 and Residuals

y Xy X2 y = yx1) Xy — Xa(x1)
2 0 2 0.1415 —0.7358
3 2 6 —1.4623 0.6038
2 2 7 —2.4623 1.6038
7 2 5 2.5377 —0.3962
6 4 9 —1.0660 0.9434
8 4 8 0.9340 —0.0566
10 4 7 2.9340 —1.0566
7 6 10 —2.6698 —0.7170
8 6 11 —1.6698 0.2830
12 6 9 2.3302 —1.7170
11 8 15 —1.2736 1.6226
14 8 13 1.7264 —0.3774
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In (7.91), we obtain a clearer insight into the meaning of the partial regression coef-
ficient —1.2855 in (7.88). We are using the “unexplained” portion of x, (after x; is
accounted for) to predict the “unexplained” portion of y (after x; is accounted for).

Since x, — X»(x;) is orthogonal to x; [see Section 7.4.2, in particular (7.29)], fitting
y — ¥(x1) to x; — xp(x7) yields the same coefficient, — 1.2855, as when fitting y to x;
and x, together. Thus — 1.2855 represents the additional effect of x, beyond the effect
of x; and also after taking into account the overlap between x; and x; in their effect on
y. The orthogonality of x; and x; — X,(x;) makes this simplified breakdown of effects
possible.

We can substitute y(x;) and x»(x;) in (7.91) to obtain

Y= 9 = $(x1, x2) — H(x1) = —1.2855[x, — ko (xp)],

or

¥ — (1.8585 + 1.3019x;) = —1.2855[x, — (2.7358 + 1.3302x;)], (7.92)

which reduces to

¥y =5.3754 4+ 3.0118x; — 1.2855x,, (7.93)

the same as (7.88). If we regress y (rather than y — y) on x; — X,(x), we will still
obtain —1.2855x,, but we will not have 5.3754 + 3.0118x;.

The correlation between the residuals y — y(x;) and x, — x;(x;) is the same as the
(sample) partial correlation of y and x, with x; held fixed:

Ty, = Ty—39,x—%;- (7.94)

This is discussed further in Section 10.8.
We now consider the general case with full model

y=XiB, +XoB, + ¢

and reduced model

y= XlﬂT +8*.

We use an orthogonalization approach to obtain an estimator of f3,, following the
same three steps as in the illustration with x; and x, above:

1. Regress y on X; and calculate residuals y—y(X;), where
VX)) =X B8] = Xl(X’lX1)_'X’ly [see (7.11)].

2. Regress the columns of X, on X and obtain residuals X;.; = X, — Xz(Xl). If
X, is written in terms of its columns as X, = (Xa1, ..., Xz, .. ., X,), then the
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regression coefficient vector for x; on X; is b; = (X’le)’lX'lxzi, and
% = Xib; = Xi(X{ X)) 'X|xp. For all columns of X, this becomes
Xo(X1) = X (X[ X)) 7' X! X, = Xj A, where A = (X|X;)"'X/X, is the alias
matrix defined in (7.80). Note that X5.; = X; — Xg(Xl) is orthogonal to Xj:

X X2 = 0. (7.95)
Using the alias matrix A, the residual matrix can be expressed as

Xo1 = Xy — Xo(X)) (7.96)
=X, — XX X)) X/ X5 = X5 — X/A. (7.97)

3. Regressy — y(Xj)on X5 =X, — Xz(Xl). Since Xj5.; is orthogonal to X|, we
obtain the same ﬁz as in the full model y = X ﬁl + X5 ﬁz. Adapting the nota-
tion of (7.91) and (7.92), this can be expressed as

¥(X1, X2) — §(X)) = X201 8. (7.98)

If we substitute §(X;)=X;B; and X =X, — X;A into (7.98) and use
ﬁf = I§1 + Aﬁz from (7.80), we obtain

¥(X1, Xo) = Xy B} + (X2 — X1A)B,
=Xi(B, +AB) + (X2 — X A)8,
=XiB, +Xo,

which is analogous to (7.93). This confirms that the orthogonality of X; and X
leads to the estimator ﬁz in (7.98). For a formal proof, see Problem 7.50.

PROBLEMS

7.1 Show that S, (vi — x,8)> = (y — XB) (y — XB), thus verifying (7.7).

7.2 Show that (7.10) follows from (7.9). Why is XX positive definite, as noted
below (7.10)?

7.3 Show that ,éo and Bl in (7.12) in Example 7.3.1 are the same as in (6.5) and
(6.6).
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Obtain cov([;) in (7.16) from (7.15).

Show that var(8,) = 0>(32,x2/n)/ 3>, (x; — ¥)? in (7.16) in Example 7.3.2a
is the same as var(ﬁ?o) in (6.10).

Show that AA’ can be expressed as AA' =[A—(X'X)"!'X]
[A — (X'X)"'X'T + (X’X)"" as in (7.17) in Theorem 7.3d.

Prove Corollary 1 to Theorem 7.3d in the following two ways:

(a) Use an approach similar to the proof of Theorem 7.3d.
(b) Use the method of Lagrange multipliers (Section 2.14.3).

Show that if the x’s are rescaled as z; = ¢jx;, j = 1, 2, ..., k, then ﬁz = D‘lﬁ,
as in (7.18) in the proof of the Theorem 7.3e.
Verify (7.20) and (7.21) in the proof of Corollary 1 to Theorem 7.3e.

Show that s? is invariant to changes of scale on the x’s, as noted following
Corollary 1 to Theorem 7.3e.

Show that (y — XB)(y — XB) = y'y — B Xy as in (7.24).

Show that E(SSE) = o?(n —k — 1), as in Theorem 7.3f, using the
following approach. Show that SSE =y'y — [§’X’ Xﬁ Show that
E(y'y) = no® + BX'XB and that E(BX'XB) = (k + 1)o® + BX'XB.

Prove that an additional x reduces SSE, as noted following Theorem 7.3f.

Show that the noncentered model preceding (7.30) can be written in the cen-
tered form in (7.30), with « defined as in (7.31).

Show that X, = [I — (1/n)J1X; as in (7.33), where X is as given in (7.19).
Show that j’X. = 0/, as in (7.35), where X, is the centered X matrix defined in
(7.33).

Show that the estimators & = y and 8; = (X.X,)"'Xy in (7.36) and (7.37)
are the same as B = (X'X)"'X'y in (7.6). Use the following two methods:

(a) Work with the normal equations in both cases.
(b) Use the inverse of X'X in partitioned form:
XX =[G, X' Xl

Show that the fitted regression plane y = & + Bl 1 —x)+---+ ﬁk(xk — Xx)
passes through the point (X1,%y, ..., Xk, y), as noted below (7.38).

Show that SSE =Y, (y; — ) — [2’1X’Cy in (7.39) is the same as
SSE = y'y — B'X'y in (7.24).
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(a) Show that S, = X/ X./(n — 1) as in (7.44).
(b) Show that s,, = X'y/(n — 1) as in (7.45).

(a) Show that if y is N,(X, 021), the likelihood function is

1

o~ V—XB)'(y-XB)/20°
Qma?)"/? ’

LB, &) =

as in (7.50) in the proof of Theorem 7.6a.

(b) Differentiate InL(B, 0?) in (7.51) with respect to f to obtain
B = X'X)"'X'y in (7.48).

(¢) Differentiate In L(B, 02) with respect to o to obtain 62 = (y — XB) (y—
XPB)/n as in (7.49).

Prove parts (ii) and (iii) of Theorem 7.6b.

Show that (y — XB)'(y — XB) = (y — XB)'(y — XB) + (B — B/X'X(B - B)
as in (7.52) in the proof of Theorem 7.6c.

Explain why f(y; B, 02) does not factor into gl(ﬁ, B)g2(62, ®)h(y), as noted
following Theorem 7.6c.

Verify the equivalence of (7.55) and (7.56); that is, show that
BX'y —ny’ = BX/X.B;.

Verify the comments in property 1 in Section 7.7, namely, that if
B =B,=--=pB,=0, then R”=0, and if y; =3;,i=1,2,...,n, then
R =1.

Show that adding an x to the model increases (cannot decrease) the value of
R?, as in property 3 in Section 7.7.

(a) Verify that R? is invariant to full-rank linear transformations on the x’s as
in property 6 in Section 7.7.

(b) Show that R? is invariant to a scale change z = cy on y.

(a) Show that R®> in (7.55) can be  written in the form
R>=1-SSE/Y . (yi — y)*

(b) Replace SSE and >, (y; —3)* in part (a) by variance estimators
SSE/(n —k —1) and )", (y; —9)?/(n — 1) and show that the result is
the same as Rg in (7.56).

Show that Y | :/n = >"" | yi/n, as noted following (7.59) in Section 7.7.
Show that cos § = R as in (7.61), where R? is as given by (7.56).



7.32

7.33

7.34
7.35

7.36

7.37

7.38

7.39
7.40

7.41
7.42

7.43
7.44
7.45
7.46
7.47

PROBLEMS 181

(a) Show that E(B) = B, where B = X'V 'X)"'X'Vly as in (7.63).
(b) Show that cov(B) = 2(X'V'X) ! as in (7.64).

(a) Show that the two forms of s? in (7.65) and (7.66) are equal.
(b) Show that E(s*) = ¢, where s is as given by (7.66).
Complete the steps in the proof of Theorem 7.8b.

Show that for V= (1 —p)l+ pJ in (7.67), the inverse is given by
V!i=ad- bpy) as in (7.68), where a=1/(1—-p) and b=1/
[1+ (1 — Dpl.

/
(a) Show that X'V~'X = (b” 0

0 aXi.Xc> as in (7.69).

_ bny .
! 1y,
(b) Show that X'V™'y = (aX y) as in (7.70).

!

C

Show that cov(B*) = 2X'’X)"'X'VX(X'X)"" as in (7.72), where
B = (X'’X)"'X'y and cov(y) = ?V.

(a) Show that the weighted least-squares estimator B= (ﬁo, ﬁl)' for the
model y; = B, + Byx; + & with var(y;) = o’x; has the form given in
(7.73).

(b) Verify the expression for cov(f}) in (7.74).

Obtain the expression for cov(ﬁ*) in (7.75).

As an alternative derivation of var(f);f) in (7.76), use the following two steps to

find var(ﬁ’f) using [§]‘ =i =X)yi/ > —X)? from the answer to

Problem 6.2:

(a) Using var(y) = ¢®x;, show that var(B}) = oY, (xi — ©)*x;/
(>0 — 56)2]2- A

(b) Show that this expression for var(3}) is equal to that in (7.76).

Using x = 2, 3, 5,7, 8, 10, compare var($}) in (7.76) with var(8,) in (7.77).

Provide an alternative prE)of of coxi(ﬁf) = Fz(lexl)*l jn (7.81) using the

definition in (3.24), cov(B}) = E{[B; — E(BDIIB; — EB)T'}.

Prove Theorem 7.9b.

Provide the missing steps in the proof of Theorem 7.9¢(ii).

Show that XOIﬁT is biased for estimating xo; 3, if B, # 0 and X’1 X, # O.

Show that var(xg; [}1) > var(Xg; [}’{)

Complete the steps in the proof of Theorem 7.9d.
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MULTIPLE REGRESSION: ESTIMATION

Show that for the no-intercept model y; = Bix; + €, the least-squares estima-
tor is B = 3", xyi/ 32, 22 as in (7.86).

Obtain E(/§’{) =Bodxi/ > X2+ B, in  (7.87) using (7.80),
EB}) =B, + AB..

Suppose that we use the model y; = B + Bjx; + € when the true model is
i = Bo+ Bixi + Box? + Byx} + &

(a) Using (7.80), find E(Bg) and E(BT) if observations are taken at
x=-3, -2, -1,0,1,2,3.
(b) Using (7.85), find E(s%) for the same values of x.

Show that X5.; = X, — XZ(XI) is orthogonal to X, that is, X’1X2.1 =0, asin
(7.95).

Show that ﬁz in (7.98) is the same as in the full fitted model
y=XiB +XoB;.

When gasoline is pumped into the tank of a car, vapors are vented into the
atmosphere. An experiment was conducted to determine whether y, the

amount of vapor, can be predicted using the following four variables based
on initial conditions of the tank and the dispensed gasoline:

x; = tank temperature (°F)
x, = gasoline temperature (°F)
X3 = vapor pressure in tank (psi)

x4 = vapor pressure of gasoline (psi)

The data are given in Table 7.3 (Weisberg 1985, p. 138).
(a) Find [§ and s2.

(b) Find an estimate of cov(ﬁ).

(¢) Find ﬁl and [§0 using S,, and s, as in (7.46) and (7.47).
(d) Find R* and R2.

In an effort to obtain maximum yield in a chemical reaction, the values of the
following variables were chosen by the experimenter:

x; = temperature (°C)
X, = concentration of a reagent (%)
x3 = time of reaction (hours)

Two different response variables were observed:

y1 = percent of unchanged starting material

y» = percent converted to the desired product
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TABLE 7.3 Gas Vapor Data
y X1 X2 X3 X4 y X1 X2 X3 X4
29 33 53 3.32 3.42 40 90 64 7.32 6.70
24 31 36 3.10 3.26 46 90 60 7.32 7.20
26 33 51 3.18 3.18 55 92 92 7.45 7.45
22 37 51 3.39 3.08 52 91 92 7.27 7.26
27 36 54 3.20 341 29 61 62 391 4.08
21 35 35 3.03 3.03 22 59 42 3.75 3.45
33 59 56 4.78 4.57 31 88 65 6.48 5.80
34 60 60 4.72 4.72 45 91 89 6.70 6.60
32 59 60 4.60 4.41 37 63 62 4.30 4.30
34 60 60 4.53 4.53 37 60 61 4.02 4.10
20 34 35 2.90 2.95 33 60 62 4.02 3.89
36 60 59 4.40 4.36 27 59 62 3.98 4.02
34 60 62 4.31 4.42 34 59 62 4.39 4.53
23 60 36 4.27 3.94 19 37 35 2.75 2.64
24 62 38 4.41 3.49 16 35 35 2.59 2.59
32 62 61 4.39 4.39 22 37 37 2.73 2.59

The data are listed in Table 7.4 (Box and Youle 1955, Andrews and Herzberg

1985, p. 188). Carry out the following for y;:

(a) Find ﬁ and s.
(b) Find an estimate of cov(ﬁ).

TABLE 7.4 Chemical Reaction Data

Y1 2 X1 X2 X3
41.5 45.9 162 23 3
33.8 53.3 162 23 8
27.7 57.5 162 30 5
21.7 58.8 162 30 8
19.9 60.6 172 25 5
15.0 58.0 172 25 8
12.2 58.6 172 30 5
4.3 52.4 172 30 8
19.3 56.9 167 27.5 6.5
6.4 554 177 27.5 6.5
37.6 46.9 157 27.5 6.5
18.0 57.3 167 32.5 6.5
26.3 55.0 167 22.5 6.5
9.9 58.9 167 27.5 9.5
25.0 50.3 167 27.5 3.5
14.1 61.1 177 20 6.5
15.2 62.9 177 20 6.5
159 60.0 160 34 7.5
19.6 60.6 160 34 7.5
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TABLE 7.5 Land Rent Data

y X1 X2 A3 y X1 X2 X3
18.38 15.50 17.25 24 8.50 9.00 8.89 .08
20.00 22.29 18.51 .20 36.50 20.64 23.81 24
11.50 12.36 11.13 12 60.00 81.40 4.54 .05
25.00 31.84 5.54 12 16.25 18.92 29.62 72
52.50 83.90 5.44 .04 50.00 50.32 21.36 .19
82.50 72.25 20.37 .05 11.50 21.33 1.53 .10
25.00 27.14 31.20 27 35.00 46.85 5.42 .08
30.67 40.41 4.29 .10 75.00 65.94 22.10 .09
12.00 12.42 8.69 41 31.56 38.68 14.55 17
61.25 69.42 6.63 .04 48.50 51.19 7.59 13
60.00 48.46 27.40 12 77.50 59.42 49.86 13
57.50 69.00 31.23 .08 21.67 24.64 11.46 21
31.00 26.09 28.50 21 19.75 26.94 2.48 .10
60.00 62.83 29.98 17 56.00 46.20 31.62 .26
72.50 77.06 13.59 .05 25.00 26.86 53.73 43
60.33 58.83 45.46 .16 40.00 20.00 40.18 .56
49.75 59.48 35.90 32 56.67 62.52 15.89 .05
(¢) Find R* and R2.
(d) In order to find the maximum yield for y,, a second-order model is of
interest. Find ﬁ and s* for the model y; = B, + Byx1 + Boxs + Bsx3+
Bax? + Bsx3 + Bexs + Brxixa + Bgx1x3 + Boxaxs + €.
(e) Find R? and Rg for the second-order model.
7.55 The following variables were recorded for several counties in Minnesota in

1977:
y = average rent paid per acre of land with alfalfa
x1 = average rent paid per acre for all land
X, = average number of dairy cows per square mile
x3 = proportion of farmland in pasture

The data for 34 counties are given in Table 7.5 (Weisberg 1985, p. 162). Can
rent for alfalfa land be predicted from the other three variables?

(a) Find B and s2.
(b) Find [;'1 and Bo using S,, and s,, as in (7.46) and (7.47).
(¢) Find R? and R2.



8 Multiple Regression: Tests of
Hypotheses and Confidence
Intervals

In this chapter we consider hypothesis tests and confidence intervals for the
parameters By, 3, .., B, in B in the model y = X3 + £. We also provide a confi-
dence interval for o> = var(y;). We will assume throughout the chapter that y is
N,(XB, o°1), where X is n x (k + 1) of rank k + 1 < n.

8.1 TEST OF OVERALL REGRESSION

We noted in Section 7.9 that the problems associated with both overfitting and under-
fitting motivate us to seek an optimal model. Hypothesis testing is a formal tool for,
among other things, choosing between a reduced model and an associated full model.
The hypothesis Hy,, expresses the reduced model in terms of values of a subset of the
B;’s in B. The alternative hypothesis, H, is associated with the full model.

To illustrate this tool we begin with a common test, the test of the overall
regression hypothesis that none of the x variables predict y. This hypothesis
(leading to the reduced model) can be expressed as Hp: f; =0, where
Bi = By, Bas - - -, B) - Note that we wish to test Hy : 8; = 0, not Hy : 8 = 0, where

o= (5)

Since f3 is usually not zero, we would rarely be interested in including B, = 0 in the
hypothesis. Rejection of Hy: B = 0 might be due solely to B, and we would not
learn whether the x variables predict y. For a test of Hy: 8 = 0, see Problem 8.6.
We proceed by proposing a test statistic that is distributed as a central F if Hy is true
and as a noncentral F otherwise. Our approach to obtaining a test statistic is somewhat

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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simplified if we use the centered model (7.32)

. a
Y—U,XL-)<BI> + &,

where X, = [I — (1/n)J]X| is the centered matrix [see (7.33)] and X, contains all the
columns of X except the first [see (7.19)]. The corrected total sum of squares
SST = Y%, (v; — ¥)* can be partitioned as

> 0= = BXy+ D 0= 9P - BXly| by (753)]
i=1
= B/ XX.B; + SSE = SSR + SSE  [by (7.54)], 8.1

where SSE is as given in (7.39). The regression sum of squares SSR = B,IX:,XCBI is
clearly due to ;.

In order to construct an F test, we first express the sums of squares in (8.1) as quad-
ratic forms in y so that we can use theorems from Chapter 5 to show that SSR and
SSE have chi-square distributions and are independent. Using Y .(y; — y)? =

YL = (1/n)d]y in (5.2), B; = (X'X.)"'Xly in (7.37), and SSE = 37, (yi — y*—
B/ Xy in (7.39), we can write (8.1) as

1
y (I - —J>y =SSR + SSE
n
1
=yYX.XX) Xy +y <I - J) y — YX(X X)Xy
n
/ / 1
=yHy+y (I—;J—Hc)y, (8.2)

where H, = X.(X/X,)'X.
In the following theorem we establish some properties of the three matrices of the
quadratic forms in (8.2).

Theorem 8.1a. The matricesT — (1/n) J, H, = X.(X'X.)"'X/,andT — (1/n) J — H.
have the following properties:

(i) H[I-(1/n) J]=H,. (8.3)
(i) H, is idempotent of rank k.
(iii) IT— (1/n) J — H, is idempotent of rank n — k — 1.
(iv) H[I—-(1/n) J—H.]=O. (8.4)

Proor. Part (i) follows from X'j = 0, which was established in Problem 7.16. Part (ii)
can be shown by direct multiplication. Parts (iii) and (iv) follow from (i) and (ii). U
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The distributions of SSR/o? and SSE/a? are given in the following theorem.
Theorem 8.1b. If y is N,(XB, o2I), then SSR/0? = B,X'X.B,/0? and
SSE/a? = |30 (i — 9)? — i;’lx'cxcizl} /o2 have the following distributions:

(i) SSR/c?is x%(k, A1), where A; = W'Ap/20% = B X X B, /20>
(i) SSE/02 is x2(n — k — 1).

Proor. These results follow from (8.2), Theorem 8.1a(ii) and (iii), and Corollary 2 to
Theorem 5.5. O

The independence of SSR and SSE is demonstrated in the following theorem.

Theorem 8.1c. Ifyis N, (X3, o 2T), then SSR and SSE are independent, where SSR
and SSE are defined in (8.1) and (8.2).

Proor. This follows from Theorem 8.1a(iv) and Corollary 1 to Theorem 5.6b. [
We can now establish an F test for Hy: B, = 0 versus Hy: B, # 0.

Theorem 8.1d. If y is N,(XB, o2I), the distribution of

SSR/(ko? SSR/k
SSE/[(mn —k—1)0?] SSE/(n—k—1)
is as follows:
(i) If Hy: B, = 0 is false, then
F is distributed as F(k,n —k — 1, A;),
where A = B/ X.X.B,/20°.
(i) If Hy: B; = 0 is true, then A\ = 0 and
F is distributed as F(k,n — k — 1).
ProOF
(i) This result follows from (5.30) and Theorems 8.1b and 8.1c.
(i) This result follows from (5.28) and Theorems 8.1b and 8.1c. ([l

Note that A; = 0 if and only if B, = 0, since X_X_ is positive definite (see Corollary
1 to Theorem 2.6b).
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TABLE 8.1 ANOVA Table for the F Test of Hy : 3; =0

Source of Expected Mean
Variation df Sum of Squares Mean Square Square
Dueto B, k SSR = Bllxiy = BXy - np? SSR/k o? + 1B XX B
Error n—k—1 SSE:Z(yi_y)z_ig’lx’cy SSE/(n—k—1) o2
=yy-BXYy
Total n—1 SST =3, i — )
The test for Hy : B; = 0 is carried out as follows. Reject Hy if F > Fyxpn—k—1,

where F,xn—k—1 is the upper a percentage point of the (central) F distribution.
Alternatively, a p value can be used to carry out the test. A p value is the tail area
of the central F distribution beyond the calculated F value, that is, the probability
of exceeding the calculated F' value, assuming Hy : B, = 0 to be true. A p value
less than « is equivalent to F > Fo g —k—1.

The analysis-of-variance (ANOVA) table (Table 8.1) summarizes the results and
calculations leading to the overall F test. Mean squares are sums of squares
divided by the degrees of freedom of the associated chi-square (y?) distributions.

The entries in the column for expected mean squares in Table 8.1 are simply
E(SSR/k) and E[SSE/(n —k — 1)]. The first of these can be established by
Theorem 5.2a or by (5.20). The second was established by Theorem 7.3f.

If Hy : B, = 0 is true, both of the expected mean squares in Table 8.1 are equal to
o2, and we expect F'tobe near 1. If B, # 0, then E(SSR/k) > o2 since XZXC is posi-
tive definite, and we expect F to exceed 1. We therefore reject H,, for large values of F.

The test of Hy : 3; = 0 in Table 8.1 has been developed using the centered model
(7.32). We can also express SSR and SSE in terms of the noncentered model
y=XB+ €in (7.4):

SSR = BX'y —ny?, SSE =y'y — BXly. (8.6)

These are the same as SSR and SSE in (8.1) [see (7.24), (7.39), (7.54), and Problems
7.19, 7.25].

Example 8.1. Using the data in Table 7.1, we illustrate the test of Hy : 3, = 0 where,
in this case, B; = (8, 8,)'. In Example 7.3.1(a), we found X'y = (90, 482, 872) and

B = (5.3754, 3.0118, —1.2855). The quantities y'y, B'X'y, and ny? are given by

12
i=1
90
B/X/y =(5.3754,3.0118, —1.2855) | 482 | = 814.5410,
872
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TABLE 8.2 ANOVA for Overall Regression Test for Data in Table 7.1

Source df SS MS F
Due to B; 2 139.5410 69.7705 24.665
Error 9 25.4590 2.8288

Total 11 165.0000

Thus, by (8.6), we obtain

SSR = B'X'y — ny* = 139.5410,
SSE = y'y — B'X'y = 25.4590,

> _0i=3’ =Yy —ny’ = 165.
i=1

The F testis given in Table 8.2. Since 24.665 > F 529 = 4.26, wereject Hy: B, =0
and conclude that at least one of 3; or 3, is not zero. The p value is .000223. O

8.2 TEST ON A SUBSET OF THE g’S

In more generality, suppose that we wish to test the hypothesis that a subset of the x’s
is not useful in predicting y. A simple example is Hy: 8; = 0 for a single B;. If Hy is
rejected, we would retain B;x; in the model. As another illustration, consider the
model in (7.2)

y = Bo+ Bix1 + Byxa + B3x] + By; + Bsxixa + &,

for which we may wish to test the hypothesis Hy: B3 = 8, = Bs = 0. If Hj is
rejected, we would choose the full second-order model over the reduced first-order
model.

Without loss of generality, we assume that the 3’s to be tested have been arranged
last in 3, with a corresponding arrangement of the columns of X. Then 8 and X can
be partitioned accordingly, and by (7.78), the model for all n observations becomes

y:Xﬁ—l—e:(Xl,Xz)(Bl) +e
B>

=Xi1B, +Xuof, + &, 8.7
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where f3, contains the ’s to be tested. The intercept B, would ordinarily be
included in f3,.

The hypothesis of interest is Hy: B, = 0. If we designate the number of par-
ameters in 3, by h, then X; is nxh, B; is (k—h+1)x 1, and X; is
nx (k—h+1). Thus B] = (BO: Bl’ T Bk—h)/ and BZ = (Bk—h-Ha ) Bk)/- In
terms of the illustration at the beginning of this section, we would have
Bi = By, By, Bo) and B, = (Bs, By, Bs)'. Note that B, in (8.7) is different from

B, in Section 8.1, in which 8 was partitioned as 8 = <§0) and B, constituted
1

all of B except 3.
To test Hy: B, = 0 versus H; : B, # 0, we use a full-reduced-model approach.
The full model is given by (8.7). Under Hy: 3, = 0, the reduced model becomes

y=XiB, +¢€". (8.8)

We use the notation B} and £* as in Section 7.9, because in the reduced model, B}
and £ will typically be different from B, and € in the full model (unless X; and X,
are orthogonal; see Theorem 7.9a and its corollary). The estimator of B} in the
reduced model (8.8) is BT = (X’IX])’lX’ly, which is, in general, not the same as
the first k — h + 1 elements of ﬁ = (X'’X)"!'X'y from the full model (8.7) (unless
X and X, are orthogonal; see Theorem 7.10).

In order to compare the fit of the full model (8.7) to the fit of the reduced model
(8.8), we add and subtract i%’ X'y and i%T/X’ly to the total corrected sum of squares
S (v — ¥)? =Yy — ny? s0 as to obtain the partitioning

Yy —n? = (y'y — BXy) + (BXy — B/ Xy) + (B, Xiy — ny) (8.9)

or
SST = SSE + SS(B,|B,) + SSR(reduced), (8.10)

where SS(B,|B)) = B’X’ y — i%’l"X’ly is the “extra” regression sum of squares due to
B, after adjusting for B,. Note that SS(,|8;) can also be expressed as

SS(B,|B) = BX'y —ny* — (B X}y — ny")
= SSR(full) — SSR(reduced),

which is the difference between the overall regression sum of squares for the full
model and the overall regression sum of squares for the reduced model [see (8.6)].

If Hy: B, = 0 is true, we would expect SS(fB,|B,) to be small so that SST in
(8.10) is composed mostly of SSR(reduced) and SSE. If B, # 0, we expect
SS(B,|B,) to be larger and account for more of SST. Thus we are testing
Hy: B, = 0 in the full model in which there are no restrictions on ;. We are not
ignoring 3, (assuming 3, = 0) but are testing Hy: B, = 0 in the presence of B,
that is, above and beyond whatever B8, contributes to SST.
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To develop a test statistic based on SS(B,|B,), we first write (8.9) in terms of quad-
ratic forms in y. Using B = (X’X)"'X'y and i%’{ = (X,X))"'X}y and (5.2), (8.9)
becomes

/ 1 / / ! — 17 / ! — 1/
Y{I-J)y=yy - yXXX)" Xy +yXXX)" Xy
_ _ 1
— VXXX Xy +y X (X X)Xy — ¥ Jy
=y [I-XXX) "Xy +yIXXX)'X - X; (X X)Xy

1
+y {xwxaxl)‘lxa ——J}y (8.11)
n
1
=y -Hy+yH-H)y+y (H1 - ;J) Y, (8.12)

where H = X(X'X)'X’ and H; = X;(X/X;)"'X]. The matrix T — H was shown to
be idempotent in Problem 5.32a, with rank n — k — 1, where k + 1 is the rank of X
(k + 1 is also the number of elements in ). The matrix H — H; is shown to be idem-
potent in the following theorem.

Theorem 8.2a. The matrix H — H; = X(X'X)™'X’ — X; (X} X)X/ is idempotent
with rank A, where & is the number of elements in f3,.

Proor. Premultiplying X by H, we obtain

HX = XX'X)"'X'X =X
or

X = [XX'X)'X']X. (8.13)

Partitioning X on the left side of (8.13) and the last X on the right side, we obtain [by
an extension of (2.28)]

X1, Xo) = [XX'X)'X'] (X1, X2)
= [XXX)'X'X;, XX'X)'X'Xo].

Thus

X; = XX'X)'X'X,,
(8.14)
X, = X(X'X)"1X'X,.
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Simplifying HH; and H;H by (8.14) and its transpose, we obtain

HH1 = H] and HlH = Hl. (815)

The matrices H and H; are idempotent (see Problem 5.32). Thus

(H—H,)* =H>-HH, - HH + H}
=H-H; - H; +H,
:H_Hls

and H — H; is idempotent. For the rank of H — H;, we have (by Theorem 2.13d)

rank(H — H;) = tr(H — H;)
= tr(H) — tr(H;) [by (2.86)]

= r[XX'X) " 'X'] — o [X (X[ X)) 'X] ]
= [ X'XXX) '] - o[ XXX X)) '] [by (2.87)]
=tr(lgsy) —tr(epy) =k+1—(Gk—h+1)=nh.

|
We now find the distributions of y'(I — H)y and y'(H — H,)y in (8.12) and show
that they are independent.

Theorem 8.2b. Ify is N,,(Xf, o*I) and H and H, are as defined in (8.11) and (8.12),
then

i) YA -Hy/o?is xy2(n—k—1).
(i) yH-H)y/o”is x*(h,A), A = B, [ XX — XX (X X)) X[ X0 B, /207 .
(iii) y'(@— H)y and y'(H — H))y are independent.

Proor. Adding y'(1/n)Jy to both sides of (8.12), we obtain the decomposition
vy =y {d—-H)y+yM—H))y+yH;y. The matrices I — H, H— H;, and H;
were shown to be idempotent in Problem 5.32 and Theorem 8.2a. Hence by
Corollary 1 to Theorem 5.6c, all parts of the theorem follow. See Problem 8.9 for
the derivation of A;. O

If A\; = 0 in Theorem 8.2b(ii), then y'(H — H;)y/o? has the central chi-square
distribution x2(h). Since X;X, — X5X (X[ X;)'X|X, is positive definite (see
Problem 8), A; = 0 if and only if 8, = 0.

An F test for Hy: 3, = 0 versus H;: 3, # 0 is given in the following theorem.
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Theorem 8.2¢c. Let y be N,(XB, o2I) and define an F statistic as follows:

_ YH-Hyy/h  SS(B,|B)/h 8.16)
YA -Hy/(n—k—1) SSE/(n—k—1) '
(BX'y — B X\y)/h 8.17)

T Wy - BXy/n—k—1)

where B = (X'X)~'X'y is from the full model y = Xg + & and B = (X, X,)"'X}y
is from the reduced model y = X B,* + &*. The distribution of F' in (8.17) is as
follows:

(1) If Hy: B, = 0 is false, then
F is distributed as F(h,n — k — 1, Ay),

where A = B [X5X, — X5 X (X[ X)) ' X[ Xz] B, /202
(i) If Hy: B, = 0 is true, then A; = 0 and

F is distributed as F(h,n — k — 1).

Proor

(i) This result follows from (5.30) and Theorem 8.2b.
(i) This result follows from (5.28) and Theorem 8.2b. U

The test for Hy: B, = 0 is carried out as follows: Reject Hy if F > Fopp—k—1,
where Fo -1 1s the upper o percentage point of the (central) F distribution.
Alternatively, we reject Hy if p<a, where p is the p value. Since
X,X, — X5X (X, X)X, X, is positive definite (see Problem 8.10), A; > 0 if
Hy: B, = 0 is false. This justifies rejection of Hy for large values of F.

Results and calculations leading to this F test are summarized in the ANOVA table
(Table 8.3), where B, is(k—h+1)x 1, B,ish x 1,X;isn x (k—h+ 1), and X,
isn X h.

The entries in the column for expected mean squares are E[SS(B,|B,)/h] and
E[SSE/(n — k — 1)]. For E[SS(,|B,)/h], see Problem 8.11. Note that if Hy is
true, both expected mean squares (Table 8.3) are equal to o2, and if Hy is false,
E[SS(B,|B1)/H] > E[SSE/(n — k — 1)] since X5Xs — X5X; (X} X;)"'X| X, is posi-
tive definite. This inequality provides another justification for rejecting Hy for large
values of F.
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Example 8.2a. Consider the dependent variable y, in the chemical reaction data in
Table 7.4 (see Problem 7.52 for a description of the variables). In order to check
the usefulness of second-order terms in predicting y,, we use as a full model,

y2 =By + Bix1 + Boxz + B3xs + Baxi + Bsx3 + B3 + Brxixy + Byxixs + Boxaxs + &,
and test Hy:B4=Bs=...=Ly=0. For the full model, we obtain B/X’ y—ny’=
339.7888, and for the reduced model y,=gj+ Bjxi+Bx2+B5x3+ex, we
have B X|y—ny?>=151.0022. The difference is B'X'y—B X|y=188.7866. The
error sum of squares is SSE=60.6755, and the F statistic is given by (8.16) or Table 8.3 as

~ 188.7866/6 31.4644
~60.6755/9  6.7417

=4.6671,

which has a p value of .0198. Thus the second-order terms are useful in prediction of
v,. In fact, the overall F in (8.5) for the reduced model is 3.027 with p=.0623, so that
X1,X2, and x5 are inadequate for predicting y,. The overall F for the full model is 5.600
with p = .0086. O

In the following theorem, we express SS(f8,|B;) as a quadratic form in iﬂz that
corresponds to A; in Theorem 8.2b(ii).

Theorem 8.2d. If the model is partitioned as in (8.7), then
SS(B,|B,) = BX'y — B X!y can be written as

SS(B,|BY) = By [XoXo — X5Xi (X[ X)) X Xa] By (8.18)

where Bz is from a partitioning of ﬁ in the full model:

g - ([?1) — (X'X)"'Xly. (8.19)

B,

Proor. We can write Xi% in terms of B1 and Bz as Xﬁ = (X, Xz)(gl ) = Xli31+
2

X, 8,. To write B} in terms of B, and B,, we note that by (7.80), E(B}) = B, + AB,
where A = (X’IXI)_'X’1 X5, is the alias matrix defined in Theorem 7.9a. This can be

estimated by ﬁT = i%l + Ai%z, where i%l and Bz are from the full model, as in (8.19).
Then SS(B,|B;) in (8.10) or Table 8.3 can be written as

SS(B,|B) = B'X'y — B} Xy
= BX'XB - B/X|XiB" [by (7.8)]
= (B X, + BXY)Xi By +XoBy) — (B, + BLANX X1 (B, + AB,).

Multiplying this out and substituting (X} X;)"'X/| X, for A, we obtain (8.18). [
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In (8.18), it is clear that SS(B,|B,) is due to B,. We also see in (8.18) a direct corre-
spondence between SS(f3,|B;) and the noncentrality parameter A; in Theorem 8.2b
(i1) or the expected mean square in Table 8.3.

Example 8.2b. The full-reduced-model test of Hy : 8, = 0 in Table 8.3 can be used
to test for significance of a single Bj. To illustrate, suppose that we wish to
test Hy : B, = 0, where B is partitioned as

Then X is partitioned as X = (X, Xi), where x; is the last column of X and X contains
all columns except x,. The reduced model is y = X; B8] + £, and B is estimated as

[AET = (X} X;)"'X/y. In this case, » = 1, and the F statistic in (8.17) becomes

__ BXy-BiXjy
'y - BXy)/(n—k-1)

(8.20)

which is distributed as F(1, n —k — 1) if Hy: B; = 0 is true. O

Example 8.2c. The testin Section 8.1 for overall regression can be obtained as a full -
reduced-model test. In this case, the partitioning of X and of B8 is X = (j, X;) and

Bo
_ B _ Bo)
b= : <Bl'
B

The reduced model is y = B;j + €", for which we have
B; =y and SS(B;) = ny* (8.21)

(see Problem 8.13). Then SS(B;|8y) = ﬁ’X’y — ny?, which is the same as (8.6). O

8.3 F TEST IN TERMS OF R?

The F statistics in Sections 8.1 and 8.2 can be expressed in terms of R* as defined
in (7.56).
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Theorem 8.3. The F statistics in (8.5) and (8.17) for testing Hy: f8; =0 and
Hy : B, = 0, respectively, can be written in terms of R as

(BX'y — ny?)/k

_ Y (8.22)
W'y - BXy)/(n—k—-1)
- R%/k
AR —k—1) (8:23)
and
_ B X’/y — B Xiy)/h (8.24)
W'y - BXy)/(n—-k—-1)
2 p2
(R°—R)/h (8.25)

T A-R)/n—k—1)

where R? for the full model is given in (7.56) as R2 = (B'X'y — ny?)/(y'y — ny*) and
R? for the reduced model y = X; B; + € in (8.8) is similarly defined as

_ B Xy —ny

R2
Yy — ny?

r

(8.26)

Proor. Adding and subtracting ny” in the denominator of (8.22) gives

_ (BX'y — ny)/k |
[y'y — ny?> — (B X'y — ny?)]/(n —k — 1)

Dividing numerator and denominator by y'y — ny” yields (8.23). For (8.25), see
Problem 8.15. U

In (8.25), we see that the F test for Hy : B, = 0 is equivalent to a test for significant
reduction in R*. Note also that since F > 0 in (8.25), we have R*> > R?, which is an
additional confirmation of property 3 in Section 7.7, namely, that adding an x to the
model increases R>.

Example 8.3. For the dependent variable y, in the chemical reaction data in
Table 7.4, a full model with nine x’s and a reduced model with three x’s were con-
sidered in Example 8.2a. The values of R* for the full model and reduced model
are .8485 and .3771, respectively. To test the significance of the increase in R*
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from .3771 to .8485, we use (8.25)

Fe (R* —R»)/h (8485 —.3771)/6
S (1—=R)/(n—k—1)  (1—.8485)/9
.07857
=——=4.6671
.01683 6671,
which is the same as the value obtained for F in Example 8.2a. g

8.4 THE GENERAL LINEAR HYPOTHESIS TESTS FOR
Hy:CB =0 AND Hy:CB =t

We discuss a test for Hy : Cf3 = 0 in Section 8.4.1 and a test for Hy: CB =t in
Section 8.4.2.

8.4.1 The Test for H) : CS =0

The hypothesis Hy : CB = 0, where C is a known ¢ x (k + 1) coefficient matrix of
rank g < k + 1, is known as the general linear hypothesis. The alternative hypothesis
is H;: CB # 0. The formulation Hy: CB = 0 includes as special cases the hypoth-
eses in Sections 8.1 and 8.2. The hypothesis Hy: B, = 0 in Section 8.1 can be
expressed in the form Hy : Cf3 = 0 as follows

Hy : CB = (0, Ik)(g(l)) =B =0 [by 2.30)],

where 0 is a k x 1 vector. Similarly, the hypothesis Hy : 8, = 0 in Section 8.2 can be
expressed in the form Hy : CB = 0:

Ho:CB = (O, m(ﬁ;) — B, =0,

where the matrix O is & x (k — h + 1) and the vector 0 is & x 1.
The formulation Hy : Cf3 = 0 also allows for more general hypotheses such as

Ho:2B, — B, =08, —2B;+3B, =B, — B4 =0,

which can be expressed as follows:

Bo
02 -1 0 o\|[a 0
Hy: |0 0 -2 3||Bl=1o0
o1 o o -1/|p8 0
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As another illustration, the hypothesis Hy : B; = 8, = B3 = B, can be expressed in
terms of three differences, Hy : B, — B, = B, — B3 = B3z — B4 = 0, or, equivalently,
asHy: CB=0:

Bo
01 -1 0 o0\[B§s 0
Hy: |0 0 - B |=1{0
0 0 —1) | B 0

By

In the following theorem, we give the sums of squares used in the test of
Hy:CB =0 versus H;: CB # 0, along with the properties of these sums of
squares. We denote the sum of squares due to Cf (due to the hypothesis) as SSH.

Theorem 8.4a. If y is distributed N,(XB, o) and C is g x (k+ 1) of rank
qg < k+1, then

(i) CB is N,[CB, o*CX'X)"'C'].
(i) SSH/o? = (CRY[CX'X)~'C'T'CB/c? is x2(g, A),
where A = (CB)'[CX' X)"'C'17'CB/20>.
(iii) SSE/c? = y'[I — X(X'X) 'Xly/c? is x2(n — k — 1).
(iv) SSH and SSE are independent.

Proor

(1) By Theorem 7.6b (i), B is Ni+1(B, o2(X'X)""]. The result then follows by
Theorem 4.4a (ii).

(i) Since cov(CP) = o2C(X’X)~'C’ and ¢2[C(X'X)"'C]"'CX'X)"'C' /o2 =
I, the result follows by Theorem 5.5.

(iii) This was established in Theorem 8.1b(ii).

(iv) Since B and SSE are independent [see Theorem 7.6b(iii)], SSH =
BC'[CX'X)"'C'1CB and SSE are also independent (Seber 1977, pp. 17,
33-34). For a more formal proof, see Problem 8.16. O

The F test for Hy : Cf3 = 0 versus H; : C3 # 0 is given in the following theorem.

Theorem 8.4b. Let y be N,(Xf, o2I) and define the statistic

P SSH/q
~ SSE/(n—k — 1)
_(CRICXX)'CT'CB/g
N SSE/(n —k — 1) ’ ®-27)

where Cis g x (k + 1) of rank ¢ < k + 1 and B = (X'X)"'X'y. The distribution of F
in (8.27) is as follows:
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(1) If Hy: CB = 0 is false, then
F is distributed as F(g,n — k — 1, A),

where A = (CB) [CX'X)"'C'] "' CB/202
(ii) If Hy: CB = 0 is true, then

F is distributed as F(g, n —k — 1).

ProoFr

(i) This result follows from (5.30) and Theorem 8.4a.
(ii) This result follows from (5.28) and Theorem 8.4a. (Il

The F test for Hy : Cf3 = 0 in Theorem 8.4b is usually called the general linear
hypothesis test. The degrees of freedom ¢ is the number of linear combinations in
CB. The test for Hy: CB =0 is carried out as follows. Reject H, if
F > Fogn—k—1, where Fis as given in (8.27) and F, 4,1 is the upper a percentage
point of the (central) F distribution. Alternatively, we can reject Hy if p < a where p
is the p value for F. [The p value is the probability that F(g,n — k — 1) exceeds the
observed F value.] Since C(X'X) '’ is positive definite (see Problem 8.17), A > 0 if
H, is false, where A = (CB)[C(X'X)~'C']"'CB/25?%. Hence we reject Hy : CB =0
for large values of F.

In Theorems 8.4a and 8.4b, SSH could be written as (CB —0[cx'x)"'c!
(Ci% — 0), which is the squared distance between Ci% and the hypothesized value
of CB. The distance is standardized by the covariance matrix of Ci%. Intuitively, if
H, is true, CB tends to be close to 0 so that the numerator of F in (8.27) is small.
On the other hand, if Cf is very different from 0, the numerator of F tends to be large.

The expected mean squares for the F test are given by

SSH 1 -
E(q) = o7+ cpyfexxie] e (8.28)

o SSE Y _
n—k—1) 7"

These expected mean squares provide additional motivation for rejecting H, for large
values of F. If Hy is true, both expected mean squares are equal to 0'2; if Hy is false,
E(SSH/q) > E[SSE/(n — g — 1)].

The F statistic in (8.27) is invariant to full-rank linear transformations on the x’s or
on y.

Theorem 8.4c. Letz = cy and W = XK, where K is nonsingular (see Corollary 1 to
Theorem 7.3e for the form of K). The F statistic in (8.27) is unchanged by these
transformations.



8.4 THE GENERAL LINEAR HYPOTHESIS TESTS FOR H,y:CB=0 AND H,:CB =t 201
Proor. See Problem 8.18. O

In the first paragraph of this section, it was noted that the hypothesis Hy: B, = 0
can be expressed in the form Hy : CB = 0. Since we used a full-reduced-model
approach to develop the test for Hy : 3, = 0, we expect that the general linear hypoth-
esis test is also a full—-reduced-model test. This is confirmed in the following theorem.

Theorem 8.4d. The F test in Theorem 8.4b for the general linear hypothesis
Hy : CB = 0 is a full-reduced-model test.

Proor. The reduced model under H is
y = X8 + € subject to C3 = 0. (8.29)

Using Lagrange multipliers (Section 2.14.3), it can be shown (see Problem 8.19) that
the estimator for B in this reduced model is

B.=B—- XX 'Ccx'x)"'c'1'cp, (8.30)

where i% = (X’X)" X'y is estimated from the full model unrestricted by the hypoth-

esis and the subscript ¢ in ﬁc indicates that B is estimated subject to the constraint
CpB = 0. In (8.29), the X matrix for the reduced model is unchanged from the full

model, and the regression sum of squares for the reduced model is therefore if’CX’ y

(for a more formal justification of BLX'y, see Problem 8.20). Hence, the regression
sum of squares due to the hypothesis is

SSH = B'X'y — BX'y. 8.31)
By substituting i%c [as given by (8.30)] into (8.31), we obtain
SSH = (CR[CX'X)"'C'I"'CB (8.32)

(see Problem 8.21), thus establishing that the F test in Theorem 8.4b for Hy: Cf3 = 0,
is a full-reduced-model test. O

Example 8.4.1a. In many cases, the hypothesis can be incorporated directly into the
model to obtain the reduced model. Suppose that the full model is

Yi = Bo + Bixin + Byxiz + Byxiz + &
and the hypothesis is Hy: 8; = 28,. Then the reduced model becomes

Yi = By + 2Byxi1 + Boxiz + Baxz + &
= B + B (2xi1 + xpp) + Bsxiz + &,
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where (3; indicates a parameter subject to the constraint 8; = 23,. The full model

and reduced model could be fit, and the difference SS(B,|B;) = B'X'y — B*X)y
would be the same as SSH in (8.32). [l

If CB # 0, the estimator [}C in (8.30) is a biased estimator of f3, but the variances
of the ﬁcj’s in ﬁc are reduced, as shown in the following theorem.

Theorem 8.4e. The mean vector and covariance matrix of fic in (8.30) are as
follows:

@) E@B)=B—-XX)'C[cx'x)'c']"'cB. (8.33)
(i) cov(B,) = 2(X'X)"! — 2(X'X)"'C’ [C(X'X)—lc’]’IC(x’X)—l. (8.34)
Proor. See Problem 8.22. O

Since the second matrix on the right side of (8.34) is positive semidefinite, the
diagonal elements of cov(f,) are less than those of cov(f8) = o2(X’X)""; that is,

Var([%cj) < Var(Bj) for j=0,1,2,---,k, where Bcj is the jth diagonal element of
cov(ﬁc) in (8.34). This is analogous to the inequality Var(B;.*) < var(Bj) in

Theorem 7.9¢c, where Bj* is from the reduced model.

Example 8.4.1b. Consider the dependent variable y; in the chemical reaction
data in Table 7.4. For the model y =)+ Bix1+ Brx2+ B3x3+ ¢,
we test Hy : 28, = 23, = (5 using (8.27) in Theorem 8.4b. To express Hy in the
form Cf = 0, the matrix C becomes

01 -1 0
C= (O 0 2 —1)’
and we obtain

Ch— (-.1214)
-\ —6118)°

.003366 —.006943>
—.006943  .044974 )’

—.1214\'/ 003366 —.006943\ '/ —.1214 /2
—.6118 —.006943 .044974 —.6118

5.3449

cxX'x)"'c' = (

F =

~28.62301/2
T 5.3449

which has p = .101. 0

= 2.6776,
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8.4.2 The Test for Hy : CS =t

The test for Hy : CB = tisastraightforward extension of the test for Hy : C8 = 0. With
the additional flexibility provided by ¢, we can test hypotheses suchas Hy : 8, = B, + 5.
We assume that the system of equations Cf =1t is consistent, that is, that
rank(C) = rank(C, t) (see Theorem 2.7). The requisite sums of squares and their prop-
erties are given in the following theorem, which is analogous to Theorem 8.4a.

Theorem 8.4f. If y is N,(XB, ¢>I) and C is ¢ x (k + 1) of rank g < k + 1, then

(i) CB —tis NJ[CB —t, o2 CX'X)"'C'].
(i) SSH/o2 = (CB—ty [C(X’X)—‘C']"(CB —t)/o%is x2(g,\)
where A = (CB — t) [C(X'X)~'C'T"(CB —t)/202.
(iii) SSE/o? = y'[I — X(X'X)"'X'ly/o? is x*(n — k — 1).
(iv) SSH and SSE are independent.

Proor

(1) By Theorem 7.6b (i), B is Niyp1[B, 02(X’X)"!']. The result follows by
Corollary 1 to Theorem 4.4a.
(i) By part (i), COV(CB —t) = 0 2C(X'X)~!C’. The result follows as in the proof
of Theorem 8.4a (ii).
(iii) See Theorem 8.1b (ii).
@iv) Since B and SSE are independent [see Theorem 7.6b (iii)], SSH and SSE are

independent [see Seber (1977, pp. 17, 33—34)]. For a more formal proof, see
Problem 8.23. ]

An F test for Hy : CB = t versus H; : C # tis given in the following theorem,
which is analogous to Theorem 8.4b.

Theorem 8.4g. Let y be N,(XB, o°I) and define an F statistic as follows:

_ SSH/q
T SSE/(n—k—1)
n_ e ! —1 1 A _
_(CB-1 [cx'x)~'c’] " (cB t)/q’ (8.35)
SSE/(n —k — 1)

where B = (X'X)"'X'y. The distribution of F in (8.35) is as follows:
(1) If Hy : CB = t is false, then
F is distributed as F(g,n —k — 1, A),

where A = (CB — t)[C(X'X)"'C']"1(CB - t)/202.
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(ii) If Hy: CB = tis true, then A = 0 and
F is distributed as F(g, n — k — 1).

Proor

(i) This result follows from (5.28) and Theorem 8.4f.
(i1) This result follows from (5.30) and Theorem 8.4f. O

The test for Hy: CB = t is carried out as follows. Reject Hy if F > Fogu—k—1,
where Fo, ,—x—1 is the upper a percentage point of the central F distribution.

Alternatively, we can reject Hy if p < «, where p is the p value for F.
The expected mean squares for the F test are given by

E(SSTH> =02+ é(CB —t/[cxx)7'C]Cp - 1),

o SSE \_ .
n—k—1) 7

By extension of Theorem 8.4d, the F test for Hy: CB =t in Theorem 8.4g is a
full-reduced-model test (see Problem 8.24 for a partial result).

(8.36)

8.5 TESTS ON B; AND a'f8

We consider tests for a single B; or a single linear combination a’ in Section 8.5.1
and tests for several 8;’s or several a;8’s in Section 8.5.2.

8.5.1 Testing One B; or One a'B

Tests for an individual B; can be obtained using either the full-reduced-
model approach in Section 8.2 or the general linear hypothesis approach in
Section 8.4 The test statistic for Hy: 8, = 0 using a full-reduced—model is given
in (8.20) as

BX'y— B/ Xy
poPXY- PRy .
SSE/(i—k—1)’ (8.37)

which is distributed as F(1,n — k — 1) if Hy is true. In this case, B, is the last 3, so

B

that 8 is partitioned as 8 = ( 3
k

) and X is partitioned as X = (X, Xx), where X is
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the last column of X. Then X in the reduced model y = X; 8] + & contains all the
columns of X except the last.

To test Hy : B; = 0 by means of the general linear hypothesis test of Hy : CB = 0
(Section 8.4.1), we first consider a test of Hy: a’B =0 for a single linear combi-
nation, for example, a’B = (0, 2, —2, 3,1)B. Using a’ in place of the matrix C in
CpB =0, we have ¢ = 1, and (8.27) becomes

@B XX) e B @)y

F =
SSE/(n —k — 1) s2a/(X'X) 'a’

(8.38)

where s> =SSE/(n —k —1). The F statistic in (8.38) is distributed as
F(l,n—k—1)if Hy: a'B =0 is true.

To test Hy : B; = 0 using (8.38), we define a =(,...,0,1,0, ...,0), where the
1 is in the jth position. This gives

B

F=—1,
28 ji

(8.39)

where g ; is the jth diagonal element of X'’X)"L. IfHp: ,Bj = 0 s true, F in (8.39) is
distributed as F(1,n —k — 1). We reject Hy : Bj =0if F > Fa1,-k—1 OI, equiva-
lently, if p < «, where p is the p value for F.
By Theorem 8.4d (see also Problem 8.25), the F statistics in (8.37) and (8.39) are the
same (for j = k). This confirms that (8.39) tests Hy : B; = 0 adjusted for the other §’s.
Since the F statistic in (8.39) has 1 and n — k — 1 degrees of freedom, we can
equivalently use the ¢ statistic

ti = B

=
SV 8ii

(8.40)

to test the effect of 8; above and beyond the other 8’s (see Problem 5.16). We reject
Hy: B; =0if |t;| > to/2n—k—1 O, equivalently, if p < a, where p is the p value. For a
two-tailed ¢ test such as this one, the p value is twice the probability that #(n — k — 1)
exceeds the absolute value of the observed 7.

For j=1, (8.40) becomes t= Bl /s\/g11, which is not the same as =

31/ {s/ o — x)z} in (6.14). Unless the x’s are orthogonal, g7;! # >, (x1; — %)%

8.5.2 Testing Several B;’s or a,f's

We sometimes want to carry out several separate tests rather than a single joint test of
the hypotheses. For example, the test in (8.40) might be carried out separately for
each f3;,i =1, ...,k rather than the joint test of Hy : B; = 0 in (8.5). Similarly,
we might want to carry out separate tests for several (say, d) a;8’s using (8.38)
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rather than the joint test of Hy : CB8 = 0 using (8.27), where

In such situations there are two different « levels, the overall or familywise « level
(o) and the o level for each test or comparisonwise o level (o). In some cases
researchers desire to control a, when doing several tests (Saville 1990), and so no
changes are needed in the testing procedure. In other cases, the desire is to control
ay. In yet other cases, especially those involving thousands of separate tests (e.g., micro-
array data), it makes sense to control other quantities such as the false discovery rate
(Benjamini and Hochberg 1995, Benjamini and Yekutieli 2001). This will not be dis-
cussed further here. We consider two ways to control o when several tests are made.

The first of these methods is the Bonferroni approach (Bonferroni 1936), which
reduces a, for each test, so that a is less than the desired level of a*. As an
example, suppose that we carry out the k tests of Hy;: B; =0,j=1,2, ...,k Let
E; be the event that the jth test rejects Hy; when it is true, where P(E ) = «a.
The overall ay can be defined as

ay = P(reject at least one H(; when all Hy; are true)
=PE;or E,... or Ey).

Expressing this more formally and applying the Bonferroni inequality, we obtain

af:P(E1UE2UUEk)

>~

(8.41)
= ka,.

HM»

We can thus ensure that oy is less than or equal to the desired o by simply setting
a. = o /k. Since ayin (8.41) is at most «*, the Bonferroni procedure is a conserva-
tive approach.

To test Hy; : B; =0,/ = 1,2, ..., k, with ay < ", we use (8.40)

(8.42)

and reject H; if |tj| > 4+ jot, n—k—1. Bonferroni critical values #,+ /., are available in
Bailey (1977). See also Rencher (2002, pp. 562—565). The critical values 74+ /., can

also be found using many software packages. Alternatively, we can carry out the test
by the use of p values and reject Hy; if p < o /k.
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More generally, to test Hy; : a;8 = Ofori = 1,2, ...,d with ar < o, weuse (8.38)

_ @B [aXX)"a] aiB

F:
1 S2

(8.43)

and reject Hy; if Fi > Fox 4,1, n—k—1. The critical values Fx/4 are available in many
software packages. To use p values, reject Hy; if p < o*/d.

The above Bonferroni procedures do not require independence of the ﬁj’s; they are
valid for any covariance structure on the Bj’s. However, the logic of the Bonferroni
procedure for testing Ho,;: a;8 =0 for i = 1,2, ...,d requires that the coefficient
vectors aj, a,..., a; be specified before seeing the data. If we wish to choose
values of a; after looking at the data, we must use the Scheffé procedure described
below. Modifications of the Bonferroni approach have been proposed that are less
conservative but still control ay For examples of these modified procedures, see
Holm (1979), Shaffer (1986), Simes (1986), Holland and Copenhaver (1987),
Hochberg (1988), Hommel (1988), Rom (1990), and Rencher (1995, Section
3.4.4). Comparisons of these procedures have been made by Holland (1991) and
Broadbent (1993).

A second approach to controlling ay due to Scheffé (1953; 1959, p. 68) yields
simultaneous tests of Hy: a’ =0 for all possible values of a including those
chosen after looking at the data. We could also test H : a’ = ¢ for arbitrary ¢. For
any given a, the hypothesis Hy: a’B = 0 is tested as usual by (8.38)

@ B [a(X'X)"'a] 2B

F
§2

@'y

S A 8.44
s2a/(X'X) 'a (8.44)

but the test proceeds by finding a critical value large enough to hold for all possible a.
Accordingly, we now find the distribution of max, F.

Theorem 8.5

(i) The maximum value of F in (8.44) is given by

@p?’ __BXXB

_ 8.45
SR XX) a5 (8.45)

G) If y is N,XB, o), then PBX Xi%/ (k+1)s*> is distributed as
Fk+1,n—k—1). Thus
@By
max
a g2/ (X'X)"latk + 1)

is distributed as F(k+ 1, n — k — 1).
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Proor

(1) Using the quotient rule, chain rule, and Section 2.14.1, we differentiate
(a’B)*/a'(X'X)'a with respect to a and set the result equal to 0
0 @B° [PXX)'aR@PB-—@B2AXX)"'a
daa/(X'’X)"'a [a/(X'X) 'a]’ B

Multiplying by [a’(X'X) 'a]?/2a’B and treating 1 x 1 matrices as scalars, we
obtain
[@'(X'X) 'a] B— a/BX'X) 'a=0,
/(Xlx)—

AX'XB = X'XB,
B B= B

where ¢ = a/(X’X)"'a/a’B. Substituting a = cX’X into (8.44) gives

@p? (cBX'XB)? APXXP)? BX’XB

ax =— =
a s2a/(X'X) " 'a sch’X’X(X’X)’ch’XB 2EBXXB S
(i) Using C = I;4; in (8.27), we have, by Theorem 8.4b (ii), that

_ BXXB

= W is distributed as F(k+ 1, n —k — 1).
N

By Theorem 8.5(ii), we have

1 \2
p [mf (a B)

X 2> Fox n—k—1| — a*s
S2a/(X'X) Tatk 4+ 1) = 1]

@'B)*
Plmax—— s ke VDo piymi | = o
l a s2a’(X’X)’1a_( et kttaiet

Thus, to test Hy : a’ = 0 for any and all a (including values of a chosen after seeing
the data) with of <o, we calculate F in (8.44) and reject H, if
F > (k+ DFox iy 1,n-k-1-

To test for individual B;s using using Scheffé’s procedure, we set
a’=(0,...,0,1,0,...,0) with a 1 in the jth position. Then F in (8.44) reduces to
F= Z%]?/szgjj in (8.39), and the square root is 7; = B,/s\/g_jj in (8.42). By Theorem
8.5, we reject Hy: a'B = B; = 0if 1| > \/(k + DF o k1, k-1

For practical purposes [k < (n — 3)], we have

tar ok nt—1 < /(k + DF g i1, nie—1,
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and thus the Bonferroni tests for individual 8;’s in (8.42) are usually more powerful
than the Scheffé tests. On the other hand, for a large number of linear combinations
a’B, the Scheffé test is better since (k + 1)F 4+ x11, n—x—1 is constant, while the critical
value Fx /4,1 ,—k—1 for Bonferroni tests in (8.43) increases with the number of tests d
and eventually exceeds the critical value for Scheffé tests.

It has been assumed that the tests in this section for Hy : f; = 0 are carried out
without regard to whether the overall hypothesis Hy : 8, = 0 is rejected. However, if
the test statistics # = Bj / S\/8jj»J = 1,2, ... ,k, in (8.42) are calculated only if
Hy : By = 0 is rejected using F'in (8.5), then clearly ayis reduced and the conservative
critical values 74+ /5 ,—¢—1 and \/ (k 4+ 1)Fy* k41,n—k—1 become even more conserva-
tive. Using this protected testing principle (Hocking 1996, p. 106), we can even use
the critical value 74+ 5, forall k tests and o will still be close to o*. [For illustrations
of this familywise error rate structure, see Hummel and sligo (1971) and Rencher and
Scott (1990).] A similar statement can be made for testing the overall hypothesis
Hy : CB = 0 followed by ¢ tests or F tests of Hy : ¢;8 = 0 using the rows of C.

Example 8.5.2. We test Hy; : B; =0 and Hy, : B, = 0 for the data in Table 7.1.
Using (8.42) and the results in Examples 7.3.1(a), 7.33 and 8.1, we have

B, 3.0118 3.0118

fH= = - — 4.448,
' T s /gn /2828816207 67709
e —1.2855 —1.2855

~ B _ — _2.643.

T 5v/2n  /2.8288.08360 048629

Using a=.05 for each test, we reject both Hy; and Hy, because f¢59 = 2.262. The
(two-sided) p values are .00160 and .0268, respectively. If we use & = .05/2 = .025
for a Bonferroni test, we would not reject Hy, since p = .0268 > .025. However,
using the protected testing principle, we would reject Hy, because the overall
regression hypothesis Hy : 3; = 0 was rejected in Example 8.1. (]

8.6 CONFIDENCE INTERVALS AND PREDICTION INTERVALS

In this section we consider a confidence region for B, confidence intervals for
B;» a'B, E(y), and o?, and prediction intervals for future observations. We assume

throughout Section 8.6 that y is N,(Xf, ¢°I).

8.6.1 Confidence Region for 8

If Cis equal to I and t is equal to 3 in (8.35), g becomes k + 1, we obtain a central F
distribution, and we can make the probability statement

PI(B— B'XXPB - B)/k+ 1)s* < Fapiiniil=1—a,
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where s? = SSE/(n — k — 1). From this statement, a 100(1 — a)% joint confidence
region for By, B;, ..., B in B is defined to consist of all vectors B that satisfy

B—BX'XPB—B) < (k+ DS Fapiin it (8.46)

For k = 1, this region can be plotted as an ellipse in two dimensions. For k > 1, the
ellipsoidal region in (8.46) is unwieldy to interpret and report, and we therefore con-
sider intervals for the individual B;’s.

8.6.2 Confidence Interval for g;

If B; # 0, we can subtract 8; in (8.40) so that t; = (ﬁj — B;)/s\/gj; has the central ¢
distribution, where g;; is the jth diagonal element of (X’X)"!. Then

B8
P _ta/Z,nfk—l < < ta/z’n,k,I =1-a.
S/ 8

Solving the inequality for B; gives
P(Bj — tajppi—15v/Z5 < B; < By + tajpnio15V/g5) =1 — a.

Before taking the sample, the probability that the random interval will contain ; is
1 — a. After taking the sample, the 100(1 — @)% confidence interval for G;

Bi % tajs, ni15v/2j (8.47)

is no longer random, and thus we say that we are 100(1 — a)% confident that the
interval contains f3;.

Note that the confidence coefficient 1 — « holds only for a single confidence inter-
val for one of the §;’s. For confidence intervals for all K+ 1 of the §’s that hold
simultaneously with overall confidence coefficient 1 — «, see Section 8.6.7.

Example 8.6.2. We compute a 95% confidence interval for each §; using y, in the
chemical reaction data in Table 7.4 (see Example 8.2a). The matrix (X'X)~! (see

the answer to Problem 7.52) and the estimate if have the following values:

65.37550 —0.33885 —0.31252 —0.02041
—0.33885 0.00184  0.00127 —0.00043

/ -1 _
XX =1 031252 000127 000408 —0.00176 |’
—0.02041 —0.00043 —0.00176  0.02161
26,0353
. 0.4046
B=1 02030

1.0338
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For B, we obtain by (8.47),

Bl T 1025155/ &11

4046 + (2.1314)(4.0781)/.00184
4046 + 3723,
(.0322, .7769).

For the other §;’s, we have

By: —26.0353 + 70.2812
(—96.3165, 44.2459),

B,: 2930 + .5551
(— 2621, .8481),

By 1.0338 + 1.27777
(— 2439, 2.3115).

The confidence coefficient .95 holds for only one of the four confidence intervals. For
more than one interval, see Example 8.6.7. O

8.6.3 Confidence Interval for a’'f
If a’ # 0, we can subtract a’ from a’f in (8.44) to obtain
p_@B—ap?
C2aX'X) 'a’
which is distributed as F(1,n — k — 1). Then by Problem 5.16,

f= M (8.48)

sva'(X'X)'a

is distributed as #(n — k — 1), and a 100(1 — a)% confidence interval for a single

value of a’B is given by
a'B £ ton 15\ AXX) a. (8.49)

8.6.4 Confidence Interval for E(y)

Let xo = (1, x01, %02, - .., Xox) denote a particular choice of x = (1,x|,x2, ..., x).
Note that x) need not be one of the x’s in the sample; that is, x;, need not be a row
of X. If x; is very far outside the area covered by the sample however, the prediction
may be poor. Let yy be an observation corresponding to Xy. Then

Yo =xXoB+¢,
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and [assuming that the model is correct so that E(g) = 0]
E(yo) = xyB. (8.50)

We wish to find a confidence interval for E(yy), that is, for the mean of the distri-
bution of y-values corresponding to xy.

By Corollary 1 to Theorem 7.6d, the minimum variance unbiased estimator of
E(yy) is given by

E(o) = x,B. (8.51)

Since (8.50) and (8.51) are of the form a’B and a’ ﬁ’, respectively, we obtain a
100(1 — a)% confidence interval for E(yo) = x;8 from (8.49):

XoB + tajan i 151/ Xp(X'X) " xo. (8.52)

The confidence coefficient 1 —« for the interval in (8.52) holds only for a single
choice of the vector xy. For intervals covering several values of xy or all possible
values of x,, see Section 8.6.7.

We can express the confidence interval in (8.52) in terms of the centered model in
Section 7.5, y; = a + Bi(xo1 — X1) + &, where Xo1 = (Xo1, X025 - --,%ox) and X =
(*1,X2, ...,%x). [We use the notation Xy to distinguish this vector from xo =
(1, %01, X02, - - -, Xox) above.] For the centered model, (8.50), (8.51), and (8.52) become

E(y) = a+ Bj(Xo1 — X)), (8.53)
EGio) = 5 + B (xo1 — %), (8.54)

N 1
y+ Bi(xo1 —X1) £ ta/2,nkls\/ﬁ + (xo1 — X1)(X.X) " (x01 — X1). (8.55)

Note that in the form shown in (8.55), it is clear that if Xy, is close to X; the interval is
narrower; in fact, it is narrowest for Xo; = X. The width of the interval increases as the
distance of X, from X; increases.

For the special case of simple linear regression, (8.50), (8.51), and (8.55) reduce to

E(yo) = By + Bixo, (8.56)
E(vo) = By + B1xo, (8.57)

- P 1 xo — %)
Bo + Bixo + ta/Z,nZs\/E + Z( 0 ) (8.58)

—72’
?:1 (xi —X)

where s is given by (6.11). The width of the interval in (8.58) depends on how far x; is
from X.
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Example 8.6.4. For the grades data in Example 6.2, we find a 95% confidence
interval for E(y,), where xo = 80. Using (8.58), we obtain

A 1 (80 — 58.056)*
Bo + B1(80) £ l,ozs,ms\/l8 + 19530.044
80.5386 + 2.1199(13.8547)(.2832),
80.5386 + 8.3183,

(72.2204, 88.8569). g

8.6.5 Prediction Interval for a Future Observation

A “confidence interval” for a future observation y, corresponding to X, is called a
prediction interval. We speak of a prediction interval rather than a confidence
interval because y, is an individual observation and is thereby a random variable
rather than a parameter. To be 100(1 — @)% confident that the interval contains yy,
the prediction interval will clearly have to be wider than a confidence interval for
the parameter E( ).

Since yo = xpB + &9, we predict yo by ¥, = x()ﬁ, which is also the estimator of
E(yo) = x(B. The random variables y, and y, are independent because y, is a
future observation to be obtained independently of the n observations used to

compute y, = x{)B. Hence the variance of yy — J, is
var(yo — yo) = var(yo — Xo8) = var(x,B + €0 — Xy B).
Since x;f8 is a constant, this becomes

var(yo — Jo) = var(go) + var(x,B) = o + a*xp(X'X) " 'xo
= o1 + x(,(X'X) "xo], (8.59)

which is estimated by s?[1 + x/O(X’X)_lxo]. It can be shown that E(yo — ¥;) = 0 and
that s is independent of both y, and Yo = xgﬁ Therefore, the ¢ statistic

— 9 —0
Yo — Yo (8.60)
s/ 1+ x5(X'X) "' xo

is distributed as #(n — k — 1), and

=

Yo — Yo

—tar k-1 < < taj2n—k-1
s/ 1+ x5(X'X) %o

P= =1-a.
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The inequality can be solved for y, to obtain the 100(1 — )% prediction interval

Fo = taya, n-t—154/ 1+ XoX'X) ' x0 < yo < Jg + Lap2, n—k—154/ 1 + X, (X'X) " 'xo

or, using J = X8, we have

XoB % tapni-15\/ 1+ x5(X'X) "' x. (8.61)

Note that the confidence coefficient 1 — « for the prediction interval in (8.61) holds
for only one value of xg.

In 1 + x,(X’X) "' xo, the second term, x{,(X'X)~'xy, is typically much smaller than
1 (provided k is much smaller than n) because the variance of yy = X{)ﬁ is much less
than the variance of yo. [To illustrate, if X'X were diagonal and x¢ were in the area
covered by the rows of X, then x{)(X’ X)"'xy would be a sum with k + 1 terms,
each of the form x%j />0 x%j, which is of the order of 1/n.] Thus prediction intervals
for yo are generally much wider than confidence intervals for E(yo) = x;B-

In terms of the centered model in Section 7.5, the 100(1 — @)% prediction interval
in (8.61) becomes

R B 1 B B B
y+ Bi(xo1 —Xp) fa/z,nkls\/l ot (xo1 — X)X X)) '(xo1 — X1).  (8.62)

For the case of simple linear regression, (8.61) and (8.62) reduce to

(xo — X)?

7211 3 (8.63)

. A 1
Bo + Bixo £ tap, nzs\/l +; +

where s is given by (6.11). In (8.63), it is clear that the second and third terms within
the square root are much smaller than 1 unless xq is far removed from the interval
bounded by the smallest and largest x’s.

For a prediction interval for the mean of g future observations, see Problem 8.30.

Example 8.6.5. Using the data from Example 6.2, we find a 95% prediction interval
for yo when xo = 80. Using (8.63), we obtain

o 1 (80— 58.056)
Bo + B1(80) £ t.025,16s\/1 T 18T 19530042

80.5386 + 2.1199(13.8547)(1.0393),
80.5386 + 30.5258,
(50.0128, 111.0644).
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Note that the prediction interval for y, here is much wider than the confidence interval
for E(yo) in Example 8.6.4. U

8.6.6 Confidence Interval for o?
By Theorem 7.6b(ii), (n — k — 1)s?/a? is x*(n — k — 1). Therefore
(n—k—1)s?

P Xia/z, nk-1 S — oz < Xi/z,n—k—l =l-a (8.64)

where Xi /2, n—k—-1 is the upper /2 percentage point of the chi-square distribution and
X%fa /2, nk-1 is the lower a/2 percentage point. Solving the inequality for o? yields
the 100(1 — a)% confidence interval

12
(nkl)s<

2<(n—l<—1)s2

<2 (8.65)
X1-a/2, n—k-1

5 o
Xa/2,n—k—1

A 100(1 — @)% confidence interval for o is given by

—k—1)s? —k—1)s?
S, Y k. S (8.66)
X a/2n—k—1 X1-a/2, n—k—1
8.6.7 Simultaneous Intervals

By analogy to the discussion of testing several hypotheses (Section 8.5.2), when
several intervals are computed, two confidence coefficients can be considered:
familywise confidence (1 — ay) and individual confidence (1 — o). Familywise confi-
dence of 1 — aymeans that we are 100(1 — )% confident that every interval contains
its respective parameter.

In some cases, our goal is simply to control 1 — e for each one of several confi-
dence or prediction intervals so that no changes are needed to expressions (8.47),
(8.49), (8.52), and (8.61). In other cases the desire is to control 1—ay To do so,
both the Bonferroni and Scheffé methods can be adapted to the situation of multiple
intervals. In yet other cases we may want to control other properties of multiple inter-
vals (Benjamini and Yekutieli 2005).

The Bonferroni procedure increases the width of each individual interval so that
1— oy for the set of intervals is greater than or equal to the desired value 1—a*.
As an example suppose that it is desired to calculate the k confidence intervals for
Bis - - -, By. Let E; be the event that the jth interval includes 8;, and E; be the comp-
lement of that event. Then by definition

l—af:P(ElﬁEzﬁ...ﬂEk)
=1-PEUEU...UE)).
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Assuming that P(Ef) = a. forj = 1,. .., k, the Bonferroni inequality now implies that
1 —ar > 1—kac.

Hence we can ensure that 1 — ayis greater than or equal to the desired 1 — a” by setting
1 — a. = 1 — a*/k for the individual intervals.

Using this approach, Bonferroni confidence intervals for B8y, 35, . . . , B are given by
:éj + tor ok n—k—15v/8&j» J= 1,2, ...k, (8.67)

where gj; is the jth element of (X’X)~!. Bonferroni ¢ values - /2 are available in
Bailey (1977) and can also be obtained in many software programs. For example, a
probability calculator for the 7, the F, and other distributions is available free from
NCSS (download at www.ncss.com).

Similarly for d linear functions a) 8, a8, ..., a8 (chosen before seeing the data),
Bonferroni confidence intervals are given by

AP + o g i/ AXX) M2y, i=1,2,...,4d. (8.68)

These intervals hold simultaneously with familywise confidence of at least 1 — a*.
Bonferroni confidence intervals for E(yo) = x(B for a few values of X, say,
Xo1, X02, - - -, Xog are given by

X0B £ Lot 2 ni 15\ X (X' X) X, =12, ...,d. (8.69)

[Note that xy; here differs from x;; in (8.53)—(8.55).]

For simultaneous prediction of d new observations yo;, Y2, - - - , Yog at d values of
X9, say, Xo1, X02, - - -, Xo4, We can use the Bonferroni prediction intervals
Xi)iﬂ i ta*/Zd,nfkfls\/l + Xé)i(X/X)71X0i i = 1, 2, e ,d (870)

[see (8.61) and (8.69)].

Simultaneous Scheffé confidence intervals for all possible linear functions a’f
(including those chosen after seeing the data) can be based on the distribution of
max, F' [Theorem 8.5(ii)]. Thus a conservative confidence interval for any and all a’ 8 is

ap+ s\/(k + DF g i1, noio12'(X'X) . (8.71)

The (potentially infinite number of) intervals in (8.71) have an overall confidence
coefficient of at least 1 —a*. For a few linear functions, the intervals in (8.68) will
be narrower, but for a large number of linear functions, the intervals in (8.71) will
be narrower. A comparison of fox 24 ,—t—1 and \/ (k 4+ DF g gy1, n—k—1 will show
which is preferred in a given case.
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For confidence limits for E(yp) = x(f for all possible values of xo, we use (8.71):

xoB + 51/t DF w10 i1 XXX) 50, (8.72)

These intervals hold simultaneously with a confidence coefficient of 1 — a*. Thus,
(8.72) becomes a confidence region that can be applied to the entire regression
surface for all values of xo. The intervals in (8.71) and (8.72) are due to Scheffé
(1953; 1959, p. 68) and Working and Hotelling (1929).

Scheffé-type prediction intervals for yo1, yo2, - - . , Yoq are given by

x,B + s\/dFa*,d,h_k_l[l +X,XX)xg] i=1,2,....d (8.73)

(see Problem 8.32). These d prediction intervals hold simultaneously with overall
confidence coefficient at least 1 — o, but note that dFy« 4, is not constant. It
depends on the number of predictions.

Example 8.6.7. We compute 95% Bonferroni confidence limits for 3, 3,, and S;,
using y, in the chemical reaction data in Table 7.4; see Example 8.6.2 for (X'X)™!
and i% By (8.67), we have

Bi T t025/3,155\/811
4056 + (2.6937)(4.0781)y/.00184
4056 + 4706
(—.0660, .8751),

B,: 2930 + .7016
(— .4086, .9946) ,
By 1.0338 + 1.6147
(— .5809, 2.6485).

These three intervals hold simultaneously with confidence coefficient at least .95. [J

8.7 LIKELIHOOD RATIO TESTS

The tests in Sections 8.1, 8.2, and 8.4 were derived using informal methods based
on finding sums of squares that have chi-square distributions and are independent.
These same tests can be obtained more formally by the likelihood ratio approach.
Likelihood ratio tests have some good properties and sometimes have optimal
properties.

We describe the likelihood ratio method in the simple context of testing
Hy: B=0 versus H; : B # 0. The likelihood function L(f3, 02) was defined in
Section 7.6.2 as the joint density of the y’s. For a random sample
y= 01y --.,y,) with density N,(XB, o°1), the likelihood function is given
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by (7.50) as

1 , 2
2y —(y—XB)(y-XPp)/20
L(B,o") = Omod) P e . (3.74)

The likelihood ratio method compares the maximum value of L(f3, o?) restricted
by Hy : B = 0 to the maximum value of L(f3, o2) under Hy: B, # 0, which is essen-
tially unrestricted. We denote the maximum value of L(f3,0°%) restricted by 8 = 0
as maxgy, L(, o?) and the unrestricted maximum as maxy, L(S, o?). If B is equal
(or close) to 0, then maxy, L(B,0?) should be close to maxy, L(B,c?). If
maxy, L(B, o) is mnot close to maxy L(B,c?), we would conclude that
y = (y1,¥2, - -.,¥n) apparently did not come from N,(Xf, o>I) with 8 = 0.

In this illustration, we can find maxy, L(f3, o%) by setting 8 = 0 and then estimating
o2 as the value that maximizes L(0, o2). Under H; : B # 0, both B and o2 are esti-
mated without restriction as the values that maximize L(f3, o2). [In designating the
unrestricted maximum as maxy, L(f3, %), we are ignoring the restriction in H; that
B #0]

It is customary to describe the likelihood ratio method in terms of maximizing L
subject to w, the set of all values of B and o” satisfying H, and subject to (), the set of
all values of B and o” without restrictions (other than natural restrictions such as
o? > 0). However, to simplify notation in cases such as this in which H; includes
all values of 8 except 0, we refer to maximizing L under Hy and H,.

We compare the restricted maximum under H, with the unrestricted maximum
under H; by the likelihood ratio

_ maxy, L(B,0?)
B maxgy, L(ﬁ, 0-2)

2
_ max L(0, o°) ' 8.75)
max L(B, 02)
It is clear that 0 < LR < 1, because the maximum of L restricted to § = 0 cannot
exceed the unrestricted maximum. Smaller values of LR would favor H,, and
larger values would favor Hy. We thus reject Hy if LR < ¢, where ¢ is chosen so
that P(LR < ¢) = a if H is true.
Wald (1943) showed that, under H,,

—2InLR is approximately x>(v)

for large n, where v is the number of parameters estimated under H; minus the
number estimated under Hy. In the case of Hy : B = 0 versus H; : B # 0, we have
v=k+2—1=k+1 because B and o> are estimated under H, while only o” is
estimated under H,. In some cases, the )* approximation is not needed because
LR turns out to be a function of a familiar test statistic, such as ¢ or F, whose exact
distribution is available.
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We now obtain the likelihood ratio test for Hy : B = 0. The resulting likelihood
ratio is a function of the F statistic obtained in Problem 8.6 by partitioning the
total sum of squares.

Theorem 8.7a. If y is N,(X, o-*I), the likelihood ratio test for Hy : 8 = 0 can be

based on

__ BXy/&+n
'y - BXy)/(n—k—1)

We reject Hy if F > Fo ki1, n—k—1-

Proor. To find maxy, L(B, o) = max L(B, o%), we use the maximum likelihood
estimators B = (X'X)"'X'y and 6 = (y — XB)'(y — XB)/n from Theorem 7.6a.
Substituting these in (8.74), we obtain

rr]baxL(B, o?) = max L(B, b = L(i}', )

1

_ = o OXB)(y-XB)/25
Qmo?)"

nn/Zefn/Z

- — —. (8.76)
@m"2|(v - XBY (v - XB)

To find maxy, L(B, o) = max L(0, o2), we solve O In L(0, 02)/dc? = 0 to obtain

o= % (8.77)

Then

max L(B, o?) = max L(0, 0'?) = L(0, 57)
0
— #e—y’y/mﬁ
Qmagy'/?
nn/Ze—n/2

= 8.78
Q)2 (y'y)/? ®.79)
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Substituting (8.76) and (8.78) into (8.75), we obtain

_ maxy, LB _ [ - XBYy - x|
- maxy, L(B,0%) vy
1 n/2
T DF/(n —k — 1)} ’ (8.79)

where

_ BXy/k+ D
'y - BXy/n—k-1)
Thus, rejecting Hy : 3 = 0 for a small value of LR is equivalent to rejecting H,, for a
large value of F. O

We now show that the F test in Theorem 8.4b for the general linear hypothesis
Hy: CB =0 is a likelihood ratio test.

Theorem 8.7b. Ify is N,,(XB, o-°I), then the F test for Hy : C8 = 0 in Theorem 8.4b
is equivalent to the likelihood ratio test.

Proor. Under H; : CB # 0, which is essentially unrestricted, maxy, L(B, o?) is
given by (8.76). To find maxy, L(B, o) = max L(3, o%) subject to C = 0, we
use the method of Lagrange multipliers (Section 2.14.3) and work with L(8, o?)
to simplify the differentiation:

v=InL(B, )+ N(CB—0)
Y =-XB)'(y—XB)

592 + N CB.

- gln(ZW) _ glnoz

Expanding (y — X8)'(y — XB) and differentiating with respect to B8, A, and o2, we
obtain

g_; = (2X'y — 2X'XB)/20* + C'A =0, (8.80)
&> _cp=o, (851
v n 1

W_—ther(y—Xﬁ)(y—XB):O- (8.82)
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Eliminating N and solving for 8 and o2 gives

B, =B - XX)"'Clcx'x)"'c1 e, (8.83)
1 R R

o5 =~ (v = XBy)'(y — XBy) (8.84)

— &2 + %(CB)’[C(X’X)"C’]‘ICB (8.85)

(Problems 8.35 and 8.36), where &2 = (y — XB)'(y — XB)/n and B = (X'X)"'Xy
are the maximum likelihood estimates from Theorem 7.6a. Thus

n}%x L(B, 02) = L(I}Os ‘}%)

— ; e_(y—xBo)/(y_Xl}o)/z‘}%
(2’77)"/2(6'20)"/2

nn/Ze—n/Z

(ZW)H/Z{SSE + (Ci})’ [C(X/X)flc’] 71Cﬁ}n/2 >

and

_ maxH() L(B5 0-2)
B maxgy, L(ﬁ, 0-2)

[ SSE } n/2
SSE + (CBY[CX'X)"'C'1'CB

1 n/z 1 Vl/2
- L +SSH/SSE} - [1 +qF/(n—k— 1)] ’

where SSH = (CB)Y[C(X'X)"'C'17'CB, SSE = (y — XPB)'(y — XPB), and F is given
in (8.27). O

PROBLEMS

8.1 Show that SSR = B/ X' X.f8, in (8.1) becomes y'X.(X.X,)"' X'y as in (8.2).
8.2 (a) Show that H.[I — (1/n)J] = H,, as in (8.3) in Theorem 8.1a(i), where
H, = X.(X/X,)'X..
(b) Prove Theorem 8.1a(ii).

(¢) Prove Theorem 8.1a(iii).
(d) Prove Theorem 8.1a(iv).
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8.3
84
8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13
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Show that A; = B/X.X.B,/20? as in Theorem 8.1b(i).
Prove Theorem 8.1b(i1).

Show that E(SSR/k) = o + (1/k)B,X. X, as in the expected mean square
column of Table 8.1. Employ the following two approaches:

(a) Use Theorem 5.2a.

(b) Use the noncentrality parameter in (5.19).

Develop a test for Hy: =0 in the model y =X+ & where y is

N,(XB, o 2D). (It was noted at the beginning of Section 8.1 that this hypothesis

is of little practical interest because it includes B, = 0.) Use the partitioning

vy = (y'y — B'X'y) + B'X'y, and proceed as follows:

(a) Show that B'X'y = yX(X'X) 'X'y and y'y — BX'y = y'[I — X(X'X)"!
X'ly.

(b) Let H = X(X'X)"'X’. Show that H and I — H are idempotent of rank
k+ 1 and n — k — 1, respectively.

(c) Show that y'Hy/a? is x2(k + 1, A;), where A; = B'X'XB/202, and that
YA —Hy/o?is x*(n —k —1).

(d) Show that y'Hy and y'(I — H)y are independent.

(e) Show that

BXy _  yHy/k+1
(k+ s> yA-Hy/(n—k-1)

is distributed as F(k+ 1, n — k — 1, Ay).

Show that HH; = H; and H{H = H;, as in (8.15), where H and H; are as
defined in (8.11) and (8.12).

Show that conditions (a) and (b) of Corollary 1 to Theorem 5.6¢ are satisfied
for the sum of quadratic forms in (8.12), as noted in the proof of Theorem
8.2b.

Show that A; = B5[X5Xo — X6 X (X, X)) 'X|X,1B,/202 as in Theorem
8.2b(ii).

Show that X5X, — X5X (X X;) "X/ X, is positive definite, as noted below
Theorem 8.2b.

Show that E[SS(B,|B,)/h] = o+ B’Z[X’2X2 - X’ZXI(X’lxl)’lX’le]ﬂz/h
as in Table 8.3.

Find the expected mean square corresponding to the numerator of the F
statistic in (8.20) in Example 8.2b.

Show that [3(*) =y and SS(B;) = ny?, as in (8.21) in Example 8.2c.
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In the proof of Theorem 8.2d, show that (B8,X) + B,X5)(Xi B, + XoB,) —
(B) + BAYXIXi(B) + ABy) = By XX — XoXi (X X)X Xo1B,.
Express the test for Hy: 8, = 0 in terms of R%, as in (8.25) in Theorem 8.3.
Prove Theorem 8.4a(iv).

Show that C(X'X)~'C’ is positive definite, as noted following Theorem 8.4b.
Prove Theorem 8.4c.

Show that in the model y = X8 + € subject to C3 = 0 in (8.29), the estimator

of Bis B.=B—XX)'CICXX)"'C'1"'CB as in (8.30), where B =

(X’X)"'X'y. Use a Lagrange multiplier N and minimize u =

(y — XB)(y — XB) + X' (CB — 0) with respect to 8 and A as follows:

(a) Differentiate u with respect to A and set the result equal to 0 to obtain
CB. =0.

(b) Differentiate u with respect to 8 and set the result equal to 0 to obtain

B.=B-1X'X)"'C'A, (1)

where 8 = (X'X)"'X'y.
(¢) Multiply (1) in part (b) by C, use Cﬁc = 0 from part (a), solve for A, and
substitute back into (1).

Show that B.X'XB, = B.X'y, thus demonstrating directly that the sum of
squares due to the reduced model is ﬁ’CX’ y and that (8.31) holds.

Show that for the general linear hypothesis Hy : Cf3 = 0 in Theorem 8.4d, we
have B'X'y — B.X'y = (CBY[C(X'X)"'C']"'CP as in (8.32), where B, is as
given in (8.30).

Prove Theorem 8.4e.

Prove Theorem 8.4f(iv) by expressing SSH and SSE as quadratic forms in the
same normally distributed random vector.

Show that the estimator for  in the reduced model y = Xf3 4 & subject to
CB =t is given by B.= B — (X'X)"'C[CX'X)"'C'T"1(CB —t), where
B =XX)"'Xly.

Show that X'y — B! X'y in (8.37) is equal to 3 /gx in (8.39) (for j = k), as
noted below (8.39).

Obtain the confidence interval for a’g in (8.49) from the ¢ statistic in (8.48).

Show that the confidence interval for x)f in (8.52) is the same as that for the
centered model in (8.55).

Show that the confidence interval for B, + 3,xo in (8.58) follows from (8.55).
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Show that t = (yo — 3o)/s4/1 +x6(X’X)’1x0 in (8.60) is distributed as
tin —k —1).

(a) Given that yy = >.7 = yo;/q is the mean of g future observations at X,
show that a 100(1 — )% prediction interval for ), is given by

0B £ 1o i1y /9 + X XX) 50,

(b) Show that for simple linear regression, the prediction interval for y, in part (a)

reduces to ,30 + Byxo + taf2, n,zs\/l/q +1/n+ (xo — X)2/Zf:l(x,- —X)>.

Obtain the confidence interval for o2 in (8.65) from the probability statement
in (8.64).

Show that the Scheffé prediction intervals for d future observations are given
by (8.73).

Verify (8.76)—(8.79) in the proof of Theorem 8.7a.
Verify (8.80), dv/0B = 2X'y — 2X'XB)/20?% + C'A.

Show that the solution to (8.80)—(8.82) is given by ﬁo and 6% in (8.83) and
(8.84).

Show that (y — XBy)'(y — XB,) = né* 4+ (CBY[CX'X)"'C']"'CB as in

(8.85).

Use the gas vapor data in Table 7.3.

(a) Test the overall regression hypothesis Hy : 3; = 0 using (8.5) [or (8.22)]
and (8.23).

(b) Test Hp : B; = B3 = 0, that is, that x; and x3 do not significantly contrib-
ute above and beyond x; and x4.

(¢) Test Hy : B; = 0 for j = 1,2, 3,4 using 7; in (8.40). Use 745/, for each test
and also use a Bonferroni approach based on s/ (or compare the p value
to .05/4).

(d) Using general linear hypothesis tests, test Hy : By = 8, = 1233 = 12,
Hoi : By = B2, Hoo : By =123, Hoz : B3 = By, and Hoy : By = B, and B = ;.

(e) Find confidence intervals for 3, 8,, 85 and 3, using both (8.47) and (8.67).

Use the land rent data in Table 7.5.

(a) Test the overall regression hypothesis Hy : 3; = 0 using (8.5) [or (8.22)]
and (8.23).

(b) TestHy : B; = 0forj = 1,2,3 using #;in (8.40). Use 795 for each test and
also use a Bonferroni approach based on 7,55 (or compare the p value to
.05/3).

(¢) Find confidence intervals for B3, 3,, B; using both (8.47) and (8.67).

(d) Using (8.52), find a 95% confidence interval for E(yy) = x{,8, where
x, = (1,15,30,.5).
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(e) Using (8.61), find a 95% prediction interval for yo = x{,8 + &, where
xo = (1,15,30,.5).

Use y, in the chemical reaction data in Table 7.4.

(a) Using (8.52), find a 95% confidence interval for E(yo) = x;,8, where
xp = (1, 165, 32,5).

(b) Using (8.61), find a 95% prediction interval for y, = x;B + &, where
x, = (1,165,32,5).

(¢) Test Hy:2B; = 23, = B5 using (8.27). (This was done for y, in Example
8.4.b.)

Use y; in the chemical reaction data in Table 7.4. The full model with second-
order terms and the reduced model with only linear terms were fit in Problem
7.52.

(@) TestHy: By = Bs = -+ = By = 0, that is, that the second-order terms are
not useful in predicting y,. (This was done for y, in Example 8.2a.)

(b) Test the significance of the increase in R? from the reduced model to the
full model. (This was done for y* in Example 8.3. See Problem 7.52 for
values of R2.)

(¢) Find a 95% confidence interval for each of By, B, B,, B3 using (8.47).

(d) Find Bonferroni confidence intervals for 8;, 3,, B using (8.67).

(e) Using (8.52), find a 95% confidence interval for E(y,) = x,8, where
xp = (1,165,32,5).

(f) Using (8.61), find a 95%, prediction interval for yo = x)B + €, where
x; = (1,165,32,5).



9 Multiple Regression: Model
Validation and Diagnostics

In Sections 7.8.2 and 7.9 we discussed some consequences of misspecification of the
model. In this chapter we consider various approaches to checking the model and the
attendant assumptions for adequacy and validity. Some properties of the residuals
[see (7.11)] and the hat matrix are developed in Sections 9.1 and 9.2. We discuss out-
liers, the influence of individual observations, and leverage in Sections 9.3 and 9.4.

For additional reading, see Snee (1977), Cook (1977), Belsley et al. (1980), Draper
and Smith (1981, Chapter 6), Cook and Weisberg (1982), Beckman and Cook
(1983), Weisberg (1985, Chapters 5, 6), Chatterjee and Hadi (1988), Myers (1990,
Chapters 5-8), Sen and Srivastava (1990, Chapter 8), Montgomery and Peck
(1992, pp. 67-113, 159-192), Jgrgensen (1993, Chapter 5), Graybill and Iyer
(1994, Chapter 5), Hocking (1996, Chapter 9), Christensen (1996, Chapter 13),
Ryan (1997, Chapters 2, 5), Fox (1997, Chapters 11-13) and Kutner et al. (2005,
Chapter 10).

9.1 RESIDUALS

The usual model is given by (7.4) as y = X + £ with assumptions E(g) =0
and cov(g) = ¢°I, where yisnx 1, Xisnx (k+1)of rank k+ 1 <n, and B is
(k+ 1) x 1. The error vector £ is unobservable unless B is known. To estimate &
for a given sample, we use the residual vector

E=y-XB=y-y ©.1)

as defined in (7.11). The n residuals in (9.1), &, &,, . .., &,, are used in various plots
and procedures for checking on the validity or adequacy of the model.

We first consider some properties of the residual vector €. Using the least-squares
estimator B = (X’X)"'X'y in (7.6), the vector of predicted values y = Xf3 can be

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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written as

¥y =XB=XXX)"'Xy
= Hy, 9.2)

where H = X(X’X)"'X’ (see Section 8.2). The n x n matrix H is called the hat

matrix because it transforms y to y. We also refer to H as a projection matrix for

essentially the same reason; geometrically it projects y (perpendicularly) onto ¥

(see Fig. 7.4). The hat matrix H is symmetric and idempotent (see Problem 5.32a).
Multiplying X by H, we obtain

HX = XX'X)"'X'X = X. (9.3)
Writing X in terms of its columns and using (2.28), we can write (9.3) as

HX = H(j, x, ... x,) = (Hj, Hxy, ..., Hxp),

so that
j=Hj, x,=Hx;, i=1,2,...,k. 9.4)

Using (9.2), the residual vector & (9.1) can be expressed in terms of H:

= (I — H)y. 9.5)
We can rewrite (9.5) to express the residual vector £ in terms of &:

e=(I-Hy=0d-H)XB+ ¢
= (XB— HXB) + (I — H)e
=XB-XB)+dA—-H)e [by (9.3)]
— (I-H)e. (9.6)

In terms of the elements 4;; of H, we have &; = &; — 21}:1 hjej, i=1,2,..., n. Thus,
if the h;;’s are small (in absolute value), € is close to £.

The following are some of the properties of & (see Problem 9.1). For the first four,
we assume that E(y) = X and cov(y) = oI

E(&)=0 9.7
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cov(g) = ?[I — X(X'X)"'X'] = (I — H) 9.8)
cov(g, y) = o’ [I — X(X'X)'X'] = o°(I — H) 9.9)
cov(g,y) =0 (9.10)
=) &/n==¢jn=0 (9.11)

i=1
£y =SSE =y[I - XX'X)"'X'ly =y — Hyy 9.12)
gy=0 (9.13)
gX=10 (9.14)

In (9.7), the residual vector £ has the same mean as the error term &, but in (9.8)
cov(g) = o>(I — H) differs from the assumption cov(g) = 1. Thus the residuals
&1, &,...,&, are not independent. However, in many cases, especially if n is large,
the h;’s tend to be small (for i # j), and the dependence shown in o*(I — H) does
not unduly affect plots and other techniques for model validation. Each g; is seen
to be correlated with each y; in (9.9), but in (9.10) the &;’s are uncorrelated with
the ¥;’s.

Some sample properties of the residuals are given in (9.11)—(9.14). The sample
mean of the residuals is zero, as shown in (9.11). By (9.12), it can be seen that &
and y are correlated in the sample since £’y is the numerator of

_ gy — ) _ gy '
VEEY -3y —3) VEEy -3y -

Tgy
However, € and y are orthogonal by (9.13), and therefore

Similarly, by (9.14), & is orthogonal to each column of X and

re, =0, i=1,2... k (9.16)
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m>

~>

Figure 9.1 Ideal residual plot when model is correct.

If the model and attendant assumptions are correct, then by (9.15), a plot of the
residuals versus predicted values, (&1, 1), (&2, ¥2), - - - ,(€n, Y1), should show no sys-
tematic pattern. Likewise, by (9.16), the k plots of the residuals versus each of
X1, X2, ..., X should show only random variation. These plots are therefore useful
for checking the model. A typical plot of this type is shown in Figure 9.1. It may
also be useful to plot the residuals on normal probability paper and to plot residuals
in time sequence (Christensen 1996, Section 13.2).

If the model is incorrect, various plots involving residuals may show departures
from the fitted model such as outliers, curvature, or nonconstant variance. The
plots may also suggest remedial measures to improve the fit of the model. For
example, the residuals could be plotted versus any of the x;’s, and a simple curved
pattern might suggest the addition of x? to the model. We will consider various
approaches for detecting outliers in Section 9.3 and for finding influential
observations in Section 9.4. Before doing so, we discuss some properties of the hat
matrix in Section 9.2.

9.2 THE HAT MATRIX

It was noted following (9.2) that the hat matrix H = X(X'X)"!X’ is symmetric and
idempotent. We now present some additional properties of this matrix. These prop-
erties will be useful in the discussion of outliers and influential observations in
Sections 9.3 and 9.4.

For the centered model

y=aj+XB, +¢ 9.17)

in (7.32), y becomes

¥ = a&j + XcBy, 9.18)
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and the hat matrix is H, = X.(X/X,.)"'X/, where

Xip— X1 X2 —X2

X1k — Xg
1 X1 — X1 Xopp—Xo vt Xok — Xk
Xe=|I-=-J)X; = . ) .
n :
Xl — X1 X2 — X2 Xnk — X

By (7.36) and (7.37), we can write (9.18) as
L. - L, .
V=i + XX X)Xy = (;J’y)J +Hy

= <1J + H)y (9.19)
n

Comparing (9.19) and (9.2), we have

1 1
H=-J+H =-J+X.XX)'X. (9.20)
n n ’

We now examine some properties of the elements 4;; of H.

Theorem 9.2. If Xisn x (k+ 1) of rank k + 1 < n, and if the first column of X is j,
then the elements 4; of H = X(X'X)~'X’ have the following properties:

@ A/ <h;<lfori=1,2,...,n
(i) —.5 < hy < .5 forall j # i.
(iii) i = (1/n) + (x1; — X)X X) " (x4 — X)), where X}, = (i1, %, - .., Xq),
X, = (X1,%2, ..., %), and (x;; — X;)' is the ith row of the centered matrix X,
(v) tr(H) = S by =k + 1.

Proor

(i) The lower bound follows from (9.20), since X’CXC is positive definite. Since H

is symmetric and idempotent, we use the relationship H = H? to find an upper
bound on #;;. Let h/ be the ith row of H. Then

hiy
hi» n
hi = Whi = (hit, by, - Shi) |0 | = Zhi
. j=1
hin

=i+ > .

9.21)
J#i
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Dividing both sides of (9.21) by A;; [which is positive since h; > (1/n)], we
obtain

>k
1= hy+2—, 9.22)

i

which implies h; < 1.
(ii) (Chatterjee and Hadi 1988, p. 18.) We can write (9.21) in the form

hi =+ 05+ b
r#ij

or

hi— hy = h5+ > R
r#ij
Thus, hizj < hi—h2,
hi < % forj # i.
(iii) This follows from (9.20); see Problem 9.2b.
(iv) See Problem 9.2c. g

and since the maximum value of h; — hizl- is %, we have

By Theorem 9.2(iv), we see that as n increases, the values of A; will tend to decrease.

The function (x; — il)’(X’CXc)’l(xl ; — X1) in Theorem 9.2(iii) is a standardized
distance. The standardized distance (Mahalanobis distance) defined in (3.27) is for
a population covariance matrix. The matrix X/ X_ is proportional to a sample covari-
ance matrix [see (7.44)]. Thus, (x; — X )’(XZ.XC)’l(xl ; — X1) is an estimated standar-
dized distance and provides a good measure of the relative distance of each x;; from
the center of the points as represented by X;.

9.3 OUTLIERS

In some cases, the model appears to be correct for most of the data, but one residual is
much larger (in absolute value) than the others. Such an outlier may be due to an error
in recording or may be from another population or may simply be an unusual obser-
vation from the assumed distribution. For example, if the errors g; are distributed as
N(0, 0?), a value of &; greater than 3o or less than — 30 would occur with frequency
.0027.

If no explanation for an apparent outlier can be found, the dataset could be ana-
lyzed both with and without the outlying observation. If the results differ sufficiently
to affect the conclusions, then both analyses could be maintained until additional data
become available. Another alternative is to discard the outlier, even though no expla-
nation has been found. A third possibility is to use robust methods that accommodate
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the outlying observation (Huber 1973, Andrews 1974, Hampel 1974, Welsch 1975,
Devlin et al. 1975, Mosteller and Turkey 1977, Birch 1980, Krasker and Welsch
1982).

One approach to checking for outliers is to plot the residuals &; versus y; or versus
i, the observation number. In our examination of residuals, we need to keep in mind
that by (9.8), the variance of the residuals is not constant:

var(€;) = o?(1 — hy). (9.23)

By Theorem 9.2(i), h;; < 1; hence, var(g;) will be small if %;; is near 1. By Theorem
9.2(iii), h; will be large if x,; is far from X;, where x;; = (x;1,%p,...,xx) and
X1 = (X1, %2,..., %) . By (9.23), such observations will tend to have small residuals,
which seems unfortunate because the model is less likely to hold far from X;. A small
residual at a point where x;; is far from X; may result because the fitted model will
tend to pass close to a point isolated from the bulk of the points, with a resulting
poorer fit to the bulk of the data. This may mask an inadequacy of the true model
in the region of xy;.

An additional verification that large values of h; are accompanied by small
residuals is provided by the following inequality (see Problem 9.4):

é2

<. (9.24)

1
—<h;+
n

oy
oy

For the reasons implicit in (9.23) and (9.24), it is desirable to scale the residuals so
that they have the same variance. There are two common (and related) methods of
scaling.

For the first method of scaling, we use var(g;) = o>(1 — h;;) in (9.23) to obtain the
standardized residuals &;/o+/1 — h;;, which have mean 0 and variance 1. Replacing o
by s yields the studentized residual

&

& 9.25
" S/ 1 - l’l,’,’ ( )

where s> = SSE/(n — k — 1) is as defined in (7.24). The use of r; in place of &;
eliminates the location effect (due to 4;;) on the size of residuals, as discussed follow-
ing (9.23).

A second method of scaling the residuals uses an estimate of ¢ that excludes the ith
observation

&
f=——
L osoVT = hi

where s;) is the standard error computed with the n — 1 observations remaining after
omitting (y;, X;) = (i1, Xi1, - - - Xik), in which y; is the ith element of y and x! is the ith

(9.26)
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row of X. If the ith observation is an outlier, it will more likely show up as such with
the standardization in (9.26), which is called the externally studentized residual or the
studentized deleted residual or R student.

Another option is to examine the deleted residuals. The ith deleted residual, g;), is
computed with i%([) on the basis of n — 1 observations with (y;, X) deleted:

&i) =i — Yoy = yi — XiBgy. (9.27)
By definition
By = (Xzi)x(l'))_lxzt')y(i)s (9.28)

where X is the (n—1)x (k + 1) matrix obtained by deleting x! = (1, x;1, . . ., Xi),
the ith row of X, and yj;, is the corresponding (n — 1) x 1y vector after deleting ;.
The deleted vector i%(i) can also be found without actually deleting (y;, x}) since

&

l_hKXeri (9.29)

B(i) = B -

(see Problem 9.5). R

The deleted residual &) = y; — X; B, in (9.27) can be expressed in terms of &; and
hii as

&y = (9.30)

1 — hi

(see Problem 9.6). Thus the n deleted residuals can be obtained without computing
n regressions. The scaled residual #; in (9.26) can be expressed in terms of £ in
(9.30) as

&G

Vvar(eg)

f= 9.31)

(see Problem 9.7).
The deleted sample variance s%l.> used in (9.26) is defined as sg, = SSE)/

(n — k — 2), where SSE(;) = y(;¥;) — [A%Ei)Xéi)y(i). This can be found without exclud-
ing the ith observation as

o SSEq _ SSE—&/(1 — hy)
D n—k-2 n—k—2

(9.32)

(see Problem 9.8).
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Another option for outlier detection is to plot the ordinary residuals &; = y; — xjﬁ
against the deleted residuals &; in (9.27) or (9.30). If the fit does not change substan-

tially when the ith observation is deleted in computation of B, the plotted points
should approximately follow a straight line with a slope of 1. Any points that are rela-
tively far from this line are potential outliers.

If an outlier is from a distribution with a different mean, the model can be
expressed as E(y;) = X;B+ 60, where x; is the ith row of X. This is called the
mean-shift outlier model. The distribution of ¢ in (9.26) or (9.31) is t(n — k — 1),
and ¢#; can therefore be used in a test of the hypothesis Hy : 6 = 0. Since n tests
will be made, a Bonferroni adjustment to the critical values can be used, or we can
simply focus on the largest f; values.

The n deleted residuals in (9.30) can be used for model validation or selection by
defining the prediction sum of squares (PRESS):

n n a. 2
PRESS = Y &% = Z(ﬁ) . 9.33)
i=1 e

i=1

Thus, a residual &; that corresponds to a large value of /; contributes more to PRESS.
For a given dataset, PRESS may be a better measure than SSE of how well the model
will predict future observations. To use PRESS to compare alternative models when
the objective is prediction, preference would be shown to models with small values of
PRESS.

9.4 INFLUENTIAL OBSERVATIONS AND LEVERAGE

In Section 9.3, we emphasized a search for outliers that did not fit the model. In
this section, we consider the effect that deletion of an observation (y;,X;) has on

the estimates B and XB. An observation that makes a major difference on these
estimates is called an influential observation. A point (y;, X}) is potentially influential
if it is an outlier in the y direction or if it is unusually far removed from the center of
the x’s.

We illustrate influential observations for the case of one x in Figure 9.2. Points 1
and 3 are extreme in the x direction; points 2 and 3 would likely appear as outliers in
the y direction. Even though point 1 is extreme in x, it will not unduly influence the
slope or intercept. Point 3 will have a dramatic influence on the slope and intercept
since the regression line would pass near point 3. Point 2 is also influential, but
much less so than point 3.

Thus, influential points are likely to be found in areas where little or no other data
were collected. Such points may be fitted very well, sometimes to the detriment of the
fit to the other data.



236 MULTIPLE REGRESSION: MODEL VALIDATION AND DIAGNOSTICS

X

Figure 9.2 Simple linear regression showing three outliers.

To investigate the influence of each observation, we begin with ¥y = Hy in (9.2),
the elements of which are

Z hiyy = hayi + > hiyi. (9.34)

J#i

By (9.22), if h;; is large (close to 1), then the hgjs, j # i, are all small, and y; contrib-
utes much more than the other y’s to ;. Hence, 4;; is called the leverage of y,. Points
with high leverage have high potential for influencing regression results. In general, if
an observation (y;, X;) has a value of h; near 1, then the estimated regression equation
will be close to y;; that is, y; — y; will be small.

By Theorem 9.2(iv), the average value of the h;’s is (k + 1)/n. Hoaglin and
Welsch (1978) suggest that a point with 4; > 2(k + 1)/n is a high leverage point.
Alternatively, we can simply examine any observation whose value of /;; is unusually
large relative to the other values of 4;;.

In terms of fitting the model to the bulk of the data, high leverage points can be
either good or bad, as illustrated by points 1 and 3 in Figure 9.2. Point 1 may
reduce the variance of BO and :31 On the other hand, point 3 will drastically alter
the fitted model. If point 3 is not the result of a recording error, then the researcher
must choose between two competing fitted models. Typically, the model that fits
the bulk of the data might be preferred until additional points can be observed in
other areas.

To formalize the influence of a point (y;, X}), we consider the effect of its deletion

on Bandy = Xi% The estimate of B obtained by deleting the ith observation (y;, x})
is defined in (9.28) as B(i) = (XEDXU))_'Xzi)y(D. We can compare B(i) to B by means



9.4 INFLUENTIAL OBSERVATIONS AND LEVERAGE 237

of Cook’s distance, defined as

_ By —BXXBy —P

D; 1 )52 (9.35)
This can be rewritten as
b, — XBy — XB/XB, - XP)
' (k + 1)s?
- G090 -9, 936

in which D; is proportional to the ordinary Euclidean distance between y; and y.

Thus if D; is large, the observation (y;,X;) has substantial influence on both i% and
¥. A more computationally convenient form of D, is given by

rl.z hii
b= <1 _hn) ©-37)

TABLE 9.1 Residuals and Influence Measures for the Chemical Data
with Dependent Variable y,

Observation Vi Vi & hy; 7 t; D;
1 41.5 42.19 —0.688 0.430 —0.394 —0.383 0.029
2 33.8 31.00 2.798 0.310 1.457 1.520 0.239
3 27.7 27.74 —0.042 0.155 —0.020 —0.019 0.000
4 21.7 21.03 0.670 0.139 0.313 0.303 0.004
5 19.9 19.40 0.495 0.129 0.230 0.222 0.002
6 15.0 12.69 2.307 0.140 1.076 1.082 0.047
7 12.2 12.28 —0.082 0.228 —0.040 —0.039 0.000
8 4.3 5.57 —1.270 0.186 —0.609 —0.596 0.021
9 19.3 20.22 —-0.917 0.053 —0.408 —0.396 0.002
10 6.4 4.76 1.642 0.233 0.811 0.801 0.050
11 37.6 35.68 1.923 0.240 0.954 0.951 0.072
12 18.0 13.09 4.906 0.164 2.320 2.800 0.264
13 26.3 27.34 —1.040 0.146 —0.487 —0.474 0.010
14 9.9 13.51 —3.605 0.245 —1.795 —1.956 0.261
15 25.0 26.93 —1.929 0.250 —0.964 —0.961 0.077
16 14.1 15.44 —1.342 0.258 —0.674 —0.661 0.039
17 15.2 15.44 —0.242 0.258 —0.121 —0.117 0.001
18 15.9 19.54 —3.642 0.217 —1.780 —1.937 0.220
19 19.6 19.54 0.058 0.217 0.028 0.027 0.000
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(see Problem 9.9). Muller and Mok (1997) discuss the distribution of D; and provide a
table of critical values.

Example 9.4. We illustrate several diagnostic tools for the chemical reaction data of
Table 7.4 using y,. In Table 9.1, we give &;, h;, and some functions of these from
Sections 9.3 and 9.4.

The guideline for #; in Section 9.4 is 2(k + 1)/n = 2(4)/19 = .421. The only
value of h;; that exceeds .421 is the first, #;; = .430. Thus the first observation has
potential for influencing the model fit, but this influence does not appear in
t; = —.383 and D; = .029. Other relatively large values of h; are seen for obser-
vations 2, 11, 14, 15, 16, and 17. Of these only observation 14 has a very large (absol-
ute) value of #;. Observation 12 has large values of &;, r;, #; and D; and is a potentially
influential outlier.

The value of PRESS as defined in (9.33) is PRESS = 130.76, which can be
compared to SSE = 80.17. (]

PROBLEMS

9.1 Verify the following properties of the residual vector € as given in (9.7)—(9.14):

@) E@&) =0

(b) cov(é) = > — H)
(¢) cov(é,y) = o*(I - H)
d) cov(é,y)=0

© =" 8/n=0
(f) &y=yd—-Hy

(g £y

(h) &X =0

9.2 (a) In the proof of Theorem 9.2(ii), verify that the maximum value of &; — hlzl

1
T

(b) Prove Theorem 9.2(iii).
(¢) Prove Theorem 9.2(iv).

is

9.3 Show that an alternative expression for /;; in Theorem 9.2(iii) is the following:
1 ko1
hi; = P (x1; — X1)'(x1; — X)) ;A—rcosz (U

where 6, is the angle between x;; — X; and a,, the rth eigenvector of X’CXC
(Cook and Weisberg 1982, p. 13). Thus h;; is large if (x1; — X1)'(x1; — X1) is
large or if 6 is small for some r.
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9.4 Show that %ghiﬁé?/é’égl as in (9.24). The following steps are
suggested:

(a) Let H* be the hat matrix corresponding to the augmented matrix (X, y).
Then

H =X, IXyyXyl Xy
XX Xy\ '/X

(X0 (5)
yX vy y

Use the inverse of a partitioned matrix in (2.50) with A;; = X'X,
a;p = X'y, and ax; = y'y to obtain

1
H =H+ 5 XX'X) ' X'yyX(X'X) X — yyX(X'X)"'X’
- XX'X) ' Xyy +yy']
1
=H+o [Hyy'H — yy'H — Hyy +yy'l,

where b = y'y — yX(X'X)"'X'y.
(b) Show that the above expression factors into

/

oy

I-Hyyd-H . &€&
yad—-Hy g'¢s’

H =H+
which gives i = h; + &7/ € &.
(¢) The proof is easily completed by noting that H* is a hat matrix and there-
fore (1/n) < h}; <1 by Theorem 9.2(i).

9.5 Show that B = B — &(X'X)"'x;/(1 — h;) as in (9.29). The following steps
are suggested:
(a) Show that X'X = XE,-)X(i) + xjx; and that X'y = XEi)y(i) + X
(b) Show that (X'X)™'X{,y, = B — X'X)'xy;.
(¢) Using the following adaptation of (2.53)

B 'cd'B!
B—c)'=B '+ ———.
( ) + 1—¢B e
show that
X'X) xxi(X'X) !
1 — hy

Bo = |XX)" + XY
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(d) Using the result of parts (b) and (c), show that

&
1 — hy

B(i) = B - X'X) 'x;.

Show that &, = &;/(1 — hy) as in (9.30).

Show that ¢; = é(,-)/\/\Ta\r(é(,-)) in (9.31) is the same as t; = &;/s;/1 — hy in
(9.26). The following steps are suggested:

(a) Using &4 = &;/(1 — hy) in (9.30), show that var(8;) = 0> /(1 — h).
(b) If var(g() in part (a) is estimated by var(g;)) = s(zi) /(1 — hy;), show that

&n//Var(em) = &/soV/1 — hi.
Show that SSE(;) = y(, V) — yéi)X([)B(i) can be written in the form
SSE) = SSE — & /(1 — hi)

as in (9.32). One way to do this is as follows:

(a) Show that y(,y, =Yy — 2.
(b) Using Problem 9.5a,d, we have

&i

yzi)X(i)ﬁ(i) =YX —yx) ﬁ e X'X) x|
Show that this can be written as
/ P , ~ ) éz
YoXoBay =Y XB —y; + 1 :hﬂ .
n

(¢) Show that

SSE(;) = SSE — &7 /(1 — hy).

Show that D; = rfhii/(k + D — hy) in (9.37) is the same as D; in (9.35).
This may be done by substituting (9.29) into (9.35).

For the gas vapor data in Table 7.3, compute the diagnostic measures
Vi, &, hii, 1y, t;, and D;. Display these in a table similar to Table 9.1. Are
there outliers or potentially influential observations? Calculate PRESS and
compare to SSE.

For the land rent data in Table 7.5, compute the diagnostic measures
Yi» &, hij, 13, t;, and D;. Display these in a table similar to Table 9.1. Are
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there outliers or potentially influential observations? Calculate PRESS and
compare to SSE.

For the chemical reaction data of Table 7.4 with dependent variable y,,
compute the diagnostic measures y;, &;, h;;, i, t;, and D;. Display these in a
table similar to Table 9.1. Are there outliers or potentially influential obser-
vations? Calculate PRESS and compare to SSE.



10 Multiple Regression: Random x’s

Throughout Chapters 7—9 we assumed that the x variables were fixed; that is, that
they remain constant in repeated sampling. However, in many regression appli-
cations, they are random variables. In this chapter we obtain estimators and test stat-
istics for a regression model with random x variables. Many of these estimators and
test statistics are the same as those for fixed x’s, but their properties are somewhat
different.

In the random-x case, k 4+ 1 variables y, xi, x, ..., xx are measured on each of
the n subjects or experimental units in the sample. These n observation vectors
yield the data

Yo X Xi2oo... Xk
Y2 X211 X220 ... X2k

(10.1)
Yn  Xnl  Xn2 <o Xpk-

The rows of this array are random vectors of the second type described in Section 3.1.

The variables y, x1, x, . . ., X; in a row are typically correlated and have different var-
iances; that is, for the random vector (v, x1, ..., x) = (v,X’), we have
y
x|
cov| . :c0v<y) =3,
: X
Xk

where ¥, is not a diagonal matrix. The vectors themselves [rows of the array in (10.1)]
are ordinarily mutually independent (uncorrelated) if they arise from a random
sample.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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In Sections 10.1-10.5 we assume that y and the x variables have a multivariate

normal distribution. Many of the results in Sections 10.6—10.8 do not require a
normality assumption.

10.1 MULTIVARIATE NORMAL REGRESSION MODEL

The estimation and testing results in Sections 10.1—-10.5 are based on the assumption
that (y, x1, ..., x) = (v, X) is distributed as Ny, (um, X) with

My
My "
M: : :< y)
. M’x
M
Oy | Oy ... Oy
ol o - onk oy, O
=" =< » ”f), (10.3)
: : : oy 2y
Oky| Okl - Ok

where p, is the mean vector for the x’s, oy, is the vector of covariances between y and
the x’s, and 3, is the covariance matrix for the x’s.
From Corollary 1 to Theorem 4.4d, we have

E(y[x) =, + 0,30 (x — ) (10.4)
= By + B)x, (10.5)
where
BO = /"Ly - Olgzxzx_xl My (106)
B =30, (10.7)
From Corollary 1 to Theorem 4.4d, we also obtain
var(y|x) = oy, — o, 3 oy, = 0. (10.8)

The mean, E(y|x) = u, + o Efl(x — M), is a linear function of x, but the variance,

X< xx

o =0y — 0';)(2; Oy, is not a function x. Thus under the multivariate normal
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assumption, (10.4) and (10.8) provide a linear model with constant variance, which is
analogous to the fixed-x case. Note, however, that E(y|x) = B, + B;x in (10.5) does
not allow for curvature such as E(y) = By + B1x + B,x>. Thus E(y|x) = B, + B;x
represents a model that is linear in the x’s as well as the ’s. This differs from the
linear model in the fixed-x case, which requires only linearity in the S’s.

10.2 ESTIMATION AND TESTING IN MULTIVARIATE
NORMAL REGRESSION

Before obtaining estimators of By, 31, and o in (10.6)—(10.8), we must first estimate
p and 3. Maximum likelihood estimators of p and 3 are given in the following
theorem.

Theorme 10.2a. If (y;, X}), (2, X5), ..., Vs, X,) [rows of the array in (10.1)] is a
random sample from N;.(m,2), with g and % as given in (10.2) and (10.3), the
maximum likelihood estimators are

- (2)-(2)
% X

A -1 -1 .
st g (”’ W), (10.10)

n n Syv Su

where the partitioning of ft and S is analogous to the partitioning of p and %, in (10.2)
and (10.3). The elements of the sample covariance matrix S are defined in (7.40) and
in (10.14).

Proor. Denote (y;,X;) by vi,i=1,2,...,n. As noted below (10.1), vi, v, ...,V,
are independent because they arise from a random sample. The likelihood function
(joint density) is therefore given by the product

L. %) = [[fovi w2
i=1

= - 71 e*(vi*M)’Y](vﬁM)/Z
i—1 (V 27T)k+1 |2|l/2
1 Yo G 2 i w)/2 (10.11)

= ¢
(\/QTT)n(k+l)|2‘"/2

Note that L(p, %) = [, f(vi; p, ) is a product of n multivariate normal densities,
each involving k 4+ 1 random variables. Thus there are n(k + 1) random variables as
compared to the likelihood L(B,d?) in (7.50) that involves n random variables
Yi,¥2, - -, ¥y [the x’s are fixed in (7.50)].
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To find the maximum likelihood estimator for p, we expand and sum the exponent
in (10.11) and then take the logarithm to obtain

n 1 151
InL(p,2) = —n(k + l)lnv27r—§ln|2| ) Ei V2TV,
151 Nl
+p'% E,' \L Z;LE M. (10.12)

Differentiating (10.12) with respect to m using (2.112) and (2.113) and setting the
result equal to 0, we obtain

OlnL(p, %) -1 2ny
= 00043 Zv,—72 p=0,

which gives

1< y
ﬂ:Z. lVi=V=<X>,
pn

where X = (X1, X2, ..., %) is the vector of sample means of the x’s. To find the
maximum likelihood estimator of 3, we rewrite the exponent of (10.11) and then
take the logarithm to obtain

InL(m,3") = —n(k + 1)1n\/ﬁ+gln|2*1| _%Z(w VS v — V)
~S-wEle -
= —n(k + 1)1n\/§7'7+gln|2*1| - %tr lzl Z,-:(Vi — (v — v)’]
n . - /
- Etr[E V—mwE -l

Differentiating this with respect to 3! using (2.115) and (2.116), and setting the
result equal to 0, we obtain

-1
8111[6;(24’?12) =¥ = diag () - Z Vi =)= ¥ + %diag [Z Vi — V)i — v)}

—n(¥ = ) — ) + SdiaglV — ¥ — w1 = 0.
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Since ft = v, the last two terms disappear and we obtain

N 1< -1
=N wi-nvi-v="""s. (10.13)
i3 n
See Problem 10.1 for verification that Y, (v; — V)(v; — V) = (n — 1)S. O

In partitioned form, the sample covariance matrix S can be written as in (10.10)

Syy | Sy e Sy
/
N S
Yy .
S = ( - ) =[] *u St (10.14)
Spe Six : : :
Sky Sk - -+ Skk

where s,, is the vector of sample covariances between y and the x’s and S, is the
sample covariance matrix for the x’s. For example

_ 2 0= Y —x)

e n—1 ’
Y G = %)
s ===
n—1
Yol G — X)X — X2)
Sip =
(n—1)

[see (7.41)—(7.43)]. By (5.7), E(syy) = 0y, and E(sj;) = 0j;. By (5.17), E(sy;) = 0y
and E(s;) = o0y. Thus E(S) = X, where % is given in (10.3). The maximum likeli-
hood estimator 3 = (n — 1)S /n is therefore biased.

In order to find maximum likelihood estimators of 3y, 3;, and o* we first note the
invariance property of maximum likelihood estimators.

Theorem 10.2b. The maximum likelihood estimator of a function of one or more
parameters is the same function of the corresponding estimators; that is, if 0 is the
maximum likelihood estimator of the vector or matrix of parameters 6, then g(é) is
the maximum likelihood estimator of g(6).

Proor. See Hogg and Craig (1995, p. 265). O

Example 10.2. We illustrate the use of the invariance property in Theorem 10.2b by
showing that the sample correlation matrix R is the maximum likelihood estimator of
the population correlation matrix P, when sampling from the multivariate normal
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distribution. By (3.30), the relationship between P, and X is given by
P, = D,'3D;!, where D, = [diag(2)]'/2, so that

1 1 1
D;l:diag , s .
<\/5'11 Voy, \/E-pp>
The maximum likelihood estimator of 1/./G; is 1/i/dj, where

65 = (1/m3 (y; —¥)*. Thus D,' = diag(1/\/&11,1/v62,...,1/Vé,,, and

we obtain

Po—DSh = (T
P o o (\/CAT_U\/(AT_](](>
Zi (Yij - yj)(yik - )_)k)/n
\/Zi (yij — yj)z/n\/zi()’ik —)_’k)z/n

> (i = )ik — )
\/Zi (yij — yj)z\/Zi ik — 3
= (rj) = R. O

Maximum likelihood estimators of 3, 3, and o” are now given in the following
theorem.

Theorem 10.2c. If (y1,X)),(¥2,X5),...,(¥n,X),), is a random sample from
Nis1(m, ), where g and 3, are given by (10.2) and (10.3), the maximum likelihood
estimators for By, B, and o in (10.6)—(10.8) are as follows:

Bo =7y — s, S'%, (10.15)

By =S.'s. (10.16)

o_n—1, 2 / Q-1

0= s° where 7 =5, —5,S 8. (10.17)
n

The estimator s2 is a bias-corrected estimator of o°.

Proor. By the invariance property of maximum likelihood estimators (Theorem
10.2b), we insert (10.9) and (10.10) into (10.6), (10.7), and (10.8) to obtain the
desired results (using the unbiased estimator S in place of ). g
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The estimators By, B, and s> have a minimum variance property analogous to that
of the corresponding estimators for the case of normal y’s and fixed x’s in Theorem
7.6d. It can be shown that &t and S in (10.9) and (10.10) are jointly sufficient for u
and ¥ (see Problem 10.2). Then, with some additional properties that can be demon-
strated, it follows that ,f%o, B, and s2 are minimum variance unbiased estimators for
Bo, B1, and o” (Graybill 1976, p. 380).

The maximum likelihood estimators Bo and ﬁl in (10.15) and (10.16) are the same
algebraic functions of the observations as the least-squares estimators given in (7.47)
and (7.46) for the fixed-x case. The estimators in (10.15) and (10.16) are also identical
to the maximum likelihood estimators for normal y’s and fixed x’s in Section 7.6.2
(see Problem 7.17). However, even though the estimators in the random-x case and
fixed-x case are the same, their distributions differ. When y and the x’s are multi-
variate normal, i31 does not have a multivariate normal distribution as it does in
the fixed-x case with normal y’s [Theorem 7.6b(i)]. For large n, the distribution is
similar to the multivariate normal, but for small n, the distribution has heavier tails
than the multivariate normal.

In spite of the nonnormality of ﬁl in the random-x model, the F tests and ¢ tests
and associated confidence regions and intervals of Chapter 8 (fixed-x model) are
still appropriate. To see this, note that since the conditional distribution of y for
a given value of x is normal (Corollary 1 to Theorem 4.4d), the conditional
distribution of the vector of observations y = (y1,¥,...,y,) for a given value
of the X matrix is multivariate normal. Therefore, a test statistic such as (8.35)
is distributed conditionally as an F for the given value of X when H, is true.
However, the central F distribution depends only on degrees of freedom; it does
not depend on X. Thus under H,, the statistic has (unconditionally) an F distri-
bution for all values of X, and so tests can be carried out exactly as in the
fixed-x case.

The main difference is that when H, is false, the noncentrality parameter is a func-
tion of X, which is random. Hence the noncentral F distribution does not apply to the
random-x case. This only affects such things as power calculations.

Confidence intervals for the B;’s in Section 8.6.2 and for linear functions of
the B/’s in Section 8.6.3 are based on the central ¢ distribution [e.g., see (8.48)].
Thus they also remain valid for the random-x case. However, the expected width
of the interval differs in the two cases (random x’s and fixed x’s) because of random-
ness in X.

In Section 10.5, we obtain the F test for Hy: f3; = 0 using the likelihood ratio
approach.

10.3 STANDARDIZED REGRESSION COEFFICENTS

We now show that the regression coefficient vector i31 in (10.16) can be expressed in
terms of sample correlations. By analogy to (10.14), the sample correlation matrix
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can be written in partitioned form as

1 | Iyl Iy .. Ty
1 v Iy 1 ro ... Tk
R = (r R\X) =|ry|ra 1T oo o, (10.18)
yx xx . . . .
Ty V Tkl T2 -t 1

where 1, is the vector of correlations between y and the x’s and R,, is the correlation

matrix for the x’s. For example
2 >t (Vi = Dxia — %)
S35 /T =9 T G — )
ry = Doy (i — X)) — Xo)
/_2 2
5152 \/Z, 1 (e — xl) Z: 1 (i —Xz)

ryz =

By analogy to (3.31), R can be converted to S by

S = DRD,

where D = [diag(S)]l/ 2, which can be written in partitioned form as

sy| 0

0 \VS11 0/
p=|0] 0 s ... O :(SJD)'

0
0

S
]

Skk

Using the partitioned form of S in (10.14), S = DRD can be written as

2 /
_ (s s;x _ 5, syry, Dy
S (S Sﬁ) (snyryx bRD. ) (10.19)
so that
S« = DR, Dy, (10.20)

Sy = 5,Dity, (10.21)
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where D, = diag(sy,s2,...,5) and s, = \/g = /5,y is the sample standard devi-

ation of y. When (10.20) and (10.21) are substituted into (10.16), we obtain an
expression for B; in terms of correlations:

B, =D 'R 'r,,. (10.22)

The regression coefficients B 1> Bz, cee, Bk in i} | can be standardized so as to show
the effect of standardized x values (sometimes called z scores). We illustrate this for
k = 2. The model in centered form [see (7.30) and an expression following (7.38)] is

$i =3+ Bi(xa — %1) + Br(xip — X2).

This can be expressed in terms of standardized variables as

Yi—Yy _ S_131 (Xn - Xl) —Bz (Xlz 2)’ (10.23)
Sy Sy S1 \Y)

where s; = , /5}; is the standard deviation of x;. We thus define the standardized coef-
ficients as

A Sj

B =B

Sy

These coefficients are often referred to as beta weights or beta coefficients. Since they
are used with standardized variables (x,] X;) / s;in (10.23), the ,B*’s can be readily
compared to each other, whereas the ,Bj s cannot be so compared [Division by s,

in (10.23) is customary but not necessary; the relative values of 5131 and 52/32 are

the same as those of 513, /s, and 23, /s,.]
The beta weights can be expressed in vector form as

- 1 ~
ﬁl _S_ xﬁl'

y

Using (10.22), this can be written as
BT = R;Xll‘ym (10.24)
Note that f)”l‘ in (10.24) is not the same as ﬁ’l‘ from the reduced model in (8.8). Note

also the analogy of B’f = R;Cl Iy, in (10.24) to Bl = S;x] S,y in (10.16). In effect, Ry,
and ry, are the covariance matrix and covariance vector for standardized variables.
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Replacing S; and sy, by R;xl and r,, leads to regression coefficients for standardized
variables.

Example 10.3. The following six hematology variables were measured on 51
workers (Royston 1983):

y = lymphocyte count x3 = white blood cell count (x.01)
x1 = hemoglobin concentration x4 = neutrophil count
X, = packed-cell volume x5 = serum lead concentration

The data are given in Table 10.1.
For y,X, S, and s,,, we have

y=22902, x =(15.108,45.196,53.824,25.529,21.039),

0691 1494 3255 0422 —0.268
1494 5401 10155 1374  1.292
Se=| 3255 10155 200.668 64.655  4.067
0422 1374 64.655 56374 0579
—0.268 1292 4.067 0.579 18.078
1.535
4.880
s = | 106.202
3.753
3.064

By (10.15) to (10.17), we obtain

~0.491
~0.316

B =Ss,=| 0837,
—0.882
0.025

Bo =7 —,8,'x =22.902 — 1.355 = 21.547,
57 = sy — 83,85 8y = 90.2902 — 83.3542 = 6.9360.
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TABLE 10.1 Hematology Data

Observation
Number y X Xo X3 X4 X5
1 14 134 39 41 25 17
2 15 14.6 46 50 30 20
3 19 13.5 42 45 21 18
4 23 15.0 46 46 16 18
5 17 14.6 44 51 31 19
6 20 14.0 44 49 24 19
7 21 16.4 49 43 17 18
8 16 14.8 44 44 26 29
9 27 152 46 41 13 27
10 34 15.5 48 84 42 36
11 26 15.2 47 56 27 22
12 28 16.9 50 51 17 23
13 24 14.8 44 47 20 23
14 26 16.2 45 56 25 19
15 23 14.7 43 40 13 17
16 9 14.7 42 34 22 13
17 18 16.5 45 54 32 17
18 28 15.4 45 69 36 24
19 17 15.1 45 46 29 17
20 14 14.2 46 42 25 28
21 8 15.9 46 52 34 16
22 25 16.0 47 47 14 18
23 37 17.4 50 86 39 17
24 20 14.3 43 55 31 19
25 15 14.8 44 42 24 29
26 9 14.9 43 43 32 17
27 16 15.5 45 52 30 20
28 18 14.5 43 39 18 25
29 17 14.4 45 60 37 23
30 23 14.6 44 47 21 27
31 43 15.3 45 79 23 23
32 17 14.9 45 34 15 24
33 23 15.8 47 60 32 21
34 31 14.4 44 77 39 23
35 11 14.7 46 37 23 23
36 25 14.8 43 52 19 22
37 30 154 45 60 25 18
38 32 16.2 50 81 38 18
39 17 15.0 45 49 26 24
40 22 15.1 47 60 33 16
41 20 16.0 46 46 22 22
42 20 15.3 48 55 23 23

(Continued)
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TABLE 10.1 Continued

MULTIPLE REGRESSION: RANDOM x’s

Observation
Number y X X X3 X4 X5
43 20 14.5 41 62 36 21
44 26 14.2 41 49 20 20
45 40 15.0 45 72 25 25
46 22 14.2 46 58 31 22
47 61 14.9 45 84 17 17
48 12 16.2 48 31 15 18
49 20 14.5 45 40 18 20
50 35 16.4 49 69 22 24
51 38 14.7 44 78 34 16
The correlations are given by
1.000 0.774 0.277 0.068 —0.076 0.194
0.774 1.000 0.308 0.079 0.131 0.221
R, = 0.277 0.308 1.000 0.608 0.068 |, ry,= | 0.789
0.068 0.079 0.608 1.000 0.018 0.053
—0.076 0.131 0.068 0.018 1.000 0.076
By (10.24), the standardized coefficient vector is given by
—0.043
-0.077
Bl =R_r,=| 1248
—0.697
0.011
[l

10.4 R? IN MULTIVARIATE NORMAL REGRESSION

In the case of fixed x’s, we defined R” as the proportion of variation in y due to

regression [see (7.55)]. In the case of random x’s, we obtain R as an estimate of a
population multiple correlation between y and the x’s. Then R? is the square of this
sample multiple correlation.

between y and the linear function w = u, + a-;xE);l(x — )

py|x = COIT()’, W) =

Ty
Oy0y

The population multiple correlation coefficient p,), is defined as the correlation

(10.25)
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(We use the subscript y|x to distinguish py|x from p, the correlation between y and x in
the bivariate normal case; see Sections 3.2, 6.4, and 10.5). By (10.4), w is equal to

E(y|x), which is the population analogue of y = f%o + i%'lxl, the sample predicted
value of y. As x varies randomly, the population predicted value w = p,+

o, 3. (x — p,) becomes a random variable.
It is easily established that cov(y, w) and var(w) have the same value:

cov(y,w) = var(w) = o/, X' 0. (10.26)

Then the population multiple correlation py), in (10.25) becomes

coviyw) o2 o

Pyl = Vvar(y)var(w) o,

and the population coefficient of determination or population squared multiple
correlation pjx is given by

-1
onxzxx O-YX

Oyy

2

Py = (10.27)

We now list some properties of p,, and pilx.

L. pyx is the maximum correlation between y and any linear function of x:

Pyx = Max p,, &'x. (10.28)

This is an alternative definition of p,;, that is not based on the multivariate
normal distribution as is the definition in (10.25).
2. pg‘x can be expressed in terms of determinants:

2|

_— (10.29)
Ty 2]

2
Py =1

where 3 and 3, are defined in (10.3).

3. pf‘x is invariant to linear transformations on y or on the x’s; that is, if # = ay and
v = Bx, where B is nonsingular, then

Oay = Poix: (10.30)

(Note that v here is not the same as v; used in the proof of Theorem 10.2a.)
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4. Using var(w) = a(,xz; oy, in (10.26), pf‘x in (10.27) can be written in the
form '

, _ var(w)

T var(y) |

(10.31)

Since w = p, + aJyxE; (x — m,) is the population regression equation, pi‘x in
(10.31) represents the proportion of the variance of y that can be attributed to
the regression relationship with the variables in x. In this sense, pilx is analo-
gous to R? in the fixed-x case in (7.55).

5. By (10.8) and (10.27), var(y|x) can be expressed in terms of pjx:

—1 2
var(y[x) = oyy — Uﬁwzm Oyx = Oyy — TyyPyx

5 (10.32)
= oy(l — Py|x)-

6. If we consider y — w as a residual or error term, then y — w is uncorrelated with
the x’s

cov(y —w,x) =0’ (10.33)

(see Problem 10.8).
We can obtain a maximum likelihood estimator for pi‘x by substituting esti-
mators from (10.14) for the parameters in (10.27): '
s. S ls,,
N (10.34)

S yy

We use the notation R” rather than foi‘x because (10.34) is recognized as having the same
form as R? for the fixed-x case in (7.59). We refer to R as the sample coefficient of deter-
mination or as the sample squared multiple correlation. The square root of R?

' ST lsy,

R= % (10.35)
vy

is the sample multiple correlation coefficient.
We now list several properties of R and R?, some of which are analogous to prop-
erties of p7|, above.

1. R is equal to the correlation between y and y = ,[30 + lel + -+ kak =
Bo +Byx:

R=ry. (10.36)

2. Ris equal to the maximum correlation between y and any linear combination of
the x’s, a’x:

R =max ry ax. (10.37)
a
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3. R? can be expressed in terms of correlations:

R* =1, R 'ry, (10.38)

YXTNXX

where r,, and R,, are from the sample correlation matrix R partitioned as in
(10.18).
4. R? can be obtained from R

5 (10.39)

where 77 is the first diagonal element of R™!. Using the other diagonal
elements of R™!, this relationship can be extended to give the multiple corre-
lation of any x; with the other x’s and y. Thus from R ™' we obtain multiple
correlations, as opposed to the simple correlations in R.

5. R? can be expressed in terms of determinants:

S
R? = - ||s| ‘ (10.40)
Yy Pax
R
:1—%, (10.41)
XX

where S,, and R,, are defined in (10.14) and (10.18).
6. From (10.24) and (10.38), we can express R? in terms of beta weights:

R =¥, B, (10.42)

where [?T = R;xl ry,. This equation does not imply that R? is the sum of squared
partial correlations (Section 10.8).

7. 1f pj), = 0, the expected value of R is given by

E(R?) = % (10.43)

Thus R? is biased when pf‘x is O [this is analogous to (7.57)].
8. R* > max; r}z,j, where ry; is an element of r;x =y, 7y25 -+ > Ty)-
9. R? is invariant to full rank linear transformations on y or on the x’s.

Example 10.4. For the hematology data in Table 10.1, S,,,s,,, Ry, and r,, were
obtained in Example 10.3. Using either (10.34) or (10.38), we obtain

R? = .9232. O
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10.5 TESTS AND CONFIDENCE INTERVALS FOR R*

Note that by (10.27), P%\x = 0 becomes

-1
2 g-guzxx 0-,")‘

py|x = = O»
Tyy

which leads to oy, =0 since 2, is positive definite. Then by (10.7),
B =3.0,=0and Hy: pi\x = 0 is equivalent to Hy: 8; = 0.
The F statistic for fixed x’s is given in (8.5), (8.22), and (8.23) as

_ (BXy-nmP)/k

'y — BX'y)/(n—k— 1)
- R?/k

(1 fRZ)/(nfk— 1)’

(10.44)

The test statistic in (10.44) can be obtained by the likelihood ratio approach in the
case of random x’s (Anderson 1984, pp. 140—-142):

Theorem 10.5. If (yi,x}),(y2,X5),...,(¥s,X,) is a random sample from
Nis1(m, ), where g and 3 are given by (10.2) and (10.3), the likelihood ratio test
for Hy: B, = 0 or equivalently Ho:pi‘X =0 can be based on F in (10.44). We

reject Hy if F > Fo i n—k—1-

Proor. Using the notation v; = (y;,X}), as in the proof of Theorem 10.2a, the likeli-
hood function L(u, %) = []%, f(vi; m, %) is given by (10.11), and the likelihood
ratio is

_ maxg, L(p, %)
 maxy, L(p,2)

Under H,, the parameters p and 3, are essentially unrestricted, and we have

max L(p,3) = max L(p, X)) = L(j1,>),

where L and 3 are the maximum likelihood estimators in (10.9) and (10.10).
Since (v; — ”),271(“ — p) is a scalar, the exponent of L(u, %) in (10.11) can be
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written as

S| vi— w2 (v — M)} _ > fr [271(‘/[ — (Vi — M)/}
2 2

tr [Yl >oimt (Vi — (v — M)’]
5 :

Then substitution of ft and X for p and ¥ in L(p, 3) gives

A 1 iy
max L, 3) = L(R,3) = —— ¢ U& /2
nax L, 2) = L(f, %) (\/577)"<"“>|2|”/2e

7n(k+1)/2

(ﬁ‘)n(k+l)|2|"/2
Under Hy : pi‘x = 0, we have oy, = 0, and Y in (10.3) becomes

30 = (0(-? E"X)’ (10.45)

whose maximum likelihood estimator is

< 6’)’)’ 0/
= . . 10.46
p) ( 0 S ) ( )

Using X in (10.46) and ft = v in (10.9), we have

- 1 IS
L ’2 — L(i ’E 7tr(20 1120/2).
mHaOX (M ) (M 0) (\/2_)11(k+l)|2 |n/2

By (2.74), this becomes

. e~ nk+1)/2
L, %) = W e e (10.47)
Thus
S (/2
lR=_ 2" (10.48)

An/2‘2m|n/2
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Substituting P (n — 1)S/n and using (10.40), we obtain

LR = (1 — R®)"/2. (10.49)
We reject Hy for (1 — Rz)”/ 2 < ¢, which is equivalent to

R?/k

F= > Fokoni—1,
(1 —R)/(n—k—1) = @hrd

since R?/(1 — R?) is a monotone increasing function of R? and F is distributed as
F(k,n — k — 1) when H, is true (Anderson 1984, pp. 138—139). [l

When k=1, F in (10.44) reduces to F=(n— 2)r*/(1 — r*). Then, by
Problem 5.16

t— vn—2r
V1—1r?
[see (6.20)] has a ¢ distribution with n — 2 degrees of freedom (df) when (y, x) has a
bivariate normal distribution with p = 0.

If (y, x) is bivariate normal and p # 0, then var(r) = (1 — p?)° /n and the function

y= Y =—p) (10.50)
1 - p?

is approximately standard normal for large n. However, the distribution of u
approaches normality very slowly as n increases (Kendall and Stuart 1969, p. 236).
Its use is questionable for n < 500.

Fisher (1921) found a function of r that approaches normality much faster than
does (10.50) and can thereby be used with much smaller » than that required for
(10.50). In addition, the variance is almost independent of p. Fisher’s function is

1. 14+r
z==In

_ ~1
ST — = tanh™ ' r, (10.51)

where tanh~'r is the inverse hyperbolic tangent of r. The approximate mean and
variance of z are

1+p
l—p

1
E(7) & E1n = tanh~!p, (10.52)

var(z) = L (10.53)
n—73
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We can use Fisher’s z transformation in (10.51) to test hypotheses such as Hy : p = p,
or Hy:p, = p,. Totest Hy:p = p, vs. H, :p # p,, we calculate

_z- tanh~! p,

V1/in=3)’

which is approximately distributed as the standard normal N(0O, 1). We reject H, if
[v| > z4/2, where z = tanh™'r and z, /2 is the upper a/2 percentage point of the stan-
dard normal distribution. To test Hy: p, = p, vs. H; :p; # p, for two independent
samples of sizes n; and n, yielding sample correlations r; and r,, we calculate

(10.54)

21— 22

T 1 m 3

(10.55)

and reject Hy if |v] >z, where z; = tanh™'r; and z, =tanh~'r,. To test
Hy:p, = - = p, for g > 2, see Problem 10.18.

To obtain a confidence interval for p, we note that since z in (10.51) is approxi-
mately normal, we can write

—tanh™!
P(-Za/z < Zl/ﬁ) < Za/2> ~]—-a (10.56)

Solving the inequality for p, we obtain the approximate 100(1 —a)% confidence
interval

Za/z Z1)4/2
tanh( z — < p <tanh| z+ . 10.57
( vn — 3) P ( vn — 3) ( .

A confidence interval for pi‘ . was given by Helland (1987).

Example 10.5a. For the hematology data in Table 10.1, we obtained R? in Example
10.4. The overall F test of Hy: 3, =0 or Hy :pi‘x =0 is carried out using F in
(10.44):

_ R*/k
(A -R)/(n—k—-1)
o 9232/5

(1 —.9232)/45

F

= 108.158.

The p value is less than 10~ '°. O
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Example 10.5b. To illustrate Fisher’s z transformation in (10.51) and its use to
compare two independent correlations in (10.55), we divide the hematology data in
Table 10.1 into two subsamples of sizes n; = 26 and n, = 25 (the first 26 obser-
vations and the last 25 observations). For the correlation between y and x; in each
of the two subsamples, we obtain r; = .4994 and r, = .0424. The z transformation
in (10.51) for each of these two values is given by

=tanh~!r| = .5485,
= tanh~'r, = .0425.
To test Hy : p; = p,, we use the approximate test statistic (10.55) to obtain

B 5485 — .0425 B
V126 -3)+1/25-3)

6969.

Since 1.6969 < z,5 = 1.96, we do not reject Hy,.
To obtain approximate 95% confidence limits for p;, we use (10.57):

1.96
Lower limit for p; : tanh (.5485 - ) = .1389,
V23

96
Upper limit for p, : tanh( .5485 + = .7430.
pp P ( /**'23>

For p,, the limits are given by

1
Lower limit for p, : tanh( 0425 — ﬁ) = —.3587,

V22

1.96
Upper limit for p,: tanh{ .0425 + — | = .4303.
pp P2 ( /—22>

10.6 EFFECT OF EACH VARIABLE ON R?

The contribution of a variable x; to the multiple correlation R will, in general, be
different from its bivariate correlation with y; that is, the increase in R? when x, is
added is not equal to r2, . This increase in R, can be either more or less than r\,x

It seems clear that relatlonshlps with other variables can render a variable partially
redundant and thereby reduce the contribution of x; to R?, but it is not intuitively
apparent how the contribution of x; to R? can exceed ryzxj. The latter phenomenon

has been illustrated numerically by Flury (1989) and Hamilton (1987).
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In this section, we provide a breakdown of the factors that determine how much
each variable adds to R® and show how the increase in R* can exceed rf,xi
(Rencher 1993). We first introduce some notation. The variable of interest is
denoted by z, which can be one of the x’s or a new variable added to the x’s. We
make the following additional notational definitions:

2 . : _ /
Rva = squared multiple correlation between y and w = (x1,xp, ..., X, 2) .

2

. . p
S squared multiple correlation between y and X = (x1,xp, ..., x%) .

fo = s;xSx_x1 See/ s? = squared multiple correlation between z and x.

ry; = simple correlation between y and z .
Yoo = (Fyxys Tyngs - - o rm)’ = vector of correlations between y and x.

Yoo = (P s Faxys - - - » Toy) = vector of correlations between z and x.

B = R;Xl r,, is the vector of standardized regression coefficients (beta weights)

of z regressed on x [see (10.24)].

The effect of z on R? is formulated in the following theorem.
Theorem 10.6. The increase in R due to z can be expressed as

- 2
(Fy; — 1y2)

R — R = ,
TUI-R,

w B2

(10.58)

where 7y, = [};‘;rw is a “predicted” value of ry, based on the relationship of z to
the x’s.

Proor. See Problem 10.19. O

Since the right side of (10.58) is positive, R* cannot decrease with an additional
variable, which is a verification of property 3 in Section 7.7. If z is orthogonal to x
(i.e., if r,, = 0), then [3; = 0, which implies that 7, = 0 and RZZ/r = 0. In this case,
(10.58) can be written as R},, = R}, + ry., which verifies property 5 of Section 7.7.

It is clear in Theorem 10.6 that the contribution of z to R? can either be less than or
greater than riz. If 7, is close to r,,, the contribution of z is less than riz. There are
three ways in which the contribution of z can exceed rgz: (1) 7y, is substantially
larger in absolute value than r,, (2) #,; and r,, are of opposite signs, and (3) R2,
is large.

In many cases, the researcher may find it helpful to know why a variable contrib-
uted more than expected or less than expected. For example, admission to a university
or professional school may be based on previous grades and the score on a standar-
dized national test. An applicant for admission to a university with limited enrollment

would submit high school grades and a national test score. These might be entered
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into a regression equation to obtain a predicted value of first-year grade-point average
at the university. It is typically found that the standardized test increases R only
slightly above that based on high school grades alone. This small increase in R*
would be disappointing to admissions officials who had hoped that the national
test score might be a more useful predictor than high school grades. The designers
of such standardized tests may find it beneficial to know precisely why the test
makes such an unexpectedly small contribution relative to high school grades.

In Theorem 10.6, we have available the specific information needed by the
designer of the standardized test. To illustrate the use of (10.58), let y be the
grade-point average for the first year at the university, let z be the score on the stan-
dardized test, and let x, x5, ..., x; be high school grades in key subject areas. By
(10.58), the increase in R? due to z is (Fy, — ryz)z/(l — fo), in which we see that z
adds little to R? if 7y, is close to r,.. We could examine the coefficients in
Py, = [?Zry)C to determine which of the ry,;’s in 1, have the most effect. This infor-
mation could be used in redesigning the questions so as to reduce these particular
Iy s. It may also be possible to increase the contribution of z to Riw by increasing
RZ, (thereby reducing 1 — RZ,). This might be done by designing the questions in
the standardized test so that the test score z is more correlated with high school
grades, xi, X2, ..., X

Theil and Chung (1988) proposed a measure of the relative importance of a vari-
able in multiple regression based on information theory.

Example 10.6. For the hematology data in Table 10.1, the overall R§W was found in
Example 10.4 to be .92318. From Theorem 10.6, the increase in R due to a variable z

has the breakdown Riw — Rix = (Fy; — ryz)2 /(1 — fo), where z represents any one of

X1, X2, ..., Xs, and x represents the other four variables. The values of 7y, ry,, fo,
ng — R?x, and F are given below for each variable in turn as z:

z Pre Tye R2, Ry, — R} F p value

X1 2101 .1943 .6332 .00068 0.4 .53

X 2486 2210 .6426 .00213 1.25 .26

X3 .0932 7890 4423 .86820 508.6 0

X4 4822 .0526 .3837 29945 1754 0

X5 .0659 .0758 .0979 .00011 0.064 81

The F value is from the partial F test in (8.25), (8.37), or (8.39) for the significance of
the increase in R* due to each variable.

An interesting variable here is x4, whose value of r,, is .0526, the smallest among
the five variables. Despite this small individual correlation with y, x4 contributes
much more to Riw than do all other variables except x3 because 7, is much greater
for x4 than for the other variables. This illustrates how the contribution of a variable
can be augmented in the presence of other variables as reflected in 7,..

The difference between the two major contributors x3 and x4 may be very revealing
to the researcher. The contribution of x; to Riw is due mostly to its own correlation
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with y, whereas virtually all the effect of x, comes from its association with the other
variables as reflected in 7. |

10.7 PREDICTION FOR MULTIVARIATE NORMAL OR
NONNORMAL DATA

In this section, we consider an approach to modeling and estimation in the random-x
case that is somewhat reminiscent of least squares in the fixed-x case. Suppose that
(v, x") = (y,x1,%2,...,x¢) is not necessarily assumed to be multivariate normal
and we wish to find a function #(x) for predicting y. In order to find a predicted
value #(x) that is expected to be “close” to y, we will choose the function #(x) that
minimizes the mean squared error E[y — #(x)]?, where the expectation is in the
joint distribution of y, xy, ... ,x;. This function is given in the following theorem.

Theorem 10.7. For the random vector (y,x’), the function 7(x) that minimizes the
mean squared error E[y — #(x)]* is given by E(y|x).

Proor. For notational simplicity, we use k = 1. By (4.28), the joint density g(y, x)
can be written as g(y, x) = f (y|x)a(x). Then

Ely— 1] = ﬁyfmﬁﬂxw@dx

=Ju—mwmmw@w

= h(x){J [y — tPPf(y]x) dy}dX-

J

To find the function #(x) that minimizes E(y — 1)*, we differentiate with respect to ¢
and set the result equal to O [for a more general proof not involving differentiation,
see Graybill (1976, pp. 432-434) or Christensen (1996, p. 119)]. Assuming that
we can interchange integration and differentiation, we obtain

OE[y — 1))
% = Jh(x)“%— Dy — 1] f(y|x)dy}dx =0,

which gives

2jmoUWUMMw—Lumﬂm@}u=a
2 Jh(x)[E(y|x) — t(x)]dx = 0.

The left side is O if
1) = E(y[). -
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In the case of the multivariate normal, the prediction function E(y|x) is a linear
function of x [see (10.4) and (10.5)]. However, in general, E(y|x) is not linear. For
an illustration of a nonlinear E(y|x), see Example 3.2, in which we have
E(ylx) = %(l + 4x — 247).

If we restrict #(x) to linear functions of x, then the optimal result is the same linear
function as in the multivariate normal case [see (10.6) and (10.7)].

Theorem 10.7b. The linear function #(x) that minimizes E[y — #(x)]* is given by
1(x) = By + B} x, where

Bo=n, — 0,2 ', (10.59)
B, =3, oy (10.60)
Proor. See Problem 10.21. O

We can find estimators Bo and i%l for By and B, ir} (10.59) and (10.60) by mini-
mizing the sample mean squared error, 7, (i — By — B)x;)*/n. The results are
given in the following theorem.

Theorem 10.7c. If (y1,x)), (y2,X5), ..., (¥n,X),) is a random sample with mean
vector and covariance matrix
/
— Syy syx
Syx Sxx ’

then the estimators ﬁo and Bl that minimize > | (y; — Bo — i}’, X;)?/n are given by

Bo=7—s,S./%, (10.61)
B, =S.'s,. (10.62)
Proor. See Problem 10.22. O

The estimators ,@0 and IA31 in (10.61) and (10.62) are the same as the maximum like-
lihood estimators in the normal case [see (10.15) and (10.16)].

10.8 SAMPLE PARTIAL CORRELATIONS

Partial correlations were introduced in Sections 4.5 and 7.10. Assuming multivariate
normality, the population partial correlation p;;......, is the correlation between y; and y;
in the conditional distribution of y given x, where y; and y; are in y and the
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subscripts 7, s, . . . ,q represent all the variables in x. By (4.36), we obtain

Tijrs...
j.rs.-q (10.63)
Tii-rs...q0jj-rs...q

pij-m“.q =

where gy;. ... 4, is the (ij) element of Ey.x = cov(y|x). For normal populations, Ey.x is
given by (4.27) as 3y, = 3, — 2,33, where 3,3, 3, and 3, are from
the partitioned covariance matrix

YY_s_ (3 Zn
wft) -2 (5 &
[see (3.33)]. The matrix of (population) partial correlations pj;., , can be found by

4.37):

P..=D,!3 D! =D, - 3,3.3,)D,], (10.64)
where D, = [diag(%,..)]"/>.
To obtain a maximum likelihood estimator Ry.. = (Fijs...4) Of Py.x = (pjjp.,) in

(10.64), we use the invariance property of maximum likelihood estimators (Theorem
10.2b) to obtain

R, =D;'(S,, — S,:S..'S,)D; ", (10.65)
where
D, = [diag(S,, — S,.S.'S:,)1"/%.

The matrices Sy, Sy, Sy, and S,, are from the sample covariance matrix parti-
tioned by analogy to 3 above
_(Sw S«
5= (Sxy S« J°

where
2
Syl Syiva T Sy,
S S2 ... S
y2)1 Y2 Y2Yp
Sy = . . . and
2
Syovi - Sypyr Sy,
Sy Sy T Sy,
Syaxr Sy 0 Syoxg
Syx =

Syoxi - Syyxy T Sy,



268 MULTIPLE REGRESSION: RANDOM x’s

are estimators of %, and 3. Thus the maximum likelihood estimator of p;.,; , in
(10.63) is 7. rs... 4, the (ij) th element of R, in (10.65).

We now consider two other expressions for partial correlation and show that they
are equivalent to 7.5, in (10.65). To simplify exposition, we illustrate with r5.3.
The sample partial correlation of y; and y, with y; held fixed is usually given as

2 — risrns
(=i —133)

) (10.66)

rps3 =

where 7y, 13, and 7,3 are the ordinary correlations between y; and y,, y; and y3, and
¥, and ys, respectively. In the following theorem, we relate ;5.3 to two previous defi-
nitions of partial correlation.

Theorem 10.8a. The expression for 75.3 in (10.66) is equivalent to an element of
R, in (10.65) and is also equal to ry _j, y,—3, from (7.94), where y; — | and
yo — ¥, are residuals from regression of y; on y; and y, on ys.

Proor. We first consider 7y, _3, y,—3,,» Which is not a maximum likelihood estimator
and can therefore be used when the data are not normal. We obtain y; and ¥, by
regressing y; on y; and y, on y;. Using the notation in Section 7.10, we indicate
the predicted value of y; based on regression of y; on y3 as y;(y3). With a similar
definition of y,(y3), the residuals can be expressed as

ur = y1 — 31(33) = y1 — Bor + Brys),
uy = y2 — $2(33) = y2 — (Bos + Broys),

where, by (6.5), B 11 and B |2 are the usual least-squares estimators

Yoy (i = YDy — ¥3)
S (v —3)? ’

By = (10.67)

Yoy (voi — ¥o)(y3i — 5’3)_
Z?:1 (y3i — )73)2

B, = (10.68)

Then the sample correlation between u; = y; — y1(y3) and uy = y, — y2(y3) [see
(7.94)] is

Tuwyuy = Ty —31,y,—92

_ cov(uy, uz) (10.69)

V/Var(uyvar(us)
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Since the sample mean of the residuals u; and u; is O [see (9.11)], ry,,, can be
written as

27:1 Uyilt2;
Do U D U
_ Dot 1 = 1) (i — $21) '

\/Z?:l (Vi = 910> or ) (v — 920

Tuyuy

(10.70)

We now show that r,,,, in (10.70) can be expressed as an element of R, in
(10.65). Note that in this illustration, R,., is 2 x 2. The numerator of (10.70) can
be written as

n n
Z Uil = Z (y1i = 1)(y2i — Y20
= P
n A A~ A~ ~
= Z (y1i = Bor = B11y3)(y2i = Boz — Braysi)-
=1
Using By; =3, — B Vs and By, = ¥, — B1,¥s, we obtain

ZuliMZi = Z [yii =1 — Bii(ysi — ¥ y2i — ¥» — Bra(ysi — ¥3)]
=1 =1

=D =302 =532 = BB D (s = 33 (10.71)

The other two terms in (10.71) sum to zero. Using (10.67) and (10.68), the second
term on the right side of (10.71) can be written as

[2?21 (i = y(ysi — )_’3)][2?:1 (y2i = ¥)(¥3i — ¥3)
S (v — W)

B11Br Z (v3i — ¥3)* =

(10.72)

If we divide (10.71) by n — 1, divide numerator and denominator of (10.72) by n — 1,
and substitute (10.72) into (10.71), we obtain

513523

cov(uy, uz) = Cov(y1 — J1,y2 — ¥2) = 812 — .
33
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This is the element in the first row and second column of S, — S,,S_'S,, in (10.65),
S11 S12 513 1

where S,, = (521 529 ) Sy = Sy = (823 ) S = 833, and Sy, = s;,x. In this case,

the 2 x 2 matrix S,, — S,xS_,'S,y is given by

_ Si1 S12 1 /13
Sy — SxS,'Syy = ( > -— < >(S13, 523)
8§23

S21 S22 8§33
2
B (S 1 S12> L[ 513 si3s3
= - ) .
$21 §22 §33 \ 23513 S33

Thus r,,4,, as based on residuals in (10.69), is equivalent to the maximum likelihood
estimator in (10.65).

We now use (10.71) to convert r,,,, in (10.69) into the familiar formula for ri2.3
given in (10.66). By (10.70), we obtain

_ M (10.73)

Fuju, = .
V2o ”%i Do ”%i

By an extension of (10.71), we further obtain

Z ;= Z (i —y)* — B, Z (3 — ¥3)%, (10.74)
i=1 i i
Z 05 = Z (y2i = ¥2)* = B Z (y3i = ¥3)- (10.75)
i=1 i i

Then (10.73) becomes

S (1 = )2 = ¥2) — BriBra o (v3i — 332

VIS =502 = B 5 s = 55250 (= 507 = B 5, (o = 5]
(10.76)

Tuyuy =

We now substitute for 3,, and B;, as defined in (10.67) and (10.68) and divide

numerator and denominator by \/ S i = ¥1)* 32 (v2i — ¥,)* to obtain

r —r o iz — risrs
uuy — 1123 — .
V(1= rf3)(1 - r§3)

Thus r,,,, based on residuals as in (10.69) is equivalent to the usual formulation ri2.3
in (10.66). O

(10.77)
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For the general case ;. ... 4, where i and j are subscripts pertaining toy and 7, s, . . ., ¢
are all the subscripts associated with x, we define a residual vectory; — ¥,(x), where ¥,(x)
is the vector of predicted values from the regression of y on x. [Note that i is used
differently in r. .4 and y; — ¥,(x).] In Theorem 10.8a, r1,.3 was found to be equal
tO 1y, —3,,y,—5,» the ordinary correlation of the two residuals, and to be equivalent to
the partial correlation defined as an element of R,., in (10.65). In the following
theorem, this is extended to the vectors y and Xx.

Theorem 10.8b. The sample covariance matrix of the residual vector y; — ¥,(x) is
equivalent to Sy, — S,,S.,'S,y in (10.65), that is, Sy_y = S,y — S,.S,' Sy

Proor. The sample predicted value y;(x) is an estimator of E(y|x;) = M+

nyg;xl (x; — m,) given in (4.26). For y,(x), we use the maximum likelihood estimator
of E(y|x;):

¥:(X) =¥ + 8,8 (x; — X). (10.78)

[The same result can be obtained without reference to normality; see Rencher (1998,
p- 304).]

Since the sample mean of y; — ¥,(x) is 0 (see Problem 10.26), the sample covari-
ance matrix of y; — y,(x) is defined as

1 & ) )
Sy—y = 1 Z ly; — y®lly; — .1 (10.79)
i=1
(see Problem 10.1).We first note that by extension of (10.13), we have S, = >,
W =N = /= 1),8, =37 (y; — DX — %) /(n — 1), and Syx = 3, (x; — X)

(x; —X)'/(n — 1) (see Problem 10.27). Using these expressions, after substituting
(10.78) in (10.79), we obtain

1 1 _ _ _ _ _
Syy =—7> [ —¥ =SS/ (% = NIy, — ¥ — SuS,/ (x — O
i=1

1
n—1

S W D@ -9 - D0 - D - 9SS,
i=1 i=1

=SS D =Xy — ¥ + 88 Y (xi — X)(x — XSSy,
i=1 i=1

=8, — S$,S'Sy — SuSL Sy + S, S SLS'S,,
=S,y — S,.S,' Sy

Thus the covariance matrix of residuals gives the same result as the maximum like-
lihood estimator of conditional covariances and correlations in (10.65). ([l
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Example 10.8. We illustrate some partial correlations for the hematology data in
Table 10.1. To find ry2345, for example, we use (10.65), R, = D;l(Syy—
S$,:S..'S,,)D; 1. In this case, y = (y,x;) and X = (x2,x3, X4, %5). The matrix S is
therefore partitioned as

90.290 1.535 4.880 106.202  3.753 3.064
1.535  0.691 1.494 3.255  0.422 —0.268

S = 4.880 1.494 5401 10.155 1.374 1.292
106.202  3.255| 10.155 200.668 64.655  4.067

3753 0422 1.374  64.655 56.374  0.579

3.064 —0.268 1.292 4.067 0.579 18.078

_ ( Syy S.Vx >
Sxy Su
The matrix D, = [diag(S,, — S,,S.'S,,)]"/? is given by

2645 0
1)5_< 0 .503)’

and we have

R.. — 1.0000 —0.0934
7\ —0.0934 1.000 /-

Thus, ry1.2345 = —.0934. On the other hand, r,; = .1934.
To find ry2.1345, we have y = (y,x2)" and X = (x1,x3, X, xs5)". Thus

g _ (90290 4.880
w =\ 4880 5.401)°

and there are corresponding matrices for S,., S,,, and Sy,. The diagonal matrix D; is
given by D, = diag(2.670, 1.389), and we have

R _ [ 1000 —0.164
=\ —0.164  1.000 )

Thus, 7y5.1345 = —.164, which can be compared with ry, = .221.
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To find ry3.4s5, we have y = (y,x1,X2,x3) and X = (x4, x5)". Then, for example, we

obtain

90.290 1.535 4.880 106.202
1.535 0.691 1.494 3.255
4.880 1.494 5401 10.155

106.202 3.255 10.155 200.668

Syy =

The diagonal matrix Dy is given by

D, = diag(9.462, .827,2.297,11.219),

and we have

1.000 0.198 0.210 0.954
0.198 1.000 0.792 0.304
0.210 0.792 1.000 0.324
0.954 0.304 0.324 1.000

R, =

Thus, for example, ryi.4s5 = .198, 13345 = 954, r12.45 = .792, and ry345 = .324. In
this case, R,., is little changed from R,:

1.000 0.194 0.221 0.789
0.194 1.000 0.774 0.277
0.221 0.774 1.000 0.308
0.789 0.277 0.308 1.000 0

R, =

PROBLEMS

10.1

10.2

10.3
104

10.5

10.6
10.7

Show that S in (10.14) can be found as S = Z:’Zl (vi = V)(vi = V) /(n— 1) as
in (10.13).

Show that fx and S in (10.9) and (10.10) are jointly sufficient for g and 3, as
noted following Theorem 10.2c.

Show that S = DRD gives the partitioned result in (10.19).
Show that cov(y,w) = 0';,)(2;; o,, and var(w) = a'fvxi;xl oy, as in (10.26),
where w = pu, + o"yXE;xl x—pm).

Show that pi‘x in (10.27) is the maximum squared correlation between y and
any linear function of x, as in (10.28).

Show that p;_ can be expressed as p,, = 1 — [X|/(0y|2x|) as in (10.29).

Show that p%x is invariant to linear transformations # = ay and v = Bx, where
B is nonsingular, as in (10.30).



274

10.8
10.9

10.10
10.11
10.12

10.13

10.14

10.15

10.16
10.17
10.18

10.19
10.20

10.21
10.22

MULTIPLE REGRESSION: RANDOM x’s

Show that cov(y — w,x) = 0’ as in (10.33).
Verify that R* = 72

V3> @S in (10.36), using the following two definitions of ryzﬁ,:

NS 712 _ ~ =
@ =2 L =0 =) /[ 0=, Gi = 9]
(b) 1y = 575/ (sy53)
Show that R* = maxar; ., as in (10.37).
Show that R* = r}, R_'r,, as in (10.38) .

Show that R> = 1 — 1/ as in (10.39), where " is the upper left-hand diag-
onal element of R™!, with R partitioned as in (10.18).

Verify that R® can be expressed in terms of determinants as in (10.40) and
(10.41).

Show that R? is invariant to full-rank linear transformations on yorthex’s, as
in property 9 in Section 10.4.

Show that ﬁo in (10.46) is the maximum likelihood estimator of 2 in (10.45)
and that maxy,L(pm, ) is given by (10.47).

Show that LR in (10.48) is equal to LR = (1 — Rz)”/2 in (10.49).
Obtain the confidence interval in (10.57) from the inequality in (10.56).

Suppose that we have three independent samples of bivariate normal data.
The three sample correlations are ry, r,, and r; based, respectively, on
sample sizes ny, n,, and ns.

(a) Find the covariance matrix V of z=(z 2z z3) where
zi = $In[(1 + )/ = )]
(b) Let p = (tanh~'p,, tanh ' p,, tanh ' p,), and let

1 -1 0
c=(1 5 1)

Find the distribution of [C(z — pLZ)]’ [CVCT'[C(z - m)l
(¢) Using (b), propose a test for Hp:p, = p, = p; or equivalently

H() . C[Lz =0.
Prove Theorem 10.6.
Show that if z were orthogonal to the x’s, (10.58) could be written in the form
R}, = R}, + r}., as noted following Theorem 10.6.
Prove Theorem 10.7b.

Prove Theorem 10.7c.
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10.24
10.25
10.26
10.27

10.28
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Show that S0, uyiu = Sy (yii — y)(y2i —¥2) — BriBra iy 3 — ¥3)?
asin (10.71).

Show that 37 u}, = o0, i — 31)° =B, Sor, (33 — ¥3)% as in (10.74).
Obtain 723 in (10.77) from ry,,, in (10.76).

Show that 2?:1 [y; — ¥,(x)] = 0, as noted following (10.78).

Show that Syy = Z[ (y, - y)(yz - 5’)’/(” -1, Syx = Ei (Y, - y)(xl - i),/
(n—1),and Sy, = >, (x; — X)(x; — X)'/(n — 1), as noted following (10.79).

In an experiment with rats, the concentration of a particular drug in the liver
was of interest. For 19 rats the following variables were observed:

y = percentage of the dose in the liver
x1 = body weight
x; = liver weight

x3 = relative dose

The data are given in Table 10.2 (Weisberg 1985, p. 122).

(a) Find Sy, s, By, By, and 5.
(b) Find Ry, 1y, and 8.

(¢) Find R

(d) TestHp: B, =0.

Use the hematology data in Table 10.1 as divided into two subsamples of
sizes 26 and 25 in Example 10.5b (the first 26 observations and the last 25
observations). For each pair of variables below, find r; and r, for the two sub-
samples, find z; and z as in (10.51), test Hy : p; = p, as in (10.55), and find
confidence limits for p; and p, as in (10.57).

(@) yandx,
(b) yand x3

TABLE 10.2 Rat Data

y X1 X2 X3 y X1 X2 X3
42 176 6.5 0.88 27 158 6.9 .80
25 176 9.5 0.88 .36 148 7.3 74
.56 190 9.0 1.00 21 149 5.2 75
.23 176 8.9 0.88 28 163 8.4 .81
.23 200 7.2 1.00 .34 170 7.2 .85
32 167 8.9 0.83 28 186 6.8 .94
37 188 8.0 0.94 .30 164 7.3 .73
41 195 10.0 0.98 37 181 9.0 .90
.33 176 8.0 0.88 46 149 6.4 75
.38 165 79 0.84
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10.30

10.31
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(¢) yandx,
(d) yand xs

For the rat data in Table 10.2, check the effect of each variable on R? as in
Section 10.6.
Using the rat data in Table 10.2.

(a) Find ry1.23 and compare to ry;.

(b) Find ry2.13

(c) Find Ry, where y = (¥, x1,x2) and X = x3, in order to obtain y13, 1235
and r12.3.



1 1 Multiple Regression: Bayesian
Inference

We now consider Bayesian estimation and prediction for the multiple linear
regression model in which the x variables are fixed constants as in Chapters 7-9.
The Bayesian statistical paradigm is conceptually simple and general because infer-
ences involve only probability calculations as opposed to maximization of a function
like the log likelihood. On the other hand, the probability calculations usually entail
complicated or even intractable integrals. The Bayesian approach has become popular
more recently because of the development of computer-intensive approximations to
these integrals (Evans and Swartz 2000) and user-friendly programs to carry out
the computations (Gilks et al. 1998). We discuss both analytical and computer-
intensive approaches to the Bayesian multiple regression model.

Throughout Chapters 7 and 8 we assumed that the parameters B8 and o® were
unknown fixed constants. We couldn’t really do otherwise because to this point (at
least implicitly) we have only allowed probability distributions to represent variability
due to such things as random sampling or imprecision of measurement instruments.
The Bayesian approach additionally allows probability distributions to represent con-
jectural uncertainty. Thus B and o” can be treated as if they are random variables
because we are uncertain about their values. The technical property that allows one
to treat parameters as random variables is exchangeability of the observational
units in the study (Lindley and Smith 1972).

11.1 ELEMENTS OF BAYESIAN STATISTICAL INFERENCE

In Bayesian statistics, uncertainty about the value of a parameter is expressed using
the tools of probability theory (e.g., a density function—see Section 3.2). Density
functions of parameters like B and o reflect the current credibility of possible
values for these parameters. The goal of the Bayesian approach is to use data to
update the uncertainty distributions for parameters, and then draw sensible
conclusions using these updated distributions.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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The Bayesian approach can be used in any inference situation. However, it seems
especially natural in the following type of problem. Consider an industrial process in
which it is desired to estimate 3y and B for the straight-line relationship in (6.1)
between a response y and a predictor x for a particular batch of product. Suppose
that it is known from experience that 3y and (; vary randomly from batch to
batch. Bayesian inference allows historical (or prior) knowledge of the distributions
of Bp and B, among batches to be expressed in probabilistic form, and then to be com-
bined with (x, y) data from a specific batch in order to give improved estimates of 3,
and B; for that specific batch.

Bayesian inference is based on two general equations. In these equations as pre-
sented below, @ is a vector of m continuous parameters, y is a vector of n continuous
observations, and f, g, h, k, p, g, r and ¢ are probability density functions.

We begin with the definition of the conditional density of @ given y [see (3.18)]

_ Ky, 0)

0 s
g0]y) )

(11.1)

where k(y, @) is the joint density of yj, yo,..., y, and 6,,6,, . ..,6,,. Using the defi-
nition of the conditional density f(y| #), we can write k(y, 8) = f(y|0)p(0), and
(11.1) becomes

_ f610p9)

5 11.2
() (112

g(@ly)

an expression that is commonly referred to as Bayes’ theorem. By an extension of
(3.13), the marginal density A(y) can be obtained by integrating 6 out of
k(y,0) = f(y|0) p(0) so that (11.2) becomes

Op(0
J o | fy|Op(0)do

—00

= cf(y|0)p(0), (11.3)

where d@ = d6, - - - d6,,. In this expression, p(0) is known as the prior density of 0,
and g(@0|y) is called the posterior density of 0. The definite integral in the denomi-
nator of (11.3) is often replaced by a constant (¢) because after integration, it no
longer involves the random vector 0. This definite integral is often very complicated,
but can sometimes be obtained by noting that c is a normalizing constant, that is, a
value such that the posterior density integrates to 1. Rearranging this expression and
reinterpreting the joint density function f(y |6) of the data as the likelihood function
L(@]y) (see Section 7.6.2), we obtain

8(0]y) = cp(0)L(B|y). (11.4)
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Thus (11.2), the first general equation of Bayesian inference, merely states that the
posterior density of @ given the data (representing the updated uncertainty in 6) is pro-
portional to the prior density of € times the likelihood function. Point and interval
estimates of the parameters are taken as mathematical features of this joint posterior
density or associated marginal posterior densities of individual parameters 6;. For
example, the mode or mean of the marginal posterior density of a parameter may
be used as a point estimate of the parameter. A central or highest density interval
(Gelman et al. 2004, pp. 38—39) over which the marginal posterior density of a par-
ameter integrates to 1 — w may be taken as a 100(1 — w)% interval estimate of the
parameter.

For the second general equation of Bayesian inference, we consider a future obser-
vation y,. In the Bayesian approach, y, is not independent of y as was assumed in
Section 8.6.5 because its density depends on 6, a random vector whose current uncer-
tainty depends on y. Since y,, y and 0 are jointly distributed, the posterior predictive
density of yo given y is obtained by integrating @ out of the joint conditional density
of yo and 0 given y:

r(yoly) = J J t(yo, 0ly)d0

- J j 400/6, Y)g(8ly)d® by (4.28)]

—00

where g(yo|0,y) is the conditional density function of the sampling distribution for
a future observation y,. Since yo is dependent on y only through 6, g(yo|9,y)
simplifies, and we have

r(yoly) = J J 4(30|0)g(8]y) d0. (11.5)

Equation (11.5) expresses the intuitive idea that uncertainty associated with the pre-
dicted value of a future observation has two components: sampling variability and
uncertainty in the parameters. As before, point and interval predictions can be
taken as mathematical features (such as the mean, mode, or specified integral) of
this posterior predictive density.

11.2 A BAYESIAN MULTIPLE LINEAR REGRESSION MODEL

Bayesian multiple regression models are similar to the classical multiple regression
model (see Section 7.6.1) except that they include specifications of the prior
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distributions for the parameters. Prior specification is an important part of the art and
practice of Bayesian modeling, but since the focus of this text is the basic theory of
linear models, we discuss only one set of prior specifications—one that is chosen for
its mathematical convenience rather than actual prior information.

11.2.1 A Bayesian Multiple Regression Model with a Conjugate Prior

Although not necessary, it is often convenient to parameterize Bayesian models using
precision (7) rather than variance (o), where

Using this parameterization, as an example of a Bayesian linear regression model, let

1
y|B, T be Nn<XB, I),
T

1
BlTbe Nk+l<¢9 ;V> s
7 be gamma(a, 6).

The second and third distributions here are prior distributions, and we assume that ¢,
V, a, and 6 (the parameters of the prior distributions), are known. Although we will
not do so here, this model could be extended by specifying hyperprior distributions
for ¢, V, o, and 6 (Lindley and Smith 1972).

As in previous chapters, the number of predictor variables is denoted by k (so that
the rank of X is £ 4 1) and the number of observations by n. The prior density
function for B | is, using (4.9)

1 P
_ —HB-d) V' (B—)/2
pl(ﬁlT) (ZW)(kJrl)/ZlT_lvﬁe ' (11.6)

The prior density function for 7 is the gamma density (Gelman et al. 2004,
pp. 574-575)

(¢4

210, (11.7)

1)
pa(7) = T'a)

where o > 0,6 > 0, and by definition

T'a) = Jx“*eﬂdx (11.8)
0
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(see any advanced calculus text). For the gamma density in (11.7),

o «
E(r) = 5 and var(7) = 7

These prior distributions could be formulated with small enough variances that the
prior knowledge strongly influences posterior distributions of the parameters in
the model. If so, they are called informative priors. On the other hand, both of
these priors could be formulated with large variances so that they have very little
effect on the posterior distributions. If so, they are called diffitse priors. The priors
would be diffuse if, for example, V in (11.6) were a diagonal matrix with very
large diagonal elements, and if 0 in (11.7) were very close to zero.

The prior specifications in (11.6) and (11.7) are flexible and reasonable, and they
also have nice mathematical properties, as will be shown in Theorem 11.2a. Other
specifications for the prior distributions could be used. However, even the minor
modification of proposing a prior distribution for B that is not conditional on 7
makes the model far less mathematically tractable.

The joint prior for B and 7in our model is called a conjugate prior because its use
results in a posterior distribution of the same form as the prior. We prove this in the
following theorem.

Theorem 11.2a. Consider the Bayesian multiple regression model in which y|B, 7
is N,(XB, 77 'T), B|7is Niy1(b, 7'V), and 7 is gamma(c, §). The joint prior distri-
bution is conjugate, that is, g(B, 7y) is of the same form as p(f, 7).

Proor. Combining (11.6) and (11.7), the joint prior density is
p(B. 7 = pi(B|Dp2(7)
— ¢ 7K F12= BV (B=)/2 1 ,br

= 7 +k+1)/2677[(1374))’\”‘(ﬁf¢)+6*l/2’ (11.9)

where a, = 2a — 2, 6, = 26 and all the factors not involving random variables are
collected into the normalizing constant c¢;. Using (11.4), the joint posterior density
is then

g(B, Tly) = cp(B, LB, 7|y)
— @ ARHD/2 =BV (B +5.1/2 11/2 = Ty -XBY (y-XB)/2

— ¢y 7@ ThHED/2 o= (B=$)V " (B=d)+(y—XB/ (y—XP)+8.1/2

where a.. = 2o — 2 + n, and all the factors not involving random variables are col-
lected into the normalizing constant c,. By expanding and completing the square in
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the exponent (Problem 11.1), we obtain

B, 7|y) = c2T(am+k+1>/2e—r[<B—¢,>’V:‘<ﬁ—¢*>+6**]/2’ (11.10)

where V.=V !'4+XX) !¢, = V.V +XYy), and 8.. = —¢. V. P, +
V' + y,y + &.. Hence the joint posterior density has exactly the same form
as the joint prior density in (11.9). U

It might seem odd to include terms like X'y and y'y in the “constants” of a prob-
ability distribution, while considering parameters like 8 and 7 to be random, but this
is completely characteristic of Bayesian inference. In this sense, inference in a
Bayesian linear model is opposite to inference in the classical linear model.

11.2.2 Marginal Posterior Density of

In order to carry out inferences for 3, the marginal posterior density of 3 [see (3.13)]
must be obtained by integrating 7 out of the joint posterior density in (11.10). The
following theorem gives the form of this marginal distribution.

Theorem 11.2b. Consider the Bayesian multiple regression model in which y|8, 7
is N,(XB, 77'D), B|7is Ni11(¢h, 7 'V), and 7is gamma(a, §). The marginal posterior
distribution u(B|y) is a multivariate 7 distribution with parameters (n + 2, ¢,, W.),
where

&, =V ' +XX) (VI +Xy) (11.11)
and

(y — X)X+ XVX) (y — Xp) + 28

W, = v+ X'X)!. 11.12
T2 ]( + X'X) ( )

Proor. The marginal distribution of B|y is obtained by integration as

u(Bly) = Jg(ﬂ, Tly)dr.
0
By (11.10), this becomes

u(Bly) = c2 J @tk /2 =BV (B )+8::1/2 g
0
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Using (11.8) together with integration by substitution, the integral in this expression
can be solved (Problem 11.2) to give the posterior distribution of B|y as

—(sH2+k+1)/2

2 2
=al(B—d) V' (B—b)— .V, b, + PV ' +yy+8,] (@22

u(Bly)=c>I (“** +2+k+ 1) [(B— b))V (B— )+

To show that this is the multivariate # density, several algebraic steps are required as
outlined in Problems 11.3a—c and 11.4. See also Seber and Lee (2003, pp. 100—110).
After these steps, the preceding expression becomes

uBly)=c;[(B— ) V. (B~ ) +(y— XY I+XVX) ' (y—Xp)
+28]—(a**+2+k+1)/2.

Dividing the expression in square brackets by (y — X)) I+ XVX') ! (y — X ) + 28,
modifying the normalizing constant accordingly, and replacing o, by 2a—2 + n, we
obtain

—(+2a+k+1)/2

B-d)V. ' (B—,)/(n+20)
[(y — X&) A+ XVX) 1y — Xp)+28]/(n+2a)

(LB W (B )
- n+2a

u(Bly)=c4 [1 +

) (11.13)

where W, is as given in (11.12). The expression in (11.13) can now be recognized as
the density function of the multivariate ¢ distribution (Gelman et al. 2004, pp. 576—
577; Rencher 1998, p. 56) with parameters (n+2c, ¢,, W,). Note that ¢, is the
mean vector and [(n+2a)/(n+2a—2)]W, is the covariance matrix of Bly. O

As a historical note, the reasoning in this section is closely related to the work of
W. S. Gosset or “Student” (Pearson et al. 1990, pp. 49-53, 72—73) on the small-
sample distribution of

v <l

Gosset used Bayesian reasoning (“inverse probability””) with a uniform prior distri-
bution (“equal distribution of ignorance”) to show through a combination of proof,
conjecture, and simulation that the posterior density of 7 is related to what we now
call Student’s ¢ distribution with n — 1 degrees of freedom.
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11.2.3 Marginal Posterior Densities of T and o™

Inferences regarding 7 and o” require knowledge of the marginal posterior distri-
bution of 7]y. We derive the posterior density of 7]y in the following theorem.

Theorem 11.2¢c. Consider the Bayesian multiple regression model in which y|B,7
is N.(XB,7'I), B|7 is Niyi(b, 7'V), and 7 is gamma(a, §). The marginal
posterior distribution v(7ly) is a gamma distribution with parameters «+ n/2
and (=@ V.'¢p, + ¢V ' +yy+28/2, where V.=V !'+XX)"' and
é. = V.V ¢+ Xy).

Proor. The marginal distribution of 7]y is obtained by integration as
v(1y) = J e J 8B, ly)dp

=0 J J 7.(a**+k+l)/2677[(ﬁf¢*)’Vr1(B*¢*)+6**1/2dﬁ
— ¢y f @ thHD/2 =780 /2 J J e*T[(Bﬂb*)’V:‘(B*¢*)1/2dﬁ

where all the factors not involving random variables are collected into the normaliz-
ing constant ¢, as in (11.10). Since the integral in the preceding expression is
proportional to the integral of a joint multivariate normal density, we obtain

v(tly) = Cz7'(a**+k+l)/2e7(3**/Z)T(ZW)OHI)/Z|V*|1/27-*(k+1)/2
= 5@ TkED/2= (D)2 = e [2)7
= 5@t o (VI D+ BV bty y 42020, (11.14)
which is the density function of the specified gamma distribution. 0

The marginal posterior density of o® can now be obtained by the univariate
change-of-variable technique (4.2) as

w(o’ly) = C6(02)*(a+n)/271e*l(*‘f)’*\’:]¢¥+¢'V"¢+y'y+28)/2]/02 (11.15)

which is the density function of the inverse gamma distribution with parameters
a+n/2 and (=@ V', + &V 'p+yy+28/2 (Gelman et al. 2004,
pp. 574-575).
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11.3 INFERENCE IN BAYESIAN MULTIPLE
LINEAR REGRESSION
11.3.1 Bayesian Point and Interval Estimates of Regression Coefficients

A sensible Bayesian point estimator of 3 is the mean of the marginal posterior density
in (11.13)

b, = VI +XX) (V' +Xly), (11.16)
and a sensible 100(1 — w)% Bayesian confidence region for 8 is the highest-density
region ) such that

—(n+2a+k+1)/2

C4JQ...H b % B=1—w (1117

A convenient property of the multivariate ¢ distribution is that linear functions of
the random vector follow the (univariate) ¢ distribution. Thus, given y,

a,ﬁ B a,(b*

aW.a is #(n—+2a)

and, as an important special case,

Bi=di i t(n + 2a), (11.18)

Wiii
where ¢, ; is the ith element of ¢, and w_j; is the ith diagonal element of W,.. Thus a

Bayesian point estimate of 3;is ¢, ; and a 100(1 — w)% Bayesian confidence interval
for B; is

d)*i * tw/Z,n+2aW*ii~ (1 1 19)

One very appealing aspect of Bayesian inference is that intervals like (11.19) have
a natural interpretation. Instead of the careful classical interpretation of a confidence
interval in terms of hypothetical repeated sampling, one can simply and correctly say
that the probability is 1 — w that 8; is in (11.19).

An interesting final note on Bayesian estimation of 8 is that the Bayesian estimator
¢, in (11.16) can be obtained as the generalized least-squares estimator of 8 in
(7.63). To see this, consider adding the prior information to the data as if it constituted
a set of additional observations. The idea is to augment y with ¢, and to consider the

y
(]

mean vector and covariance matrix of the augmented vector (

X 1/1 O
(Ik+l>ﬁ and ;(O V)'

) to be, respectively
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Generalized least squares estimation expressed in terms of these partitioned
matrices then gives ¢, in (11.16) as an estimate of 8 (Problem 11.6). The implication
of this is that prior information on the regression coefficients can be incorporated into
a multiple linear regression model by the intuitive informal process of “adding”
observations.

11.3.2 Hypothesis Tests for Regression Coefficients in
Bayesian Inference

Classical hypothesis testing is not a natural part of Bayesian inference (Gelman et al.
2004, p. 162). Nonetheless, if the question addressed by a classical hypothesis test is
whether the data support the conclusion (i.e., alternative hypothesis) that 3; is greater
than B;y, a sensible approach is to use the posterior distribution (in this case the
t distribution with n + 2« degrees of freedom) to compute the probability
P(t(n +2a) > M)
Wii

The larger this probability is, the more credible is the hypothesis that 8; > S;.

If, alternatively, classical hypothesis testing is used to select a model from a set of
candidate models, the corresponding Bayesian approach is to compute an information
statistic for each model in question. For example, Schwarz (1978) proposed the
Bayesian Information Criterion (BIC) for multiple linear regression models, and
Spiegelhalter et al. (2002) proposed the Deviance Information Criterion (DIC) for
more general Bayesian models. The model with the lowest value of the information
criterion is selected. Model selection in Bayesian analysis is an area of current research.

11.3.3 Special Cases of Inference in Bayesian Multiple
Regression Models

Two special cases of inference in this Bayesian linear model are of particular interest.
First, consider the use of a diffuse prior. Let ¢p = 0, let V be a diagonal matrix with
all diagonal elements equal to a large constant (say, 10%), and let & and & both be
equal to a small constant (say, 10~%). In this case, V' is close to O, and so ¢,,
the Bayesian point estimate of B in (11.16), is approximately equal to

X'X)"'Xy,

the classical least-squares estimate. Also, since (I + XVX/)™! =T — X(X'X+ V1)~ IX’
(see Problem 11.3a), the covariance matrix W, approaches

W, = Y x'x)~!

v - X(X'X)"'X']
n

- ”T_ls2(x’xr1 [by (7.26)].
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Thus, in the case of diffuse priors, the Bayesian confidence region (11.17)
reduces to a region similar to (8.46), and Bayesian confidence intervals for the
regression coefficients in (11.19) are similar to classical confidence intervals in
(8.47); the only differences are the multiplicative factor (n — 1)/n and the use of
the ¢ distribution with n degrees of freedom rather than n — k — 1 degrees of
freedom. If a Bayesian multiple linear regression model with independent uniformly
distributed priors for 8 and In (71 is considered, Bayesian confidence intervals for
the regression coefficients are exactly equal to classical confidence intervals
(Problem 11.5). One result of this is that simple Bayesian interpretations can be
validly applied to confidence intervals for the classical linear model. In fact, most
inferences for the classical linear model can be stated in terms of properties of pos-
terior distributions.

The second special case of inference in this Bayesian linear model is the case in
which ¢ =0 and V is a diagonal matrix with a constant on the diagonal. Thus
V = al, where a is a positive number, and the Bayesian estimator of 8 in (11.16)
becomes

!/ 1 - /
XX+-1] Xly.
a

For the centered model (Section 7.5) this estimator is also known as the “ridge
estimator” (Hoerl and Kennard 1970). It was originally proposed as a method for
dealing with collinearity, the situation in which the columns of the X matrix have
near-linear dependence so that X'X is nearly singular. However, the estimator
may also be understood as a “shrinkage estimator” in which prior information
causes the estimates of the coefficients to be shrunken toward zero (Seber and
Lee 2003, pp. 321-322). The use of a Bayesian linear model with hyperpriors
(prior distributions for the parameters of the prior distributions) leads to a reasonable
choice of value for a in terms of variances of the prior and hyperprior distributions
(Lindley and Smith 1972).

11.3.4 Bayesian Point and Interval Estimation of ¢

A possible Bayesian point estimator of o~ is the mean of the marginal inverse gamma
density in (11.15)

(—d.V,'db, + 'V 'dp+yy+2§)/2
a+n/2—1

and a 100(1 — w)% Bayesian confidence interval for * is given by the 1 — /2 and
w/2 quantiles of the appropriate inverse gamma distribution.

As a special case, note that if @ and 6 are both close to 0, ¢p = 0, and V is a diag-
onal matrix with all diagonal elements equal to a large constant so that V ' is close
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to O, then the Bayesian point estimator of o* is approximately

Wy—¢.V.'d)/2 yy—yXXX) Xy

n/2 -1 n—2
Y- XX'X) Xy
o n—2
n—k—1,
T on-=2 5

and the centered Bayesian confidence limits are the 1 — /2 quantile and the w/2
quantile of the inverse gamma distribution with parameters n/2 and
Y- XX'X) "' XTy/2.

11.4 BAYESIAN INFERENCE THROUGH MARKOV CHAIN
MONTE CARLO SIMULATION

The inability to derive a closed-form marginal posterior distribution for a parameter is
extremely common in Bayesian inference (Gilks et al. 1998, p. 3). For example, if the
Bayesian multiple regression model of Section 11.2.1 had involved a prior distri-
bution for B that was not conditional on 7, closed-form marginal distributions for
the parameters could not have been derived (Lindley and Smith 1972). In actual prac-
tice, the exception in Bayesian inference is to be able to derive closed-form marginal
posterior distributions. However, this difficulty turns out to be only a minor hindrance
when modern computing resources are available.

If it were possible, an ideal solution would be to draw a large number of samples
from the joint posterior distribution. Then marginal means, marginal highest density
intervals, and other properties of the posterior distribution could be approximated
using sample statistics. Furthermore, functions of the sampled values could be calcu-
lated in order to approximate marginal posterior distributions of these functions. The
big question, of course, is how it would be possible to draw samples from a distri-
bution for which a familiar closed-form joint density function is not available.

A general approach for accomplishing this is referred to as Markov Chain Monte
Carlo (MCMC) simulation (Gilks et al. 1998). A Markov Chain is a special sequence
of random variables (Ross 2006, p. 185). Probability laws for general sequences of
random variables are specified in terms of the conditional distribution of the
current value in the sequence, given all past values. A Markov Chain is a simple
sequence in which the conditional distribution of the current value is completely
specified, given only the most recent value.

Markov Chain Monte Carlo simulation in Bayesian inference is based on sequences of
alternating random draws from conditional posterior distributions of each of the par-
ameters in the model given the most recent values of the other parameters. This
process generates a Markov Chain for each parameter. Moreover, the unconditional dis-
tribution for each parameter converges to the marginal posterior distribution of the
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parameter, and the unconditional joint distribution of the vector of parameters for any
complete iteration of MCMC converges to the joint posterior distribution. Thus after dis-
carding a number of initial draws (the “burn-in”), draws may be considered to constitute
sequences of samples from marginal posterior distributions of the parameters. The
samples are not independent, but the nonindependence can be ignored if the number
of draws is sufficiently large. Plots of sample values can be examined to determine
whether a sufficiently large number of draws has been obtained (Gilks et al. 1998).

When the prior distributions are conjugate, closed-form density functions of the
conditional posterior distributions of the parameters are available regardless of
whether closed-form marginal posterior distributions can be derived. In the case of
conjugate priors, a simple form of MCMC called “Gibbs sampling” (Gilks et al.
1998, Casella and George 1992) can be used by which draws are made successively
from each of the conditional distributions of the parameters, given the current draws
for the other parameters.

We now illustrate this procedure. Consider again the Bayesian multiple regression
model in which y|B, Tis N,(XB, 7 'I), B|7is Nx11(¢h, 7'V), and 7is gamma(a, J).
The joint posterior density function is given in (11.10). The conditional posterior
density (or “full conditional”) of B|7, y can be obtained by picking the terms out
of (11.10) that involve B, and considering everything else to be part of the normal-
izing constant. Thus, the conditional density of B|7, y is

o(B|7, y) = cge B PIVB-d0/2,

Clearly B|r,y is Niy1(¢d,, 7 'V.,). Similarly, the conditional posterior density for
7B,y is

(7| B, y) = cqrl(@ ThED/ 21 B bV By i5.1/2

so that 7B,y can be seen to be gamma {(a.+k+3)/2,

Gibbs sampling for this model proceeds as follows:

» Specify a starting value 7, [possibly 1 /52 from (7.23)].

e For i=1 to M: draw B; from Ny (,, Ti’_l] V,), draw 7; from gamma
{(ew +k+3)/2, (B, — )V, (B — )+ 8..1/2}.

 Discard the first Q draws (as burn-in), and consider the last M — Q draws (8;, 7;)
to be draws from the joint posterior distribution. For this model, using the start-
ing value of 1/ 5%, O would usually be very small (say, 0), and M would be large
(say, 10,000).

Bayesian inferences for all parameters of the model could now be carried out using
sample statistics of this empirical joint posterior distribution. For example, a Bayesian
point estimate of 7could be calculated as the sample mean or median of the draws of 7
from the joint posterior distribution. If we calculate (or “monitor”) 1/7 on each iter-
ation, a Bayesian point estimate of ¢ = 1/7 could be calculated as the mean or
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TABLE 11.1 Body Fat Data

y X1 X2

11.9 19.5 29.1
22.8 24.7 28.2
18.7 30.7 37.0
20.1 29.8 31.1
12.9 19.1 30.9
21.7 25.6 23.7
27.1 314 27.6
25.4 27.9 30.6
21.3 22.1 23.2
19.3 25.5 24.8
254 31.1 30.0
27.2 30.4 28.3
11.7 18.7 23.0
17.8 19.7 28.6
12.8 14.6 21.3
23.9 29.5 30.1
22.6 27.7 25.7
254 30.2 24.6
14.8 22.7 27.1
21.1 25.2 27.5

median of 1/7. A 95% Bayesian interval estimate of o’ could be computed as the
central 95% interval of the sample distribution of o”. Other inferences could similarly
be drawn on the basis of sample draws from the joint posterior distribution.

Example 11.4. Table 11.1 contains body fat data for a sample of 20 females aged
25-34 (Kutner et al. 2005, p. 256). The response variable was body fat (y), and
two predictor variables were triceps skinfold thickness (x;) and midarm circumfer-
ence (x,). The data were analyzed using the Bayesian multiple regression model of
Section 11.2.1 with diffuse priors in which ¢’ = (0, 0, 0), V = 10°L;, o = 0.0001,
and 6 = 0.0001. Density functions of the marginal posterior distributions of Sy,
B1, and B, from (11.13) as well as the marginal posterior density of o from
(11.15) are graphed in Figure 11.1. Superimposed on these (and almost indistinguish-
able from them) are smooth estimates (Silverman 1999) of the same posterior den-
sities based on Gibbs sampling with Q = 0 and M = 10,000. ([

11.5 POSTERIOR PREDICTIVE INFERENCE

As afinal aspect of Bayesian inference for the multiple regression model, we consider
Bayesian prediction of the value of the response variable for a future individual. If we
again use the Bayesian multiple regression model of Section 11.2.1 in which y|B, 7is
N,(XB, 7 '), BlT is Nipi(o, V), and 7T is gamma(a, 8), the posterior
predictive density for a future observation y, with predictor variables x;, can be
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Figure 11.1 Posterior densities of parameters for the fat data in Table 11.1.

expressed using (11.5) as

[o )

J - J ¢(yol B. DB, Ty)dB dr

r(yoly) =

c—38

c

o3

J J Tl/ze*ﬂyo*xgﬁ)zﬂT(aw+k+1)/2
« efr[(ﬂﬂb*)’V:‘(Bf¢*)+6w1/2dﬁ dr
—c [ - dovie- b

+ 00 = XB) + 8.1,

Further analytical progress with this integral is difficult. Nonetheless, Gibbs
sampling as in Section 11.4 can be easily extended to simulate the posterior predictive
distribution of y, as follows:

» Specify a starting value 7, [possibly 1 /s2 from (7.23)].

e For i=1 to M: draw f; from Nk+1(¢*,7f_11V*), draw 7; from
gamma{ (.. +k +3)/2,[(B; — ¢.YV.'(B; — ) + 8..1/2), draw yy; from
N B, 1.
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Figure 11.2 Approximate posterior predictive density using Gibbs sampling for a future
observation yo with xt, = (1, 20, 25) for the fat data in Table 11.1.

 Discard the first Q draws (as burn-in), and consider the last M — Q draws of y,,
to be draws from the posterior predictive distribution.

Example 11.5. Example 11.4(continued). Consider a new individual with x; = 20
and x, =25. Thus xu = (1, 20, 25). Figure 11.2 gives a smooth estimate of
the posterior predictive density of y, based on Gibbs sampling with Q =0 and
M = 10,000. O

The approximate Bayesian 95% prediction interval derived from this density is
(11.83, 20.15), which may be compared to the 95% prediction interval (10.46,
21.57) for the same future individual using the non-Bayesian approach (8.62).

This chapter gives a small taste of the calculations associated with the modern
Bayesian multiple regression model. With very little additional work, many aspects
of the model can be modified and customized, especially if the MCMC approach
is used. Versatility is one of the great advantages of the Bayesian approach.

PROBLEMS
11.1 As in Theorem 11.2a, show that (B8 — @)V '(B— ) +(y—XB)

¥ —XB)+ 8. =(B—d)V,"(B— ¢,)+ 5., where V. =(V '+ X'X),
. =V.(V'¢p+Xy),and 8. = -,V .+ ¢V 'd+yy+6..

11.2  As used in the proof to Theorem 11.2b, show that

J e P'dr = b=l + 1).
0
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(a) Show that I+ XVX) ™' =T - X(X'X+V ) 'X.
(b) Show that (I + XVX') !X = X(X'X + V)~ 'v1,
(¢) Show that V™! — V' I(X'X + V- H)~ly=I = X/(I + XVX')"'X.

As in the proof to Theorem 11.2b, show that y'y + ¢'V'p — ¢' V. ' o,
= (y—X@) 1+ XVX) '(y — X¢), where V,=(XX+V )" and
¢.=V.Xy+V'¢).

Consider the Bayesian multiple linear regression model in which y|B, 7 is
N,(XB, 7 'T), B is uniform (R*"") [i.e., uniform over (k + 1) -dimensional
space], and In(7 ") is uniform (— o0, ). Show that the marginal posterior
distribution of By is the multivariate ¢ distribution with parameters
[n—k—1,B,s*(X’X)""], where B and s> are defined in the usual way
[see (7.6) and (7.23)]. These prior distributions are called improper priors
because uniform distributions must be defined for bounded sets of values.
Nonetheless, the sets can be very large, and so we can proceed as if they
were unbounded.

Consider the augmented data vector ( ’:5) with mean vector (
covariance matrix

X )ﬂand

|

1
-I O
T
1
0O -V
T

Show that the generalized least-squares estimator of 3 is the Bayesian estima-
tor in (11.16), (V™' + X'X) (V"¢ + X'y).

Given that 7 is gamma(e, 0) as in (11.7), find E(7) and var(7).

Use the Bayesian multiple regression model in which y|B,7 is
N,(XB, 7 '1), B|7is Nip1 (¢, 7'V), and 7is gamma(a, 8). Derive the mar-
ginal posterior density function for o°|y, where o> = 1/7.

Consider the Bayesian simple linear regression model in which y;|B,, B,
is N(By+Bxi,1/7) for i=1,...,n, Byt is N(a,a3/7), Bi|7 is
N(b, a3/ 1), cov(By, B1|7T) = 012, and 7 is gamma(e, 5).

(a) Find the marginal posterior density of B;|y. (Do not simplify the results.)
(b) Find Bayesian point and interval estimates of 3;.

Consider the Bayesian multiple regression model in which y|B, 7 is
N,(XB, 7 '), B is Nir1(, V), and 7 is gamma(a, 6). Note that this is

similar to the model of Section 11.2 except that the prior distribution of 8
is not conditional on .

(a) Find the joint posterior density of 3, 7y up to a normalizing constant.
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(b) Find the conditional posterior density of B|7,y up to a normalizing
constant.

(c) Find the conditional posterior density of 7|8,y up to a normalizing
constant.

(d) Develop a Gibbs sampling procedure for estimating the marginal pos-
terior distributions of Bly and (1/7)]y.

Use the land rent data in Table 7.5.

(a) Find 95% Bayesian confidence intervals for 3;, 8,, and 35 using (11.19)
in connection with the model in which y|B, T is N,(XB, 77'I), B|7 is
Niii(p, 7'V), and 7 is gamma(a,d), where ¢=0V =
1001, a = .0001, and & = .0001.

(b) Repeat part (a), but use Gibbs sampling to approximate the confidence
intervals.

(¢) Use Gibbs sampling to obtain a 95% Bayesian posterior prediction inter-
val for a future individual with x; = (1, 15, 30, .5).

(d) Repeat part (b), but use the model in which

y|B, Tis N.(XB, 7 'I),
B is Ni1(9, V),
T is gamma(a, ) (11.20)

where ¢ = 0, V = 1001, a = 0.0001, and & = 0.0001.

As in Section 11.5, show that

o3

J J 7112 TN B 2 etk /2, B bV (B 101124 8 17

=c J e J [(B— )V (B~ b))+ (o —xpB)* + 8.1 H2p.

—00



12 Analysis-of-Variance Models

In many experimental situations, a researcher applies several treatments or treatment
combinations to randomly selected experimental units and then wishes to compare
the treatment means for some response y. In analysis-of-variance (ANOVA), we
use linear models to facilitate a comparison of these means. The model is often
expressed with more parameters than can be estimated, which results in an X
matrix that is not of full rank. We consider procedures for estimation and testing
hypotheses for such models.

The results are illustrated using balanced models, in which we have an equal
number of observations in each cell or treatment combination. Unbalanced models
are treated in more detail in Chapter 15.

12.1 NON-FULL-RANK MODELS

In Section 12.1.1 we illustrate a simple one-way model, and in Section 12.1.2 we
illustrate a two-way model without interaction.

12.1.1 One-Way Model

Suppose that a researcher has developed two chemical additives for increasing the
mileage of gasoline. To formulate the model, we might start with the notion that
without additives, a gallon yields an average of w miles. Then if chemical 1 is
added, the mileage is expected to increase by 7; miles per gallon, and if chemical
2 is added, the mileage would increase by 7, miles per gallon.

The model could be expressed as

yi=p+7n+te, n=p+nte,

where y, is the miles per gallon from a tank of gasoline containing chemical 1 and &,
is a random error term. The variables y, and &, are defined similarly. The researcher

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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would like to estimate the parameters u, 7y, and 7, and test hypotheses such as
Ho LT = T,

To make reasonable estimates, the researcher needs to observe the mileage per
gallon for more than one tank of gasoline for each chemical. Suppose that the exper-
iment consists of filling the tanks of six identical cars with gas, then adding chemical
1 to three tanks and chemical 2 to the other three tanks. We can write a model for each
of the six observations as follows:

Yu=p+7+e&1, Yo=p+T+En0, Y3=K+T+EB,
i=pt+tnten, yn=ptmnten, yiz=p+mn+en, (12.1)

or
yi=pm+Tte, i=1,2, j=1,23 (12.2)
where y;; is the observed miles per gallon of the jth car that contains the ith chemical

in its tank and g is the associated random error. The six equations in (12.1) can be
written in matrix form as

i1 1 1 0 €11
Yi2 1 1 0 " €12
yi3 1 1 0 £13

= + 12.3
y2] 1 0 1 :1 €721 ( )
y2 101 : en
y23 1 01 £

or
y=XB+e.

In (12.3), X'is a 6 x 3 matrix whose rank is 2 since the first column is the sum of
the second and third columns, which are linearly independent. Since X is not of full
rank, the theorems of Chapters 7 and 8 cannot be used directly for estimating
B = (u, 71,m) and testing hypotheses. Thus, for example, the parameters w, 7,
and 7, cannot be estimated by B = (X’X) ' X'y in (7.6), because (X'X) ' does not exist.

To further explore the reasons for the failure of (12.3) to be a full-rank model, let
us reconsider the meaning of the parameters. The parameter u was introduced as the
mean before adding chemicals, and 7| and 7, represented the increase due to chemi-
cals 1 and 2, respectively. However, the model y; = u + 7; + &; in (12.2) cannot
uniquely support this characterization. For example, if w = 15, 7y = 1, and m = 3,
the model becomes

y1j215+1+81j:16+81j, j=1,2,3,

. (12.4)
v =15+3+ey =18+, j=1,223.
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However, from y;; =16+ ¢&;; and y; = 18 + &, we cannot determine that
n =151 =1, and 7, = 3, because the model can also be written as

yij=10+6+ey j=123,
y2j:10+8+82j3 j:132’3a

or alternatively as

ylj:25_9+81j9 j:1’2a39
y2j:25—7+82j9 j:192=39

or in infinitely many other ways.

Thus in (12.1) or (12.2), u, 71, and 7, are not unique and therefore cannot be esti-
mated. With three parameters and rank(X) = 2, the model is said to be overpara-
meterized. Note that increasing the number of observations (replications) for each
of the two additives will not change the rank of X.

There are various ways—each with its own advantages and disadvantages—to
remedy this lack of uniqueness of the parameters in the overparameterized model.
Three such approaches are (1) redefine the model using a smaller number of new par-
ameters that are unique, (2) use the overparameterized model but place constraints on
the parameters so that they become unique, and (3) in the overparameterized model,
work with linear combinations of the parameters that are unique and can be unam-
biguously estimated. We briefly illustrate these three techniques.

1. To reduce the number of parameters, consider the illustration in (12.4):
Vij = 16 + elj and Yoj = 18 + &j.

The values 16 and 18 are the means after the two treatments have been applied.
In general, these means could be labeled u; and w, and the model could be
written as

yij =M+ e and  yy; = p, + &

The means wu, and w, are unique and can be estimated. The redefined model for
all six observations in (12.1) or (12.2) takes the form

Yii 1 0 £11
Yi2 1 0 £12
s | [ L O ) | e
a1 0 1 1% e |’
Y2 0 1 £
y23 0 1 £n
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which we write as

y=Wun+ e

The matrix W is full-rank, and we can use (7.6) to estimate p as

= (’fl) = (W'W)"'WYy.
120]

This solution is called reparameterization.

. An alternative to reducing the number of parameters is to incorporate con-

straints on the parameters u, 7, and 7,. We denote the constrained parameters
as u*, 77, and 75. In (12.1) or (12.2), the constraint 7} 4+ 75 = 0 has the specific
effect of defining u* to be the new mean after the treatments are applied and 7}
and 75 to be deviations from this mean. With this constraint, y;; = 16 + &; and
v2j = 18 4 &; in (12.4) can be written only as

y1j217—1—|—8]j, y2j:17+1+82j-

This model is now unique because there is no other way to express it so that
7 + 75 = 0. Such constraints are often called side conditions. The model
yij = m* + 77 + &;; subject to 77 + 75 =0 can be expressed in a full-rank
format by using 75 = -7 to obtain y;=pu"+7 +¢e; and
Y2j = w* — 71 + g;;. The six observations can then be written in matrix form as

Y11 1 1 11
Y12 1 1 e
ys | _ |11 (M: ) 4| e
21 I -1 a €21
Y22 I -1 £
y23 I £23

or

y=X"u" + &
The matrix X* is full-rank, and the parameters u* and 7; can be estimated.

It must be kept in mind, however, that specific constraints impose specific defi-
nitions on the parameters.

. As we examine the parameters in the model illustrated in (12.4), we see some

linear combinations that are unique. For example, 71 — m» = =2, u + 7 = 16,
and u 4+ m = 18 remain the same for all alternative values of w, 71, and 7.
Such unique linear combinations can be estimated.
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In the following example, we illustrate these three approaches to parameter defi-
nition in a simple two-way model without interaction.

12.1.2 Two-Way Model

Suppose that a researcher wants to measure the effect of two different vitamins and
two different methods of administering the vitamins on the weight gain of chicks.
This leads to a two-way model. Let «; and «, be the effects of the two vitamins,
and let B; and 3, be the effects of the two methods of administration. If the researcher
assumes that these effects are additive (no interaction; see the last paragraph in this
example for some comments on interaction), the model can be written as

ym=p+a+p6+eu, Yo=pg+a +pB+en,
Vau=pt+a+ B +en, yn=pt+a+p+en,

or as

Vi=ptatBite, i=12 =12 (12.5)

where y;; is the weight gain of the jjth chick and g is a random error. (To simplify
exposition, we show only one replication for each vitamin—method combination.)
In matrix form, the model can be expressed as

Vi1 1 1 01 O o €11
yo| |1 1.0 0 1 ! en
w1101 10 gz T ey (12.6)
y22 1 O 1 0 1 B; €22
or
y=XB+e.

In the X matrix, the third column is equal to the first column minus the second
column, and the fifth column is equal to the first column minus the fourth column.
Thus rank(X) = 3, and the 5 x 5 matrix X'X does not have an inverse. Many of
the theorems of Chapters 7 and 8 are therefore not applicable. Note that if there
were replications leading to additional rows in the X matrix, the rank of X would
still be 3.

Since rank(X) = 3, there are only three possible unique parameters unless side
conditions are imposed on the five parameters. There are many ways to reparameter-
ize in order to reduce to three parameters in the model. For example, consider the par-
ameters y;, v», and ‘y; defined as

VW=p+a+B, h=w—o, y3=P8—05.
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The model can be written in terms of the vy terms as

ym=E+a +B)+en=y+en
yo=@+ta+B)+B,—B)t+en=v+v+en

v =u+a+ B+ (e —a)+en =y +7v+eiu
ywm=pta+B)+@m—-—a)+B—B)ten=yv+7%n+7v+en

In matrix form, this becomes

yu 1 0 0 €11
yo| [1 o 1] (" L e
yn| (1 10 72 &1
yn 11 1)\ e
or
y=Zvy+e. 12.7)

The rank of Z is clearly 3, and we have a full-rank model for which ¥ can be esti-
mated by ¥ = (Z'Z)"'Z'y. This provides estimates of vy, = a —a; and
v; = B, — B, which are typically of interest to the researcher.

In Section 12.2.2, we will discuss methods for showing that linear functions such
as w+a;+ B, ax —ay, and B, — B; are unique and estimable, even though
W, a1, oo, By, B, are not unique and not estimable.

We now consider side conditions on the parameters. Since rank(X) = 3 and there
are five parameters, we need two (linearly independent) side conditions. If these
two constraints are appropriately chosen, the five parameters become unique and
thereby estimable. We denote the constrained parameters by u*, o, and B; and con-
sider the side conditions af + &5 =0 and B} + 8; = 0. These lead to unique
definitions of «; and ,B;-‘ as deviations from means. To show this, we start by

writing the model as

Yir = My + &1, Yiz = Mg + €12, (12.8)
Vo1 = Moy + €21, Yoo = Moy + €22,
where w; = E(yjy) is the mean weight gain with vitamin / and method j. The means
are displayed in Table 12.1, and the parameters o, o5, B}, 3, are defined as row ()
and column () effects.
The means in Table 12.1 are defined as follows:

i :W’ ’—LJ:W, i _Hu +M12:M21 T
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TABLE 12.1 Means and Effects for the Model in (12.8)
Columns (B)

Rows (a) 1 2 Row Means Row Effects

Row 1 M1t M12 M. of =y — B,

Row 2 Uoi W22 . o =fy — [

Column I3 Mo Iy -
means

Column Bi=p,— i, By=p,— b, — —
effects

The first row effect, of = i, — f_, is the deviation of the mean for vitamin 1 from
the overall mean (after treatments) and is unique. The parameters o, B, and (35 are
likewise uniquely defined. From the definitions in Table 12.1, we obtain

a) o = ﬁi. - ﬁ.._+ B — R, =y + iy — 20, (12.9)
=2n, —2p_ =0,
and similarly, B + B; =0. Thus with the side conditions o} + &5 =0 and
Bi + B5 =0, the redefined parameters are both unique and interpretable.
In (12.5), it is assumed that the effects of vitamin and method are additive. To
make this notion more precise, we write the model (12.5) in terms of
w=p,o =g —p,and i =p;—Q:

My =+ — )+ (e — )+ (g — iy, — e+ )

The term w; — p; — p; + o, which is required to balance the equation, is associ-
ated with the interaction between vitamins and methods. In order for o; and B; to
be additive effects, the interaction w; — m; — f; + . must be zero. Interaction
will be treated in Chapter 14.

12.2 ESTIMATION

In this section, we consider various aspects of estimation of B in the non-full-rank
model y = X3+ €. We do not reparameterize or impose side conditions. These
two approaches to estimation are discussed in Sections 12.5 and 12.6, respectively.
Normality of y is not assumed in the present section.
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12.2.1 Estimation of 3

Consider the model

y=XB+e,

where E(y) = X, cov(y) = oI, and X is n x p of rank k < p < n. [We will say
“X is n x p of rank kK <p < n” to indicate that X is not of full rank; that is,
rank(X) < p and rank(X) < n. In some cases, we have k <n < p.] In this non-
full-rank model, the p parameters in B are not unique. We now ascertain whether
B can be estimated.

Using least-squares, we seek a value of i% that minimizes

ge=(y—XB/(y - XB).
We can expand £'¢ to obtain
ge=yy-28Xy+ BXXB, (12.10)

which can be differentiated with respect to i% and set equal to 0 to produce the familiar
normal equations

X'XB = Xly. (12.11)

Since X is not full rankl X’X has no inverse, and (12.11) does not have a unique
solution. However, X’Xf = X'y has (an infinite number of) solutions:

Theorem 12.2a. If X is n x p of rank k <p <n, the system of equations
X'XB = X'y is consistent.

Proor. By Theorem 2.8f, the system is consistent if and only if

X'XX'X) X'y = Xy, (12.12)
where (X'X)~ is any generalized inverse of X'’X. By Theorem 2.8c(iii), X'X
(X’X)"X' =X/, and (12.12) therefore holds. (An alternative proof is suggested in

Problem 12.3.) ([l

Since the normal equations X’ XB = X'y are consistent, a solution is given by
Theorem 2.8d as

B=XX) Xy, (12.13)
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where (X’X)” is any generalized inverse of X'X. For a particular generalized
inverse (X'X)~, the expected value of i% is

E(B) = X'X)"X'E(y)
= X'X)"X'XB. (12.14)

Thus, B is an unbiased estimator of (X'X)~ X'Xp. Since (X'X) X'X # I, Bisnotan
unbiased estimator of 8. The expression (X'X)~X'X 8 is not invariant to the choice of
(X’X)™; that is, E(B) is different for each choice of (X'X)”. [An implication in
(12.14) is that having selected a value of (X'X)~, we would use that same value of
(X’X)" in repeated sampling.]

Thus, ﬁ in (12.13) does not estimate 8. Next, we inquire as to whether there are
any linear functions of y that are unbiased estimators for the elements of 3; that is,
whether there exists a p x n matrix A such that E(Ay) = B. If so, then

B = E(Ay) = E[AXB + £)] = E(AXB) + AE(¢) = AXB.

Since this must hold for all B, we have AX = I, [see (2.44)]. But by Theorem 2.4(1),
rank(AX) < p since the rank of X is less than p. Hence AX cannot be equal to I,,, and
there are no linear functions of the observations that yield unbiased estimators for the
elements of f3.

Example 12.2.1. Consider the model y; =pu+ 7 +¢g; i=1,2;j=1,2,3 in
(12.2). The matrix X and the vector 8 are given in (12.3) as

110
110 ”
110

X=11 01| B=|"
1 0 1 2
1 0 1

By Theorem 2.2¢(i), we obtain
6 3 3
XX=(3 30
303
By Corollary 1 to Theorem 2.8b, a generalized inverse of X'X is given by

X'X)” =

S O O
Suwi— O
w— o O
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The vector X'y is given by

yu
11111\ | .
Xy=[1 1100 0|["™]|=(y]
000 1 1 1/)[™ v
Y22
y23
where y = Z?Zl Z?:l yij and y; = Zizl yij- Then
) 00 0\ /y 0
B=XX)Xy=[0 j (1) | =1 |
0 0 3 ya. V2.

where y;, = 2;:1 vii/3 = yi./3.
To find E(pB), we need E(y; ). Since E(g) = 0, we have E(g;) = 0. Then

3

E(;) = E(Zyzz/?’) = %Zi:l E(y;)

J=1

Z%Z;:] E(u+ 7+ &) Z%(3/.L+3Ti—|—0)

=M+ 7.
Thus
A 0
EB)=| pntmn
M+ T
The same result is obtained in (12.14):
EB = X'X) X'XB
0 0 O 6 3 3 M
=10 % 0 330 T
00 4/\3 0 3/\n
0
= #~t7

M+ T
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12.2.2 Estimable Functions of 8

Having established that we cannot estimate 8, we next inquire as to whether we can
estimate any linear combination of the s, say, A’ 8. For example, in Section 12.1.1,
we considered the model y; = u + 7, + &, i = 1,2, and found that u, 7, and 7, in
B = (u, 7, ) are not unique but that the linear function 7, — 7 = (0,1, —1)B is
unique. In order to show that functions such as 7 — 7, can be estimated, we first give
a definition of an estimable function A’S.

A linear function of parameters A’'f is said to be estimable if there exists a linear
combination of the observations with an expected value equal to A'B; that is, ANBis
estimable if there exists a vector a such that E(a’y) = A’B.

In the following theorem we consider three methods for determining whether a
particular linear function A’ is estimable.

Theorem 12.2b. In the model y = X + €, where E(y) =X and X is n X p
of rank k < p < n, the linear function A’ is estimable if and only if any one of

the following equivalent conditions holds:

(i) A’ is a linear combination of the rows of X; that is, there exists a vector a such
that

a’X =\ (12.15)

(ii) A is a linear combination of the rows of X'X or A is a linear combination of
the columns of X’X, that is, there exists a vector r such that

rX'X=A o XXr=A (12.16)

(iii) A or A’ is such that
XXXX) A=A or NXX)XX=A, (12.17)

where (X’X)~ is any (symmetric) generalized inverse of X'X.

Proor. For (ii) and (iii), we prove the “if” part. For (i), we prove both “if” and “only
if.”

(i) If there exists a vector a such that A’ = a’X, then, using this vector a, we have
E@y)=aE(y) = aXB = A'B.

Conversely, if A'B is estimable, then there exists a vector a such that
E(a'y) = A'B. Thus a’Xg = A’'B, which implies, among other things, that
aX=»A\.
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(ii) If there exists a solution r for X'Xr = A, then, by defining a = Xr, we obtain

E(a'y) = E('Xy) = rX'E(y)
=rX'Xp = NB.

(i) If X’X(X'X)”A = A, then (X’X)~ A is a solution to X'Xr = A in part(ii). (For
proof of the converse, see Problem 12.4.) O

We illustrate the use of Theorem 12.2b in the following example.

Example 12.2.2a. For the model y; = u+7+e; i=1,2; j=1,2,3 in
Example 12.2.1, the matrix X and the vector 3 are given as

1 1 0
1 1 0 "
1 1 0

Xﬁ 1 O 1 > B* Tl
1 0 1 n
1 0 1

We noted in Section 12.1.1 that 7y — 7 is unique. We now show that 1 — m =
(0,1, —1)B = A’B is estimable, using all three conditions of Theorem 12.2b.

(1) To find a vector a such that a’X= A= (0,1, —1), consider a' =
(0,0,1, —1,0,0), which gives

a/X = (0,0, la _]9050)X = (13 1,0) - (1905 1)
=(@0,1,-1)=A"
There are many other choices for a, of course, that will yield a’X = A, for

example a’ = (1,0,0,0,0, —1) or a’ = (2, —1,0,0, 1, —2). Note that we can
likewise obtain A’'B from E(y):

NB=a'XB = aE®y) = (0,0,1,~1,0,0E(y)

E(y1n)
E(y12)
E(y13)
E(y21)
E(y»)
E(y23)

=E(y3)—Ey)=p+1—@+mn)=1m—"n.

= (0903 1: _19090)
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(i) The matrix X'X is given in Example 12.2.1 as
6 3 3

XX=1{3 30

3 03

To find a vector r such that X'Xr=A=(0,1,—1), consider
r=(0, 1, —1), which gives

=)

6 3 3
XXr=(3 3 0
30 3

W= L=
|
s

There are other possible values of r, of course, such as r = (—%, %, 0.

(iii) Using the generalized inverse (X'X)~ = diag(0, §, 1) given in Example
12.2.1, the product X'X(X'X)~ becomes

0 1 1
XXXX)" =|0 1 0
00 1

Then, for A = (0,1, —1)', we see that X’X(X’X)"A = A in (12.17) holds:

0 1 1 0 0
010 1] = 1 U
0 0 1 -1 -1

A set of functions A|B, A;B,..., A, B is said to be linearly independent if the
coefficient vectors A, Ap,..., A, are linearly independent [see (2.40)]. The
number of linearly independent estimable functions is given in the next theorem.

Theorem 12.2c. In the non-full-rank model y = X3 + &, the number of linearly
independent estimable functions of 3 is the rank of X.

Proor. See Graybill (1976, pp. 485-486). 0

From Theorem 12.2b(i), we see that X;B is estimable fori = 1,2, ..., n, where xi
is the ith row of X. Thus every row (element) of X3 is estimable, and X3 itself can be
said to be estimable. Likewise, from Theorem 12.2b(ii), every row (element) of X'X8
is estimable, and X'Xg is therefore estimable. Conversely, all estimable functions can
be obtained from X or X'Xf:

Thus we can examine linear combinations of the rows of X or of X'X to see what
functions of the parameters are estimable. In the following example, we illustrate the
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use of linear combinations of the rows of X to obtain a set of estimable functions of
the parameters.

Example 12.2.2b. Consider the model in (12.6) in Section 12.1.2 with

1101 0 (i"

1 1.0 0 1 !
X_10110’3_?
1 01 0 1 1
B,

To examine what is estimable, we take linear combinations a’X of the rows of X to
obtain three linearly independent rows. For example, if we subtract the first row of X
from the third row and multiply by 8, we obtain (0 —1 1 0 0)8 = —a; + a,, which
involves only the a’s. Subtracting the first row of X from the third row can be
expressed as a’X = (—1010)X = —x| +xj, where x| and x} are the first and
third rows of X.

Subtracting the first row from each succeeding row in X gives

1 1 0 1 0
0O 0 0 -1 1
0 -1 1 0 0
0O -1 1 -1 1

Subtracting the second and third rows from the fourth row of this matrix yields

1 1 0 0
0O 0 0 -1 1
0 -1 1 0 0
0O 00 0O

Multiplying the first three rows by B, we obtain the three linearly independent esti-
mable functions

Nlﬂ:#’v‘f'al‘f'ﬁl, Alzﬂ:BZ_Bl’ /\’33=az—a1.

These functions are identical to the functions vy, y,, and 75 used in Section 12.1.2 to
reparameterize to a full-rank model. Thus, in that example, linearly independent esti-
mable functions of the parameters were used as the new parameters.

In Example 12.2.2.b, the two estimable functions 8, — 8; and a, — « are such
that the coefficients of the 8’s or of the a’s sum to zero. A linear combination of
this type is called a contrast.
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12.3 ESTIMATORS

12.3.1 Estimators of A’

From Theorem 12.2b(i) and (ii) we have the estimators a'y and r'X'y for A’ 8, where
a’ and ' satisfy A’ = a’X and A’ = XX, respectively. A third estimator of A’ is
A’ﬁ, where B is a solution of X’ XB = X'y. In the following theorem, we discuss

some properties of r'X'y and /\'B. We do not discuss the estimator a'y because it
is not guaranteed to have minimum variance (see Theorem 12.3d).

Theorem 12.3a. Let A’'B be an estimable function of 8 in the model y = X8 + &,
where E(y) = X3 and X is n X p of rank &k < p < n. Let B be any solution to the
normal equations X'X8 = X'y, and let r be any solution to X'Xr = A. Then the two
estimators A’ i% and r'X'y have the following properties:

(i) E'B) = Er'X'y) = X'B.
(i) /\’i-} is equal to X'y for any i% or any r.
(iii) A'B and r'X'y are invariant to the choice of B orr.

Proor

(i) By (12.14)
EWNB) = NE(B) = N(X'X) X'XB.
By Theorem 12.2b(iii), A'(X'X)"X'X = X', and E(A’B) becomes

EN'B) = A'B.
By Theorem 12.2b(ii)

EX'X'y) = FX'E(y) = ¥X'XpB = N'B.

(i) By Theorem 12.2b(ii), if A’ B is estimable, A’ = r'X'X for some r. Multiplying
the normal equations X'X8 = X'y by r’ gives

rX'XB =rXy.
Since ¥X'X = A/, we have
AB=rXly.

(iii) To show that r'X'y is invariant to the choice of r, let r; and r, be such that
X'Xr; = X'Xr, = A. Then

YXXB=r Xy and rXXB=r)XYy.
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Since r|X'X = r,X'X, we have r/ X'y = r,X'y. It is clear that each is equal to
X i% (For a direct proof that A’ ﬁ is invariant to the choice of [}, see Problem 12.6.)
O
We illustrate the estimators r’X'y and /\ﬁ in the following example.

Example 12.3.1. The linear function A’ = 7; — 7 was shown to be estimable in

Example 12.2.2a. To estimate 7, — 7, with r'X'y, we use r' = (0, , —1) from

Example 12.2.2a to obtain

Y
o111 1\ |0
! 1 1 Y13
0001 1 1/
Y22
23
Y. y y
1. 2. _ _
:(03%9_%) Yi. :?_?:yL_yZ.’
2.

2 3 3 — 3
where y = Zizl Zj:l Yij, Yi. = Zj:l yi{‘, and Yi. = yi./3 = Zj:lyij/3~

To obtain the same result using A', we first find a solution to the normal
equations X'XB = X'y

6 3 3\ [p Y.
33 0])m )=
303/ \m y2.

or
6,!1 +3’3’1 +3§'2 =)y

3 +37 =1

3 +31 =y

The first equation is redundant since it is the sum of the second and third equations.
We can take [ to be an arbitrary constant and obtain

Yo — A=Y, — [

LI —

yl._ﬁ’:ylA_ﬂﬂ %2:

W=

T =
Thus

=T ]|=|¥»|+ta]| -1
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To estimate 71 —7m = (0,1, -)B=AB, we can set =0 to obtain
B=(0,%,y) and NB =7y, —y,.If we leave i arbitrary, we likewise obtain

i
AB=O,1,-D| y. — i
V2. — [

=V == =) =Y. — V- O

Since B = (X’X)~ X'y is not unique for the non-full-rank model y = X + € with
cov(y) = o1, it does not have a unique covariance matrix. However, for a particular
(symmetric) generalized inverse (X'X)~, we can use Theorem 3.6d(i) to obtain the
following covariance matrix:

cov(B) = cov[(X'X) X'y]
= X'X) X' (PDX[(X'X)]
= ZX'X)"X'XX'X)". (12.18)

The expression in (12118) is not invariant to the choice of (X'X)".
The variance of A’'B or of X'y is given in the following theorem.

Theorem 12.3b. Let A’ be an estimable function in the model y = X8 + &, where
X is n x p of rank k < p < n and cov(y) = ¢”I. Let r be any solution to X'Xr = A,

and let 8 be any solution to X’X8 = X'y. Then the variance of A’ or r'X'y has the
following properties:

(i) var(@'X'y) = ?rX'Xr = ¢°r'A.

(i) var(A'B) = PN (X'X)"A.
(iii) var(A’B) is unique, that is, invariant to the choice of r or (X'X) ™.

Proor
() var(r'X'y) = r'X'cov(y)Xr [by (3.42)]
= X (’DXr = r'X'Xr
= o°r'A. [by (12.16)].
(ii) var(A'B) = Acov(B)A

= AANX'X)X'XX'X)" A [by (12.18)].
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(iii)
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By (12.17), N(X'’X)"X’X = X/, and therefore
var(A'B) = A (X'X)"A.

To show that ¥’ A is invariant to r, let r; and r, be such that X'Xr; = A and
X'Xr, = A. Multiplying these two equations by r}, and r}, we obtain

L X'Xr =r,A and | X'Xr, =rjA.

The left sides of these two equations are equal since they are scalars and are
transposes of each other. Therefore the right sides are also equal:

N
oA =T1)A

To show that A'(X’X)™ A is invariant to the choice of X'X™, let G; and G, be
two generalized inverses of X'X. Then by Theorem 2.8¢(v), we have

XG X' = XGX'.

Multiplying both sides by a such that a’X = A’ [see Theorem 12.2b(i)], we
obtain

a’XG X'a = a'XG,X a,
NGiA = NG)A. O

The covariance of the estimators of two estimable functions is given in the follow-
ing theorem.

Theorem 12.3c. If A{B and A,B are two estimable functions in the model
y = XB + &, where X is n x p of rank k < p < n and cov(y) = ¢°1, the covariance
of their estimators is given by

cov(A| B, Ay B) = Pr| Ay = 0P A1y = P A(X'X) ™Ay,

where X’Xr; = A; and X'Xr; = A,.

Proor. See Problem 12.12. O

The estimators A’ff and X'y have an optimality property analogous to that in
Corollary 1 to Theorem 7.3d.



12.3 ESTIMATORS 313

Theorem 12.3d. If A’ is an estimable function in the model y = X + &, where X
is n x p of rank k < p < n, then the estimators )t/ii' and r'X'y are BLUE.

ProoF. Let a linear estimator of A’ be denoted by a’y, where without loss of general-
ity a'y = X'y + 'y, thatis, a’ = X’ + ¢/, where r’ is a solution to A" = r'X'X. For
unbiasedness we must have

ANB=E@y =aXB=rXXg+Xg=>rXX+X§g.
This must hold for all 3, and we therefore have
A =rXX+ X
Since A’ = r'X'X, it follows that ¢’X = 0'. Using (3.42) and ¢/X = 0, we obtain

var(a'y) = a’cov(y)a = a’o’la = o”a’a
= (WX + )Xr +¢)
= X' Xr + rX'c + ¢/Xr + ¢c)
= (' X'Xr + c¢).
Therefore, to minimize var(a'y), we must minimize ¢’c = >, ¢7. This is a minimum

when ¢ = 0, which is compatible with ¢/X = 0’. Hence a’ is equal to r'X’, and the
BLUE for the estimable function A'B is a'y = r'X'y. O

12.3.2 Estimation of o2

By analogy with (7.23), we define
SSE = (y - XB)'(y — XB), (12.19)

where B is any solution to the normal equations X'XB = X'y. Two alternative
expressions for SSE are

SSE =y'y — B Xy, (12.20)

SSE = y'[I - X(X'X)" X']y. (12.21)
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For an estimator of ¢2, we define

(12.22)

where n is the number of rows of X and k = rank(X).
Two properties of s> are given in the following theorem.

Theorem 12.3e. For s” defined in (12.22) for the non-full-rank model, we have the
following properties:

() E(s*) = o>
(ii) s* is invariant to the choice of B or to the choice of generalized inverse
X'X)".
ProoF

(i) Using (12.21), we have E(SSE) = E{y'[1 — X(X'X) X'ly}. By Theorem 5.2a,
this becomes

E(SSE) = tr{[I — X(X'X)"X'](¢*D} + X[ — X(X'X)"X']XB.

It can readily be shown that the second term on the right side vanishes. For the
first term, we have, by Theorem 2.11(i), (ii), and (viii)
[l — X(X'X)"X'] = o {tr(D) — tr[X'XX'X) "]}
where k = rank(X’'X) = rank(X).
(i) Since X is estimable, Xi% is invariant to ﬁ [see Theorem 12.3a(iii)], and there-
fore SSE = (y — XB)(y — XB) in (12.19) is invariant. To show that SSE in

(12.21) is invariant to choice of (X'X)~, we note that X(X'X)~ X’ is invariant
by Theorem 2.8c(v). [l

12.3.3 Normal Model
For the non-full-rank model y = X + &, we now assume that

y is No(XB, o) or &is N,(0, o°I).

With the normality assumption we can obtain maximum likelihood estimators.
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Theorem 12.3f. If y is N, (X, o°I), where X is n x p of rank k < p < n, then the
maximum likelihood estimators for B and o> are given by

B =XX) Xy, (12.23)

1 X .
o= ~(y - XB)(y — XP). (12.24)

Proor. For the non-full-rank model, the likelihood function L(f8, 0?) and its logar-

ithm InL(B, ¢2) can be written in the same form as those for the full-rank model
in (7.50) and (7.51):

L(B, 0-2) — e—(y—XB)’(y—Xﬁ)/foz’ (12.25)

Qmo?)"/?

1
InL(B, &) = — gln Qm) — gln o 55~ XB)(y - XB). (12.26)

Differentiation of In L(, 02) with respect to B and o” and setting the results equal to
Zero gives

X'XB =Xy, (12.27)
1 R R
o = ~(y=XB)(y - XB), (12.28)

where [} in (12.28) is any solution to (12.27). If (X'X)~ is any generalized inverse of
X'X, a solution to (12.27) is given by

B =XX) Xly. (12.29)
O

The form of the maximum likelihood estimator B in (12.29) is the same as that of
the least-squares estimator in (12.13). The estimator 6° is biased. We often use the
unbiased estimator s> given in (12.22).

The mean vector and covariance matrix for i% are given in (12.14) and (12.18) as
E(B) = (X'X)"X'XB and cov(B) = *(X'X)"X'’X(X'X)". In the next theorem, we
give some additional properties of [} and s>, Note that some of these follow because

B = (X'X) X'y is a linear function of the observations.
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Theorem 12.3g. If y is N,,(Xf, 0>I), where X is n x p of rank k < p < n, then the

maximum likelihood estimators i% and s (corrected for bias) have the following
properties:

) Bis N[(X'X)"X'XB, o2(X'X)"X'X(X'X)].
(i) (n —k)s*/a? is ¥*(n — k).

(ii1) B and s? are independent.

Proor. Adapting the proof of Theorem 7.6b for the non-full-rank case yields the
desired results. (]

The expected value, covariance matrix, and distribution of i} in Theorem 12.3g are

valid only for a particular value of (X'X)~, whereas, 52 is invariant to the choice of i}'
or (X’X)~ [see Theorem 12.3e(ii)].

The following theorem is an adaptation of Corollary 1 to Theorem 7.6d.

Theorem 12.3h. Ify is N,(XB, 0°1), where X is n x p of rank k < p < n, and if '8

is an estimable function, then A’$ has minimum variance among all unbiased
estimators. O

In Theorem 12.3d, the estimator A’B was shown to have minimum variance among
all linear unbiased estimators. With the normality assumption added in Theorem

12.3g, AB has minimum variance among all unbiased estimators.

124 GEOMETRY OF LEAST-SQUARES IN THE
OVERPARAMETERIZED MODEL

The geometric approach to least-squares in the overparameterized model is similar to
that for the full-rank model (Section 7.4), but there are crucial differences. The
approach involves two spaces, a p-dimensional parameter space and an n-dimensional
data space. The unknown parameter vector 3 is an element of the parameter space
with axes corresponding to the coefficients, and the known data vector y is an
element of the data space with axes corresponding to the observations (Fig. 12.1).

The n x p partitioned X matrix of the overparameterized linear model (Section
12.2.1) is

X =(x1, X, ..., Xp).

The columns of X are vectors in the data space, but since rank(X) = k < p, the set of
vectors is not linearly independent. Nonetheless, the set of all possible linear combi-
nations of these column vectors constitutes the prediction space. The distinctive
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Prediction space

Parameter space Data space

Figure 12.1 A geometric view of least-squares estimation in the overparameterized model.

geometric characteristic of the overparameterized model is that the prediction space is of
dimension k£ < p while the parameter space is of dimension p. Thus the product Xu,
where u is any vector in the parameter space, defines a many-to-one relationship
between the parameter space and the prediction space (Fig. 12.1). An infinite number
of vectors in the parameter space correspond to any particular vector in the prediction
space.

As was the case for the full-rank linear model, the overparameterized linear model
states that y is equal to a vector in the prediction space, E(y) = X3, plus a vector of
random errors €. Neither 8 nor £ is known. Geometrically, least-squares estimation
for the overparametrized model is the process of finding a sensible guess of E(y) in
the prediction space and then determining the subset of the parameter space that is
associated with this guess (Fig. 12.1).

As in the full-rank model, a reasonable geometric idea is to estimate E(y) using y,
the unique point in the prediction space that is closest to y. This implies that the differ-
ence vector £ = y — y must be orthogonal to the prediction space, and thus we seek y
such that

X'e =0,
which leads to the normal equations

X'XB = Xly.

However, these equations do not have a single solution since X'X is not full-rank.
Using Theorem 2.8e(ii), all possible solutions to this system of equations are given
by ﬁ = (X’X)" X'y using all possible values of (X'X)~. These solutions constitute
an infinite subset of the parameter space (Fig. 12.1), but this subset is not a subspace.
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Since the solutions are infinite in number, none of the ii values themselves have any
meaning. Nonetheless, y = Xi% is unique [see Theorem 2.8¢(v)], and therefore, to be
unambiguous, all further inferences must be restricted to linear functions of Xi3 rather
than of i%

Also note that the n rows of X generate a k-dimensional subspace of p-dimensional
space. The matrix products of the row vectors in this space with 8 constitute the set of
all possible estimable functions. The matrix products of the row vectors in this space
with any i% (these products are invariant to the choice of a generalized inverse) con-
stitute the unambiguous set of corresponding estimates of these functions.

Finally, e =y — Xf)' = (I — H)y can be taken as an unambiguous predictor of €.
Since & is now a vector in (n — k)-dimensional space, it seems reasonable to estimate
o as the squared length (2.22) of & divided by n — k. In other words, a sensible esti-
mator of o2 is s> = y'(I — H)y/(n — k), which is equal to (12.22).

12.5 REPARAMETERIZATION

Reparameterization was defined and illustrated in Section 12.1.1. We now formalize
and extend this approach to obtaining a model based on estimable parameters.

In reparameterization, we transform the non-full-rank model y = X3 + &, where
Xisn x p ofrank k < p < n, to the full-rank model y = Zvy + &, where Z isn X k of
rank k and y = U is a set of k linearly independent estimable functions of 8. Thus
Zy = Xf, and we can write

Zy=7UB = XB, (12.30)

where X = ZU. Since U is k x p of rank k < p, the matrix UU’ is nonsingular by
Theorem 2.4(iii), and we can multiply ZU = X by U’ to solve for Z in terms of X
and U:

ZUU = XU
Z = XU'(uuv) . (12.31)

To establish that Z is full-rank, note that rank(Z) > rank(ZU) = rank(X) = k by
Theorem 2.4(i). However, Z cannot have rank greater than k since Z has k
columns. Thus rank(Z) = k, and the model y = Z+y + € is a full-rank model. We
can therefore use the theorems of Chapters 7 and 8; for example, the normal equations
77y = 7'y have the unique solution ¥ = (Z'Z)"'Zy.

In the reparameterized full-rank model y = Zy + &, the unbiased estimator of o>
is given by

1
s =——(y— 29 (y — Z%). (12.32)
n—k
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Since Zy = X, the estimators Z¥ and Xﬁ are also equal

7y =XB,
and SSE in (12.19) and SSE in (12.32) are the same:

vy — XB)(y — XB) = (y — Z¥)(y — Z%). (12.33)

The set UB = vy is only one possible set of linearly independent estimable func-
tions. Let VB = & be another set of linearly independent estimable functions. Then
there exists a matrix W such that y = W& + £. Now an estimable function A’ can be
expressed as a function of y or of &

ANB=by="é. (12.34)
Hence
X’E =by=073,

and either reparameterization gives the same estimator of A’.

Example 12.5. We illustrate a reparameterization for the model y; = u + 7+
gj, i=1,2, j=1,2. In matrix form, the model can be written as

1 1 0 w €11

110
y=XB+e=|, o |[|ln|+ zz

10 1) \™ £

Since X has rank 2, there exist two linearly independent estimable functions (see
Theorem 12.2¢). We can choose these in many ways, one of which is w + 7 and

m~+ 7. Thus
w
_(n\_(wtmn)_(1 10 _
y(’Yg)(MJr’Tz)(l 0 1 :1 =UB

2

To reparameterize in terms of 7y, we can use

O O ==
—_—— O O
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so that Za = Xf3:

I o0 Y ®+ T
o0 Y1 "1 M+ T

v = = =
Y 0 1 (72) Y2 JIR )
0 1 0% m+ T

[The matrix Z can also be obtained directly using (12.31).] It is easy to verify
that ZU = X.

U =

—_—_ o o
7 N
—_—
O =
—_ O
N——

Il

" p— — p—

O O = =

—_——_—0 O

O O = =

12.6 SIDE CONDITIONS

The technique of imposing side conditions was introduced and illustrated in Section
12.1 Side conditions provide (linear) constraints that make the parameters unique and
individually estimable, but side conditions also impose specific definitions on the
parameters. Another use for side conditions is to impose arbitrary constraints on
the estimates so as to simplify the normal equations. In this case the estimates
have exactly the same status as those based on a particular generalized inverse
(12.13), and only estimable functions of 3 can be interpreted.

Let X be n x p of rank k < p < n. Then, by Theorem 12.2b(ii), X'X8 represents
a set of p estimable functions of . If a side condition were an estimable function of
B, it could be expressed as a linear combination of the rows of XX and would con-

tribute nothing to the rank deficiency in X or to obtaining a solution vector B for
X’Xi% = X'y. Therefore, side conditions must be nonestimable functions of 8.

The matrix X is n X p of rank k < p. Hence the deficiency in the rank of X is
p — k. In order for all the parameters to be unique or to obtain a unique solution
vector B, we must define side conditions that make up this deficiency in rank.
Accordingly, we define side conditions TS =0 or TB =0, where T is a
(p — k) X p matrix of rank p — k such that TS is a set of nonestimable functions.

In the following theorem, we consider a solution vector B for both X’ XB =Xy

and TB =0.

Theorem 12.6a. If y = X3 + €, where X isn x pofrank k <p <n,andif Tis a
(p — k) X p matrix of rank p — k such that T3 is a set of nonestimable functions, then
there is a unique vector B that satisfies both X’XB = X'y and T = 0.
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Proor. The two sets of equations

y=XB+¢
0=TB+0

B e

Since the rows of T are linearly independent and are not functions of the rows of X,

!/
the matrix <)T(> is (n + p — k) X p of rank p. Thus (PT() ()';) is p X p of rank p,

and the system of equations

B ()e-() () 1230

can be combined into

has the unique solution

B=

SIGINeIH
- [(X’, T’)(’T()]_loc', T’)(z)

=XX+TT) 'Xy+T0)

=XX+TT) Xly. (12.37)

This approach to imposing constraints on the parameters does not work for full-rank
models [see (8.30) and Problem 8.19] or for overparameterized models if the con-
straints involve estimable functions. However if T is a set of nonestimable func-

tions, the least-squares criterion guarantees that Ti% = 0. The solution i} in (12.37)
also satisfies the original normal equations X' Xi% = X'y, since, by (12.36)

X'X+TT)B=Xy+T0
K ] (12.38)
X'XB + T'TB =Xly.

But TS = 0, and (12.38) reduces to X'XB = Xy. O
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Example 12.6. Consider the model y; =u+ 7 +eg;i=1,2,j=1,2 as in
Example 12.5. The function 7 + 7 was shown to be nonestimable in Problem
12.5b. The side condition 7 + 7 = 0 can be expressed as (0,1,1)8 =0, and
X’X + T'T becomes

4 2 2 0 4 22
2 2 0+ 1]J(01 1)=1{2 31
2 0 2 1 2 1 3
Then
1 2 -1 -1
XX+TT) = 1 -1 2 0
—1 0 2
With X'y = (y.,y1.,2.), we obtain, by (12.37)
B=XX+TT XYy
Zy. =y —»n Y. (12.39)
- 4 2y —y. = Y=y s
2y —y.. Yo — ).

since yi. +y2. = y... R
We now show that B in (12.39) is also a solution to the normal

equations X'XB = X'y:

4 2 2 y. y.
22 0| y—=Yy.|=|»n] or
2.0 2 Yo =Y. 2.

4 +2(y, =y )+ 2y =)=y
2y +2(y,.—y) =y
2y +2(y —y) =

These simplify to

2y, +2y, =y,
2y, =y
2y, =y,

which hold because y; =y1 /2,5, =y2 /2 and y; +y2 =y.. O
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12.7 TESTING HYPOTHESES

We now consider hypotheses about the $8’s in the model y = X3 + €, where X is
n x p of rank k < p < n. In this section, we assume that y is N,(X8, ¢I).

12.7.1 Testable Hypotheses

It can be shown that unless a hypothesis can be expressed in terms of estimable func-
tions, it cannot be tested (Searle 1971, pp. 193—196). This leads to the following
definition.

A hypothesis such as Hy : B; = B, = --- = B, is said to be festable if there exists
a set of linearly independent estimable functions A} B, A5B, ..., A,B such that Hy is
true if and only if A{B=AB=---=AB=0.

Sometimes the subset of B's whose equality we wish to test is such that every con-
trast ), ¢;3; is estimable (3, ¢;8; is a contrast if ) . ¢; = 0). In this case, it is easy to
find a set of ¢ — 1 linearly independent estimable functions that can be set equal to
zero to express B; = -+ = B,. One such set is the following:

NB=@—DB =B+ B+ +B,)
NB=(q—2B,—(Bs+---+B,)

X B=0B, — (B,

These ¢ — 1 contrasts A}, ... ,AZFI B constitute a set of linearly independent
estimable functions such that

A B 0
X_\B 0

ifand only if B, = B, = -+~ = B,.

To illustrate a testable hypothesis, suppose that we have the model
Vi = pm+ o+ BJ- +eg5 i=1,2,3, j=1,2,3, and a hypothesis of interest is
Hy: a; = ay = a3. By taking linear combinations of the rows of X8, we can obtain
the two linearly independent estimable functions o; — ap and o) + ay — 2a3. The
hypothesis Hy: oy = ap = a3 is true if and only if a; — o and o) + ay — 23 are
simultaneously equal to zero (see Problem 12.21). Therefore, Hy is a testable
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hypothesis and is equivalent to

. a; — ap o O
HO'(a1+a2—2a3> = (o)' (12.40)

We now discuss tests for testable hypotheses. In Section 12.7.2, we describe a pro-
cedure that is based on the full-reduced-model methods of Section 8.2. Since
(12.40) is of the form Hy: Cf3 = 0, we could alternatively use a general linear hypoth-
esis test (see Section 8.4.1). This approach is discussed in Section 12.7.3.

12.7.2 Full-Reduced-Model Approach

Suppose that we are interested in testing Hy: B; = B, = - -+ = B, in the non-full-rank
model y = X3 + &, where Bisp x 1 and Xis n x p of rank k < p < n. If Hy is tes-
table, we can find a set of linearly independent estimable functions

AiB. AyB, ..., A B such that Hy: B, = B, = --- = B, is equivalent to
oL 0
AB 0
Hy: v, = . = .
AB 0

It is also possible to find
AB
Y2 = :
A B

such that the k functions A|B, ..., A;B, A, B, ..., A, B are linearly independent
and estimable, where & = rank(X). Let

_ (N
Y (7’2)'
We can now reparameterize (see Section 12.5) from the non-full-rank model
y = XB + £ to the full-rank model

Y=Zy+e=711y, + 1y, + &,

where Z = (Z,, Z,) is partitioned to conform with the number of elements in vy,
and 7,.
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For the hypothesis Hy: y; = 0, the reduced model is y = Z,y; + £*. By Theorem
7.10, the estimate of y; in the reduced model is the same as the estimate of v, in the
full model if the columns of Z, are orthogonal to those of Z, that is, if Z’2Z1 =0.
For the balanced models we are considering in this chapter, the orthogonality will
typically hold (see Section 12.8.3). Accordingly, we refer to 7, and ¥, rather than
to 5 and ;.

Since y = Zvy + € is a full-rank model, the hypothesis Hy: y; = 0 can be tested as
in Section 8.2. The test is outlined in Table 12.2, which is analogous to Table 8.3.
Note that the degrees of freedom ¢ for SS(v,|7,) is the number of linearly indepen-
dent estimable functions required to express Hj.

In Table 12.2, the sum of squares 4'Zy is obtained from the full model
y =Zy+ €. The sum of squares ¥,Z,y is obtained from the reduced model
y = Z,7v, + &, which assumes the hypothesis is true.

The reparameterization procedure presented above seems straightforward.
However, finding the matrix Z in practice can be time-consuming. Fortunately, this
step is actually not necessary.

From (12.20) and (12.33), we obtain

Yy - BXy=yy- ¥y,

which gives

BX'y =¥17ly, (12.41)

where B represents any solution to the normal equations X/Xﬁ = X'y. Similarly, cor-
responding to y = Zy; + £, we have a reduced model y = X, 85 + &* obtained by
setting B, = B, = --- = B,. Then

By X,y = ¥5 Zby, (12.42)

where ﬁ; is any solution to the reduced normal equations X'2X2B; = X}y. We can

often use side conditions to find B and B;
We noted above (see also Section 12.8.3) that if Z’2Z1 = O holds in a reparame-
terized full-rank model, then by Theorem 7.10, the estimate of 75 in the reduced

TABLE 12.2 ANOVA for Testing Hy: v, =0 in Reparameterized Balanced Models

Source of Variation df Sum of Squares F Statistic

Due to v, adjusted for vy, t SSi|v.) = ¥Z'y — %2,y SS(y1v,)/t
SSE/(n — k)

Error n—k SSE=yy—-yZy —

Total n—1 SST = y'y — ny?
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TABLE 12.3 ANOVA for Testing Hy: 3, =f,=---=f3, in Balanced
Non-Full-Rank Models
Source of Variation df Sum of Squares F Statistic
Due to B, adjusted for 8, t SS(B,|B,) = BX'y — B, X,y SS(By1By) /1
SSE/(n — k)
Error n—k SSE =y'y — BXy —
Total n—1 SST = y'y — ny? —

model is the same as the estimate of y, in the full model. The following is an analo-
gous theorem for the non-full-rank case.

Theorem 12.7a. Consider the partitioned model y = X8 + € = X B, + Xuo 3, + &,
where Xisn X pofrank k < p < n. If X’2X1 = O (see Section 12.8.3), any estimate
of B; in the reduced model y = X, 8; + £ is also an estimate of 8, in the full model.

Proor. There is a generalized inverse of

X/ X; XX
v 14%1 1422
Xx= (3 xx)

analogous to the inverse of a nonsingular symmetric partitioned matrix in (2.50)
(Harville 1997, pp. 121-122). The proof then parallels that of Theorem 7.10.  [J

In the balanced non-full-rank models we are considering in this chapter, the ortho-
gonality of X; and X, will typically hold. (This will be illustrated in Section
12.8.3) Accordingly, we refer to B, and f3,, rather than to B; and ﬁ;

The test can be expressed as in Table 12.3, in which i}'X’y is obtained from the full
modely = X3 + £ and ﬁ’ZX’zy is obtained from the model y = X, 3, + &, which has
been reduced by the hypothesis Hy: B, = B, = -+ = B,. Note that the degrees of
freedom 7 for SS(B,|B,) is the same as for SS(vy,|v,) in Table 12.2, namely, the
number of linearly independent estimable functions required to express Hj.
Typically, this is given by t = g — 1. A set of g — 1 linearly independent estimable
functions was illustrated at the beginning of Section 12.7.1. The test in Table 12.3
will be illustrated in Section 12.8.2.

12.7.3 General Linear Hypothesis

As illustrated in (12.40), a hypothesis such as Hy : @) = a; = a3 can be expressed in
the form Hy : C8 = 0. We can test this hypothesis in a manner analogous to that used
for the general linear hypothesis test for the full-rank model in Section 8.4.1 The fol-
lowing theorem is an extension of Theorem 8.4a to the non-full-rank case.
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Theorem 12.7b. If y is N, (X, o°I), where X is n x p of rank k < p < n, if C
is m x p of rank m < k such that C@ is a set of m linearly independent estimable
functions, and if B = (X'X)"X'y, then

(i) C(X’X)~C’ is nonsingular.
(i) CB is N,[CB, 2C(X'X) C'].
(iii) SSH/0? = (Cii‘)’[C(X’X)_C’]*ICB/ol is x*(m,\), where A= (CB)
[CX'X)~C']"'CB/24°.
(iv) SSE/o® = y'[1 — X(X'X) X'ly/0” is x*(n — k).
(v) SSH and SSE are independent.

Proor
(i) Since
B
/
)
CB=
B

is a set of m linearly independent estimable functions, then by Theorem
12.2b(iii) we have c/(X'X)"X'X = ¢} fori = 1,2, ..., m. Hence

CX'X) XX =C. (12.43)
Writing (12.43) as the product
[CX'X)" XX =C,
we can use Theorem 2.4(i) to obtain the inequalities
rank(C) < rank[C(X'X)"X'] < rank(C).

Hence rank[C(X'X)™X'] = rank(C) = m. Now, by Theorem 2.4(iii), which
states that rank(A) = rank(AA’), we can write

rank(C) = rank[C(X'X)"X']
— rank[C(X'X)” X'][CX'X) X'
— rank[COX'X)~X'X(X'X)~C'].
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(iii)

(iv)
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By (12.43), C(X’X)"X'X = C, and we have
rank(C) = rank[C(X'X)" C'].

Thus the m x m matrix C(X’X)~ C’ is nonsingular. [Note that we are assuming
that (X’X)” is symmetric. See Problem 2.46 and a comment following
Theorem 2.8c(v).]

By (3.38) and (12.14), we obtain
E(CB) = CE(B) = C(X'X)"X'XB.
By (12.43), C(X'X)"X'X = C, and therefore

E(CB) = CB. (12.44)

By (3.44) and (12.18), we have

cov(CP) = Ccov(B)C’ = FCX'X) X' XX'X) C'.
By (12.43), this becomes

cov(CP) = >CX'X) C'. (12.45)

By Theorem 12.3g(i), B is N,[(X'X)"X'XB, o*(X'X)” X'X(X'X) ] for a par-
ticular (X’X)". Then by (12.44), (12.45), and Theorem 4.4a(ii), we obtain

CP is N,,[CB, PCX'X) C'].

By part (i), cov(CB)=c?C(X'X)"C. Since ?[CX'X)"C]"!
C(X'X)"C'/0® =1, the result follows by Theorem 5.5.

This was established in Theorem 12.3g(ii).

By Theorem 12.3g(iii), i} and SSE are independent. Hence SSH = (Ci%)’

[C(X'X)"C']"'CP and SSE are independent [see Seber (1977, pp. 17—18)
for a proof that continuous functions of independent random variables and
vectors are independent]. For a more formal proof, see Problem 12.22. [

Using the results in Theorem 12.7b, we obtain an F test for Hy : Cf3 = 0, as given
in the following theorem, which is analogous to Theorem 8.4b.
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Theorem 12.7c. Lety be N,(XB, o°T), where X is n x p ofrank k < p < n, and let
C, CB,and i% be defined as in Theorem 12.7b. Then, if Hj : Cf3 = 0 s true, the statistic

P SSH/m
~ SSE/(n — k)
m/ N1 O f
_ (CB[CXX)"CT"'CB/m (12.46)
SSE/(n — k)
is distributed as F(m,n — k).
Proor. This follows from (5.28) and Theorem 12.7b. O

12.8 AN ILLUSTRATION OF ESTIMATION AND TESTING

Suppose we have the additive (no-interaction) model
yi=mta+pit+e;, =123 j=12,

and that the hypotheses of interest are Hy: a; = ap = a3 and Hy: B; = 3,. The six
observations can be written in the form y = X3 + € as

Y11 1 1.0 01 0 22 €11
Y12 1 1.0 0 0 1 [e3] €12
W1 . 1 01 01 O (%) €21
Y22 o 1 01 0 0 1 a3 + €722 (1247)
y31 1 001 1 0 Bl €31
y32 1 00 1 01 B> €32
The matrix X'X is given by
6 2 2 2 3 3
220 0 1 1
w |2 02011
XX = 200 2 11
31 11 3 0
3111 0 3

The rank of both X and X'X is 4.
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12.8.1 Estimable Functions

The hypothesis Hy: @) = ap = a3 can be expressed as Hp:a; —ay; =0 and
a; — az = 0. Thus Hj is testable if @y — a, and «; — a3 are estimable. To check
a1 — ap for estimability, we write it as

o —a,=(0,1,-1,0,0,008=A\B
and then note that A} can be obtained from X as
(1,0, =1,0,0,00X = (0, 1, -1, 0, 0, 0)
and from X'X as
©, 3, —3,0,0,0X'X = (0,1, —1,0,0,0)

(see Theorem 12.2b). Alternatively, we can obtain «; — «; as a linear combination of
the rows (elements) of E(y) = Xf3:

E(y11 — y21) = E(y11) — E(y21)
=pta+B—(u+a+p)

= ;] — ).
Similarly, oy — a3 can be expressed as
o) — a3 = (09 19 05 _19 O’ O)B = AIZBD

and )t’z can be obtained from X or X'X:

(la Os 09 09 _19 O)X = (09 1903 _la Oa 0)5
(07 %: 05 7%, 07 O)X,X = (07 17 0’ 719 09 O)

It is also of interest to examine a complete set of linearly independent
estimable functions obtained as linear combinations of the rows of X [see Theorem
12.2b(i) and Example 12.2.2b]. If we subtract the first row from each succeeding
row of X, we obtain

1 1 00 1 0
0O 000 -1 1
0o -1 10 00O
0o -1 10 -1 1
0 -1 0 1 00
0 -1 01 -1 1
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We multiply the second and third rows by —1 and then add them to the fourth row,
with similar operations involving the second, fifth, and sixth rows. The result is

1 1 0 01 0
00 O 01 -1
0 1 -1 00 O
00 O 00 O
0 1 0 -1 0 O
00 O 00 O

Multiplying this matrix by f3, we obtain a complete set of linearly independent
estimable functions: w+ o1 + By, B — By, a1 — a, «a; — az. Note that the esti-
mable functions not involving w are contrasts in the o's or 8’s.

12.8.2 Testing a Hypothesis

As noted at the beginning of Section 12.8.1, Hy: o) = o, = a3 is equivalent to
Hy:a; —ay = a; — a3 = 0. Since two linearly independent estimable functions
of the a’s are needed to express Hy:a; = a; = a3 (see Theorems 12.7b and
12.7¢), the sum of squares for testing Hy: o = an = a3 has 2 degrees of freedom.
Similarly, Hy : B; = B, is testable with 1 degree of freedom.

The normal equations X'X8 = X'y are given by

6 2 2 2 3 3 7’ y.
2 2 0 0 1 1 a V1.
2 0 2 0 1 1 a |l | »n
200 2 1 1 @3 = | (12.48)
31 1 1 3 0 ,{31 i
31 1 1 0 3 B, Y2

If we impose the side conditions é&; + @, + a3 = 0 and B, + B, = 0, we obtain the
following solution to the normal equations:

/l:y..» @ =Y. =Y, =y -y,
- (12.49)
az =y —y., Bl =yY1=Y. BZ =Y2—Y.,

where y = >, v;/6, ;. = >_;1;/2, and so on.

If we impose the side conditions on both the parameters and the estimates,
equations (12.49) are unique estimates of unique meaningful parameters. Thus, for
example, a; becomes o] = ;. — i, the expected deviation from the mean due to
treatment 1 (see Section 12.1.1), and y, —y is a reasonable estimate. On the
other hand, if the side conditions are used only to obtain estimates and are not
imposed on the parameters, then «; is not unique, and y; —y does not estimate a
parameter. In this case, & =y, —y can be used only together with other elements

in ﬁ [as given by (12.49)] to obtain estimates Xif of estimable functions A’.
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We now proceed to obtain the test for Hy: o = ap = a3 following the outline in

Table 12.3. First, for the full model, we need i%’X’y = SS(u, ay, an, az, By, B,),
which we denote by SS(u, , 8). By (12.48) and (12.49), we obtain

Y.

« « Y1.
SS(u, a, B) = BX'y = (f1, &, ..., By)

Y2
= @y, + duy1, + @ays + days + By + By

2
G’J =Y.y
J=1

3
=¥y + > =¥y +
i=1

2o Y

since ) .,y =y. and Zj v; = ... The error sum of squares SSE is given by

2 3 2 2 2 2 2

. : Y5y
Xy =S Y (i) (v

Yy - BXy z]:y, 6 (42 % Z3 6

i=

To obtain BZX’zy in Table 12.3, we use the reduced model y; = u+ a+
Bj+&j=p+B;+e;j where o =@ = a3 =a and p+ «a is replaced by u.

The normal equations XX, BQ = XJy for the reduced model are
64 + 331 + 332 = .
30+ 331 =i

30 +3B, = va. (12.51)

Using the side condition [31 + [32 =0, the solution to the reduced normal
equations in (12.51) is easily obtained as

L=y, Bi=YV,-V. B=3y,-7. (12.52)

By (12.51) and (12.52), we have

2 2 2 2
Xy — 0 i hoo Y Yi Yyl
SS(u, B) = ByXoy = [y, + Brya + Boya = 6 + (12_1 3~ g) (12.53)
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TABLE 12.4 ANOVA for Testing Hy: a1 = ax = a3

Source of Variation df Sum of Squares F Statistic
Due to « adjusted for u, 8 2 ¥y V2
SS = RN S Ji. Y.
(a“'(‘a B) Zl 2 6 Z, 2 6 /2
SSE/2
— 2 _ pix! —
Error 2 SSE — leyg _ ﬂzX y
Total 5 SST=Y,0 /6 -

Abbreviating SS(a1, a2, as|u, B;B,) as SS(a|u, @), we have

2 2
SS(al. B) = BX'y ~ BXoy = Y% . (12.54)

The test is summarized in Table 12.4. [Note that SS(B|u, @) is not included.]

12.8.3 Orthogonality of Columns of X

The estimates of w, B, and 3, given in (12.52) for the reduced model are the same as
those of u, 3, and B, given in (12.49) for the full model. The sum of squares ﬁ’ZX’zy

in (12.53) is clearly a part of B’X’y in (12.50). In fact, (12.54) can be expressed as
SS(a|p, B) = SS(«), and (12.50) becomes SS(u, &, B) = SS(w) + SS(@) + SS(B).
These simplified results are due to the essential orthogonality in the X matrix in
(12.47) as required by Theorem 12.7a. There are three groups of columns in the X
matrix in (12.47), the first column corresponding to u, the next three columns corre-
sponding to «;, ay, and a3, and the last two columns corresponding to 3, and S3,.
The columns of X in (12.47) are orthogonal within each group but not among
groups as required by Theorem 12.7a. However, consider the same X matrix if
each column after the first is centered using the mean of the column:

R R U B |

3 3 3 2 2

' S S |

3 3 3 2 2

1 -1 2 _1 1 _1

. 303 73 2 T2
G,X,) = . (12.55)

1oL 2 1 11

3 3 3 2 2

1 -1 1 2 1 _1

3 3 3 2 2

1 -1 1 2 _1 1

3 3 3 2 2
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Now the columns are orthogonal among the groups. For example, each of columns 2,
3, and 4 is orthogonal to each of columns 5 and 6, but columns 2, 3, and 4 are not
orthogonal to each other. Note that rank( j, X.) = 4 since the sum of columns 2, 3,
and 4 is 0 and the sum of columns 5 and 6 is 0. Thus rank(j, X.) is the same as
the rank of X in (12.47).

We now illustrate the use of side conditions to obtain an orthogonalization that is
full-rank (this was illustrated for a one-way model in Section 12.1.1.). Consider the
two-way model with interaction

yUk:I_L+al+BJ+'yU—|—3Uk, 121525]21,2, k:1,2 (1256)

In matrix form, the model is

yi 1101 01000 I -
i 110101000]|™ e
Y121 110010100 gz e
Y122 1 1001 01 00 1 i
il =11t 01 10001 0P| e | U297
Y212 1 01100010 Y1 e
Y221 1 01 010001 Y12 em]
Y222 1 01010001 321 e
2

Useful side conditions become apparent in the context of the normal equations,
which are given by

8L + 4 + dia) + 4By + Bo) + 21 + Vo + Far + ¥a2) = .

Afn + 4 + 2By + Bo) + 2 + ) =y, = 1,2
) (12.58)
4 +2(a) + o) +4B; + 2% + o) = v, =12

20 428 + 2B+ 2 =y, i=12, j=12

Solution of the equations in (12.58) would be simplified by the following side con-
ditions:

d +a=0, B +pB,=0,
Ya+¥2 =0, i=12, (12.59)
YWt =0 Jj=12

In (12.57), the X matrix is 8 x 9 of rank 4 since the first five columns are all
expressible as linear combinations of the last four columns, which are linearly inde-
pendent. Thus X'X is 9 x 9 and has a rank deficiency of 9 — 4 = 5. However, there
are six side conditions in (12.59). This apparent discrepancy is resolved by noting that
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there are only three restrictions among the last four equations in (12.59). We can
obtain any one of these four from the other three. To illustrate, we obtain the first
equation from the last three. Adding the third and fourth equations gives
Y11+ Y21 + Y12 + ¥2» = 0. Then substitution of the second, ¥, + ¥, =0,
reduces this to the first, ¥,; + ¥, = 0.

We can obtain a full-rank orthogonalization by imposing the side conditions
in (12.59) on the parameters and using these relationships to express redundant
parameters in terms of the four parameters w, o, By, and v;. (For exposi-
tional convenience, we do not use * on the parameters subject to side conditions.)
This gives

a) = —«, BZZ_BI’

Y2 =~Y1 Y21 = "Y1i» Y22 = Y11-

(12.60)

The last of these, for example, is obtained from the side condition vy, + y,, = 0.

Thus v, = =y = —(=71)-
Using (12.60), we can express the eight y;x values in (12.56) in terms of

M, g, :81’ and Y-

Yik=m+a +B+v+emw k=1,2,
Yiok = o+ a1 + By + v + €12
=pt+ta =B —ynteax k=12
Yok = M+ o + By + Vo1 + E21k
=p—a+B—yntenw k=12
Yook = M+ o + By + Vo + €20
=u—o;—B;+vy+em k=12.

The redefined X matrix thus becomes

1 1
1 1
-1 -1
-1 -1
1 -1
I -1
-1 1
—1 1

— = = e e e e e
[
G g GG G W

which is a full-rank matrix with orthogonal columns. The methods of Chapters 7 and
8 can now be used for estimation and testing hypotheses.
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PROBLEMS

12.1
12.2

12.3
124

12.5

12.6

12.7

12.8

12.9

12.10

Show that g, + i, =2u_asin (12.9).

Show that & in (12.10) is minimized by B, the solution to X'XB = X'y in

(12.11).

Use Theorem 2.7 to prove Theorem 12.2a.

(a) Give an alternative proof of Theorem 12.2b(iii) based on Theorem
2.8c(iii).

(b) Give a second alternative proof of Theorem 12.2b(iii) based on Theorem
2.8f.

(a) Using all three conditions in Theorem 12.2b, show that A’ =
m+ 17 = (1,0, 1)B is estimable (use the model in Example 12.2.2a).

(b) Using all three conditions in Theorem 12.2b, show that A8 =
71+ ™ = (0, 1, 1)B is not estimable.

If A'B is estimable and i%l and 32 are two solutions to the normal equations,
show that A’B, = A’'B, as in Theorem 12.3a(iii).

Obtain an estimate of  + 7, using X'y and A’ B from the model in Example
12.3.1.

Consider the model y; = u+ 7 +¢, i=1,2, j=1,2,3:
(a) For B =(1,1,0)8 = u+ 7, show that

(e

O W=

with arbitrary c, represents all solutions to X'Xr = A.

(b) Obtain the BLUE [best linear unbiased estimator] for w4 7 using r
obtained in part (a).

(¢) Find the BLUE for 7| — 7, using the method of parts (a) and (b).

(@) In Example 12.2.2b, we found the estimable functions
AMB=p+a+B, 5=, —B,, and X;B=a; — a. Find the
BLUE for each of these using r'X’y in each case.

(b) For each estimator in part (a), show that E(r'X'y) = A/B.

In the model yj =+ 7 +¢g5,i=1,2, ...,k j=1,2,..., n, show that
Zle ¢;7; 18 estimable if and only if Zf;l ¢; = 0, as suggested following
Example 12.2.2b. Use the following two approaches:

(a InA'B= Zf:l ¢;7;, express A’ as a linear combination of the rows of X.
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(b) Express Zle ¢;7; as a linear combination of the elements of
E(y) = XB.

In Example 12.3.1, find all solutions r for X’Xr = A and show that all of

them give X'y =y, — y,.

Show that cov(A}B, AyB) = 0¥\ Ay = ®Ajr; = PA[(X'’X)" A, as in

Theorem 12.3c.

(a) Show that (y — XB)'(y — XB) = y'y — B Xy as in (12.20).

(b) Show that yy — B X'y = y'[I — X(X'’X)" X']y as in (12.21).

Show that B'X'[I — X(X'X)"X'IXB =0, as in the proof of Theorem
12.3¢().

Differentiate In L(f3, 02) in (12.26) with respect to 8 and ¢ to obtain (12.27)
and (12.28).

Prove Theorem 12.3g.
Show that A’8 = b’y = ¢/8 as in (12.34).

Show that the matrix Z in Example 12.5 can be obtained using (12.31),
Z = XU uu).

Redo Example 12.5 with the parameterization

T
Y= ( T — T ) '
Find Z and U by inspection and show that ZU = X. Then show that Z can be

obtained as Z = XU'(UU")".

Show that B in (12.39) is a solution to the normal equations X'X = X'y.
o] — o 0 . : : — —

Show that (011 Yy — 2a3) = (0) in (12.40) implies o = ap = a3, as

noted preceding (12.40).

Prove Theorem 12.7b(v).

Multiply X'X in (12.48) by B to obtain the six normal equations. Show that
with the side conditions &; + &, + &3 = 0 and Bl + Bz = 0, the solution is
given by (12.49).

Obtain the reduced normal equations X;XZBZ = Xby in (12.51) by writing
X, and X, X, for the reduced model y; = u + Bi+eyi=123,j=12.

Consider the model y; = u+ 7 +¢;, i =1,2,3, j=1,2, 3:
(a) Write X, X'X, X'y, and the normal equations.
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(b) What is the rank of X or X’X? Find a set of linearly independent esti-
mable functions.

(¢) Define an appropriate side condition, and find the resulting solution to
the normal equations.

(d) Show that Hy: 1 = 7 = 73 is testable. Find B’X'y = SS(p, 7) and
ByX5y = SS(w).
(e) Construct an ANOVA table for the test of Hy: 17 = 7 = 73.

Consider the model Yijk = M + o; + Bj + ’)/lj + Ejjks i= 1,2, J: 1, 2,
k=1,2,3.
(a) Write X'X, X'y, and the normal equations.

(b) Find a set of linearly independent estimable functions. Are oy — a, and
B, — B, estimable?

Consider the model yu =p+ai+ B+ v+ i=1,2,j=12,
k=1,2.

(a) Write X'X, X'y, and the normal equations.

(b) Find a set of linearly independent estimable functions.

(¢) Define appropriate side conditions, and find the resulting solution to the
normal equations.

(d) Show that Hy: a; = a» is testable. Find i%’ X'y = SS(u, a, B, y) and
BX5y = SS(u, B, ).
(e) Construct an ANOVA table for the test of Hy: o) = ay.

For the model y; = M+ai+ﬂj+ Yii + Eijks | = 1,2,j=1,2,k=1,21in
(12.56), write X'X and obtain the normal equations in (12.58).



13 One-Way Analysis-of-Variance:
Balanced Case

The one-way analysis-of-variance (ANOVA) model has been illustrated in Sections
12.1.1, 12.2.2, 12.3.1, 12.5, and 12.6. We now analyze this model more fully. To
solve the normal equations in Section 13.3, we use side conditions as well as a gen-
eralized inverse approach. For hypothesis tests in Section 13.4, we use both the full—
reduced-model approach and the general linear hypothesis. Expected mean squares
are obtained in Section 13.5 using both a full-reduced-model approach and a
general linear hypothesis approach. In Section 13.6, we discuss contrasts on the
means, including orthogonal polynomials. Throughout this chapter, we consider
only the balanced model. The unbalanced case is discussed in Chapter 15.

13.1 THE ONE-WAY MODEL

The one-way balanced model can be expressed as follows:
Vi=mpt+ote, i=1,2,...,kj=12,...,n (13.1)

If aj, ap, ..., o represent the effects of k treatments, each of which is applied to n
experimental units, then y; is the response of the jth observation among the n units
that receive the ith treatment. For example, in an agricultural experiment, the treat-
ments may be different fertilizers or different amounts of a given fertilizer. On the
other hand, in some experimental situations, the k groups may represent samples
from k populations whose means we wish to compare, populations that are not
created by applying treatments. For example, suppose that we wish to compare the
average lifetimes of several brands of batteries or the mean grade-point averages
for freshmen, sophomores, juniors, and seniors. Three additional assumptions that
form part of the model in (13.1) are

1. E(g;) = 0 for all i, j.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
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var(g;) = o for all i, j.

cov(gjj, &r) = 0 for all (i, j) # (7, $).

We sometimes add the assumption that g; is distributed as N (0, o).
In addition, we often use the constraint (side condition) Zf:] a; = 0.

ok W

The mean for the ith treatment or population can be denoted by u,. Thus E; = w;,
and using assumption 1, we have u; = w+ ;. We can thus write (13.1) in the
form

yi=m+ep i=12,...k j=12,...,n (13.2)
In this form of the model, the hypothesis Hy: u; = u, = - - - = u is of interest.
In the context of design of experiments, the one-way layout is sometimes called a

completely randomized design. In this design, the experimental units are assigned at
random to the k treatments.

13.2 ESTIMABLE FUNCTIONS

To illustrate the model (13.1) in matrix form, let kK = 3 and n = 2. The resulting six
equations, y; = u+ o; + g, i = 1,2,3, j= 1,2, can be expressed as

i Mo €11
Y12 m+ o €12
| Mmoo n &1
y22 m+a €2
Y31 Mmoo €31
V32 Mmoo €32

1 100 en

1 1 0 0 M €12

_ 1 01 0 a N &1 , (13.3)

1 01 0 %) €22

1 0 0 1 a3 €31

1 0 0 1 e

or

y=XB+&.

In (13.3), X'is 6 x 4 and is clearly of rank 3 because the first column is the sum of the
other three columns. Thus 8 = (u, a1, a2, @3)’ is not unique and not estimable; hence



13.3 ESTIMATION OF PARAMETERS 341

the individual parameters w, «;, oy, a3 cannot be estimated unless they are subject to
constraints (side conditions). In general, the X matrix for the one-way balanced model
is kn x (k+ 1) of rank k.

We discussed estimable functions A’B in Section 12.2.2. It was shown in
Problem 12.10 that for the one-way balanced model, contrasts in the o’s are esti-
mable. Thus ), ¢;a; is estimable if and only if ). ¢; = 0. For example, contrasts
such as a; —a; and o) —2a, + a3 are estimable.

If we impose a side condition on the «;’s and denote the constrained parameters as
w* and of, then u*, af, ..., o are uniquely defined and estimable. Under the usual
side condition, ZLI af =0, the parameters are defined as wp*=pu and
af = — @, where o = ZLI w;/k. To see this, we rewrite (13.1) and (13.2) in
the form E(y;) = w; = u* + o to obtain

k * *
_— M B+
pey oy
i=1 i
Then, from u; = u* + «, we have
a?f =g pm =g R (13.5)

13.3 ESTIMATION OF PARAMETERS

13.3.1 Solving the Normal Equations

Extending (13.3) to a general k and n, the one-way model can be written in matrix
form as

vi i 0 O’jl &
) i 0 0 &

= @ |+ , (13.6)
Yi P00 g/ &k

or

y=XB +¢,
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where j and 0 are each of size n x 1, and y; and &; are defined as

Yitl €il

Yi2 €
Y. = . , &=

Yin Ein

For (13.6), the normal equations XX = X'y take the form

kn n n n ) Y.
n n 0 0 d Y1
n 0 n Offe@]|=]|»|, (13.7)
n 0 O n Lfk Yk.

where y_ =} .y and yi = > vy
In Section 13.3.1.1, we find a solution of (13.7) using side conditions, and in
Section 13.3.1.2 we find another solution using a generalized inverse of X'X.

13.3.1.1 Side Conditions
The k + 1 normal equations in (13.7) can be expressed as

knin +nog +nop +---+nog =y,
njo+nd =y, i=1,2, ..k (13.8)

Using the side condition ), & = 0, the solution to (13.8) is given by

U :y_:y
kn "’
==y -y, i=12 ...k (13.9)

In vector form, this solution f)’ for X'XB = X'y is expressed as

B= R (13.10)

If the side condition ), af = 0 is imposed on the parameters, then the elements
of B are unique estimators of the (constrained) parameters u* = and
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o = —pm,i=1,2,...,k, in (13.4) and (13.5). Otherwise, the estimators in
(13.9) or (13.10) are to be used in estimable functions. For example, by Theorem

12.3a(i), the estimator of A’B = a; — s is given by A'B:
NB=a—am=a—& =5, =y —(h =)= — Y.

By Theorem 12.3d, such estimators are BLUE. If g; is N(0, 0'2), then, by Theorem
12.3h, the estimators are minimum variance unbiased estimators.

13.3.1.2 Generalized Inverse
By Corollary 1 to Theorem 2.8b, a generalized inverse of X'X in (13.7) is given by

0 0
1
- 0
o n
xXxy = e (13.11)
0 0 -
n

Then by (12.13) and (13.7), a solution to the normal equations is obtained as
0

) 9
B=xxXy=|""]. (13.12)

Yk.

The estimators in (13.12) are different from those in (13.10), but they give the
same estimates of estimable functions. For example, using 8 from (13.12) to estimate
A B = a;—a,, we have

y: — ~ ~ _ _
AB=a—ay=d —d =Yy —Y,,

which is the same estimate as that obtained above in Section 13.3.1.1 using fi from
(13.10).

13.3.2 An Estimator for ¢?

In assumption 2 for the one-way model in (13.1), we have var(g;;) = o> forall i, . To
estimate o”, we use (12.22)

,  SSE
§° =
k(n —1)’
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where SSE is as given by (12.20) or (12.21):
SSE =y'y — BX'y = y'[I - XX'X) X'y.

The rank of the idempotent matrix I — X(X'X) X' is kn — k because rank(X) = k,
tr(I) = kn, and tr[X(X'X)"X'] = k (see Theorem 2.13d). Then s> = SSE/k(n — 1)
is an unbiased estimator of o” [see Theorem 12.3e(i)].

Using i% from (13.12), we can express SSE = y'y — B’Xy in the following form:

k n k
SSE=yy—BXy=> > -> ww
=1 j=1 i=1
2
:;yi_z% (13.13)

It can be shown (see Problem 13.4) that (13.13) can be written as

SSE = (v —3,)" (13.14)
ij
Thus s is given by either of the two forms
> g =)’
2= ;{(nf—_]) (13.15)
_ Xy Xi/n 13.16)
k(n—1) ’ '

134 TESTING THE HYPOTHESIS Hy: py = py =+ = g

Using the model in (13.2), the hypothesis of equality of means can be expressed as
Hy:p = py = --- = . The alternative hypothesis is that at least two means are
unequal. Using w; = w4 «; [see (13.1) and (13.2)], the hypothesis can be expressed
as Hy: oy = ap = --- = ay, which is testable because it can be written in terms of
k—1 linearly independent estimable contrasts, for example, Hy: o — oy = o1 —
a3 =---=a; —a, =0 (see the second paragraph in Section 12.7.1). In Section
13.4.1 we develop the test using the full-reduced-model approach, and in Section
13.4.2 we use the general linear hypothesis approach. In the model y = X3 + &,
the vector y is kn x 1 [see (13.6)]. Throughout Section 13.4, we assume that y is
Nin(XB, o1).

13.4.1 Full-Reduced-Model Approach
The hypothesis

Ho:a1:a2:~~:ak (1317)
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is equivalent to
Hy:af =0, = =0, (13.18)

where the o terms are subject to the side condition ) _; «f = 0. With this constraint,
H, in (13.18) is also equivalent to

Hy:of =05 =---=0a; =0. (13.19)

The full model, y; = w+o; + g5, i=1,2, ... ,k,j=1,2, ... ,n, is expressed
in matrix form y = X+ € in (13.6). If the full model is written in terms of w*
and o as y; = u* + af + g, then the reduced model under Hy in (13.19) is
yij = W* + ;. In matrix form, this becomes y = u*j + &, where j is kn x 1. To be
consistent with the full model y = X + &, we write the reduced model as

y=uj+e (13.20)

For the full model, the sum of squares SS(u, o) = i?’X’y is given as part of
(13.13) as

k2
SS(u,a) = BXy=> 2%
(1, @) = BXy 2

where the sum of squares SS(w, «j, ..., ) is abbreviated as SS(u, a). For the
reduced model in (13.20), the estimator “B = (X’X)"'X'y” and the sum of squares
“B'X'y” become

N enels 1 _
p=GDiy =1y =5, (13.21)
n
y2
SS(w) = (W'j'y=yy.= = (13.22)

where j is kn x 1.
From Table 12.3, the sum of squares for the «’s adjusted for w is given by
v

SS(alu) = SS(w. @) — SS(w) = BX'y — 1=

1< 2
=;ny—% (13.23)
i=1

k
=n> 0 -3 (13.24)
i=1
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TABLE 13.1 ANOVA for Testing Hy: ¢y = o = - -- = o in the One-Way Model
Source of Mean
Variation df Sum of Squares Square F Statistic
‘ _ I Y (o) SS(efu)/(k=1)
Treatments k—1 SS(ajp) = ;Zyi' e ssm SSE/k(n — 1)
1 SSE
_ 2 _ - 2 _oob
Error k(n — 1) SSE = Zij:yij_"Zyi‘ kn—1) —
2
Total kn —1 SST = 2 Y.
D

The test is summarized in Table 13.1 using SS(«|u) in (13.23) and SSE in (13.13).
The chi-square and independence properties of SS(«|u) and SSE follow from results
established in Section 12.7.2.

To facilitate comparison of (13.23) with the result of the general linear hypothesis
approach in Section 13.4.2, we now express SS(a|u) as a quadratic form in y. By

(12.13), B = (X'X)"X'y, and therefore B'X'y = y'X(X’X)~X'y. Then with (13.21)
and (13.22), we can write

&'~ y2
SS(alpw) = X'y — =
n
- Y/X(X/X)fx/y - y,jkn(j;cnjkn)ilj;my
Tl
=yXX'X) Xy -y (",{—") y
n
1
=y [XX'X)"X — EJ"”] y. (13.25)

Using some results in the answer to Problem 13.3, this can be expressed as

1o J -~ O 113 3 - J
SS(alpw) =y IR | i (13.26)
kk-D1DJ -3 - =3
I e A G O IR EER
R z "
-J -3 k=1

where each J in (13.26) and (13.27) is n X n.
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TABLE 13.2 Ascorbic Acid (mg/100g) for Three

Packaging Methods
Method A B C
14.29 20.06 20.04
19.10 20.64 26.23
19.09 18.00 22.74
16.25 19.56 24.04
15.09 19.47 23.37
16.61 19.07 25.02
19.63 18.38 23.27
Totals (y;.) 120.06 135.18 164.71
Means (y;) 17.15 19.31 23.53

Example 13.4. Three methods of packaging frozen foods were compared by Daniel
(1974, p. 196). The response variable was ascorbic acid (mg/100g). The data are in
Table 13.2.

To make the test comparing the means of the three methods, we calculate

y*  (419.95)°

= = = 8298.0001
e 0L

lzyz = % [(120.06)* + (135.18)* + (164.71)?]

1
= 5(59, 817.4201) = 8545.3457,

3 7
D>y =18600.3127.

i=1 j=1

The sums of squares for treatments, error, and total are then

SS(ajw) = Zyl — == = 8545.3457 — 8398.0001 = 147.3456,

SSE=Y "y — 52 y? = 8600.3127 — 8545.3457 = 54.9670,
ij i

2
- 2 Y. _
SST = E Vi — 5= 8600.3127 — 8398.0001 = 202.3126.
ij

These sums of squares can be used to obtain an F test, as in Table 13.3. The p value
for F = 24.1256 is 8.07 x 10 °. Thus we reject Ho: iy = o = 3. O
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TABLE 13.3 ANOVA for the Ascorbic Acid Data in Table 13.2

Sum of Mean
Source df Squares Square F
Method 2 147.3456 73.6728 24.1256
Error 18 54.9670 3.0537 —
Total 20 202.3126

13.4.2 General Linear Hypothesis

For simplicity of exposition, we illustrate all results in this section with k = 4. In this
case, B = (u, a1, az, @3, ), and the hypothesis is Hy: @ = @y = a3 = ay4. Using
three linearly independent estimable contrasts, the hypothesis can be written in the
form

a; — ap 0
HQZ a1 — (3 = 0 .
a] — 0y 0

which can be expressed as Hy: Cf3 = 0, where

0 —1 0
c=(o1 0o -1 o] (13.28)
0 0 -1

The matrix C in (13.28) used to express Hy : o] = a; = a3 = ay is not unique. Other
contrasts could be used in C, for example

01 — 0 o0 0 1 1 -1 -1
Ci=(10 0 I -1 0 or C;=10 1 -1 0 o
00 O -1 00 O I -1

From (12.13) and Theorem 12.7b(iii), we have

SSH = (CBY[CX'X) C'T"'CB
= YX(X'X)"C'[CX'X)"C'T'C(X'X)"Xy. (13.29)
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Using C in (13.28) and (X'X)~ in (13.11), we obtain

0 00 0O 0 0 0
| 01 -1 0 0 01 0 00 1 1 1
CXX)y C=-]10 1 0 -1 0 0 01 0O -1 0 0
n
0 1 0 0 -1 0 0010 0 -1 0
0 00 01 0 0 -1
: 2 1 1
= 1 2 11. (13.30)
1 1 2
To find the inverse of (13.30), we write it in the form
1 1 00 1 1
CX'X) C =- 01 0)+1 11 = =I5 + jsj5)-
"I\o 0 1 11 "
Then by (2.53), the inverse is
Iil. ‘1171
[CX'X) C] ' = n(13 - %)
L+ 5157 )3
1
= n(l3 — ZJ3), (13.31)

where J; is 3 x 3.
For C(X’X)" X' in (13.29), we obtain

A A AN
CXX) X' =-11j, 0 —j, 0 | =-A, (13.32)
n j/ 0/ 0/ _j/ n

where jj, and 0/ are 1 X n.
Using (13.31) and (13.32), the matrix of the quadratic form for SSH in (13.29) can
be expressed as

1 1.\1
X(X'X)"C'[CX'X)"C 'C(X'X) X =-A'n (13 - ZJ3) ~A
n n

1 1
=-A'LA - —A'J;A. (13.33)
n 4n



350

The first term of (13.33) is given by

YRR P
Tyatfn 0000
n n 0 —j, 0

0o 0 —j,

3y, -3, —

1| -3, 3,
“nl-J, O
-J, O

jl‘l
In

n

since j,j, = J, and j,0' = O, where O is n x n.

second term of (13.33) is given by

ONE-WAY ANALYSIS-OF-VARIANCE: BALANCED CASE

! 0/ 0/
0 —j 0
v 0

(13.34)

Similarly (see Problem 13.10), the

9J, -3J, -3J, -3J,
SATA= | T (13.35)
-3J, J, J, Ju
Then (13.33) becomes
123, —4J, —4J, —4J,
Laaay - Laga-L —4 A o 0
4n 4n ; 4n | —4J, O 4], (0
—4], o) o 4],
9J, —3J, -3J, -3J,
1| =3J, J, J, J,
Cdn | —3J, J, J, J,
-3J, J, J, Ju
), -J, -3, -J,
R e N Y (13.36)
dn| -J, -J, 33, -J, 4n
-3, -J, =3I, 3J,

Note that the matrix for SSH in (13.36) is the same as the matrix for SS(a|u) in

(13.27) with k = 4.
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For completeness, we now express SSH in (13.29) in terms of the y;’s. We begin
by writing (13 .36) in the form

4, 0 O O h N S S
1, 1o 4 0 of 1| ko
n 4| 0 O 4, O |y, 3, I 3,
O O 0 4, R T S
J, 0 0 O
03J o0 o 1
“2lo o3, ol @™
0o 0 0 J

Using ¥’ = (y],¥5,¥5,¥,) as defined in (13.6), SSH in (13.29) becomes

SSH = yX(X'X)~C'[C(X'X)~C'] "' C(X'X) X'y

_/IB
=y 4n y

J, O 0 0\ /y,
1 A Y A o J" 0 O Y2 1 /
— — - Jn
n(Y]7Y27Y3aY4) o 03 ol 1, Y Y
O 0 0 J, Va4

=—Zy nYi— yJ4ny

= _Zyz.]n-]nyz YJ4n.]4ny
1< 1
n4= 4n

which is the same as SS(a|u) in (13.23).

13.5 EXPECTED MEAN SQUARES

The expected mean squares for a one-way ANOVA are given in Table 13.4. The
expected mean squares are defined as E[SS(«|w)/(k—1)] and E[SSE/k(n — 1)].
The result is given in terms of parameters «; such that >, af = 0.
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TABLE 13.4 Expected Mean Squares for One-Way ANOVA

Source of Sum of Mean Expected Mean
Variation df Squares Square Squares
Treatment k—1 SS SS _n Nk 2
reatments (alp) k(fqu) R s DI
Error k(n — 1) SSE _SSE o2
. k(n—1)
_ 2 _ Y.
Total kn — 1 DY — o
If Hy:af =05 =---=a; =0 is true, both of the expected mean squares

are equal to 0%, and we expect F to be close to 1. On the other hand, if H, is
false, E[SS(a|w)/(k — 1)] > E[SSE/k(n — 1)], and we expect F to exceed 1. We
therefore reject H for large values of F.

The expected mean squares in Table 13.4 can be derived using the model
i =M +af +g;in E[SS(a|w)] and E(SSE) (see Problem 13.11). In Sections
13.5.1 and 13.5.2, we obtain the expected mean squares using matrix methods
similar to those in Sections 13.4.1 and 13.4.2.

13.5.1 Full-Reduced-Model Approach

For the error term in Table 13.4, we have

E(SSE) = E{y'll - X(X'X) X'ly} = k(n — 1), (13.37)

which was proved in Theorem 12.3e(i).
Using a full-reduced-model approach the sum of squares for the «’s adjusted for
w is given by (13.25) as SS(a|u) = yXX'X)" X'y — y'[(1/kn)Jy,]y. Thus

1
E[SS(a|w)] = E[ly X(X'X) X'y] - E [y’ <5Jkn>y:| : (13.38)

Using Theorem 5.2a, the first term on the right side of (13.38) becomes

E[yX(X'X) X'y] = tr[X(X'X) X 1] + (XB)XX'X) X' (XB)
= Zu[XX'X)"X'] + BX'XX'X)"X'XB
= PuX(X'X)" X1+ BXXB  [by (2.58)]. (13.39)

By Theorem 2.13f, the matrix X(X'X)~ X' is idempotent. Hence, by Theorems 2.13d
and 2.8c(v), we obtain

tr[X(X'X)"X'] = rank[X(X'X)"X] = rank(X) = k. (13.40)
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To evaluate the second term on the right side of (13.39), we use X'X in (13.7) and
use B = (u*, e, ..., ) subject to Y, af = 0. Then

k1 1 ... 1
/.L*
1 1.0 ... 0
/! _ * ok * &
BXXB—I’Z(I.L,CY],...,CYI() 1 0 1 O
a*
10 0 1 ‘
M*
a)
=n k[.L*‘FZOl;F,[.L*—‘raT,...,/.L*—‘raZ
a
=n k,LL*2—|-Z(,LL*—|—ai*)a;‘]
:n(kM*Z—Q—M*Zaf%—Za;‘Z)
=knp? +nY o). (13.41)

Hence, using (13.40) and (13.41), E[y'X(X’X)"X'y] in (13.39) becomes

ElyX(X'X)"X'y] = ko” + knp> +n)_ o7, (13.42)

For the second term on the right side of (13.38), we obtain

(] () o )

oZkn 1 L.
= kn +Eﬁ/xllkn.];mxﬁ

1
= 0 + - (BXji)(, XB). (13.43)
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Using X as given in (13.6), j;, XB becomes

/ 1o / b 0y e 0 aT
jknxﬁ = (jnsjna L 9jn)
jn 0 0o - jn alt
I_L*
aj
= (kn,n,n,...,n)| . (since jj, = n)
a

k

=knu* +n Z of = knu* (since Z o = O).

i=1

The second term on the right side of (13.43) is then given by

1 Al ./ 1 s/ 2 k2n2/““*2 *2
o BX i) XB) kn(‘l B o nu,
so that (13.43) becomes
1
E[y’ (k—Jk,,) y} = 0% + knu*?. (13.44)
n

Now, using (13.42) and (13.44), E[SS(a|w)] in (13.38) becomes

k
E[SS(alw)] = ko® + knp> +n Y af” — (07 + knp™?)
i=1

=(k-Do"+n)_a. (13.45)

13.5.2 General Linear Hypothesis

To simplify exposition, we use k = 4 to illustrate results in this section, as was done in
Section 13.4.2. It was shown in Section 13.4.2 that SSH = (CB)[C(X'X) C']"'CpB
is the same as SS(e|w) = >, ¥?/n — y* /kn in (13.23). Note that fork =4, Cis3 x 5
[see (13.28)] and C(X'X) " C" is 3 x 3 [see (13.30)]. To obtain E[SS(a|w)],
we first note that by (12.44), (12.45), and (13.31), E(Cﬁ) =Cp, cov(Ci}) =
?CX'X)~C', and [CX'X) C'T™' = n(; — %J3).
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Then, by Theorem 5.2a, we have
E[SS(a|w)] = E{(CBY[C(X'X) C'|"'CB)
= tr{[CX'X)” C']"'cov(CPB)} + [E(CB[C(X'X) C'1'E(CPB)
= {[CX'X) CT'?CX'X) C'} +n(CP)[1; — 1 J;1CB
= o’tr(ly) + nf'C'(L; — 135)CB
=30” +nf(C'C - 1C'3;0)B. (13.46)

Using C in (13.28), we obtain

0 0 0 0 0
0 3 -1 —1 -1

cc=|0 -1 1 0 o], (13.47)
0 -1 0 1 0
0 -1 0 0 1
0 0 0 0 0
0 9 -3 -3 -3

cic=o 3 1 1 1 (13.48)
0 -3 1 1 1
0 -3 1 1 1

From (13.47) and (13.48), we have

C'c-1Cyc=1@cc- 10

0 0 0 0 0
3 -1 —1 -1
103 -1 -1
1 -1 3 -1
1 -1 -1 3

N

S O O O O O o o O
)

0 0 O 0O 0 0 0 O
4 0 0 O 01 1 1 1
—loo4ao0o0f-2fo1 111
0 0 4 0 01 1 1 1
0 0 0 4 o1 1 1 1
0 0\ /0 0O
:<0 14)_Z<0 J4>'



356 ONE-WAY ANALYSIS-OF-VARIANCE: BALANCED CASE

Thus the second term on the right side of (13.46) is given by

nB(C'C—1C1,0B
- B’(O 0’)3_l B,(o 0'>B
"y 1, P g,

=n(u,aj, 0, a, a
1> %2> 53> %4 0 14

1 ( * * * * *)(O 0/>
—an(u*, of, o, o, o
gL, @, O, O, Oy 0 J,

Hence, (13.46) becomes
4
ESS(alw)] =30 +n)_ o}, (13.49)
i=1
This result is for the special case k = 4. For a general k, (13.49) becomes

k
EISS(alw] =k — o> +n_ .

i=1

For the case in which B = (m, ay,...,q) is not subject to Zi a; =0, see
Problem 13.14.
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13.6 CONTRASTS

We noted in Section 13.2 that a linear combination Ele c;e; in the o’s is estimable if
and only if Zf;l ¢; = 0. In Section 13.6.1, we develop a test of significance for such
contrasts. In Section 13.6.2, we show that if the contrasts are formulated appropri-
ately, the sum of squares for treatments can be partitioned into k — 1 independent
sums of squares for contrasts. In Section 13.6.3, we develop orthogonal polynomial
contrasts for the special case in which the treatments have equally spaced quantitative
levels.

13.6.1 Hypothesis Test for a Contrast

For the one-way model, a contrast ) _, c;a;, where ), ¢; = 0, is equivalent to >, c;u;

since
PILTED DETERIETS SRS DECES Bt
i i i i
A hypothesis of interest is

H,: Zc,-a,- =0 or Hy: Zci,ui =0, (13.50)

which represents a comparison of means if >, ¢; = 0. For example, the hypothesis

Ho:3p —pp —p3 — g =0
can be written as
Ho: g =5 (0o + 3 + y),

which compares u; with the average of w,, us, and w,.

The hypothesis in (13.50) can be expressed as Hy:¢/S =0, where
¢ =(,cp,ca,...,c0) and B = (u,ay, ...,o). Assuming that y is Ny, (XB, °1),
Hj can be tested using Theorem 12.7c. In this case, we have m = 1, and the test
statistic becomes

_ @B I¢XX) ¢l ¢

SSE/k(n — 1)
By
= XX (13.51)
2
(ZL Ci)_’i.)
(13.52)

pu— 7]{ 5
2> sz/”

where s? = SSE/k(n — 1), and (X'X)™ and i} are as given by (13.11) and (13.12).
The sum of squares for the contrast is (¢’ B> /(X' X) ¢ orn()y, ey ) /( >oied.
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13.6.2 Orthogonal Contrasts

Two contrasts cfi% and cj’i% are said to be orthogonal if ¢;¢; = 0. We now show that if
¢p and cj’ﬂ are orthogonal, they are independent. Since we are assuming normality,

cfi% and cj’if are independent if
cov(c;B, ¢/B) =0 (13.53)

(see Problem 13.16). By Theorem 12.3c, cov(cﬁB, C;B) = o?c/(X'X)"¢;. By (13.11),
(X'X)™ = diag[0, (1/n),..., (1/n)], and therefore

cov(e)B, &) = ci(X'X) "¢, =0 if cjc;=0 (13.54)

(assuming that the first element of ¢, is O for all 7). By an argument similar to that used
in the proofs of Corollary 1 to Theorem 5.6b and in Theorem 12.7b(v), the sums of
squares (cEB)2 /eiX'X) " ¢; and (cj’ﬁ)2 / cj’(X/X)_cj are also independent. Thus, if two
contrasts are orthogonal, they are independent and their corresponding sums of
squares are independent.

We now show that if the rows of C (Section 13.4.2) are mutually orthogonal con-
trasts, SSH is the sum of (cﬁﬁ)z /€i(X’X)¢; for all rows of C.

Theorem 13.6a. In the balanced one-way model, if y is Np,(XB, o°I) and if

Hy:op = ap = - = oy is expressed as Cf8 = 0, where the rows of
c/
1
/
)
C= ]
c/
k-1

are mutually orthogonal contrasts, then SSH = (CB)[C(X'X)"C']"'CB can be
expressed (partitioned) as

(B
SSH = Z XX (13.55)

where the sums of squares (C;B)2 /(X' X)7¢;, i =1,2,...,k— 1, are independent.

Proor. By (13.54), CXX'X)"C' is a diagonal matrix with ¢(X'X)7¢;,
i=1,2,...,k—1, on the diagonal. Thus, with (cp) = (c’lﬁ, c’ZB,...,cf(_IB),
(13.55) follows. Since the rows ¢}, ¢, ..., ¢;_, of C are orthogonal, the indepen-
dence of the sums of squares for the contrasts follows from (13.53) and (13.54). UJ
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An interesting implication of Theorem 13.6a is that the overall F for treatments
(Table 13.1) is the average of the F statistics for each of the orthogonal contrasts:

F

CSSH/(k—1) 1 ki (B

52 k— 14 s2e(XX) ¢

1 k—1
:m;ﬂ.

It is possible that the overall F would lead to rejection of the overall Hy while some of
the F;’s for individual contrasts would not lead to rejection of the corresponding Hy’s.
Likewise, since one or more of the F;’s will be larger than the overall F, it is possible
that an individual H, would be rejected, while the overall H; is not rejected.

Example 13.6a. We illustrate the use of orthogonal contrasts with the ascorbic acid
data of Table 13.2. Consider the orthogonal contrasts 2u; — uy — u3 and py — 3.
By (13.50), these can be expressed as

2/‘1’1 — My — M3 = Zal — 0y — a3 = (0929 _19 _l)ﬁ = c’]B)
Mo — M3 = 2 — 3 = (O’Oa 19 _I)B: CIZB'
The hypotheses Hy; : ¢} 8 =0 and Hy, : ¢, 8 = 0 compare the first treatment versus
the other two and the second treatment versus the third.

The means are given in Table 13.2 as y; = 17.15,y, = 19.31, and y; = 23.53.
Then by (13.52), the sums of squares for the two contrasts are

(30 ey ) _ 7[2(17.15) — 19.31 — 23.53]?

SS; = = 85.0584
: S 4+1+1 :
7(19.31 — 23.53)°
SS, = 9.3 3-53) = 62.2872.
1+1
By (13.52), the corresponding F statistics are
SS;  85.0584 SS,  62.2872
Fi=—= =27.85 F,=—+= =20.40
T2 3.0537 ’ T2 3.0537 ’

where s> = 3.0537 is from Table 13.3. Both F; and F, exceed Fos1.18 =4.41. The
p values are .0000511and .000267, respectively.

Note that the sums of squares for the two orthogonal contrasts add to the sum of
squares for treatments given in Example 13.4; that is, 147.3456 = 85.0584 +
62.2872, as in (13.55). O

The partitioning of the treatment sum of squares in Theorem 13.6a is always poss-
ible. First note that SSH = y’Ay as in (13.29), where A is idempotent. We now show
that any such quadratic form can be partitioned into independent components.
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Theorem 13.6b. Let y’ Ay be a quadratic form, let A be symmetric and idempotent
of rank r, let N = kn, and let the N x 1 random vector y be Ny(Xp, o2I). Then there
exist r idempotent matrices Aj, Ay, ..., A, such that A = er: 1 Ay, rank(A;) = 1 for
i=1,2,...,r,and A;A; = O for i # j. Furthermore, y'Ay can be partitioned as

YAy =) YAy, (13.56)
i=1
where each y'A;y in (13.56) is x*(1, A;) and y'A;y and y' Ay are independent for i # j
(note that A; is a noncentrality parameter).
Proor. Since A is N x N of rank r and is symmetric and idempotent, then by
Theorem 2.13c, r of its eigenvalues are equal to 1 and the others are 0. Using the
spectral decomposition (2.104), we can express A in the form

A= iv,-v; = iA,-, (13.57)
i=1 i=1

where vy, va,..., v, are normalized orthogonal eigenvectors corresponding to the
nonzero eigenvalues and A; = v;v.. It is easily shown that rank(A)) = 1, A;A; = O
for i # j, and A; is symmetric and idempotent (see Problem 13.17). Then by
Corollary 2 to Theorem 5.5 and Corollary 1 to Theorem 5.6b, y'A;y is x*(1, ;)
and y'A;y and y'A;y are independent. O

If y’Ay in Theorem 13.6b is used to represent SSH, the eigenvectors correspond-
ing to nonzero eigenvalues of A always define contrasts of the cell means. In other
words, the partitioning of y’Ay in (13.56) is always in terms of orthogonal contrasts.
To see this, note that

SST = SSH + SSE,

which, in the case of the one-way balanced model, implies that

1 k
y (I - k—J)y = YAy +y [T - XX'X) XTy. (13.58)
n =1
If we let
J 0 - 0
0o J - 0
K=- :
n :
00 J

as in (13.26), then (13.58) can be rewritten as

1 k
YY=Y Iy +) Yoy + YA - Ky, (13.59)
n i=1

By Theorem 2.13h, each v; must be orthogonal to the columns of (1/n)J and
I — K. Orthogonality to (1/n)J implies that v;j = 0; that is, v; defines a contrast
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in the elements of y. Orthogonality to I — K implies that the elements of v; cor-
responding to units associated with a particular treatment are constants. Together
these results imply that v; defines a contrast of the estimated treatment means.

Example 13.6b. Using a one-way model, we demonstrate that orthogonal contrasts
in the treatment means can be expressed in terms of contrasts in the observations and
that the coefficients in these contrasts form eigenvectors. For simplicity of exposition,
let k = 4. The model is then

yl]:/.L+a1+8U, i:1929334a j:1929""n'
The sums of squares in (13.59) can be written in the form

y'y = SS(w) + SS(a|u) + SSE

y

2
= (if’X’y - L) + 'y - BX'y).
n kn

With k = 4, the sum of squares for treatments, y'Ay = B’X/y — y?/4n, has 3 degrees
of freedom. Any set of three orthogonal contrasts in the treatment means will serve to
illustrate. As an example, consider ¢, 8= (0,1, —1,0,0)8, ¢;8=(0,1,1, —2,0)8,
and ¢;B8=(0,1,1,1, —3)B, where B = (i, a1, a, a3, as)’. Thus, we are comparing
the first mean to the second, the first two means to the third, and the first three to the
fourth (see a comment at the beginning of Section 13.4 for the equivalence of
Hy:oy = =03 =agand Hy: u; = iy = us3 = y). Using the format in (13.55),
we can write the three contrasts as

4B _-n
VEXX) e \/2/n

OB i+ -
VEXX) ¢ V6/n

B iVt -3

VEGXX) ¢ V12/n

where (X'X)™ = diag[0, (1/n), ..., (1/n)]is givenin (13.11) and B =, Viseeora)
is from (13.12).
To write these in the form vy, v,y, and v}y [as in (13.59)] we start with the first:

n n
> Yij > Yoj
=1 =

Y=Y _ 1
:l/n

(,1,...,1, =1, =1,..., —=1,0,0, ..., 0)y

V2/n

/
= Vly)
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where the number of 1s is n, the number of —1s is n, and the number of Os is 2. Thus
vi = 1/V2n)l,, —j,,0,0), and
Vivi = % =
Similarly, v, and v} can be expressed as v, = (1/v6n)(., j, — 2j,,0") and
vy =(1/v 12n)(j:1, j;,j’n, —3j;). We now show that v;, v,, and vj3 serve as eigenvec-
tors in the spectral decomposition [see (2.104)] of the matrix A in SS(a|w) = y'Ay.

Since A is idempotent of rank 3, it has three nonzero eigenvalues, each equal to 1.
Thus the spectral decomposition of A is

/ / /
A = ViV + Vv, + V3V,

in i
| o |G 0O 2 g 200
0 0
Jn
l‘n( v 3
=3j,
Ju -J, 0 O J, J, -2J, O
L= J. 00 (N N J, —2J, O
“22| o 0 0 of 6n| 25, —23, 4, O
O 00O 0 O O o
Ju Ju J, —3J,
1 ( I Ju J, 33,
_|__
12n 3, J J, —3J,
33, —33, —31, 9,

which is the matrix of the quadratic form for SS(e|w) in (13.27) with k = 4.
For SS(u) = y* /4n, we have

2 PRV
L _ o [Jandan — (v.v)2
1=y (—4n )y (Voy)’,
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where v; = jj,/2+v/n. It is easily shown that vjvo = 1 and that vjv; = 0. It is also
clear that vy is an eigenvector of ju,jy,/4n, because j,,j,,/4n has one eigenvalue
equal to 1 and the others equal to 0, so that j,,j;,/4n is already in the form of a spec-
tral decomposition with j,, /2+/n as the eigenvector corresponding to the eigenvalue
1 (see Problem 13.18b). U

13.6.3 Orthogonal Polynomial Contrasts

Suppose the treatments in a one-way analysis of variance have equally spaced quan-
titative levels, for example, 5, 10, 15, and 201b of fertilizer per plot of ground. The
researcher may then wish to investigate how the response varies with the level of fer-
tilizer. We can check for a linear trend, a quadratic trend, or a cubic trend by fitting a
third-order polynomial regression model

Vi = Bo + BiXi + Box? + Bax) + &4, (13.60)
i=1,2,3,4, j=12,...,n,

where x; = 5, x; = 10, x3 = 15, and x4 = 20. We now show that tests on the 8's in
(13.60) can be carried out using orthogonal contrasts on the means y; that are esti-
mates of w; in the ANOVA model

Vi=mtoitei=m+e, i=1,234 j=12,...,n (13.61)

The sum of squares for the full-reduced-model test of Hy: B; = 0 is
BX'y - B/ Xy, (13.62)

where B is from the full model in (13.60) and fi’f is from the reduced model with
B; = 0 [see (8.9), (8.20), and Table 8.3]. The X matrix is of the form

1 x 2 x
I x x5 x

1 x» B 3
. 13.
1 x3 ¥ x (13.63)

X3 x5 X
1 xy 2 x
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For testing Hy : B3 = 0, we can use (8.37)

BX'y — By X}y

F= 2 ,

or (8.39)

_ B

- »
52833

F (13.64)

where X| consists of the first three columns of X in (13.63), s> = SSE/(n — 3 — 1),
and g3 is the last diagonal element of (X'X) . We now carry out this full—reduced-
model test using contrasts.

Since the columns of X are not orthogonal, the sums of squares for the 3’s ana-
logous to B% /g33 in (13.64) are not independent. Thus, the interpretation in terms
of the degree of curvature for E(y;) is more difficult. We therefore orthogonalize
the columns of X so that the sums of squares become independent.

To simplify computations, we first transform x; =5, x, = 10, x3 = 15, and
x4 = 20 by dividing by 5, the common distance between them. The x’s then
become x; = 1, x, = 2, x3 = 3, and x4 = 4. The transformed 4n x 4 matrix X in
(13.63) is given by

S T O
N S L
1 22 23
1 2 22' 23 .
X - 1 3 32 3’; - (Jy Xl’ X27 X3),
1 3 32 33
1 4 4 4
1 4 42 4

where j is 4n x 1. Note that by Theorem 8.4c, the resulting F statistics such as (13.64)
will be unaffected by this transformation.

To obtain orthogonal columns, we use the orthogonalization procedure in
Section 7.10 based on regressing columns of X on other columns and taking
residuals. We begin by orthogonalizing x;. Denoting the first column by X,, we use
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(7.97) to obtain
X1.0 = X; — X(XjXo) ' x{x;
4
=x1 —J@D i =x —j@én ) X
i=1
=x; — ij. (13.65)
The residual vector x;.g is orthogonal to xy = j:
i'xi0 =j(x1 —xj) = jx1 — xjj = 4nx — 4nx = 0. (13.66)

We apply this procedure successively to the other two columns of X. To transform the
third column, x,, so that it is orthogonal to the first two columns, we use (7.97) to
obtain

Xo01 =X — Z\(ZZ,) " Z x,, (13.67)

where Z; = (j, X1.0). We use the notation Z; instead of X; because x;.g, the second
column of Z,, is different from x;, the second column of X;. The matrix Z’1Z1 is
given by

o/
Z\7, = < J, )(j, X1.0)
X10
i 0
i . [by (13.66)].
1.021-0

and (13.67) becomes

Xo01 = X2 — Zy(Z\Zy) ' Z)x,

ol —1 o/

. il 0 i
=x; — (j, X1 X
2~ 1°)<0 x’l.oxl.o> (x’m) 2

s/
=X — -5 — X0 (13.68)

The residual vector X;.g; is orthogonal to Xy = j and to Xx;.g:

j/X2.0| = 0, X/1‘0X2.01 =0. (1369)
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The fourth column of Z becomes

./ ! /
1 X3, X|.0X3 X5.01X3
X3012 =X3 — ) — X1.0 —

J] X1.0X10 X5.01X2.01

X2.01, (1370)

which is orthogonal to the first three columns, j, X;.9, and X5.0;.
We have thus transformed y = X + € to

y=7Z0+c¢, (13.71)

where the columns of Z are mutually orthogonal and the elements of @ are functions
of the B’s. The columns of Z are given in (13.65), (13.68), and (13.70):

Zo=1]J, Z1=Xi0, Z=Xp01, Z3=X3012-

We now evaluate z;, z;, and z3; for our illustration, in which
x1 =1,x =2,x3 =3, and x4 = 4. By (13.65), we obtain

Z) = X1.0 = X1 —)_Cj =X —25_]

=(-15,...,-15 -5, ...,-5,.5...,.515 ...,15),

which we multiply by 2 so as to obtain integer values:
z1=x10=(-3,...,-3,—1,...,—-1,1, ..., 1,3, ...,3). (13.72)

Note that multiplying by 2 preserves the orthogonality and does not affect the F
values.
To obtain z,, by (13.68), we first compute

J"XZ_”Z?:LX?_Z?:NZ_30_75
i 44 4T

X% _ al-3(1%) —12°) +1(3) +3(4)] _50 _
XjoXto  n[(=3P2 4+ (=12 +12432] 20 7




Then, by (13.68), we obtain

s/
X2,
Zr =X) ——)—

Vi

!
X1‘0X2
/
Xl~OX]'0

X1.0

=Xy — 75] — 2.5X1A0

12
12
22
22
32

—-175

Similarly, using (13.70), we obtain

= (=1, ...,—1,3, ...

Thus Z is given by

1
1
1
1
—-25
1
1
1
1
737_3)
-3 1
-3 1
-1 -1
-1 -1
1 -1
1 _
3
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-3 1
-3 1
—1 —1
-1 -1
|0 I
1 -1
3 1
3 1
7_3) 1’ . al)/
—1
-1
3
3
-3
-3
1
1

367

(13.73)

(13.74)



368 ONE-WAY ANALYSIS-OF-VARIANCE: BALANCED CASE
Since

XpB = 70,

we can find the 6’s in terms of the 8’s or the B8’s in terms of the 6’s. For our illus-
tration, these relationships are given by (see Problem 13.24)

16.7
Bo = 6o — 561 + 56, — 3565, B, =26, —592-1-—393,
) (13.75)

)
B, = 6, — 256, B :_;

Since the columns of Z = (j, z, 2>, z3) are orthogonal (z/z; = 0 for all i # j), we
have Z'Z = diag(j'j, Z,z,, z,2,, Z;z5). Thus

i'y/ii
R / /
0=(Z7) "2y = 2y/zz | (13.76)

! /
Zz)’/ 72,7,

/ /
7,y /7423

The regression sum of squares (uncorrected for 6p) is

2
#y)
Z)z;

3
SS(0)=0'Z'y = , (13.77)
i=0

where zy = j. By an argument similar to that following (13.54), the sums of squares
on the right side of (13.77) are independent.

Since the sums of squares SS(6;) = (z:.y)2 /Zlz;, i = 1,2, 3, are independent, each
SS(6;) tests the significance of @,- by itself (regressing y on z; alone) as well as in
the presence of the other é,—’s; that is, for a general k, we have

SS(6i60, - .., 01, 0iy1,. .., 0) = SS(by, ..., 0) —SS(bo, ..., 01, 0i11,. .., O)

B z": Zy)? 3 Zy)’
=0 zjz T zjz
/
_ @Y g5,

/!

Vit ]

In terms of the 3;’s, it can be shown that each SS(6;) tests the significance of f3; in

the presence of [%0, iBl, ..., B;_;. For example, for 3, (the last 8), the sum of squares
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can be written as

Z/ 2 . .
SS(6r) = (Zf? = BXy - B/ Xy (13.78)

r Lk

(see Problem 13.26), where [} is from the full model y = X8 + € and ﬁ’{ is from the
reduced model y = X, B] + &, in which B, contains all the 8’s except 3, and X; con-
sists of all columns of X except the last.

The sum of squares SS(6;) = (zl’y)2 /Zz; is equivalent to a sum of squares for a
contrast on the means y, , y,,..., ¥ as in (13.52). For example

21y = =3y =3y — =3y — Y — - — Y
+ Y31+ Y3+ 3y + o+ By

n n n n
=-3 Zy'i - Z)’2j + Zysj +3 Zﬂj
= = = =

= =3y;. —y2. + 3.+ 3ys,
=n(=3y; =y +¥3 +3ys)

4
= nzciyi,n
i=1
where ¢y = =3, c; = —1, ¢3 = 1, and ¢4 = 3. Similarly

7,z = n(=3)* + n(—=1)* + n(1)* + n(3)*
=n[(=3)* + (=1)* + 17 + 3%]

Then

@Y _ (S ew)’ _ n(Sh )

! 4 2 4 2
an ny i D i €

>

which is the sum of squares for the contrast in (13.52). Note that the coefficients
—3,—1, 1, and 3 correspond to a linear trend.
Likewise, z;y becomes

zy = n(y;. — ¥ — ¥3. + ¥4,
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whose coefficients show a quadratic trend, and z’3y can be written as

zyy = n(—=y; + 3y, — 3y +3,)

with coefficients that exhibit a cubic pattern.

These contrasts in the y; s have a meaningful interpretation in terms of the shape
of the response curve. For example, suppose that the y; ’s fall on a straight line. Then,
for some by and b, we have

¥ =bo+b1x; =by +bii, i=1,2,3,4,

since x; = i. In this case, the linear contrast is nonzero and the quadratic and cubic
contrasts are zero:

=3y = Yo + V3 3 =
—3(bo + b1) — (bo + 2b1) + bo + 3b1 + 3(bo + 4by) = 10Dy,
by + by — (by + 2by) — (bo + 3b1) + (bo +4b1) =0,
—(bo + b1) + 3(by + 2b1) — 3(by + 3by) + (by + 4by) = 0.

This demonstration could be simplified by choosing the linear trend
Vi.=Ly, =2,y =3, andy, =4
Similarly, if the y,’s follow a quadratic trend, say

yl.:L 51222’ )73,:2, y4A:l’

then the linear and cubic contrasts are zero.

In many cases it is not necessary to find the orthogonal polynomial coefficients by
the orthogonalization process illustrated in this section. Tables of orthogonal
polynomials are available [see, e.g., Rencher (2002, p. 587) or Guttman (1982,
pp- 349-354)]. We give a brief illustration of some orthogonal polynomial coeffi-
cients in Table 13.5, including those we found above for k = 4.

TABLE 13.5 Orthogonal Polynomial Coefficients for k = 3, 4, 5

k=3 k=4 k=5
Linear -1 0 1 -3 -1 1 3 -2 -1 0 1 2
Quadratic 1 -2 1 1 -1 -1 1 2 -1 -2 -1 2
Cubic -1 3 =3 1 -1 2 0o -2 1
Quartic 1 —4 6 -4 1
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In Table 13.5, we can see some relationships among the coefficients for each value
of k. For example, if k = 3 and the three means y, , ¥, , y;_ have a linear relationship,
then y, — Yy, is equal to y; — ¥, ; thatis

V3. = Y2, = Yo7V
or

V3. =Y. — (2. = V1) =0,
y3. =2y +y1. = 0.
If this relationship among the three means fails to hold, we have a quadratic com-
ponent of curvature.
Similarly, for k = 4, the cubic component, —y, + 3y, — 3y; + Y, , is equal to the

difference between the quadratic component for y, , ¥, , y; and the quadratic com-
ponent for y, , 3 , y :

=Y.+ 3V =3V + Vs =V, — 23 + Vs, — 01, — 250, + 93

PROBLEMS

13.1 Obtain the normal equations in (13.7) from the model in (13.6).
13.2 Obtain i% in (13.12) using (X’X)~ in (13.11) and X'y in (13.7).

13.3 Show that SSE = y/[I — X(X'X)"X']y in (12.21) is equal to SSE = ZU yizj -
>y /nin (13.13).
13.4 Show that the expressions for SSE in (13.13) and (13.14) are equal.

13.5 (a) Show that Hy:a; =a;=---= ¢ in (13.17) is equivalent to
Hy:af = o5 =--- = o in (13.18).
(b) Show that Hy:af =a;=---=af in (13.18) is equivalent to
Hy:af =0o =---=a =0in (13.19).
13.6 Show that n 3, (5, —y.)* in (13.24) is equal to _,y?/n —y*/kn in
(13.23).

13.7 Using (13.6) and (13.11), show that X(X’X)~ X' in (13.25) can be written in
terms of J and O as in (13.26).

13.8 Show that for C in (13.28), C(X'X) C’ is given by (13.30).
13.9 Show that C(X'X)"X' is given by the matrix in (13.32).
13.10  Show that the matrix (1/4n)A’J;A in (13.33) has the form shown in (13.35).



372

13.11

13.12
13.13
13.14

13.15
13.16

13.17

13.18

13.19
13.20
13.21
13.22

13.23
13.24

13.25
13.26
13.27

ONE-WAY ANALYSIS-OF-VARIANCE: BALANCED CASE

Using the model y; = u* + of +¢&; with the assumptions E(g;) =
0, var(e;) = 02,cov(8,-j, e7y) =0, and the side condition Zle af =0,
obtain the following results used in Table 13.4:

(a) E(g}) = o for all i, j and E(g;giy) = 0 for i,j # i,j.

() E[SS(alw)] = (k — )o® +n Y5, o,

(¢) (SSE) = k(n — 1)0?.

Using C in (13.28), show that C'C is given by the matrix in (13.47)
Show that C'J5C has the form shown in (13.48).

Show that if the constraint Zf: 1 @ = 0 is not imposed, (13.49) becomes
4
E[SS(a|w)] = 30” + 42 (o — @)’
i=1

Show that F in (13.52) can be obtained from (13.51).

Express the sums of squares (cgi%)2 /eiX'X)"¢; and (cj’f%)2 / c;(X’X)’cj below
(13.54) in Section 13.6.2 as quadratic forms in y, and show that these sums of
squares are independent if cov(cﬁﬁ, cj’f%) =0 as in (13.53).

In the proof of Theorem 13.6b, show that A, is symmetric and idempotent that
rank(A;) = 1, and that A;A; = O.

(a) Show that J/kn in the first term on the right side of (13.59) is idempotent
with one eigenvalue equal to 1 and the others equal to 0.

(b) Show that j is an eigenvector corresponding to the nonzero eigenvalue of

J/kn.
In Example 13.6b, show that vjvo = 1 and viv; = 0.
Show that j'x2.01 = 0 and x{, ;X201 = 0 as in (13.69).
Show that x3.912 has the form given in (13.70).

Show that x3.1, is orthogonal to each of j, X;.0, and X5.91, as noted following
(13.70).

Show that z3 = (—1,...,—-1,3,...,3,-3,...,=3,1,...,1) asin (13.74).

Show that B, = 6y — 56, + 50, — 3563, B, =260, — 56, + (16.7/.3)65,
B, = 6, — 2565, and B; = 65/.3, as in (13.75).

Show that the elements of @ = (Z'Z)~' Z'y are of the form zy/zz; asin (13.76).
Show that SS(6;) = B'X'y — B* X!y as in (13.78).

If the means y,,y,,y;, and y, have the quadratic trend y, =1,
Y, =2,y3 =2,y, =1, show that the linear and cubic contrasts are zero,
but the quadratic contrast is not zero.
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TABLE 13.6 Blood Sugar Levels (mg/100 g) for 10
Animals from Each of Five Breeds (A-E)

A B C D E
124 111 117 104 142
116 101 142 128 139
101 130 121 130 133
118 108 123 103 120
118 127 121 121 127
120 129 148 119 149
110 122 141 106 150
127 103 122 107 149
106 122 139 107 120
130 127 125 115 116

Blood sugar levels (mg/100g) were measured on 10 animals from each of
five breeds (Daniel 1974, p. 197). The results are presented in Table 13.6.

(a) Test the hypothesis of equality of means for the five breeds.
(b) Make the following comparisons by means of orthogonal contrasts:

A, B, C, vs.D, E; A, B, vs. C; Avs.B; Duvs.E.

In Table 13.7, we have the amount of insulin released from specimens of

pancreatic tissue treated with five concentrations of glucose (Daniel 1974,

p. 182).

(a) Test the hypothesis of equality of means for the five glucose
concentrations.

(b) Assuming that the levels of glucose concentration are equally spaced, use
orthogonal polynomial contrasts to test for linear, quadratic, cubic, and
quartic trends.

A different stimulus was given to each of three groups of 14 animals (Daniel
1974, p. 196). The response times in seconds are given in Table 13.8.

(a) Test the hypothesis of equal mean response times.

(b) Using orthogonal contrasts, make the two comparisons of stimuli: 1
versus 2, 3; and 2 versus 3.

The tensile strength (kg) was measured for 12 wires from each of nine cables

(Hald 1952, p. 434). The results are given in Table 13.9.

(a) Test the hypothesis of equal mean strengths for the nine cables.

(b) The first four cables were made from one type of raw material and the
other five from another type. Compare these two types by means of a
contrast.
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TABLE 13.7 Insulin Released at Five Different Glucose
Concentrations (1-5)

1 2 3 4 5

1.53 3.15 3.89 8.18 5.86
1.61 3.96 4.80 5.64 5.46
3.75 3.59 3.69 7.36 5.96
2.89 1.89 5.70 5.33 6.49
3.26 1.45 5.62 8.82 7.81
2.83 3.49 5.79 5.26 9.03
2.86 1.56 4.75 8.75 7.49
2.59 2.44 5.33 7.10 8.98

TABLE 13.8 Response Times (in seconds) to Three

Stimuli
Stimulus Stimulus

1 2 3 1 2 3

16 6 8 17 6 9

14 7 10 7 8 11

14 7 9 17 6 11

13 8 10 19 4 9

13 4 6 14 9 10

12 8 7 15 5 9

12 9 10 20 5 5
TABLE 13.9 Tensile Strength (kg) of Wires from Nine Cables (1-9)
1 2 3 4 5 6 7 8 9
345 329 340 328 347 341 339 339 342
327 327 330 344 341 340 340 340 346
335 332 325 342 345 335 342 347 347
338 348 328 350 340 336 341 345 348
330 337 338 335 350 339 336 350 355
334 328 332 332 346 340 342 348 351
335 328 335 328 345 342 347 341 333
340 330 340 340 342 345 345 342 347
333 328 335 337 330 346 336 340 348

335 330 329 340 338 347 342 345 341
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TABLE 13.10 Scores for Physical Therapy Patients
Subjected to Four Treatment Programs (1-14)

1 2 3 4
64 76 58 95
88 70 74 90
72 90 66 80
80 80 60 87
79 75 82 88
71 82 75 85

TABLE 13.11 Weight Gain of Pigs Subjected to Five
Treatments (1-5)

1 2 3 4 5
165 168 164 185 201
156 180 156 195 189
159 180 156 195 189
159 180 189 184 173
167 166 138 201 193
170 170 153 165 164
146 161 190 175 160
130 171 160 187 200
151 169 172 177 142
164 179 142 166 184
158 191 155 165 149

Four groups of physical therapy patients were given different treatments
(Daniel 1974, p. 195). The scores measuring treatment effectiveness are
given in Table 13.10.

(a) Test the hypothesis of equal mean treatment effects.

(b) Using contrasts, compare treatments 1, 2 versus 3, 4; 1 versus 2; and
3 versus 4.

Weight gains in pigs subjected to five different treatments are given in
Table 13.11 (Crampton and Hopkins 1934).
(a) Test the hypothesis of equal mean treatment effects.

(b) Using contrasts, compare treatments 1, 2, 3 versus 4; 1, 2 versus 3; and
1 versus 2.



14 Two-Way Analysis-of-Variance:
Balanced Case

The two-way model without interaction has been illustrated in Section 12.1.2,
Example 12.2.2b, and Section 12.8. In this chapter, we consider the two-way
ANOVA model with interaction. In Section 14.1 we discuss the model and attendant
assumptions. In Section 14.2 we consider estimable functions involving main effects
and interactions. In Section 14.3 we discuss estimation of the parameters, including
solutions to the normal equations using side conditions and also using a generalized
inverse. In Section 14.4 we develop a hypothesis test for the interaction using a full—
reduced model, and we obtain tests for main effects using the general linear hypoth-
esis as well as the full-reduced-model approach. In Section 14.5 we derive expected
mean squares from the basic definition and also using a general linear hypothesis
approach. Throughout this chapter we consider only the balanced two-way model.
The unbalanced case is covered in Chapter 15.

141 THE TWO-WAY MODEL
The two-way balanced model can be specified as follows:

Yijk = B+ i + B + ¥ + & 14.1)
i=1,2,...,a, j=1,2,...,b, k=12,...,n

The effect of factor A at the ith level is o, and the term B; is due to the jth level of
factor B. The term v;; represents the interaction AB between the ith level of A and the
jthlevel of B. If an interaction is present, the difference oy — a5, for example, is not
estimable and the hypothesis Hy: a; = a, = - - - = , cannot be tested. In Section
14.4, we discuss modifications of this hypothesis that are testable.

There are two experimental situations in which the model in (14.1) may arise. In
the first setup, factors A and B represent two types of treatment, for example, various
amounts of nitrogen and potassium applied in an agricultural experiment. We apply

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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each of the ab combinations of the levels of A and B to n randomly selected exper-
imental units. In the second situation, the populations exist naturally, for example,
gender (males and females) and political preference (Democrats, Republicans, and
Independents). A random sample of n observations is obtained from each of the ab
populations.

Additional assumptions that form part of the model are the following:

E(gj) = 0 for all i, j, k.

var(e;y) = o2 for all i, j, k.

cov(gijk, &) = 0 for (i, j, k) # (r, s, 1).

Another assumption that we sometimes add to the model is that g;; is N(0, o?)
for all i, j, k.

Ll

From assumption 1, we have E(y) = p; = u+ o+ B;+ v, and we can
rewrite the model in the form

Yije = My + Eijie, (14.2)
i=12,...,a, j=12,...,b, k=1,2,...,n,

where w; = E(y;) is the mean of a random observation in the (ij)th cell.
In the next section, we consider estimable functions of the parameters «;, B3;,
and ;.

142 ESTIMABLE FUNCTIONS

In the first part of this section, we use a = 3, b = 2, and n = 2 for expositional pur-
poses. For this special case, the model in (14.1) becomes

Vik= B+ Bty teg i=123 j=12, k=12 (143)

The 12 observations in (14.3) can be expressed in matrix form as

Y {1 0 01 Of1 0 0O 0 OO 7 €111
Y112 1{1 0 01 0|1 0 O O OO [43] €112
121 {1 0 00 1|0 1 0 0 0O a €121
Y122 {1 0 00O 1|0 1 0 0 0O a3 12
Y211 10 1 01 0J]0O O 1 0 0O Bl €211
ol 1|01 01 0/0 01000 B> 12
vor | =110 1 0lo1]looo 100y |T|em | P
Y222 10 1 0[O0 1|0 O O 1 0O Y12 €222
Y3 100 1|1 0/000010|]|my, e
ai2 1100 1|1 000001 0] ym Yt
Y321 1{0 0 1{0 1{0 O O 0 O 1 Y31 €321
yin 1100 1lo 1100000 1/ \yy 3
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or
y=XB+¢,

whereyis 12 x 1, Xis 12 x 12, and Bis 12 x 1. (If we added another replication, so
that n = 3, then y would be 18 x 1, X would be 18 x 12, but 8 would remain 12 x 1.)
The matrix X'X is given by

(1214 4 416 62 2 2 2 2 2\
414 002 2220000
410402 2002200
410 0 412 210 0 00 2 2
6122 2|6 012 02020

, 612 2 210 610 2 Q0 2 Q0 2
XX = 212 001(2 0200000 (14.5)

2(2 0 0)0 2{0 2 0000

2({0 2 0)2 0|0 0O 2000

2102 01(0 210 00 2 00

2({0 0 2|2 00O 0O OO0 20

210 0 210 210 0 0 0 0 2

The partitioning in X'X corresponds to that in X in (14.4), where there is a column for
M, three columns for the three a’s, two columns for the two 3’s, and six columns for
the six ’s.

In both X and X’X, the first six columns can be obtained as linear combinations of
the last six columns, which are clearly linearly independent. Hence rank(X)=
rank(X'X) = 6 [in general, rank(X) = ab].

Since rank(X) = 6, we can find six linearly independent estimable functions of the
parameters (see Theorem 12.2c). By Theorem 12.2b, we can obtain these estimable
functions from Xf. Using rows 1, 3, 5, 7, 9, and 11 of E(y) = Xf3, we obtain
EQp) =py=pn+ai+p+y;fori=1,23andj=1,2:

My =ptaer+B+v, Mp=pta+B+ v
Moy =p+oa+Bi+%, Mpn=pta+pBr+ryn (14.6)
My =m+a3+ B+ v, My =ptaz+ B+ Vi

These can also be obtained from the last six rows of XX (see Theorem 12.2b).
By taking linear combinations of the six functions in (14.6), we obtain the follow-
ing estimable functions (e.g., 6; = u;; — ty; and 6] = wj; — py):

My =p+aor+ B+ v

O =ar—ar+y—% o O =a—-at+y,—¥n
b =ar—az+vy;— v Or 02':011—013-*-712—732
05 =B —Bot+vii— v o 65=B B+ v —n

14.7)
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or 0;=8,—B+v— 7
Os=7v11—Y12— Y21 + 722
Os=v1—Y2— Va1 + ¥

The alternative expressions for 6, and 65 are of the form
Vy_yz;’_71'1+7,']/s iyi/:132939 j’j/:1’25 i;éila j;éjl' (14'8)

[For general a and b, we likewise obtain estimable functions of the form of (14.7)
and (14.8).]

In 0, and 6s in (14.7), we see that there are estimable contrasts in the y;’s, but in
601, 6,, and 65 (and in the alternative expressions 6,’, 6,', 65', and 65") there are no
estimable contrasts in the «’s alone or 8’s alone. (This is also true for the case of
general a and b.)

To obtain a single expression involving a; — a; for later use in comparing the «
values in a hypothesis test (see Section 14.4.2b), we average 6, and 6,’:

20+ 0) =a1 —ar+ 1 (v + Y1) — (Va1 + Y)

For a; — a3, we have

1O+ 6) =ar —azs + 1y + v12) — S (va1 + ¥32)
—w— a3tV - T (14.10)

Similarly, the average of 65, 65, and 6 yields

1O+ 05+ 0 =B — B+ 3y + v +v3) — (V2 + v + ¥32)
=B —B+7vi— Y2 (14.11)

From (14.1) and assumption 1 in Section 14.1, we have

E(yi) = E(u + @i + B; + v + €it)s
i=1,2,...,a, j=12,...,b, k=12,...,n

or
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[see also (14.2) and (14.6)]. In Section 12.1.2, we demonstrated that for a simple
additive (no-interaction) model the side conditions on the o’s and B’s led to
redefined o*’s and B*’s that could be expressed as deviations from means, for
example, o = ; — . We now extend this formulation to an interaction model
for u;:

I (B, — )+ (/:‘cj —p)+ (I‘Lij Al iy B)

i . § . (14.13)
=M+ o +Bj + Y
where
w=pR, a:f =M =B, B]* =M,
i - - - (14.14)
Yi = My — My — Bt
With these definitions, it follows that
a b
Sa-o Yg-o
i=1 =1
a
Zyjj:o forall j=1,2,...,b, (14.15)

i=1

b
> ;=0 forall i=1,2,...a
j=1

Using (14.12), we can write o], B]’.‘, and 'yj‘j in (14.14) in terms of the original
parameters; for example, «; becomes

R 1
- M :Ej:zllvbij_ﬁgﬂij

§]u+m+ﬁ+n }:w+m+ﬁ+w
J

~Tx

R
I
E\

S |

(bu—i—ba,—i—ZB +Zy,,>
1
_ab<abn+bzi:a,-+azj:5,~+zij:%j>

=p+a+P+y, —p—a—B -y
=a—oa+y —7v. (14.16)

%‘l'—‘
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Similarly
B =B—-B+%—7. (14.17)

Y=Y~ Vi~ Vit V. (14.18)

14.3 ESTIMATORS OF X' AND ¢*

We consider estimation of estimable functions A’ in Section 14.3.1 and estimation
of o7 in Section 14.3.2.

14.3.1 Solving the Normal Equations and Estimating A’

We discuss two approaches for solving the normal equations X' XB = X'y and for
obtaining estimates of an estimable function A’B.

14.3.1.1 Side Conditions
From X and y in (14.4), we obtain X'y for the special case a =3, b =2, and n = 2:

XY = (Vs Y1y Y205 V3o V1o Y20 V11> Y1205 Y210 Y225 Y3105 ¥32.) - (14.19)

On the basis of X'y in (14.19) and X'X in (14.5), we write the normal equations
X’Xﬁ = X'y in terms of general a, b, and n:

b b
abnﬁ—kbni&i +anZBj+n2a:Z%; =Y.
=1 =1 =1 j=1

b b
bnju+bndi+nY Bi+nd Yy=yi. i=12 ... a
J=1 J=1
anﬂ—i—nZ&i—l—an[Sj—l—nZ%j:y:ﬁ, j=12,...,b,
i=1 i=1
n;l—&—n&i—&-n,éj—i—ni/,-j:y,:,;, i=12,...,a,
j=1,2, ..., b (14.20)
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With the side conditions , &; =0, >, BJ- =0, >, % =0,and ), ¥; =0, the
solution of the normal equations in (14.20) is given by

=2 =y
abn 7

Vi o

= Yi. =Y.

- V. N _ _

Bj =% _ r=Y; =Y. (14.21)
an

% i i Vi Yoo

v bn an abn’

These are unbiased estimators of the parameters u*, o, 87, v;; in (14.14), subject to
the side conditions in (14.15). If side conditions are not imposed on the parameters,
then the estimators in (14.21) are not unbiased estimators of individual parameters,
but these estimators can still be used in estimable functions. For example, consider

the estimable function A’B in (14.9) (for a = 3, b = 2):
NB=a—a+5(y +¥2) =300 + 1)

By Theorem 12.3a and (14.21), the estimator is given by

ANB=d —ay+3( + ¥12) — 331 + ¥2)
=9 =3, =G =¥ )+ 50 =V =V V)
F300 =Y. = V2 AV ) =50 — o =V V)
— 300 =V = Vo2 +V.)

Since y,; + V1, =2y, and ¥, + 7y =2y, , the estimator A'B = & — an+
(M1 + ¥12) — 5 (a1 + ¥2n) reduces to

NB=a — o+ 3G+ ¥12) = 3G + ) = Vi — Yo (14.22)

This estimator of @) — ap + %(7” + Y12) — %(yﬂ + 5,) is the same as the estimator
we would have for a] — o3, using &; and &, as estimators of «] and «o;:

—

- =a—a=y_ -y —0rL =Y )=y
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By Theorem 12.3d, such estimators are BLUE. If we also assume that g is
N, o?), then by Theorem 12.3h, the estimators are minimum variance unbiased
estimators.

14.3.1.2 Generalized Inverse
By Corollary 1 to Theorem 2.8b, a generalized inverse of X'X in (14.5) is given by

X'X)~ =1 (8 g) (14.23)

where the Os are 6 x 6. Then by (12.13) and (14.19), a solution to the normal
equations for @ = 3 and b = 2 is given by

B = (X'X) Xy
= (Os O’ O’ O’ 09 Os 5}11.95212.’ 5)2143)72249)731.’)732.),' (1424)
The estimators in (14.24) are different from those in (14.21), but they give the same

estimators of estimable functions. For example, for '8 = a1 — as + %(711 +v12) —
%(')/21 —+ ¥, in (14.9), we have

A/B = &1 — &2 +%[’A)’]1 + 3’12 - (3’21 + 3’22)]
=0—-04+3D. + Y2 — Oar. + V)]

It was noted preceding (14.22) that y,; + ¥, = 2y; and y,; + y,, = 2y, . Thus NB
becomes

NB=12y —29,)=y_—%.
which is the same estimator as that obtained in (14.22) using B in (14.21).

14.3.2 An Estimator for o*

For the two-way model in (14.1), assumption 2 states that var(g;) = o2 foralli,j, k.
To estimate o2, we use (12.22), s> = SSE/ab(n — 1), where abn is the number of
rows of X and ab is the rank of X. By (12.20) and (12.21), we have

SSE =y'y — BX'y = y'[1 - X(X'X) X]y.
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With i3 from (14.24) and X'y from (14.19), SSE can be written as

SSE =y'y — BXy

a b

= ZZZm 22D Vit
i=1 j=1 k= =1 j=1

= Zyyk nZyU (14.25)
ijk

It can also be shown (see Problem 14.10) that this is equal to
SSE = > (i — 3.0 (14.26)
ik

Thus, s” is given by either of the two forms

2= 2k O — ¥;)°

(14.27)
ab(n — 1)
2 =2
_ > ik Vi _”Eijyiji. (14.28)
ab(n — 1)

By Theorem 12.3e, E(s®) = o2

144 TESTING HYPOTHESES

In this section, we consider tests of hypotheses for the main effects A and B and for
the interaction AB. Throughout this section, we assume that y is N,,(Xf3, o21). For
expositional convenience, we sometimes illustrate with a = 3 and b = 2.

14.4.1 Test for Interaction

In Section 14.4.1.1, we express the interaction hypothesis in terms of estimable para-
meters, and in Sections 14.4.1.2 and 14.4.1.3, we discuss two approaches to the
full-reduced-model test.

14.4.1.1 The Interaction Hypothesis
By (14.8), estimable contrasts in the ;s have the form

Yi— Yy — Yoj Yy, LFEL, JFE]. (14.29)

We now show that the interaction hypothesis can be expressed in terms of these esti-
mable functions.

For the illustrative model in (14.3) with @ = 3 and b = 2, the cell means in (14.12)
are given in Figure 14.1. The B effect at the first level of A is u;; — w5, the B effect at
the second level of A is w,; — Wy, and the B effect at the third level of A is ps; — .
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B

1| g | a2

A 2| por | po2

3| p3r | pa32

Figure 14.1 Cell means for the model in (14.2) and (14.12).

If these three B effects are equal, we have no interaction. If at least one effect differs
from the other two, we have an interaction. The hypothesis of no interaction can
therefore be expressed as

Ho: gy — i = Mo — Moo = M3 — K3 (14.30)

To show that this hypothesis is testable, we first write the three differences in terms
of the y;’s by using (14.12). For the first two differences in (14.30), we obtain

Mg —Hp=pta+ B +y —(nt+ar+ B+ i)
=B — B+ vii— Y2

Mo — My = pt o+ B+ v — (n+az+ By + ¥n)
=B =B+ Yo — Vo

Then the equality w;; — (o = Uy — Moy in (14.30) becomes

Bi—Btvu—Y2=B1—B+Y1— "
or

Yii— Yi2— Ya+ ¥ =0. (14.31)

The function y;; — v;» — ¥21 + VY2, on the left side of (14.31) is an estimable contrast
[see (14.29)]. Similarly, the third difference in (14.30) becomes

M1 — M3 = B — Ba+ Y31 — V325

and when this is set equal to uy; — y = B; — By + Y21 — Y22, We obtain

Y1 — Y2 — Y1+ ¥ =0. (14.32)
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By (14.29), the function y,; — v5, — v3; + Y3, on the left side of (14.32) is esti-
mable. Thus the two expressions in (14.31) and (14.32) are equivalent to the inter-
action hypothesis in (14.30), and the hypothesis is therefore testable.

Since the interaction hypothesis can be expressed in terms of estimable functions
of vy,;’s that do not involve ¢;’s or B;’s, we can proceed with a full-reduced-model
approach. On the other hand, by (14.7), the &’s and ’s are not estimable without
the y’s. We therefore have to redefine the main effects in order to get a test in the pre-
sence of interaction; see Section 14.4.2.

To get a reduced model from (14.1) or (14.3), we work with y;‘j =
Mij — B — o+ in (14.14), which is estimable [it can be estimated unbiasedly
by ¥; =¥ —¥i. —¥; +y. in (14.21)]. Using (14.13), the model can be expressed
in terms of parameters subject to the side conditions in (14.15):

Yig = B+ o + B + v + & (14.33)

We can get a reduced model from (14.33) by setting y;; = 0.

In the following theorem, we show that Hy: y; = 0 for all i, j is equivalent to the
interaction hypothesis expressed as (14.30) or as (14.31) and (14.32). Since all three
of these expressions involve a =3 and b =2, we continue with this illustrative
special case.

Theorem 14.4a. Consider the model (14.33) for a=3 and b=2. The
hypothesis Ho: v; =0, i=1,2,3, j = 1,2, is equivalent to (14.30)

Ho: pyy — Mg = Moy — Mop = Map — M3 (14.34)

and to the equivalent form
H0:<711_'}’12_3’21+722) _ <0) (14.35)
Y21 — Y2 — Va1 T Yn 0
obtained from (14.31) and (14.32).

Proor. To establish the equivalence of y; = 0 and the first equality in (14.35), we
find an expression for each y; by setting y;; = 0. For v, and vj,, for example, we
use (14.18) to obtain

Yo =Y2— Y.~ Y2t7.- (14.36)
Then vy}, = 0 gives

Y2 =Y.+Y2—7.
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Similarly, from (14.18) and the equalities v}, = 0, y;;, = 0, and 73, = 0, we obtain

YH=Y.FTY1—=Y, Yu=YFY1—Y, Yo=Y tY>2—7V.

When these are substituted into y;; — vj2 — Y21 + Y22, We obtain

Y=Y~ YatYe=n+Y1—-Y. - +Y2—-7)
— (B +Y1—Y)+ VYtV 7.
fr— 0,

which is the first equality in (14.35). The second equality in (14.35) is obtained
similarly.

To show that the first equality in (14.34) is equivalent to the first equality in
(14.35), we substitute u; = u+ a; + B; + y; Int0 py — pyp = Py — Moo

0= gy — pi2 — Mop + Mg
=pta+pB+yy—(wta+B+ )
—(wto+Btrn)tutatph+rm
=Y~ Y2~ Ya T Yo

Similarly, the second equality in (14.34) is equivalent to the second equality in
(14.35). O

In Section 14.4.1.2, we obtain the test for interaction based on the normal
equations, and in Section 14.4.1.3, we give the test based on a generalized inverse.

14.4.1.2 Full-Reduced-Model Test Based on the Normal Equations

In this section, we develop the full-reduced-model test for interaction using the
normal equations. We express the full model in terms of parameters subject to side
conditions, as in (14.33)

Yig = 1+ af + B + v + &, (14.37)

where u* =, of = p; —p, B = p; — b, and v = py — py, —p; + o are as
given in (14.14). The reduced model under Hy: y;; = 0 for all i and j is

Vi = 1+ of + B + e (14.38)

Since we are considering a balanced model, the parameters u”, o, and f; (subject
to side conditions) in the reduced model (14.38) are the same as those in the full
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model (14.37) [in (14.44), the estimates in the two models are also shown to be the
same].

Using the notation of Chapter 13, the sum of squares for testing Ho: yj; = 0 is
given by

SS(y|u, @, B) = SS(u, @, B, ¥) — SS(u, a, B). (14.39)

The estimators [, &;, B ¥; in (14.21) are unbiased estimators of u*, o, B;, Y-
Extending X'y in (14.19) from a = 3 and b = 2 to general a and b, we obtain

SS(w, @, B, y) = BX'y

a a b

Ly, a;y i ; Z YiiYii.

i=1

Y. Z ¥ i +Z(y, Y.y

+ Z Gy = ¥i. = V). + 3.
IR £ o b VA i B Zyif- v
abn - bn abn  an abn
2 2 2 2
Vi Yi Yio | Yo
=+ e s 14.40
+ (; n - bn = an + abn) ( )
2
Yij.
= -, 14.41
> (1441

i

Note that we would obtain the same result using B in (14.24) (extended to general a
and b).

For the reduced model in (14.38), the X; matrix and Xy vector fora =3 and b =
2 consist of the first six columns of X in (14.4¢) and the first six elements of X'y in
(14.19). We thus obtain

—_
\S}

X/ X; = . Xy=|" | (14.42)

AN B~ Bh

DD O O BN

NN O ~O B

NN RO O R

S AP

AN
s
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From the pattern in (14.42), we see that for general a and b the normal equations for
the reduced model become

a b
abnfL + bn Z &; +an Z Bj =Y.
=1 =1

b
bnju+bnéi+nd B=y. i=12..,a (14.43)

J=1

anju+nYy_di+anfy=y;, j=1,2,...,b.
i=1

Using the side conditions ), @; = 0 and Zj Bj = 0, we obtain the solutions

. Y. _ N Yi.. N _ _ A Y. N _ _
===y, G="—p=y, -y, B="L—p=y;—y_. (1444
abn bn an

These solutions are the same as those for the full model in (14.21), as expected in the
case of a balanced model.
The sum of squares for the reduced model is therefore

SS(w. o, B) = B X}y
2 2 2 2 2
abn - bn abn — an abn
and the difference in (14.39) is

SS(’Y‘M’ «, B) = SS(,‘Lﬂ «, BJ 'Y) - SS(“’; «, B)
2 2 2 2
Y. Yi.. Yio | Yo
=N RN N 14.45
Zi].: n — bn Z]: an + abn ( )

The error sum of squares is given by
SSE =y'y — BX'y

2
=Y - (14.46)

ijk i

(see Problem 14.13b). In terms of means rather than totals, (14.45) and (14.46)
become

S . By =nY_ Gy =i — ;. + 3.0 (14.47)
ij

SSE = _ (i — ¥y )" (14.48)

ik
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There are ab parameters involved in the hypothesis Hy: y;‘j =0,i=12,...,a,
j=1,2,..., b. However, the a + b side conditions Zi y;‘j =0forj=1,2,...,b
and Zj ¥; =0 for i=1,2,...,a impose a—1 + b—1 restrictions. With the
additional condition ) ¢, Zl;zl ¥; =0, we have a total of a+b—-2+1=

a+ b — 1 restrictions. Therefore the degrees of freedom for SS(y|u, @, B) are
ab—(a+b—1)=(a—1)b—1) (see Problem 14.14).
To test Hy: y}; = 0 for all i, j, we therefore use the test statistic

_ SS(ylp, @, B)/(a — 1)(b — 1)
F= SSE/ab(n — 1) ’ (14.49)

which is distributed as F[(a — 1)(b — 1), ab(n — 1)] if H, is true (see Section 12.7.2).

14.4.1.3 Full-Reduced-Model Test Based on a Generalized Inverse

We now consider a matrix development of SSE and SS(y|u, @, B) based on a gener-
alized inverse. By (12.21), SSE = y'[I — X(X'X)~ X']y. For our illustrative model with
a=73,b=2, and n = 2, the matrix X'X is given in (14.5) and a generalized inverse
(X’X)~ is provided in (14.23). The 12 x 12 matrix X(X'X)~ X' is then given by

J O .- 0 jil O - O

) oOJ -0 o) jj’ ... 0
XXX) X' =5 . . =3 e (14.50)

o o0 --- 1J o 0 - jj

where J and O are 2 x 2 and j is 2 x 1 (see Problem 14.17). The vector y in (14.4)
can be written as

Yu
Yi2

y = Yo , (14.51)
Yoo

Y31
Y32

where y, = (yff‘ ) i=1,2,3,j=1,2 By (12.21), (14.50), and (14.51), SSE

Yij2
becomes

SSE = y'[I - X(X'X) X'y = yy - yX(X'X) X'y
= Z)’,‘zjk - %le y;jjj/yij = Zijk yizjk - %Zu yiz]:,

ik

which is the same as (14.46) with n = 2.
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For SS(y|u, @, B), we obtain

SS(Y' M, &, B) = SS(/-'L’ a, B’ ’Y) - SS(M’ a, B)

= BX'y - B Xy

=y [XX'X)"X - Xi(X| X)) Xly,

(14.52)

where X(X'X)~ X' is as found in (14.50) and X, consists of the first six columns of X
in (14.4). The matrix X)X is given in (14.42), and a generalized inverse of X| X is

given by
-1
0
. 0
XX =4
0
0

Then

47 2)
2 4
_ J -J
XXX X =4[ § 7
J -J
—J J

where J is 2 x 2. For the difference between (14.50) and (14.54), we obtain

2J

-2J

N —J
12 J
—-J

J

XX'X) X - X X[ X)7X] =

where J is 2 x 2.

SO OO WO
S OO WOoOOo

J
—J
4J
2J
J
—J

-2J
2J

SO WO oo

—J
J
2J
4J
—J
J

00
00
00
00
2 0
0 2
J
-3 J
J
-3 g
43 2J
25 43

—J J -J
J -J J
2y 23 3
2 2 J
—-J J 2
J -J -2

(14.53)

(14.54)

(14.55)

To show that SS(y|u, a, B) =y [XX'X)" X' — Xi(X| X)) X'ly in (14.52) is
equal to the formulation of SS(y|u, a, B) shown in (14.45), we first write (14.45)
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in matrix notation:

2 2

)I) DI P g

i=1 j=1 i=1 j=1

+

O’\|:.<N
~<
Nl o

YEA—{B—iC+5D)y.  (14.56)

We now find A, B, C, and D. For %leylzl =1y'Ay, we have by (14.50) and
(14.51),

3 2
1)V =5 ) iy

i=1 j=1

where j is 2 x 1. This can be written as

i’ o 0 Yu
o j --- 0 Yi2
2Zy1] 2(YI19 y12""9yg2) . . . . (1457)
o o - jj Y3
=3VAy,
where
J O (0]
0o J o
A= ,
OO0 --- J

and J is 2 x 2. Note that by (14.50), we also have 1A = X(X'X) X'

For the second term in (14.56), %Ziy%, we first use (14.51) to write y; and
2
Yi. as

. . i
Vi = Z)’ijk = Zyilk + Zyizk = Yad + Yol = O0is Y:'z)(j),
it x x

i . o (Ya / jj/ Yi
¥i —(y§1,y§z)(.)(1’, J’)< ) (y,l,ylz)< ,)( 1)~
J Yo JJ 1) Yo
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Thus $ 377, y? can be written as

3

1 2 1 / /

ZE :yz:. =315 Vi -+ ¥32)
i=1

© OO0 Q0 «w «
© O Q00 «w «
© QO -« =00
© QO -« =0 O
~ ~« Q0000
~ ~« QO Q00O

=;Y'By.

Similarly, the third term of (14.56), 13°% | )%, can be written as

A=

2
>y =
Jj=1

Q0 =0 =0
Q= QO «=0QO —
“Q=wO=O

AN—=

<
QOO w—
Qu O« —

For the fourth term of (14.56), y%_/12, we have

v = vk =Yin

ijk

1

« 0 =0 =0

y=5YCy.

5y =5Vinihy = 5YJny = 5yDy,

Yu

Y31

(14.58)

(14.59)

(14.60)

where ji, is 12 x 1 and Ji5 is 12 x 12. To conform with A, B, and C in (14.57),

(14.58), and (14.59), we write D = J;; as

D=Jp=

Cof G G G G G
Co G G o G Gy
Cof G G G G G

where J is 2 x 2.

Co G G G G Gy

Cof G G G G G

G G G G G G
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Now, combining (14.57)—(14.60), we obtain the matrix of the quadratic form in
(14.56):

2y =23 J J -J J
-2 2 J -J J -J
—J J 23 -2 J J

J =J =27 2 J Jy
—J J -J J 27 -2J
J -J J J 27 2

which is the same as (14.55). Thus the matrix version of SS(y|u, @, B) in (14.52) is
equal to SS(y|u, a, B) in (14.45):

2 2 2 2

B _ Yii Vs Yi oy
IXXX)X - X XX) X y=) Z—) 2N oy Je
Y IX(X'X) (XXX Iy ;n By zj:an+abn

14.4.2 Tests for Main Effects

In Section 14.4.2.1, we develop a test for main effects using the full-reduced—model
approach. In Section 14.4.2.2, a test for main effects is obtained using the general
linear hypothesis approach. Throughout much of this section, we use ¢ =3 and
b =2, where a is the number of levels of factor A and b is the number of levels of
factor B.

14.4.2.1 Full-Reduced-Model Approach
If interaction is present in the two-way model, then by (14.9) and (14.10), we cannot
test Hy: a1 = ap = a3 (fora = 3) because a; — ap and «; — «3 are not estimable. In
fact, there are no estimable contrasts in the «’s alone or the 8’s alone (see Problem
14.2). Thus, if there is interaction, the effect of factor A is different for each level
of factor B and vice versa.

To examine the main effect of factor A, we consider of = ; — [, as defined in
(14.14). This can be written as

(b — B (14.62)

The expression in parentheses, wu; — i1, is the effect of the ith level of factor A at the
Jjthlevel of factor B. Thus in (14.62), af = j; — j_is expressed as the average effect
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of the ith level of factor A (averaged over the levels of B). This definition leads to the
side condition ) ; o = 0.

Since the o} ’s are estimable [see (14.21) and the comment following], we can use
them to express the hypothesis for factor A. For a = 3, this becomes

Hy: af = o = o5, (14.63)

which is equivalent to

Hyoj=0;=0,=0 (14.64)

because ) ; o = 0.

The hypothesis Hy: o] = o = «; in (14.63) states that there is no effect of factor
A when averaged over the levels of B. Using «f = i; — i, we can express
Hy: of = o = o in terms of means:

Hopy —p =py) — R, =p3 — [,

which can be written as

Ho: g, = iy, = J3.-
The values for the cell means in Figure 14.2 illustrate a situation in which H, holds in
the presence of interaction.

Because H, in (14.63) or (14.64) is based on an average effect, many texts
recommend that the interaction AB be tested first, and if it is found to be significant,
then the main effects should not be tested. However, with the main effect of A defined
as the average effect over the levels of B and similarly for the effect of B, the tests for
A and B can be carried out even if AB is significant. Admittedly, interpretation
requires more care, and the effect of a factor may change if the number of levels
of the other factor is altered. But in many cases useful information can be gained
about the main effects in the presence of interaction.

B

1 2 means

1 Hi1 = 5 Hi2 = 1 H1. = 3

A 2 por =4 poo=2|11e. =3

3|1 =3 | p32=3 | pi3. =3

Figure 14.2 Cell means illustrating it; = 1, = j3_in the presence of interaction.
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Under Hy: a] = o = a5 = 0, the full model in (14.33) reduces to
Vi = B+ B + ¥+ e (14.65)

Because of the orthogonality of the balanced model, the estimators of u*, ,8;, and y,;

in (14.65) are the same as in the full model. If we use [, [Bj, and ¥ in (14.21) and
elements of X'y in (14.19) extended to general a, b, and n, we obtain

b a b
SS(w, By V) = iy + Y Byi+ > > Vi
=1

i=1 j=1

which, by (14.40), becomes

y? Vi )P
SS(M,BJ’):%‘*‘ ija—%

2

y? y y2~ y2
& Zhe =y e ), 14.66
+ (Z n - bn ; an + abn) ( )

7
From (14.40) and (14.66), we have

SS(OZ|/.L, Bﬂ ’Y) = SS(M: a, Ba ')/) - SS(M» B) ')/)

a 2 2
S N (14.67)

pa bn abn’

For the special case of a = 3, we see by (14.7) that there are two linearly independent
estimable functions involving the three o’s. Therefore, SS(«|u, B, ) has 2 degrees of
freedom. In general, SS(«|u, B, ) has a — 1 degrees of freedom.

In an analogous manner, for factor B we obtain

SS(:B|/"L7 «, Y) = SS(I"L: «, B’ '}’) - SS(I"") a, '}’)

b 2' 2
Y ey (14.68)
an abn

which has b — 1 degrees of freedom.
In terms of means, we can express (14.67) and (14.68) as

SS(alp, B y) =bn> G, —y. ) (14.69)
i=1
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b
SS(Blw. . ) =an» ;=) (14.70)
j=1

It is important to note that the full-reduced-model approach leading to
SS(a|w, B, y) in (14.67) cannot be expressed in terms of matrices in a manner
analogous to that in (14.52) for the interaction, namely, SS(vy|u, @, B) =
Y IX(X'X)" X' — X (X| X)X/ ]y. The matrix approach is appropriate for the inter-
action because there are estimable functions of the v;’s that do not involve u or
the o; or B; terms. In the case of the A main effect, however, we cannot obtain a
matrix X; by deleting the three columns of X corresponding to «, ap, and az
because contrasts of the form a; — a, are not estimable without involving the v;;’s
[see (14.9) and (14.10)].

If we add the sums of squares for factor A, B, and the interaction in (14.67),
(14.68), and (14.45), we obtain Zyyj/n — y? Jabn, which is the overall sum of
squares for “treatments,” SS(«, B, y|w). This can also be seen in (14.40). In the fol-
lowing theorem, the three sums of squares are shown to be independent.

Theorem 14.4b. If y is Nu(XB, o°D), then SS(¢|u, B, ), SS(B|w, a, ¥), and
SS(y|u, @, B) are independent.

Proor. This follows from Theorem 5.6¢; see Problem 14.23. [l

Using (14.45), (14.46), (14.67), and (14.68), we obtain the analysis-of-variance
(ANOVA) table given in Table 14.1.

TABLE 14.1 ANOVA Table for a Two-Way Model with Interaction

Source of
Variation df Sum of Squares
Factor A a—1 > vy
ibn  abn
Factor B b-1 iy
2 an abn
2 2 2 2
R Vi, Yi Y. y
Interaction (@a— Db -1 Z,.j?’ D Zji o
y2
Error ab(n — 1) Dk Vik — Zu%
P
Total abn — 1 ik Yk — =
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The test statistic for factor A is

F= SS(CY‘/.L, B9 y)/(a - 1)
~ SSE/ab(n—1) °’

(14.71)

which is distributed as Fla — 1, ab(n — 1)] if Hy: o] = o = --- = a, = 0 is true.
For factor B, we use SS(B|u, @, ) in (14.68), and the F statistic is given by

F= SS(B‘M’ «, ’}’)/(b - 1)
~ SSE/ab(n—1) ’

which is distributed as F[b — 1, ab(n — )] if Hy: B} = B, = --- = B; = Ois true. In
Section 14.4.2.2, these F statistics are obtained by the general linear hypothesis
approach. The F distributions can thereby be justified by Theorem 12.7c.

Example 14.4. The moisture content of three types of cheese made by two methods
was recorded by Marcuse (1949) (format altered). Two cheeses were measured for
each type and each method. If method is designated as factor A and type is factor
B, then a =2, b =3, and n = 2. The data are given in Table 14.2, and the totals
are shown in Table 14.3.

The sum of squares for factor A is given by (14.67) as

2 2

.
—~ (32 2032

= 1[(221.98)* + (220.81)%] — 5 (442.79)*
= .114075.

SS(a|w, B, y) =

TABLE 14.2 Moisture Content of Two Cheeses from
Each of Three Different Types Made by Two Methods

Type of Cheese

Method 1 2 3

1 39.02 35.74 37.02
38.79 35.41 36.00

2 38.96 35.58 35.70

39.01 35.52 36.04
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TABLE 14.3 Totals for Data in Table 14.2

B
A 1 2 3 Totals
1 yi1.=177.81 yio. =T71.15 yi3.=73.02 yi..=221.98
Totals y1. = 15578 v, = 142.25 v3. = 144.76 y. =442.79
Similarly, for factor B we use (14.68):
3 2 2
Y. y
SS , Q, Y) = RN
Bl . Y= IR

j=1
= 1[(155.78)* + (142.25)> + (144.76)*] — 1 (442.79)
=25.900117.

For error, we use (14.46) to obtain

SSE = yji — 51357
ijk
=(39.02)> + (38.79)* + - - - + (36.04)* — 1 [(77.81)* + - - - + (71.74)*]
= 16,365.56070 — 16364.89875 = .661950.

The total sum of squares is given by

2
SST=3"32 — % — 26.978692.
ik

The sum of squares for interaction can be found by (14.45) or by subtracting all other
terms from the total sum of squares:

SS(y|u, @, B) = 26.978692 — .114075 — 25.900117 — .661950
= .302550.

With these sums of squares, we can compute mean squares and F' statistics as
shown in Table 14.4.

Only the F test for type is significant, since F o516 = 5.99 and F ¢s26 = 5.14. The
p value for type is .0000155. The p values for method and the interaction are .3485
and .3233, respectively.
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TABLE 144 ANOVA for the Cheese Data in Table 14.2

Source of Sum of Mean
Variation Squares df Square F
Method 0.114075 1 0.114075 1.034
Type 25.900117 2 12.950058 117.381
Interaction 0.302550 2 0.151275 1.371
Error 0.661950 6 0.110325

Total 26.978692 11

Note that in Table 14.2, the difference between the two replicates in each cell is
very small except for the cell with method 1 and type 3. This suggests that the repli-
cates may be repeat measurements rather than true replications; that is, the exper-
imenter may have measured the same piece of cheese twice rather than measuring
two different cheeses. U

14.4.2.2 General Linear Hypothesis Approach

We now obtain SS(a|u, B, y) for a=3 and b =2 by an approach based on the
general linear hypothesis. Using «f = o; — @ + 7y; — 7. in (14.16), the hypothesis
Hy:af = a5 = a3 in (14.63) can be expressed as Ho:ay +7y, =+ 7y, =
a3 + y; or

Ho: ay + 3 (v + v12) = a0 + 5 (va1 + v22) = a3 + 5 (v31 + v32) (14.72)

[see also (14.9) and (14.10)]. The two equalities in (14.72) can be expressed in
the form

Ho: (11+%'}’11+%712_a3_%731_%732 :(O>
a2+%y21+%722*a3*%731*%3’32 0

Rearranging the order of the parameters to correspond to the order in
B = (1, a1, a2, a3, By, By Y115 Yi2s Y15 Ya2o V315 ¥32) in (14.4), we have

. 011—a3+%711+%‘)’12—%7’31—%‘)’32 0
Hy: B 1 I ] 1 = 0) (14.73)
=3 +5Y%+3Y2 =31 —3Y3
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which can now be written in the form Hy: C8 = 0 with

010 -10011o00 -1 -1
C=loo1 10000211 1 1) (14.74)
2 02 2 2

By Theorem 12.7b(iii), the sum of squares corresponding to Hy: CB = 0 is
SSH = (CBY[C(X'X) C'T'CB. (14.75)
Substituting i3 = (X’X)"X'y from (12.13), SSH in (14.75) becomes
SSH = y'X(X'X) C'[C(X'X) C'T'C(X'X) X'y = y'Ay. (14.76)

Using C in (14.74), (X’X)" in (14.23), and X in (14.4), we obtain

ovewr _ 1 (11110000 -1 -1 -1 -1
CXX) X =3 , (14.77)
00001111 -1 -1 -1 -1
- 121 o1 af 2 —1
CXX) C =4 , [CX'X) CT " =3 . (14.78)
1 2 -1 2
Then A = X(X'X)"C'[CX'X)"C'1"'C(X’X)~ X' in (14.76) becomes
2 -3 -J
A= ﬁ -J 23 -J|, (14.79)
-J -J 2
where J is 4 x 4. This can be expressed as
2) —-J -J 3J 0 O J JJ
A=51-3 23 -J|=4(0 33 O|-%(d 3 J (14.80)
-J -J 2 O 0 3J J JJ
To evaluate y’Ay, we redefine y in (14.51) as
Yu
?2 i \
y = Al =1y, |, where ( ’1> =Yy, (14.81)
Y2 2
Y3
hET

Y32
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Then (14.76) becomes

3, O O Vi
SSH =yAy =L@y, yy)| O 31, O Y | =5y ey
o o 31/ \y,

3
=35> ¥idayi — 5y Iy
i=1

1 .. ..
=72 Viiadiyi = $5¥inaily
i
2

Rt
=2

which is the same as SS(a|u, B, ) in (14.67) witha=3 and b =n = 2.
The sum of squares for testing the B main effect can be obtained similarly using a
general linear hypothesis approach (see Problem 14.25).

145 EXPECTED MEAN SQUARES

We find expected mean squares by direct evaluation of the expected value of sums of
squares and also by a matrix method based on the expected value of quadratic forms.

14.5.1 Sums-of-Squares Approach

The expected mean squares for the tests in Table 14.1 are given in Table 14.5.
Note that these are expressed in terms of o, B;, and 7y subject to the side

TABLE 14.5 Expected Mean Squares for a Two-Way ANOVA

Sum of
Source Squares Mean Square Expected Mean Square
A SS(alu, B, SS(alp, Bs 2
(e, B, ) (CCYII;i{B Y) o 4 by,
a—1
B SS(Blp, at, y) SS(Blm. a, ¥) B
T o anyl
AB SS(yl, @, B) SS(y|p, @, B) s vy
VIV Y or+ny ;— o ——
(a1 1) Ta- G- 1)
Error SSE SSE a2

ab(n — 1)
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conditions ;o =0, >, B; =0, and >_, ¥; = >_; ¥;; = 0. These expected mean
squares can be derived by inserting the model yj = u* + of + Bj’f + ¥ + €jk In
(14.33) into the sums of squares and then finding expected values. We illustrate
this approach for the first expected mean square in Table 14.5.

To find the expected value of SS(e|u, B, y) = >, ¥} /bn — y* /abn in (14.67), we
first note that by using assumption 1 in Section 14.1, we can write assumptions 2 and
3 in the form

E(ej) = o forall i,j,k, (14.82)
E(gjiens) =0 forall (i,j,k) # (r,s,1). (14.83)

Using these results, along with assumption 1 and the side conditions in (14.15), we
can show that E(y* ) = a*b*n’ u** + abno? as follows:

2
EQ?) = E(Zy[,-k> =E

ik

2

Z(M*—&-ajf—i-ﬁf—i-yfj—i-sijk)
ik

<abn,u —l—ana +anZB +nZyU+ZSUk>

ijk

2
=E a2b2n2 *2 +2abn,u* Zsl/k + (Z 8,]]()

ijk ijk

_ a2b2n2 2 E(Z l/,() + E( Z S[jkemt>

ijk ijk # rst

= azbzn2 2 4+ abno?.

It can likewise be shown that

E <Z yf) = aPr’u? + 0y & + abno” (14.84)
i=1

i=1
(see Problem 14.27). Thus

I 2y
S[SS@m By _ 1 (R
a—1 a—1 - bn abn
1 [ab*n*p? b2 2N ar +abn02 ab*n’u? abna’2
n bn bn bn abn abn

a—1

1 [(a —Do? +bn§i:ai*21 )
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The other expected mean squares in Table 14.5 can be obtained similarly (see
Problem 14.28).

14.5.2 Quadratic Form Approach

We now obtain the first expected mean square in Table 14.2 using a matrix approach.
We illustrate with a = 3, b = 2, and n = 2. By (14.75), we obtain

E[SS(alg, B, Y] = E{(CB/[CX'X)"C'"'CB). (14.85)

The matrix C contains estimable functions, and therefore by (12.44) and (12.45), we
have E(CB) = CB and cov(CP) = o>C(X'X)~C'. If we define G to be the 2 x 2
matrix [C(X’X)”C’']"!, then by Theorem 5.2a, (14.85) becomes

E[SS(alp, B, ¥)] = E[(CB)YG(CP)]
= tr[G cov(CP)] + [E(CB) GIE(CP)]
= w(Go’G™") + (CBYG(CP)
=202+ BCCXX)"CT1'CB (14.86)

=20° + LB, (14.87)

where L = C'[C(X'X)"C']"!C. Using C in (14.74) and [C(X'X)"C']"!in (14.78), L
becomes

o o o o o0 o0

4 4 -2 -2 -2 =2
-2 -2 4 4 -2 =2
-2 -2 -2 -2 4 4

0o o o o o0 o0
0O 0 o
2 2 -1 -1 -1 -1 (14.88)
-1 -1 2 2 -1 -1
-1 -1 2 2 -1 -1
-1 -1 -1 -1 2 2
-1 -1 -1 1 2 2

eNeoNoBoloNololoNel =N oo
=)

)

)
oleoNeoBoloNolololeh =Rl
eNeoNeoBoloNeololoNel =N oo

=)

=)

)
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This can be written as the difference

0 00 O0O0O0O0OTO0OTO

0

0

), (14.89)

JoJ
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O VOO0 O OO M MN OO OCAANANOO O =M=~ =000
S O O O O O O n N O O oA A A O O — = e e - - = =
> mC A
O © O O O n n © © O O o da A A O O ™ v = = =— w—
o o o o
O O O © O n on ©O O© O O O dal Al Al © O — m m w— — = g
O 0O C OO0 OO OO OO oA O O = = = — 1_3
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where All = ]2]3, Bll

6j, 0
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3hi, O O
An=| O 3jj, O
0O O 3jj

If we write B8 in (14.4) in the form

B = (/J“a a/: B]a BZ? 7/)/7

407

where @' = (ay, a3, a3) and ¥ = (i1, Y12, Ya1> Y220 V31> ¥32)» then BLB in

(14.87) becomes

B/Lﬁ = %a’A”a—F%a’A]zy—k%y’Ama—&—%y’Azz'y— %a’B”a
—1a'Bpy—1v'Bya—1v'Byy
3 3 3 :

Since Aj; = Aj; and B}, = By, this reduces to

BLB=1d'Ajja+3a'Apy+1iyYAny—1a'Ba
—2a'Bpy —1v'Bny.

If we partition y as ¥' = (¥{, ¥3, ¥4), where ¥/ = (7;;,7;), then
B0\ [
12

ja'Apy=%a’| 0" j; 0 |7
0" 0" ) \7

jzlyl 3
=4a'| j17, 2420@%.-
i3 =

Now, using the definitions of A, Ay, Bii, Bi2, and By, following (14.89), we

obtain

3 3
B'LB=4a'a+4> ay, + Y vhityi—iaiie
i=1 i=1

i=

—3a'jsiey — 3 Visiey

3 3 3
=4) @ +4) ay + > v -4 —tay —iy2 (14.90)
i=1 i=1 i=1
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By expressing y;, o, and vy in terms of means, (14.90) can be written in the form
3 3

BLB=4) (qj—a+7% -7y =4) o [by(1416)].  (14.91)
i=1 i=1

For an alternative approach leading to (14.91), note that since E(Cii‘) =Cp,
(14.86) can be written as

E[SS(alp, B, )] = 20 + [E(CB)I'[CX'X)"C'"'E(CP). (14.92)
By (14.75), SS(|u, B, ¥) = SSH = (CB)'[C(X'X)~C’']~'CPB. Thus, by (14.92), we
can obtain E[SS(a|u, B, v)] by replacing CB in SS(a|u, B, ) with CB and adding

202. To illustrate, we replace y;, and y with E(y;) and E(H ) in
SS(alw. B, V) =431, i — ) in (14.69). We first find EG; ):

EG) =E(3> vi) =43 Eow)
Jjk jk
= izE(M‘F a; + B; + v + &)

Jjk

=N (utai+ B+
jk

:i<4u+4ai+22@-+22%j)
J J
=put+a+B +%. (14.93)

Similarly

Ey )=p+a+pB+7y. (14.94)
Then,

3
E[SS(alp, B, Y] = 20" +4 ) [EF,) — EG.)
i=1
=207 +4) (pta+ Bty —p-a—B+y)
=202 +4Z(ai —a+y —7y)

=20%+4 Z a?  [by (14.16)].
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PROBLEMS
14.1 Obtain 6; and 65 in (14.7) from (14.6).
14.2 In a comment following (14.8), it is noted that there are no estimable con-
trasts in the «’s alone or B’s alone. Verify this statement.
14.3  Show that 1(65 + 6; + 67) has the value shown in (14.11).
14.4 Verify the following results in (14.15) using the definitions of «;, 87, and Y
in (14.14):
@3> =0
(b) 8, =0
(C)ZH’Z}ZO, Jj=L2....b
d) ij;;.:o, i=1,2,...,a
14.5 Verify the following results from (14.15) using the definitions of «;, 87, and
¥; in (14.16), (14.17), and (14.18):
@ =0
b) 3,8, =0
(C)Z,'y;;:o: j:152"“’b
@y %=0 i=12...a
14.6 (a) Show that B; = B; — B + 7%, — ¥. as in (14.17).
(b) Show that ¥}, = y; — %, — ¥, + 7. as in (14.13).
14.7  Show that &; and ¥;; in (14.21) are unbiased estimators of o and vj; as noted
following (14.21).
14.8 (a) Show thaty,; +y,, =2y, andthaty,; +¥,, =2y, ,as used to obtain
(14.22).
(b) Show that & — & +3(%1 + ¥12) —3(%a1 + ¥2) =¥1. — Yo as in
(14.22).
14.9 Show that (X’X)~ in (14.23) is a generalized inverse of X'X in (14.5).
14.10 Show that SSE in (14.26) is equal to SSE in (14.25).
14.11 Show that the second equality in (14.34) is equivalent to the second equality
in (14.35); that is, py — oy = M3 — M3, implies Yy — Yoo—
Y31+ ¥32 = 0.
14.12  Show that S G =Y i, =,y /bn—y* Jabn and
that 32 Oy, = Vi = V. V. v = DgVp/n— > vi /[bn— 3,y Jan+t
y? /abn, as in (14.40).
14.13 (a) In a comment following (14.41), it was noted that the use of ﬁ from

(14.24) would produce the same result as in (14.41), namely,
N/’ _ b} . .
B'X'y =",y /n. Verify this.
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14.14

14.15

14.16

14.17

14.18

14.19
14.20
14.21

14.22

14.23
14.24

14.25

14.26

14.27
14.28
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(b) Show that 2SSE = ijk yfj!{ —n),;y; in (1425 is equal to
SSE = lek Ve — Zl‘-]»yij‘/n in (14.46).
Show that (a — 1)(b — 1) is the number of independent 71*, terms in Hy: '}ff] =

Ofori=1,2,...,aand j=1,2, ..., b, as noted near the end of Section
14.4.1.2.

Show that SS(y|w, a, B) = n ) i 5. — Vi — ¥, + y )? in (14.47) is the
same as SS(y|u, @, B) in (14.45).

Show  that  SSE = > (v — y;)' in  (1448) is equal to
SSE = Y Vix — 2o Vi./n in (14.46).

Using XX in (14.5) and (X’X)~ in (14.23), show that X(X'X)~X' has the
form given in (14.50).

(a) Show that (Xl’Xl )~ in (14.53) is a generalized inverse of X{Xl in (14.42).
(b) Show that X;(XX;) X] has the form given by (14.54).

Show that %Z?: | Y can be written in the matrix form given in (14.59).
Show that A — B — { C + 5 D has the value shown in (14.61).

Show that Hp:aj =0a5=0a; in (14.63) is equivalent to
Ho: &) = 05 = o} = 0 in (14.64),

Obtain SS(u, @, ) and show that SS(B|u, a, y) = Z’;:l y?j'/bn —y? /abn as

in (14.68).

Prove Theorem 14.4b for the special case a =3, b =2, and n = 2.

(a) Using C in (14.74), (X’X)™ in (14.23), and X in (14.4), show that
C(X’X)" X’ is the 2 x 12 matrix given in (14.77).

(b) Using C in (14.74) and (X'X)~ in (14.23), show that C(X'X) C’ is the
2 x 2 matrix shown in (14.78).

(c) Show that the matrix A = X(X'X)"C'[C(X’X)"C']"'C(X’X)"X’ has
the form shown in (14.79).

For the B main effect, formulate a hypothesis Hy: C8 =0 and obtain
SS(B|u, o, y) using SSH in (14.75).

Using assumptions 1, 2, and 3 in Section 14.1, show that E(sizjk) = o2 for all

i, j, k and E(gjrer) = 0 for (i,j,k) # (r,s,1), as in (14.82) and (14.82).

Show that E(>"¢, y? ) = ab*n’u*? + b?n* >0, ai* + abno? as in (14.84).

(a) Show that E( 2?21 y5) = a’bn*u? + a*n? Zﬁ;l B;* + abno?.

(b) Show that E( ZUY%,:) =abn®w*? + bn? Y, a? + an® Zj B;z—l-
n? Zu y;‘jz + abno?.

(c) Show that E[SS(B|u, a, y)/(b — 1)] = 0> +an > B}*z/(b - 1.

(d) Show that E[SS(y|p, a, B)/(a — D)(b — 1)] = o+
ny Vit /@ —1b = 1).
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TABLE 14.6 Lactic Acid” at Five Successive Time Periods for
Fresh and Wilted Alfalfa Silage

Period
Condition 1 2 3 4 5
Fresh 13.4 37.5 65.2 60.8 37.7
16.0 42.7 54.9 57.1 49.2
Wilted 14.4 29.3 36.4 39.1 394
20.0 34.5 39.7 38.7 39.7

“In mg/g of silage.
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1429 Using C in (1474) and (X'’X)~ in (14.23), show that
L = C’[C(X’X)"C']"'C has the form shown in (14.88).

14.30 Expand Z?:] (aj—oa +7 — 7_)2 in (14.91) to obtain (14.90).

14.31 (a) Show that E(y ) = w+ @ + B+ ¥_as in (14.94).

(b) Show that E(y;) = pn+a +B;+7%,.
(c) Show that E(y;) = pn+ a; + B; + v;-

14.32  Obtain the following expected values using the method suggested by (14.92)
and illustrated at the end of Section 14.5.2. Use the results of Problem
14.31b, c.

@) ESS(Blw,a,y)] =0*+6> B}
(b) E[SS(ylm, &, B)] = 20 + 237, %

TABLE 14.7 Hemoglobin Concentration (g/mL) in Blood of Brown Trout”

Rate: 1 2 3 4

Method: A B A B A B A B

6.7 7.0 9.9 9.9 10.4 9.9 9.3 11.0
7.8 7.8 8.4 9.6 8.1 9.6 9.3 9.3
5.5 6.8 10.4 10.2 10.6 10.4 7.8 11.0
8.4 7.0 9.3 104 8.7 104 7.8 9.0
7.0 7.5 10.7 11.3 10.7 11.3 9.3 8.4
7.8 6.5 119 9.1 9.1 10.9 10.2 8.4
8.6 5.8 7.1 9.0 8.8 8.0 8.7 6.8
7.4 7.1 6.4 10.6 8.1 10.2 8.6 7.2
5.8 6.5 8.6 11.7 7.8 6.1 9.3 8.1
7.0 5.5 10.6 9.6 8.0 10.7 7.2 11.0

“After 35 days of treatment at the daily rates of 0, 5, 10, and 15g of sulfamerazine per 100 Ib of fish
employing two methods for each rate.
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14.33

14.34

TWO-WAY ANALYSIS-OF-VARIANCE: BALANCED CASE

A preservative was added to fresh and wilted alfalfa silage (Snedecor 1948).
The lactic acid concentration was measured at five periods after ensiling
began. There were two replications. The results are given in Table 14.6.
Let factor A be condition (fresh or wilted) and factor B be period. Test for
main effects and interactions.

Gutsell (1951) measured hemoglobin in the blood of brown trout after treat-
ment with four rates of sulfamerazine. Two methods of administering the sul-
famerazine were used. Ten fish were measured for each rate and each method.
The data are given in Table 14.7. Test for effect of rate and method and
interaction.



15 Analysis-of-Variance: The
Cell Means Model for
Unbalanced Data

15.1 INTRODUCTION

The theory of linear models for ANOVA applications was developed in Chapter 12.
Although all the examples used in that and the following chapters have involved
balanced data (where the number of observations is equal from one cell to
another), the theory also applies to unbalanced data.

Chapters 13 and 14 show that simple and intuitive results are obtained when the
theory is applied to balanced ANOVA situations. Intuitive marginal means are
informative in analysis of the data [e.g., see (14.69) and (14.70)]. When applied to
unbalanced data, however, the general results of Chapter 12 do not simplify to intui-
tive formulas. Even worse, the intuitive marginal means one is tempted to use can be
misleading and sometimes paradoxical. This is especially true for two-way or higher-
way data. As an example, consider the unbalanced two-way data in Figure 15.1. The
data follow the two-way additive model (Section 12.1.2) with no error

yU:/‘L+al+Bjy izl’z, jzlsza

where u =25, ay =0, a; = —20, 8, =0, B, = 5. Simple marginal means of the
data are given to the right and below the box.

The true effects of factors A and B are, respectively, a,—a; = —20 and 3, —
B1=15. Even for error-free unbalanced data, however, naive estimates of these
effects based on the simple marginal means are highly misleading. The effect of
factor A appears to be 8.75 — 25.125 = —16.375, and even more surprisingly the
effect of factor B appears to be 15 — 20 = —5.

Still other complications arise in the analysis of unbalanced data. For example, it
was mentioned in Section 14.4.2.1 that many texts discourage testing for main effects
in the presence of interactions. But little harm or controversy results from doing so
when the data are balanced. The numerators for the main effect F' tests are exactly

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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Figure 15.1 Hypotetical error-free data from an unbalanced two-way model.

the same whether the model with or without interactions is being entertained as the
full model. Such is not the case for unbalanced data. The numerator sums of
squares in these F tests depend greatly on which model is used as the full model,
and, obviously, conclusions can be affected. Several types of sums of squares
[usually types I, II, and III; see Milliken and Johnson (1984, pp. 138—158)] have
been suggested to help clarify this issue.

The issues involved in choosing the appropriate full model for a test are subtle and
often confusing. The use of different full models results in different weightings in the
sums of squares calculations and expected mean squares. But some of the same
weightings also arise for other reasons. For example, the weights might arise
because the data are based on “probability proportional to size” (pps) sampling of
populations (Cochran 1977, pp. 250-251).

Looking at this complex issue from different points of view has led to completely
contradictory conclusions. For example, Milliken and Johnson (1984, p. 158) wrote
that “in almost all cases, type III sums of squares will be preferred,” whereas Nelder
and Lane (1995) saw “no place for types III and IV sums of squares in making infer-
ences from the use of linear models.”

Further confusion regarding the analysis of unbalanced data has arisen from the
interaction of computing advances with statistical practice. Historically, several
different methods for unbalanced data analysis were developed as approximate
methods, suitable for the computing resources available at the time. Looking back,
however, we simply see a confusing array of alternative methods. Some such
methods include weighted squares of means (Yates 1934; Morrison 1983, pp. 407—
412), the method of unweighted means (Searle 1971; Winer 1971), the method of
fitting constants (Rao 1965, pp. 211-214; Searle 1971, p. 139; Snedecor and
Cochran 1967), and various methods of imputing data to make the dataset balanced
(Hartley 1956; Healy and Westmacott 1969; Little and Rubin 2002, pp. 28—30).

The overparameterized (non-full rank) model (Sections 12.2, 12.5, 13.1, and 14.1)
has some advantages in the analysis of unbalanced data, while the cell means
approach (Section 12.1.1) has other advantages. The non-full rank approach builds
the structure (additive two-way, full two-way, etc.) of the dataset into the model
from the start, but relies on the subtle concepts of estimability, testability, and
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generalized inverses. The cell means model has the advantages of being a full-rank
model, but the structure of the dataset is not an explicit part of the model.
Whichever model is used, hard questions about the exact hypotheses of interest
have to be faced. Many of the complexities are a matter of statistical practice rather
than mathematical statistics.

The most extreme form of imbalance is that in which one or more of the cells have
no observations. In this “empty cells” situation, even the cell means model is an over-
parameterized model. Nonetheless, the cell means approach allows one to deal
specifically with nonestimability problems arising from the empty cells. Such an
approach is almost impossible using the overparameterized approach.

In the remainder of this chapter we discuss the analysis of unbalanced data using
the cell means model. Unbalanced one-way and two-way models are covered in
Sections 15.2 and 15.3. In Section 15.4 we discuss the empty-cell situation.

15.2 ONE-WAY MODEL

The non-full-rank and cell means versions of the one-way unbalanced model are

=+ &g, (15.2)
i=1,2,....k j=12, ..., n.

For making inferences, we assume the g;’s are independently distributed as N(O, ).

15.2.1 Estimation and Testing

To estimate the w;’s, we begin by writing the N = >, n; observations for the model
(15.2) in the form

y=Wp+ &, (15.3)
where
1 0 0
1 0 0
1 0 M
W %)
“lo 1 ol *7 |
M
0 0 1
0 0 1
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The normal equations are given by
WWi =Wy,

Z;'.":l yij.- Since the matrix W is full rank, we have, by (7.6)

= (WW) 'Wy (15.4)

Y1

Ya.
=y=1 .1 (15.5)

Vi

where y; = 3% yy/ni.

Totest Hy: u; = gy = -+ = uy, we compare the full model in (15.2) and (15.3)
with the reduced model y; = p + &;;, where p is the common value of w;, s, . . . ,p

under Hy. (We do not use the notation w* in the reduced model because there is no w
in the full model y; = w; + &;.) In matrix form, the N observations in the reduced
model become y = uj + £, where j is N x 1. For the full model, we have SS(u,,
sy ) = W'W'y, and for the reduced model, we have SS(w) = fj'y = Ny%,
where N= > ;n; and y =3, v;/N. The difference SS(u,, s, .-, m) — SS(w)
is equal to the regression sum of squares SSR in (8.6), which we denote by SSB
for “between” sum of squares

k
SSB = W'y — Ny> =) "3,y — Ny (15.6)
i=1

k 2
Yi Y
n; N, ( )

wherey =}, y;andy =y /N.From (15.7), we see that SSB has k — 1 degrees
of freedom. The error sum of squares is given by (7.24) or (8.6) as

2
zzzy%zﬁ_ (15.8)

which has N — k degrees of freedom. These sums of squares are summarized in
Table 15.1.
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TABLE 15.1 One-Way Unbalanced ANOVA

Source Sum of Squares df

Between SSB =Y, y?/mi —y*/N k=1

Error SSE = Z,jy,z, =Y/ N—k
Total SST =Y,y — /N N-l

The sums of squares SSB and SSE in Table 15.1 can also be written in the form

k

SSB =Y mi(y;, =) (15.9)
i~

k n;
SSE=> "3 (yj—.)" (15.10)

i=1 j=1
If we assume that the y;’s are independently distributed as N(u;, o?), then by

Theorem 8.1d, an F statistic for testing Ho: @, = my = - -+ = p; is given by
SSB/(k — 1)

=" 15.11
SSE/(N — k) ( )

If Hy is true, F is distributed as F(k — 1, N — k).

Example 15.2.1. A sample from the output of five filling machines is given in
Table 15.2 (Ostle and Mensing 1975, p. 359).

The analysis of variance is given in Table 15.3. The F is calculated by
(15.11). There is no significant difference in the average weights filled by the five
machines. O

15.2.2 Contrasts

A contrast in the population means is defined as d = cipu; + capby + -+ + CrMy
where Zf;l ¢;=0. The contrast can be expressed as &=c'm, where

TABLE 15.2 Net Weight of Cans Filled by Five
Machines (A-E)

A B C D E

11.95 12.18 12.16 12.25 12.10
12.00 12.11 12.15 12.30 12.04
12.25 12.08 12.10 12.02

12.10 12.02
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TABLE 15.3 ANOVA for the Fill Data in Table 15.2

Sum of Mean P
Source df Squares Square F Value
Between 4 .05943 .01486 1.9291 176
Error 11 .08472 .00770
Total 15 14414

SST =3 ylzl —y?/Nand p = (i, My, - - -, ). The best linear unbiased estimator
of 6 is given by 6 = 1y, + 2y, + -+ + i, = ¢ [see (15.5) and Corollary 1
to Theorem 7.3d]. By (3.42), Var(3) = ¢2¢/(W'W) ¢, which can be written as

var(8) = o® Zl | &7 /n;, since WW = diag(ny, na, . . ., ni). By (8.38), the F statistic
for testing Hy: 6 =0 is

@ [fwWwW) ] e

2 , (15.12)
_ (Zf:l Ci)_’i.)zﬁz( Zl 1 z/") ’ (15.13)

where 5% = SSE/(N — k) with SSE given by (15.8) or (15.10). We refer to the numera-
tor of (15.13) as the sum of squares for the contrast. If Hy is true, the F statistic in
(15.12) or (15.13) is distributed as F(1,N — k), and we reject Hy: 6 =0 if
F>Fq i nkorifp < e, Whereplsthepvalue

Two contrasts, say, & = Zl L a;yi. and ¥ = Zl , biy;., are said to be orthogonal
if Zi:l a;b; = 0. However, in the case of unbalanced data, two orthogonal

contrasts of this type are not independent, as they were in the balanced case
(Theorem 13.6a).

Theorem 15.2. If the y;’s are independently distributed as N(u,;, o?) in the unba-
lanced model (15.2), then two contrasts & = Zﬁ;l a;jy; and y= Zle b;y; are inde-
pendent if and only if Zf;l a;bi/n; = 0.

Proor. We express the two contrasts in vector notation as 8 = a'y and y = b'y,
where y = (;, V5, - -, ¥ ). By (7.14), we obtain
I/ny 0 ... O
0 1/n2 e 0
cov(y) = cX(WW) ' = ¢?| _ _ = o’D.

0 0 . 1/nk
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Then by (3.43), we have

cov(8, ) = cov(a'y, b'y) = a’cov(y)b = o>a’Db

k. a;b;
:022 ey (15.14)

o1 Tt

Hence, by Theorem 4.4c, 5 and % are independent if and only if > a;b;/n; = 0. O

We refer to contrasts whose coefficients satisfy >, a;b;/n; = 0 as weighted orthog-
onal contrasts. If we define k — 1 contrasts of this type, they partition the treatment
sum of squares SSB into k — 1 independent sums of squares, each with 1 degree of
freedom. Unweighted orthogonal contrasts that satisfy only > ; a;b; = 0 are not inde-
pendent (see Theorem 15.2), and their sums of squares do not add up to the treatment
sum of squares (as they do for balanced data; see Theorem 13.6a).

In practice, weighted orthogonal contrasts are often of less interest than
unweighted orthogonal contrasts because we may not wish to choose the a;’s and
b;’s on the basis of the n;’s in the sample. The n,’s seldom reflect population charac-
teristics that we wish to take into account. However, it is not necessary that the sums
of squares be independent in order to proceed with the tests. If we use unweighted
orthogonal contrasts with > ;a;p; =0, the general linear hypothesis test based
on (15.12) or (15.13) tests each contrast adjusted for the other contrasts (see
Theorem 8.4d).

Example 15.2.2a. Suppose that we wish to compare the means of three treatments
and that the coefficients of the orthogonal contrasts § =a’p and y=Db'p are
given by 8’ = (2 —1—1)and b’ = (0 1 —1) with corresponding hypotheses

1
Hou =y =5t + 13), - Hoo = pty = 3.

If the sample sizes for the three treatments are, for example, n; = 10, n, = 20, and
n3 = 5, then the two estimated contrasts

0=2y; —y, —y; and y=Yy, —y;

are not independent, and the corresponding sums of squares do not add to the treat-
ment sum of squares.

The following two vectors provide an example of contrasts whose coefficients
satisfy > a;b;/n; = 0 for ny = 10, n, = 20, and n3 = 5:

a =(25-20—5) and b = 1-1). (15.15)
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However, a’ leads to the comparison

4 1
Hoz - 25p; = 20u, + Sus  or Hos @ py = 5H2 T3

which is not the same as the hypothesis Hy; : p; = %(/u2 + ) that we were initially
interested in. U

Example 15.2.2b. We illustrate both weighted and unweighted contrasts for the fill
data in Table 15.2. Suppose that we wish to make the following comparisons of the
five machines:

A,D versus B,C,E
B, E versus D

A versus D

B versus E

Orthogonal (unweighted) contrast coefficients that provide these comparisons are
given as rows of the following matrix:

3 -2 -2 3 =2
0 1 -2 0 1
1 0 0 -1

0 1 0 0 -1

We give the sums of squares for these four contrasts and the F values [see (15.13)] in
Table 15.4.

Since these are unweighted contrasts, the contrast sums of squares do not add up
to the between sum of squares in Table 15.3. None of the p values is less than .05,
so we do not reject Hy: Y, c;u; = 0 for any of the four contrasts. In fact, the p
values should be less than .05/4 for familywise significance (see the Bonferroni
approach in Section 8.5.2), since the overall test in Table 15.3 did not reject

HO:M’l:/“LZ'”:MS'

TABLE 154 Sums of Squares and F Values for
Contrasts for the Fill Data in Table 15.2

Contrast )4
Contrast df SS F Value

A,DversusB,C,E 1 .005763 0.75 406
B, E versus C 1 .002352 0.31 592
A versus D 1 .034405 4.47 .0582
B versus E 1 .013333 1.73 215
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As an example of two weighted orthogonal contrasts that satisfy > a;b;/n;, we
keep the first contrast above and replace the second contrast with (0 2 —6 0 4).
Then, for these two contrasts, we have

abi_30) 22) 2-6) 30) 24)_
n 4 2 3 3 4 7

The sums of squares and F values [using (15.13)] for the two contrasts are as
follows:

Contrast df Contrast F  pValue
SS
A,DversusB,C,E 1 .005763 75 406
B, E versus C 1 .005339 .69 423 O
15.3 TWO-WAY MODEL
The unbalanced two-way model can be expressed as
Vi = o+ i + By + v + e (15.16)
= Wi + &k, (15.17)

i=12,...,a, j=12,...,b, k=12,...,n;

The g;;’s are assumed to be independently distributed as N(O, o). In this section we
consider the case in which all n; > 0.

The cell means model for analyzing unbalanced two-way data was first proposed
by Yates (1934). The cell means model has been advocated by Speed (1969),
Urquhart et al. (1973), Nelder (1974), Hocking and Speed (1975), Bryce (1975),
Bryce et al. (1976, 1980b), Searle (1977), Speed et al. (1978), Searle et al. (1981),
Milliken and Johnson (1984, Chapter 11), and Hocking (1985, 1996). Turner
(1990) discusses the relationship between (15.16) and (15.17). In our development
we follow Bryce et al. (1980b) and Hocking (1985, 1996).

15.3.1 Unconstrained Model

We first consider the unconstrained model in which the w;’s are unrestricted. To
accommodate a no-interaction model, for example, we must place constraints on
the w;;’s. The constrained model is discussed in Section.

To illustrate the cell means model (15.17), we use a = 2 and b = 3 with the cell
counts n;; given in Figure 15.2. This example with N = >, n; = 11 will be referred
to throughout the present section and Section 15.3.2.
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B
1 2 3

1 niy = 2 Nnig = 1 Nis = 2

2| ngr=1|nyp=3|ng3=2

Figure 15.2 Cell counts for unbalanced data illustration.

For each of the 11 observations in Figure 15.2, the model y;x = u;; + & is

Y = My + €111
Yz = My + €112
Y121 = Myp T €121

Y231 = M3 + €231
Y232 = Moz + 8232,

or in matrix form

y=Wn+e, (15.18)
where
1 0 0 0 0 O
1 0 0 0 0 O
yin 01 0 00O
Y12 001 000
Y= , w=1[10 01 0 0 0],
Y232
00 0 0 0 1
00 0 0 0 1
M1
M2 e
€112
M3
= N E = .
* M21 :
M2 &3
M23

Each row of W contains a single 1 that corresponds to the appropriate u; in p. For
example, the fourth row gives y;3; = (001000)p 4 €131 = w3 + €131. In this illus-
tration, y and € are 11x1, and W is 11x6. In general, y and &€ are Nx 1, and
W is Nxab, where N =, n;;.
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Since W is full-rank, we can use the results in Chapters 7 and 8. The analysis is

further simplified because W'W = diag(n,;, ni2, n13, na1, 122, 13). By (7.6), the
least-squares estimator of u is given by

f=(WW) 'Wy=y, (15.19)

where ¥ = (V12, Y13 Y14.» Ya1.» ¥22.» ¥23.) contains the sample means of the cells,
Yi. = D_x Yijk/nij. By (7.14), the covariance matrix for ft is

1 1 1
cov(fr) = O'Z(W’W)’l — a'zdiag (_’ —_ e, _) (15.20)
nip ni2 ns;3

) o’ o? o?
= diag( —, —, -+, — .
ni N no3

For general a, b, and N, an unbiased estimator of o” [see (7.23)] is given by

2 _SSE_(y-Wi'ly - Wiy

15.21
VE N —ab ’ ( )

where vg = Y ¢, Z’;:l (nj — 1) = N — ab, with N =} ;; n;;. In our illustration with
a=2and b =3, we have N — ab =11 — 6 = 5. Two alternative forms of SSE are

SSE = y'[I - WW'W)'W'ly [see (7.26)], (15.22)
a b N

SSE=>">"3 (v — ;) lsee (14.48)]. (15.23)
i=1 j=1 k=1

Using (15.23), we can express s~ as the pooled estimator

a b 2
2 it 2oyt (ny — s
=

, 15.24
N —ab ( )

where s, is the variance estimator in the (ij)th cell, sizj =300 O — j/ij‘)z [(ni; — 1).

The overparameterized model (15.16) includes parameters representing main
effects and interactions, but the cell means model (15.17) does not have such par-
ameters. To carry out tests in the cell means model, we use contrasts to express the
main effects and the interaction as functions of the w;’s in p. We begin with the
main effect of A.

In the vector p = (W, 125 K135 Ha1» Ma2» Mo3) s the first three elements corre-
spond to the first level of A and the last three to the second level, as seen in
Figure 15.3. Thus, for the main effect of A, we could compare the average of w;,
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B
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1| g | oz | pas

2| po1 | poz | o3

Figure 15.3 Cell means corresponding to Figure 15.1.

M1z, and w3 with the average of w,y, too, and uy3. The difference between these
averages (sums) can be conveniently expressed by the contrast

a'p o= gy gy s — Mo — Mo — Moss
:(19 1’ 17 _1’ _17 _1),"'

To compare the two levels of A, we can test the hypothesis Hy: a’ = 0, which can
be written as Ho : (g — Mo1) + (Uyp — Mop) + (13 — p3) = 0. In this form, Hy
states that the effect of A averaged (summed) over the levels of B is 0. This corre-
sponds to a common main effect definition in the presence of interaction; see com-
ments following (14.62). Note that this test is not useful in model selection. It
simply tests whether the interaction is “‘symmetric” such that the effect of A, averaged
over the levels of B, is zero.

Factor B has three levels corresponding to the three columns of Figure 15.3. In a
comparison of three levels, there are 2 degrees of freedom, which will require two con-
trasts. Suppose that we wish to compare the first level of B with the other two levels and
then compare the second level of B with the third. To do this, we compare the average
of the means in the first column of Figure 15.3 with the average in the second and third
columns and similarly compare the second and third columns. We can make these com-
parisons using Hy : b} = 0 and b, u = 0, where b} and b’ u are the following two
orthogonal contrasts:

by =20y + pop) — (R1p + Ba2) — (13 + Ko3) (15.25)
=201 — Mo — M3 T 2001 — Mo — Ho3
= (2’ _1) _13 2’ _1: _1)”‘)

by = (wyp + ta) — (3 + Ka3) (15.26)

= Mpp — M3t Moy — Mos
= (09 19 _19 09 15 _1)"‘

We can combine b,’ and b,’ into the matrix

(B (2 -1 -1 2 -1 -1
B_<b’2>_(0 1 -1 0 1 —1>’ (15.21)
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and the hypothesis becomes Hy: Bu = 0, which, by (15.25) and (15.26), is
equivalent to

Ho gy + fop = M + Moy = M3+ Hos (15.28)

(see Problem15.9). In this form, Hy, states that the interaction is symmetric such that
the three levels of B do not differ when averaged over the two levels of A. Note that
other orthogonal or linearly independent contrasts besides those in b;" and b,’ would
lead to (15.28) and to the same F statistic in (15.33) below.

By analogy to (14.30), the interaction hypothesis can be written as

Ho: gy — Mop = Myp — Hop = M3 — Moz,

which is a comparison of the “A effects” across the levels of B. If these A effects
differ, we have an interaction. We can express the two equalities in H, in terms of
orthogonal contrasts similar to those in (15.25) and (15.26):

i =20y — Bop) — (Rip — Bap) — (43 — o3) =0,
Sp = (ki — My) — (g3 — Ho3) = 0.

Thus H, can be written as Hy: Cu = 0, where

co(e)_(2 -1 -1 -2 11
“\¢g)"\o 1 -1 0 -1 1)

Note that ¢; can be found by taking products of corresponding elements of a and b,
and ¢, can be obtained similarly from a and b,, where a, by, and b, are the coefficient
vectors in a’u, by’ and by’ u. Thus

¢ = [(DQ2), DD, (=D, (=DQ), (=DH(=D), (=D(=D]
=2,-1,-1,-2,1, 1),

¢, = [(1)(0), (1)(1), (1)(—=1), (=1)(0), (—=1)(1), (=1)(=1)]
=, 1,-1,0, -1, 1).

The elementwise multiplication of these two vectors (the Hadamard product — see
Section 2.2.4) produces interaction contrasts that are orthogonal to each other and to
the main effect contrasts.

We now construct tests for the general linear hypotheses Hy: a’'p = 0, Hy: By =
0, and Hy: Cpt = 0 for the main effects and interaction. The hypothesis Hy: a'p = 0
for the main effect of A, is easily tested using an F statistic similar to (8.38) or (15.12):

@@ WW) 'al @) SSA

F =
s SSE /v’

(15.29)
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where s2 is given by (15.21) and vg = N — ab. [For our illustration, N — ab =11 —
(2)3)=51]
If Hy is true, F in (15.29) is distributed as F(1, N — ay,).

The F statistic in (15.29) can be written as

Y
- _@m (15.30)
s2a'(WW) 'a
B 2
_ () (15.31)
2y a5/’ '

which is analogous to (15.13). Since tz(vE) = F(1, vg) (see Problem 5.16), a ¢ statistic
for testing Hy: a’p = 0 is given by the square root of (15.30)
! 5 ey 0
= apr Y (15.32)
sva(WW) Ta  /Var(a' )

which is distributed as #(N — ab) when H,, is true. Note that the test based on either of
(15.29) or (15.32) is a full-reduced-model test (see Theorem 8.4d) and therefore tests
for factor A “above and beyond” (adjusted for) factor B and the interaction.

By Theorem 8.4b, a test statistic for the factor B main effect hypothesis Hy: Bu=0
is given by

_ B/ [BIW'W) 'B'I"'Bjr/vy  SSB/vg

F -
SSE /v SSE /vy’

(15.33)

where vy = N — ab and v is the number of rows of B. (For our illustration, v =5
and vg = 2.) When H, is true, F in (15.33) is distributed as F(vg, vg).
A test statistic for the interaction hypothesis Hy: Cu = 0 is obtained similarly:

_(CRWY[CWW)'C'17'Cla/vag  SSAB/vap

F =
SSE/VE SSE/VE ’

(15.34)

which is distributed as F(v4p, vg), where v4p, the degrees of freedom for interaction,
is the number of rows of C. (In our illustration, v4z = 2.)

Because of the unequal n;;’S, the three sums of squares SSA, SSB, and SSAB do
not add to the overall sum of squares for treatments and are not statistically indepen-
dent, as in the balanced case [see (14.40) and Theorem 14.4b]. Each of SSA, SSB,
and SSAB is adjusted for the other effects; that is, the given effect is tested “above
and beyond” the others (see Theorem 8.4d).

Example 15.3a. Table 15.5 contains dressing percentages of pigs in a two-way
classification (Snedecor and Cochran 1967, p. 480). Let factor A be gender and
factor B be breed.
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TABLE 15.5 Dressing Percentages (Less 70%) of 75 Swine Classified

by Breed and Gender
Breed
1 2 3 4 5

Male Female Male Female Male Female Male Female Male Female
13.3 18.2 10.9 14.3 13.6 129 11.6 13.8 10.3 12.8
12.6 11.3 33 15.3 13.1 14.4 13.2 14.4 10.3 8.4
11.5 14.2 10.5 11.8 4.1 12.6 4.9 10.1 10.6
154 159 11.6 11.0 10.8 15.2 6.9 13.9
12.7 12.9 154 10.9 14.7 13.2 10.0
15.7 15.1 14.4 10.5 12.4 11.0
13.2 11.6 129 12.2
15.0 14.4 12.5 13.3
14.3 7.5 13.0 12.9
16.5 10.8 7.6 9.9
15.0 10.5 12.9
13.7 14.5

10.9

13.0

159

12.8

We arrange the elements of the vector u to correspond to a row of Table 15.5, that is

2= (Myys Ri2s Hops Mogs - - -

s Msz)l,

where the first subscript represents breed and the second subscript is associated with

gender.

The vector p is 10 x 1, the matrix W is 75 x 10, the vector a is 10 x 1, and the

matrices B and C are each 4 x 10. We show a, B, and C:

a=(,-1,1,-1,1,
33 3
11 -1
B:
00 O
00 O
3 -3 3
1 -1 -1
C:
0 0 0
0 0 0

_19 13

3
-1
0
0

-3

1
0
0

1
1

-2

-2

—_

_19 13 _1)9
-2
0

(e
S DO DO
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TABLE 15.6 ANOVA for Unconstrained Model

Sum of Mean )4
Source df Squares Square F Value
A (gender) 1 1.984 1.984 0.303 .584
B (breed) 4 90.856 22.714 3.473 .0124
AB 4 24.876 6.219 0.951 440
Error 65 425.089 6.540

Total 74 552.095

(Note that other sets of othogonal contrasts could be used in B, and the value of Fpg
below would be the same.) By (15.19), we obtain

=1y = (14.08, 14.60, 11.75, 12.06, 10.40, 13.65, 13.28, 11.03, 11.01, 11.14)".

By (15.22) or (15.23) we obtain SSE = 425.08895, with vg = 65. Using (15.29),
(15.33), and (15.34), we obtain

Fy = 30337, Fp=2347318, Fc=.95095.

The sums of squares leading to these Fs are given in Table 15.6. Note that the sums
of squares for A, B, AB, and error do not add up to the total sum of squares because
the data are unbalanced. (These are the type III sums of squares referred to in
Section 15.1.) O
15.3.2 Constrained Model

To allow for additivity or other restrictions, constraints on the w;’s must be added to
the cell means model (15.17) or (15.18). For example, the model

Yije = My t Eijk
cannot represent the no-interaction model

Yijk = b+ i + Bj + &iji (15.35)

unless we specify some relationships among the w;’s.
In our 2 x 3 illustration in Section 15.3.1, the two interaction contrasts are expres-
sible as

cu_ (2 -1 -1 2 11
F=%to 1 -1 0o -1 1)™

If we wish to use a model without interaction, then Cu = 0 is not a hypothesis to be
tested but an assumption to be included in the statement of the model.
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In general, for constraints Gu = 0, the model can be expressed as
y = Wpu + € subject to Gu = 0. (15.36)

We now consider estimation and testing in this constrained model. [For the case
Gp =h, where h # 0, see Bryce et al. (1980b).]

To incorporate the constraints Gu =0 into y=Wu + &, we can use the
Lagrange multiplier method (Section 2.14.3). Alternatively, we can reparameterize
the model using the matrix

A= (K) (15.37)

where K specifies parameters of interest in the constrained model. For the no-inter-
action model (15.35), for example, G would equal C, the first row of K could corre-
spond to a multiple of the overall mean, and the remaining rows of K could include
the contrasts for the A and B main effects. Thus, we would have

1 1 1 1 1

1
11 1 -1 -1 -1

K= :
2 -1 -1 2 -1 -1

0 1 -1 0 I -1

2 -1 -1 =2 I 1
G=C= .
0 I -1 0 -1 1

The second row of K is a’ and corresponds to the average effect of A. The third and
fourth rows are from B and represent the average B effect.

If the rows of G are linearly independent of the rows of K, then the matrix A in
(15.37) is of full rank and has an inverse. This holds true in our example, in which
we have G = C. In our example, in fact, the rows of G are orthogonal to the rows
of K. We can therefore insert A 'A = I into (15.36) to obtain the reparameterized
model

y =WA 'Apu+ € subjectto Gu=0

15.
=Zo+¢ subject to Gu =0, (15.38)

where Z=WA ' and 6 = Ap.

In the balanced two-way model, we obtained a no-interaction model by simply
inserting y;* = 0 into y;3 = u + o + Bj’.‘ + 7} + €; [(see 14.37) and (14.38)]. To
analogously incorporate the constraint Gu = 0 directly into the model in the
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unbalanced case, we partition & into
. o K o K[.L o 51
o=an= (6 (6) = (3)
With a corresponding partitioning on the columns of Z, the model can be written as
0
Y=28+¢e= (11,1, 5 + &

=716, +7,06,+ € subjectto Gu=0. (15.39)

Since 6, = Gu, the constraint G = 0 gives 6, = 0 and the constrained model in
(15.39) simplifies to

Y=Z7Z,06| +&. (15.40)

An estimator of &, [see (7.6)] is given by
o1 = Z\Z2,) 'Zy.
To obtain an expression for g subject to the constraints, we multiply
(o) _[6
e (5)-(3)

A7 = (K", GY).

by

If the rows of G are orthogonal to the rows of K, then
(K%, G" = [K'(KK)™!, G'(GG) ] (15.41)

(see Problem15.13). If the rows of G are linearly independent of (but not necessarily
orthogonal to) the rows of K, we obtain

K* = HGK'(KHGK) !, (15.42)
where
H; =1-G'(GG)'G,
and G* is similarly defined (see Problem15.14). In any case, we denote the product of
K* and &, by p.:
M. = K* 61.
We estimate p. by

j, = K'8, =K' (Z,2,))"'Z)y, (15.43)
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which has covariance matrix
cov(fr,) = °K*(Z/ Z,)"'K". (15.44)

To test for factor B in the constrained model, the hypothesis is Hy: Bu. = 0. The
covariance matrix of Bfi. is obtained from (3.44) and (15.44) as

cov(Bfr,) = o*BK*(Z,Z,)'K"B.
Then, by Theorem 8.4b, the test statistic for Hy: Bp. = 0 in the constrained model

becomes

_ (Bir.)[BK*(Z/Z,)'K'B'1"'Bjr./vp

F )
SSEC/VEC

(15.45)

where SSE, (subject to G = 0) is obtained using f. [from (15.43)] in (15.21). (In
our example, where G = C for interaction, SSE,. effectively pools SSE and SSAB
from the unconstrained model.) The degrees of freedom vy is obtained as
vg, = vg +rank(G), where vp =N —ab is for the unconstrained model, as
defined following (15.21). [In our example, rank(G) = 2 since there are 2 degrees
of freedom for SSAB.] We reject Ho: B, = 0 if F > Fo,,,, , where Fy is the
upper « percentage point of the central F distribution.
For Hy: a’pm, = 0, the F statistic becomes

_ (a,ﬂc)/[a/K*(ZIIZ] )_IK*,a]71 (a/ﬂc)
SSE. /v, :

F (15.46)

which is distributed as F(1, vg,) if Hy is true.

Example 15.3b. For the pigs data in Table 15.5, we test for factors A and B in a no-
interaction model, where factor A is gender and factor B is breed. The matrix G is the
same as C in Example 15.3a. For K we have

0 1 1 -2 -2 1 1
0 1 1 0 0 -1 -1

11 1 1 1 1 1 1 1 1
y 1 -1 1 -1 1 -1 1 -1 1 -1
K:;,:3333—2—2—2—2—2—2
5 1 1 -1 -1 0 0 0 0 0 0

0 0 0

0 0 0

By (15.43), we obtain
. = (14.16, 14.42, 11.77, 12.03, 11.40, 11.65, 12.45, 12.70, 10.97, 11.22).
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TABLE 15.7 ANOVA for Constrained Model

Sum of Mean p
Source df Squares Square F Value
A (gender) 1 1.132 1.132 0.17 .678
B (breed) 4 101.418 25.355 3.89  .00660
Error 69 449.965 6.521
Total 74 552.0955

For SSE., we use f. in place of fi in (15.21) to obtain SSE. = 449.96508. For vg,,
we have

vg, = vg + rank(G) = 65 4+ 4 = 69.

Then by (15.45), we obtain Fp, = 3.8880003. The sums of squares leading to Fp, and
F4, are given in Table 15.7. O

154 TWO-WAY MODEL WITH EMPTY CELLS

Possibly the greatest advantage of the cell means model in the analysis of unbalanced
data is that extreme situations such as empty cells can be dealt with relatively easily.
The cell means approach allows one to deal specifically with nonestimability pro-
blems arising from the empty cells (as contrasted with nonestimability arising from
overparameterization of the model). Much of our discussion here follows that of
Bryce et al. (1980a).

Consider the unbalanced two-way model in (15.17), but allow n;; to be equal to 0
for one or more (say m) isolated cells; that is, the empty cells do not constitute a
whole row or whole column. Assume also that the empty cells are missing at
random (Little and Rubin 2002, p. 12); that is, the emptiness of the cells is indepen-
dent of the values that would be observed in those cells.

In the empty cells model, W is non-full-rank in that it has m columns equal to 0.
To simplify notation, assume that the columns of W have been rearranged with the
columns of 0 occurring last. Hence

W= (W, 0),

where W, is an n X (ab — m) matrix and O is n x m. Correspondingly
_ (Mo
ne(2).

where p,, is the vector of cell means for the occupied cells while pu, is the vector of
cell means for the empty cells. The model is thus the non-full-rank model

y = (Wi, 0)(Z”) te (15.47)

e
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The first task in the analysis of two-way data with empty cells is to test for the
interaction between the factors A and B. To test for the interaction when there are iso-
lated empty cells, care must be exercised to ensure that a testable hypothesis is being
tested (Section 12.6). The full-reduced-model approach [see (8.31)] is useful here. A
sensible full model is the unconstrained cell means model in (15.47). Even though W
is not full-rank

SSE, = y'[1 — W(W'W) W]y (15.48)

is invariant to the choice of a generalized inverse (Theorem 12.3e). The reduced
model is the additive model, given by

y=WA 'Au+& subjectto Gu=0,

where

in which K is a matrix specifying the overall mean and linearly independent main
effect contrasts for factors A and B, and the rows of G are linearly independent inter-
action contrasts (see Section 15.3.2) such that A is full-rank. We define Z; as WK*
[see (15.41)]. Because the empty cells are isolated, Z; is full-rank even though some
of the constraints in G = 0 are nonestimable. The error sum of squares for the addi-
tive model is then

SSE, = Y[l — Z,(Z,Z,)"'Z}ly, (15.49)

and the test statistic for the interaction is

_ (SSE, — SSE,)/[(a — 1)(b — 1) —m]

F
SSE, /(n — ab + m)

(15.50)

Equivalently the interaction could be tested by the general linear hypothesis
approach in (8.27). However, a maximal set of nonestimable interaction side con-
ditions involving p, must first be imposed on the model. For example, the side con-
ditions could be specified as

Tp =0, (15.51)

where T is an m x ab matrix with rows corresponding to the contrasts w; — u; —
m;+ .. for all m empty cells (Henderson and McAllister 1978). Using (12.37),
we obtain

= WW4+TT) 'Wy (15.52)
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and
cov(fr) = F(WW + T'T) ' WWWW +TT)"". (15.53)

The interaction can then be tested using the general linear hypothesis test of
Hy: Cp =0 where C is the full matrix of (@ — 1)(b — 1) interaction contrasts.
Even though some of the rows of Cp are not estimable, the test statistic can be com-
puted using a generalized inverse in the numerator as

_ (CY{Cleov(@)/0IC')~(Ca/l(a = Db — 1) —m]

F
SSE/(n — ab + m)

(15.54)

The error sum of squares for this model, SSE, turns out to be the same as SSE, in
(15.48). By Theorem 2.8c(v), the numerator of this F statistic is invariant to the
choice of a generalized inverse (Problem 15.16).

Both versions of this additivity test involve the unverifiable assumption that
the means of the empty cells follow the additive pattern displayed by the means of
the occupied cells. If there are relatively few empty cells, this is usually a reasonable
assumption.

If the interaction is not significant and is deemed to be negligible, the additive
model can be used as in Section 15.3.2 without any modifications. The isolated
empty cells present no problems for the use of the additive model.

If the interaction is significant, it may be possible to partially constrain the inter-
action in an attempt to render all cell means (including those in u,) estimable. This is
not always possible, because it requires a set of constraints that are both a priori
reasonable and such that they render p estimable. Nonetheless, it is often advisable
to make this attempt because no new theoretical results are needed. The greatest chal-
lenges are practical, in that sensible constraints must be used. Many constraints will
do the job mathematically, but the results are meaningless unless the constraints are
reasonable. Unlike many other methods associated with linear models, the validity of
this procedure depends on the parameterization of the model and the specific con-
straints that are chosen.

We proceed in this attempt by proposing partial interaction constraints

Gun=0

for the empty cells model in (15.47). We choose K such that its rows are linearly
independent of the rows of G so that

()

is nonsingular. Thus A ~' = (K* G*) as in the comments following (15.41). Suppose
that the constraints are realistic, and that they are such that the constrained model is
not the additive model; that is, at least a portion of the interaction is unconstrained.
Then, if Z; = WK is full-rank, all the cell means (including p,) can be estimated as

B=K(ZZ)"'ZYy, (15.55)
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and cov(jr) is given by (15.44). Further inferences about linear combinations of the
cell means can then be readily carried out. If Z; is not full-rank, care must be exer-
cised to ensure that only estimable functions of u are estimated and that testable
hypotheses involving u are tested (see Section 12.2).

A simple way to quickly check whether Z, is full-rank (and thus all cell means are
estimable) is given in the following theorem.

Theorem 15.4. Consider the constrained empty cells model in (15.47) with m empty

cells. Partition A as
_(K\ (K K
=(6)- (6 &)

conformal with the partitioned vector

_ (e

" (M)

The elements of m are estimable (equivalently Z; is full-rank) if and only if
rank(G,) = m.

Proor. We prove this theorem for the special case in which G has m rows so that G,
is m x m. We partition A "' as

K; Gj

K, G )’

with submatrices conforming to the partitioning of A. Then

K* .
Z, = (Wi, 0)(Ki) = WK;.
2

Since W, is full-rank and each of its rows consists of one 1 with several 0s, W;K}
contains one or more copies of all of the rows of W;. Thus rank(Z;) = rank(K7).

Since A~! is nonsingular, K} ! exists if K] is full rank. If so, the product

I O0\/K; G\ (K| G}
(e V)R €)= (6 adiora)
is defined and is nonsingular by Theorem 2.4(ii). By Corollary 1 to Theorem 2.9b,
G; — K;K;7'G} is also nonsingular. But by equation (2.50), (G;—K;K;™!
Gjl‘)’1 = G,. Thus, if A~! is nonsingular, nonsingularity of K7 implies nonsingular-
ity of G,. Analogous reasoning leads to the converse. Thus K is full-rank if and only
if G, is full-rank. Furthermore, Z, is full-rank if and only if rank(G,) = m. O

Example 15.4a. For the second-language data of Table 15.8, we test for the inter-
action of native language and gender. There are two empty cells, and thus W is a
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TABLE 15.8 Comfort in Using English as a Second
Language for Students at BYU-Hawaii”

. Gender
Native
Language Male Female
Samoan 24 28
3.20 3.38
0.66 0.68
Tongan 25 39
3.03 3.10
0.69 0.61
Hawaiian 4 2
3.47 3.13
0.68 0.47
Fijian 1 —
3.79 —
Pacific Islands English 26 49
3.71 3.13
0.58 0.73
Maori 3 1
4.07 3.04
0.061 —
Mandarin 15 43
3.33 3.14
0.74 0.61
Cantonese — 21
— 3.00
— 0.54

# Brigham Young University—Hawaii; data classified by gender and
native language. Key fo table entries: number of observations, mean,
and standard deviation.

281 x 16 matrix with two columns of 0. For the unconstrained model we use (15.48)
to obtain

SSE, = 113.235.

Numbering the cells of Table 15.8 from 1 to 8 for the first column and from 9 to 16
for the second column, we now define

K
A= (G> (15.56)
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where
1 1r 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1r 1 1 1 1 1 1-1-1-1-1-1 -1 -1 —1
l1-1r 0o 0 0 0 0 O 1 -1 0 O O O o0 O
o o 1 0-r 0 0 0O O O 1 O0-1 0 O0 O
K=f0 0 o0 1 -1t 0 0O O O O O 1-1 1 0 O
o o0 o0 0-r 1 0 O O O O O-1-1 0 0
2 2 -1-1-1-1 0 0 2 2 -1 -1-1-1 0 0
o o0 o o0 o o0 1t-1t 0 O o o o0 O0-1 1
i1 1r 1r 1 1 1-3-3 1 1 1 1 1 1 -3 =3
and
1 -1 0 0 0 0 O O 1 -1 0 0 0O 0 00
o o 1 0-1r 0 O O O O-1 0 1 0 00O
o o o0 1 -1 o0 O O O O O0-1 1T 0 00O
G=/0 0 0 0-1t 1 0 0 O O O O 1 -1 00
2 2 -1-1-1-1 0 O0-2-2 1 1 1 1 00
o o0 o o0 o0 o 1t -1t o0 o o0 0o 0 0 -11
1 1r 1r 1 1 1 -3 -3~-1-1-1-1-1-1 33

The overall mean and main effect contrasts are specified by K while interaction con-
trasts are specified by G. Using (15.49), SSE, = 119.213. The full-reduced F test for
additivity (15.50) yields the test statistic

(119.213 — 113.235)/5
T 119.213/267

=2.82,

which is larger than the critical value of F s 5 267 = 2.25.

As an alternative approach to testing additivity, we impose the nonestimable side
conditions pg; — pg — py +p =0and py , — py — pp + 1 = 0 on the model
by setting

T*_1_1_1_1_1_1_171111111_7
\-1 -1 -1 7 -1 -1 -1 -1 111 =7 111 1
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in (15.51) and

I -r 0o o o0 O O O -110O0O0O0O0OO
1 0 -1t 0o 0 0O O O -101O0O0O0O0PO
1 0 0-1 0 0O O O -10O01O0O0O0OO
¢c=(1 0 0 O0-1 0 O O0-100O0T1FH0F0DO0
1 0 0 0o O0-1 0 O -100O0OO0OT1TO0OFPO
1 0 0 o o0 O0-1 0 -100O0OO0OO0OT1SF0o0
1 0 0 o o0 O O -1 -1 00O0O0O0O0]1

in (15.54). The F statistic for the general linear hypothesis test of additivity (15.54) is
again equal to 2.82.

Since the interaction is significant for this dataset, we partially constrain the inter-
action with contextually sensible estimable constraints in an effort to make all of the
cell means estimable. We use A as defined in (15.56), but repartition it so that

1 1r 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 11 1 1 1 1 1-1-1-1-1-1-1 -1 -1
1-1 0 0 0 0O 060 1-1 0 0 0 O 0 O
o o 1 0-t. 0 0 OO O 1 O-1 0 0 O
o o o 1-1. 0o 060 0 O O 1I-1 0 00
o o0 o0 60-r 1.0 0 O O O O0-1 1T 0 O
K=(2 2-1-1-1-1 0 0 2 2-1-1-1-1 0 0
o 0 o0 o0 0 0 1-1 0 0 O O O 0 1-1
1 1r 1 1 1 1-3-3 1 1 1 1 1 1 -3 =3
o o0 1 0-r 0 0 OO O-1 0 1 O O O
o o o 0-1. 1. 0 0 0O 0O O O I -1 00
2 2-1-1-1-1 0 O0-2-2 1 1 1 1 0 O
1 1r 1 1 1 1-3-3-1-1-1-1-1-1 3 3
and
1-100 000 O0O-110 000 00
G=|0 001 -100 O 000 -110 0O
0O 000 0OO1 -1 000 O0O0O0-11

The partial interaction constraints specified by Gu = 0 seem sensible in that they
specify that the male—female difference is the same for Samoan and Tongan speak-
ers, for Fijian and Hawaiian speakers, and for Mandarin and Cantonese speakers.
Because the empty cells are the eighth and twelfth cells, we have

G, = 0 -1
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which obviously has rank = 2. Thus, by Theorem 15.4, all the cell means are
estimable. Using (15.55) to compute the constrained estimates and (15.44) to
compute their standard errors, we obtain the results in Table 15.9. O

TABLE 15.9 Estimated Mean Comfort in Using English as Second
Language (with Standard Error) for Students at BYU-Hawaii”

Native Gender

Language Male Female
Samoan 3.23 (.11) 3.35(.11)
Tongan 3.00 (.11) 3.12 (.09)
Hawaiian 3.47 (.33) 3.13 (.46)
Fijian 3.79 (.65) 3.20 (.67)
Pacific Islands English 3.71 (.03) 3.13 (.09)
Maori 4.07 (.38) 3.04 (.65)
Mandarin 3.33 (.17) 3.14 (.10)
Cantonese 3.19 (.24) 3.00 (.14)

# On the basis of a constrained empty-cells model.

PROBLEMS

15.1 For the model y = Wu + & in (15.2.1), find W'W and W'y and show that
(WW) ! Wy =7 as in (15.5).
15.2 (a) Show that for the reduced model y; = u+ 81} in Section 15.3,
SS(w) = Ny“ as used in (15.6).
(b) Show that SSB = "5, 3, yi — N3* as in (15.6).
(c) Show that (15.6) is equal to (15.7), that is, SSB =)y y.—
Ny? =337 /ni = y2IN.
15.3 (a) Show that SSB in (15.9) is equal to SSB in (15.7), that is, Zle ni(y; —

5’..)2 = Z; 1Yi /”t )’%/N-
(b) Show that SSE in (15.10) is equal to SSE in (15.8), that is,

Zi'{:l > —y) = Zz DI 1)’,, Zf:l yi /ni.
15.4  Show that F = (Zic;9;)*/(s*> >, ¢2/m;) in (15.13) follows from (15.12).
15.5 Show that a’ and b’ in (15.15) provide contrast coefficients that satisfy the
property >, a;b;/n; = 0.
15.6 Show that 1 = § as in (15.19).
15.7 Obtain (15.23) from (15. 21)' that is, show that (y — W) (y — W) =
> Zf‘:l Z A y,J
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15.8

15.9

15.10

15.11

15.12

15.13

15.14
15.15

15.16

15.17
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Obtain (15.24) from (15.23); that is, show that 22’21 (y,-jk—yij')2:
(nj — 1)s?

i
Show that Hy: Bu =0, where B is given in (15.27), is equivalent to
Ho: gy + o) = mip + Mg = g3 + pp3 in (15.28).
2

Obtain F = (Z, a,,y,.jg /(s2 >, ag./n,-,) in (1531) from F = (a'fv?/
[s>a’(W'W)'a] in (15.30).

Evaluate a'(W'W)'a in (15.29) or (15.30) fora’ = (1,1, 1, —1, —1, —1).
Use the W matrix for the 11 observations in the illustration in Section 15.3.1.

Evaluate BOW'W)~ !B’ in (15.33) for the matrices B and W used in the illus-
tration in Section 15.3.1.

Show that AA~'=1, where A = (g) as in (1537) and A" '=
[K'(KK) !, G'(GG') '] as in (15.41).

Obtain G* analogous to K* in (15.42).

Show that cov(fr.) = o’ K'(KK')""(Z/Z;)""(KK')"'K, thus verifying
(15.44).

Show that the numerator of the F statistic in (15.54) is invariant to the choice
of a generalized inverse.

In a feeding trial, chicks were given five protein supplements. Their final
weights at 6 weeks are given in Table 15.10 (Snedecor 1948, p. 214).
(a) Calculate the sums of squares in Table 15.1 and the F statistic in (15.11).

(b) Compare the protein supplements using (unweighted) orthogonal con-
trasts whose coefficients are the rows in the matrix

3 -2 =2 =2 3
0 1 -2 1 0
0 1 0 -1 0
1 0 0 0 -1

Thus we are making the following comparisons:

L,C versus So, Su,M

So, M versus Su
So versus M
L versus C

(c) Replace the second contrast with a weighted contrast whose coefficients
satisfy >, a;b;/n; = 0 when paired with the first contrast. Find sums of
squares and F statistics for these two contrasts.
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TABLE 15.10 Final Weights (g) of Chicks at 6 Weeks

Protein Supplement

Linseed Soybean Sunflower Meat Casein
309 243 423 325 368
229 230 340 257 390
181 248 392 303 379
141 327 339 315 260
260 329 341 380 404
203 250 226 153 318
148 193 320 263 352
169 271 295 242 359
213 316 334 206 216
257 267 322 344 222
244 199 297 258 283
271 177 318 332

158

248

(a) Carry out the computations to obtain fi, SSE, Fs, Fg, and F in Example
15.3a.

(b) Carry out the computations to obtain ft., SSE., F4,, and Fj, in Example
15.3b.

(c) Carry out the tests in parts (a) and (b) using a software package such as
SAS GLM.

Table 15.11 lists weight gains of male rats under three types of feed and two
levels of protein.

(a) Let factor A be level of protein and factor B be type of feed. Define a
vector a corresponding to factor A and matrices B and C for factor B
and interaction AB, respectively, as in Section 15.3.1. Use these to con-
struct general linear hypothesis tests for main effects and interaction as
in (15.29), (15.33), and (15.34).

(b) Test the main effects in the no-interaction model (15.35) using the con-
strained model (15.36). Define K and G and find f. in (15.43), SSE,,
and F for Hy: a'p, = 0 and Hy: B, = 0 in (15.45).

(c) Carry out the tests in parts (a) and (b) using a software package such as
SAS GLM.

Table 15.12 lists yields when five varieties of plants and four fertilizers were
tested. Test for main effects and interaction.
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TABLE 15.11 Weight Gains (g) of Rats under
Six Diet Combinations

High Protein Low Protein

Beef Cereal Pork Beef Cereal Pork

73 98 94 90 107 49
102 74 79 76 95 82
118 56 96 90 97 73
104 111 98 64 80 86
81 95 102 86 98 81
107 88 102 51 74 97
100 82 72 106
87 77 90

86 95

92 78

Source: Snedecor and Cochran (1967, p. 347).

TABLE 15.12 Yield from Five Varieties of Plants
Treated with Four Fertilizers

Variety
Fertilizer 1 2 3 4 5
1 57 26 39 23 48
46 38 — 36 35
— 20 — 18 —
2 67 44 57 74 61
72 68 61 47 —
66 64 — 69 —
3 95 92 91 98 78
90 89 82 85 89
89 — — — 95
4 92 96 98 99 99
88 95 93 90 —
— — 98 98 —

Source: Ostle and Mensing (1975, p. 368).



16 Analysis-of-Covariance

16.1 INTRODUCTION

In addition to the dependent variable y, there may be one or more quantitative
variables that can also be measured on each experimental unit (or subject) in an
ANOVA situation. If it appears that these extra variables may affect the outcome
of the experiment, they can be included in the model as independent variables (x’s)
and are then known as covariates or concomitant variables. Analysis of covariance
is sometimes described as a blend of ANOVA and regression.

The primary motivation for the use of covariates in an experiment is to gain
precision by reducing the error variance. In some situations, analysis of covariance
can be used to lessen the effect of factors that the experimenter cannot effectively
control, because an attempt to include various levels of a quantitative variable as a
full factor may cause the design to become unwieldy. In such cases, the variable
can be included as a covariate, with a resulting adjustment to the dependent variable
before comparing means of groups. Variables of this type may also occur in exper-
imental situations in which the subjects cannot be randomly assigned to treatments.
In such cases, we forfeit the causality implication of a designed experiment, and
analysis of covariance is closer in spirit to descriptive model building.

In terms of a one-way model with one covariate, analysis of covariance will be
successful if the following three assumptions hold.

1. The dependent variable is linearly related to the covariate. If this assumption
holds, part of the error in the model is predictable and can be removed to reduce
the error variance. This assumption can be checked by testing Hy: 8 = 0, where
B is the slope from the regression of the dependent variable on the covariate.
Since the estimated slope B will never be exactly 0, analysis of covariance
will always give a smaller sum of squares for error than the corresponding
ANOVA. However, if ,@ is close to 0, the small reduction in error sum of
squares may not offset the loss of a degree of freedom [see (16.27) and a
comment following]. This problem is more likely to arise with multiple covari-
ates, especially if they are highly correlated.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.

443



444 ANALYSIS-OF-COVARIANCE

2. The groups (treatments) have the same slope. In assumption 1 above, a
common slope B for all k groups is implied (assuming a one-way model
with k groups). We can check this assumption by testing Hy: 3, = B, =
-+ = f3;, where f3; is the slope in the ith group.

3. The covariate does not affect the differences among the means of the groups
(treatments). If differences among the group means were reduced when the
dependent variable is adjusted for the covariate, the test for equality of group
means would be less powerful. Assumption 3 can be checked by performing
an ANOVA on the covariate.

Covariates can be either fixed constants (values chosen by the researcher) or
random variables. The models we consider in this chapter involve fixed covariates,
but in practice, the majority are random. However, the estimation and testing pro-
cedures are the same in both cases, although the properties of estimators and tests
are somewhat different for fixed and random covariates. For example, in the fixed-
covariate case, the power of the test depends on the actual values chosen for the cov-
ariates, whereas in the random-covariate case, the power of the test depends on the
population covariance matrix of the covariates.

As an illustration of the use of analysis of covariance, suppose that we wish to
compare three methods of teaching language. Three classes are available, and we
assign a class to each of the teaching methods. The students are free to sign up for
any one of the three classes and are therefore not randomly assigned. One of the
classes may end up with a disproportionate share of the best students, in which case
we cannot claim that teaching methods have produced a significant difference in
final grades. However, we can use previous grades or other measures of performance
as covariates and then compare the students’ adjusted scores for the three methods.

We give a general approach to estimation and testing in Section 16.2 and then
cover specific balanced models in Sections 16.3—16.5. Unbalanced models are dis-
cussed briefly in Section 16.6. We use overparameterized models for the balanced
case in Sections 16.2—16.5. and use the cell means model in Section 16.6.

16.2 ESTIMATION AND TESTING

We introduce and illustrate the analysis of covariance model in Section 16.2.1 and
discuss estimation and testing for this model in Sections 16.2.2 and 16.2.3.
16.2.1 The Analysis-of-Covariance Model
In general, an analysis of covariance model can be written as
y=Za+XB+e¢, (16.1)

where Z contains Os and 1s, a contains u and parameters such as «;, 3;, and vy;; repre-
senting factors and interactions (or other effects); X contains the covariate values; and
B contains coefficients of the covariates. Thus the covariates appear on the right
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side of (16.1) as independent variables. Note that Za is the same as Xf in the
ANOVA models in Chapters 12— 14, whereas in this chapter, we use X to represent
the covariates in the model.

We now illustrate (16.1) for some of the models that will be considered in this
chapter. A one-way (balanced) model with one covariate can be expressed as

yi=mt+o+Px;+e;, i=12,...k j=12,...,n (16.2)

where o is the treatment effect, x;; is a covariate observed on the same sampling unit
as y;;, and 3 is a slope relating x;; to y;;. [If (16.2) is viewed as a regression model, then
the parameters w+o; i=1,2,...,k, serve as regression intercepts for the k
groups.] The kn observations for (16.2) can be written in the form
y=Za+ XB+ € as in (16.1), where

110 -0 x11
I : M :
110 -0 | @ R
Z=|1 01 .ol =] | X=x=|u| 63
. . . (e773 .
100 - 1 Xy

and B = B. In this case, Z is the same as X in (13.6).
For a one-way (balanced) model with g covariates, the model is

yij:M+ai+leij1+~~~+quijq+8ij, i=12,...,k, j=1,2,...,n.

(16.4)
In this case, Z and e are as given in (16.3), and X3 has the form

X1 X2 o Xlig Bi

X121 X122 0 Xig B>
Xg = . (16.5)

Xinl  Xk2 o Xkag By

For a two-way model with one covariate

Yijk = p+ i + 6 + vy + By + gk (16.6)

Za has the form given in (14.4), and X is

X111
X112

XB=xB= : B.
Xabn

The two-way model in (16.6) could be extended to include several covariates.
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16.2.2 Estimation

We now develop estimators of @« and B for the general case in (16.1),
y = Za + X3 + £ We assume that Z is less than full rank as in overparameterized
ANOVA models and that X is full-rank as in regression models. We also assume that

E(e)=0 and cov(e) = oL

The model can be expressed as

y=Za+XB+e&
=(Z X)(a) +&
- \B

=U0+¢, (16.7)

44

where U = (Z, X) and 0 = (B

>. The normal equations for (16.7) are
U'uf = U,

which can be written in partitioned form as

(x )0 (5) = (o)

( , / > ( A ) < /y)
L) = . (16.8)
XZ XX/\B X'

We can express (16.8) as two sets of equations in & and i%:

ZZa+7ZXB=1l, (16.9)

X'Za+ X'XB = Xly. (16.10)
Using a generalized inverse of Z/Z, we can solve for ¢ in (16.9):
a=Z7)7y—Z'7)TXB
= ay — (Z'Z2)" Z'XB, (16.11)
where @y = (Z'Z)"Z'y is a solution for the normal equations for the model

y=Za+ ¢ Witl}out the covariates [see (12.13)].
To solve for 3, we substitute (16.11) into (16.10) to obtain

X'ZI(Z'Z) Z'y — (Z'Z) ZXPB] + X'XB = X'y
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or

XZZZ)y Zy+ X1 -ZZZ7)Z1XB =Xly. (16.12)
Defining

P=7ZZ127)7, (16.13)
we see that (16.12) becomes
X'd - P)Xﬁ =Xy - XPy = X'(I - P)y.

Since the elements of X typically exhibit a pattern unrelated to the Os and 1s in Z, we
can assume that the columns of X are linearly independent of the columns of Z. Then

X'(I — P)X is nonsingular (see Problem 16.1), and a solution for ﬁ is given by

B =X - PX]"'X (- Py (16.14)

_ el
where =E, ey, (16.15)
E.=XI-P)X and e, =X(-P)y. (16.16)

For the analysis-of-covariance model (16.1) or (16.7), we denote SSE as SSE,.,.
By (12.20), SSE,., can be expressed as

/ VYA 8l / ~1 Zly
SSEy.=yy—-0Uy=yy—(a,B)| _,
Xy

=yy-&Zy- BXly

=yy—la;— BX2zZ'7) 12y - B'X’y [by (16.11)]

=yy-&Zy- BX[1-LZ'Z) Ly

= SSE, — BX'(1 — P)y, (16.17)
where @ is as defined in (16.11), P is defined as in (16.13), and SSE, = y'y — &,Z'y

is the same as the SSE for the ANOVA model y = Za + £ without the covariates.
Using (16.16), we can write (16.17) in the form

SSE,., = e, — €. E_'e,, (16.18)

Xy xx

where

e,y = SSE, = y'(I — P)y. (16.19)
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In (16.18), we see the reduction in SSE that was noted in the second paragraph of
Section 16.1. The proof that E,, = X'(I — P)X is nonsingular (see Problem 16.1) can
be extended to show that E,, is positive definite. Therefore, e;yE;xl ey > 0, and
SSE,.. < SSE,.

16.2.3 Testing Hypotheses

In order to test hypotheses, we assume that € in (16.1) is distributed as N, (0, o),
where 7 is the number of rows of Z or X. Using the model (16.7), we can express a
hypothesis about e in the form Hy: C@ = 0, where C = (C, O), so that H becomes

47

Hoi(Cbo)(B

) =0 or HyCia=0.

We can then use a general linear hypothesis test. Alternatively, we can incorporate the
hypothesis into the model and use a full-reduced-model approach.
Hypotheses about  can also be expressed in the form Hy: CO = 0:

o

Hy:CO = (0,Cy) ( B

)0 or Hy:C,3=0.

A basic hypothesis of interest is Hy : B = 0, that is, that the covariate(s) do not belong
in the model (16.1). In order to make a general linear hypothesis test of Hy: 8 = 0, we

need cov(fB), where B is given by (16.14) as B = [X'(I — P)X]"'X'(I — P)y. Since
I — P is idempotent (see Theorems 2.13e and 2.13f), COV(B) can readily be found
from (3.44) as

cov(B) = [X'(I— P)X]'X'(I — P)o’I(1 — P)X[X'(I — P)X] !
= IX'IT-P)X] . (16.20)

Then SSH for testing Hy : 8 = 0 is given by Theorem 8.4a(ii) as
SSH = B'X'(I — P)XB. (16.21)
Using (16.16), we can express this as

SSH = ¢, E_'e,. (16.22)

Xy xx

Note that SSH in (16.22) is equal to the reduction in SSE due to the covariates; see
(16.17), (16.18), and (16.19).
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We now discuss some specific models, beginning with the one-way model in
Section 16.3.

16.3 ONE-WAY MODEL WITH ONE COVARIATE

We review the one-way model in Section 16.3.1, consider estimators of parameters in
Section 16.3.2, and discuss tests of hypotheses in Section 16.3.3.

16.3.1 The Model

The one-way (balanced) model was introduced in (16.2):
y,j:,u—i—ai—kﬁxij—l—si,-, i:1,2,...,k, j:1,2,...,n. (1623)
All kn observations can be written in the form of (16.1)
y=Za+XB+e=Za-+xB+ ¢,

where Z, a, and x are as given in (16.3).

16.3.2 Estimation
By (16.11), (13.11), and (13.12), an estimator of « is obtained as

a=day— (ZZ)LXB=ay— (Z7Z) ZxB

0 0 0
v B, v — B,

||| B || B (16.24)
Yi. B, i — B,

(see Problem 16.4). In this case, with a single x, E,, and e,, reduce to scalars, along

with eyy:

k n

- 3\2

Exx:exx: § E (xijfxi.) D
=1 j=1

€y =€y = Z (5 — %) (i — ¥i)s (16.25)
ij

Eyy = Z(yij - yi.)z-
7
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Now, by (16.15), the estimator of S is

. i O — X)) — ¥i)
3:@221(’ (ffzy . (16.26)
€xx Z,:,' (xij —X)
By (16.18), (16.19), and the three results in (16.25), SSE,.; is given by
&2
SSEy. = ey — € E e, = ey, — eﬁ
2
B >y — X))y — i)

- Z(y,‘j_yiy - [ 2@ ~ | , (16.27)

ij le (i — Xi)

which has k(n — 1) — 1 degrees of freedom. Note that the degrees of freedom of
SSE,.; are reduced by 1 for estimation of 3, since SSE, = e,, has k(n — 1) degrees
of freedom and e)zry /ex: has 1 degree of freedom. In using analysis of covariance,
the researcher expects the reduction from SSE, to SSE,., to at least offset the loss
of a degree of freedom.

16.3.3 Testing Hypotheses
For testing hypotheses, we assume that the g;’s in (16.23) are independently distrib-
uted as N(0, o?). We begin with a test for equality of treatment effects.

16.3.3.1 Treatments
To test

Hoprop=ap =+ =

adjusted for the covariate, we use a full—reduced-model approach. The full model is
(16.23), and the reduced model (with oy = ap = --- = o = @) is

Vi = Mt ot B+ &
=w+Bri+e, i=12,...kj=12,...,n 16.28)

This is essentially the same as the simple linear regression model (6.1). By (6.13),
SSE for this reduced model (denoted by SSE,4) is given by

L [5G — %) —3.))
SSEy = (yj—y ) ——* A (16.29)

which has kn — 1 — 1 = kn — 2 degrees of freedom.
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Using a notation adapted from Sections 8.2, 13.4, and 14.4, we express the sum of
squares for testing Hy; as

SS(alp, B) = SS(u, @, B) — SS(i. B).
In (16.27), SSE,. is for the full model, and in (16.29), SSE,q is for the reduced model.

They can therefore be written as SSE,,=yy—SS(u, o, B) and
SSE.q =¥y — SS(u, 8). Hence

SS(a|u, B) = SSE;q — SSE, ., (16.30)

which has kn — 2 — [k(n — 1) — 1] = k — 1 degrees of freedom. The test statistic for
Hpi: oy = ap = - - - = a is therefore given by

_ SS(ep, B)/(k— 1)
~ SSE,./[k(n — 1) — 11"

(16.31)

which is distributed as F[k — 1,k(n — 1) — 1] when Hy, is true.
By (16.30), we have

SSExg = SS(alu, B) + SSE,...

Hence, SSE,4 functions as the “total sum of squares” for the test of treatment effects
adjusted for the covariate. We can therefore denote SSEq4 by SST,.,, so that the
expression above becomes

SST,.. = SS(a i, B) + SSE, ... (16.32)

To complete the analogy with SSE,. = e,, — eﬁy /ex: in (16.27), we write (16.29) as

t2
STy =ty -2 (16.33)

XX

where
SSTyy = SSEw, tyy = D (3 — ¥ oty = 3 _ (i — X)(y5 — ¥.).
i i

o= (x5 — X% (16.34)
ij

Note that the procedure used to obtain (16.30) is fundamentally different from that
used to obtain SSE,., and SSE, in (16.27) and (16.29). The sum of squares
SS(a|u, B) in (16.30) is obtained as the difference between the sums of squares
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for full and reduced models, not as an adjustment to SS(e|w) =n >, (¥, —y.)* in
(13.24) analogous to the adjustment used in SSE,., and SST,. in (16.27) and
(16.33). We must use the full-reduced-model approach to compute SS(e|u, B),
because we do not have the same covariate values for each treatment and the
design is therefore unbalanced (even though the n values are equal). If SS(a|u, B)
were computed in an “adjusted” manner as in (16.27) or (16.33), then
SS(a|u, B) + SSE,.. would not equal SST,., as in (16.32). In Section 16.4, we will
follow a computational scheme similar to that of (16.30) and (16.32) for each term
in the two-way (balanced) model.

We display the various sums of squares for testing Hy: @) = ap = -+ - = @ in
Table 16.1.

16.3.3.2 Slope
We now consider a test for

HOQZBZO.

By (16.22), the general linear hypothesis approach leads to SSH = e;VE);lexy for
testing Hy: B = 0. For the case of a single covariate, this reduces to

2,
SSH = 2, (16.35)

€xx

where ey, and e,, are as found in (16.25). The F statistic is therefore given by

e,%y/exx
F =
SSE,../lk(n — 1) — 11’

(16.36)
which is distributed as F[1, k(n — 1) — 1] when Hy; is true.

16.3.3.3 Homogeneity of Slopes

The tests of Hy: @) = ap = - - - = oy and H,: B = 0 assume a common slope for all
k groups. To check this assumption, we can test the hypothesis of equal slopes in the
groups

Hy:Bi=B,=" =L (16.37)

where £3; is the slope in the ith group. In effect, Hy; states that the k regression lines are
parallel.

TABLE 16.1 Analysis of Covariance for Testing Hy: &) = a; = - - - = a in

the One-Way Model with One Covariate

Source SS Adjusted for Covariate Adjusted df
Treatments SS(a|u, B) = SST,., — SSE,., k—1

Error SSE,.. = ey, — gi‘?/em kn—1)—1

Total SSTyx = tyy — 13, /1 kn =2
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The full model allowing for different slopes becomes
y,-j:,qua,-JrBixijJrs,-j, i:1,2,...,k,j:1,2,...,l’l. (1638)
The reduced model with a single slope is (16.23). In matrix form, the nk observations

in (16.38) can be expressed as y = Za + X + &, where Z and « are as given in
(16.3) and

g, 0 -~ 0 B
0 x, - 0 B,
Xg=| . . . s (16.39)
0 0 e X Bk
with X; = (x;1,Xp2, ..., X)) . By (16.14) and (16.15), we obtain
B=E_'e, = [XI-P)X]"'X(-P)y.
To evaluate E,, and e,,, we first note that by (13.11), (13.25), and (13.26)
1-P=1-ZZ272)7
1
I--7J (0] (o)
n
1
(o) I--J - (o)
= n , (16.40)
1
(0] (0] e I==J
n
where Iin I — P is kn x kn and I'in I — (1/n)J is n x n. Thus
1
x&(I——J)xl 0 0
n
, 1
0 G(I=2d)x - 0
E,.=XI-PX= n
, 1
0 0 X}, (I - ;J)xk
Zj(xl_/‘—l_ﬂ)z 0 0
0 > (o — %) - 0
- (16.41)

0 0 Yy — B
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where e,,; = Zj (xj —X)*. To find e, we partition y as y = (¥}, ¥}, - -
where y; = (yi1, Yi2, - - -

e, = X'(I—P)y

x; 0
0 x,
o o
1
X]/(I——J)yl
n

n

1
Xz/(l — —J)y2

X (I —lJ)yk
n

€xx,1

, Yin)- Then
1
I--J
0 n
0 0)
X
o

> Gy = X0y — 1)
> Goj = X2 )32 — 32)

> Gag — %) (Vg — Vi)

€xy,1
€xy.2

Cxyk

€xx,k

Y1
Y2

Yk

(16.42)

AN

(16.43)

(16.44)
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where ey, ; = Zj (xij — Xi)(yj — ¥;)- Then, by (16.15), we obtain

exy, 1 / e)cx, 1

N 71 exy,Z/exx,Z
B=E_ e, = . . (16.45)

exy,k / exx,k

By analogy with (16.30), we obtain the sum of squares for the test of Hys in
(16.37) by subtracting SSE,.. for the full model from SSE,., for the reduced
model, that is, SSE(R),., — SSE(F),.,. For the full model in (16.38), SSE(F),., is
given by (16.18), (16.44), and (16.45) as

SSE(F)y.x = eyy — e;ryE;xl ey = ey — €, B

€xy, l/ex_x 1
exy2/ex_x2
= €yy — (exy,]a €xy,25 -+ -5 Exy, )
€xy, k/exxk
xyl
= e, — Z (16.46)
i—1 exxt

which has k(n — 1) — k = k(n — 2) degrees of freedom. The reduced model in which
Ho3: By = B, =+ = B, = B is true is given by (16.23), for which SSE(R),., is
found in (16.27) as

Q
S}

SSE(R)y., = ey, — e—’” (16.47)
XX

which has k(n — 1) — 1 degrees of freedom. Thus, the sum of squares for testing Hos is

k 62 ) 62,
SSE(R),., — SSE(F),., = Ze—y -, (16.48)

i=1

which has k(n — 1) — 1 — k(n — 2) = k — 1 degrees of freedom. The test statistic is

S ufewi— e k- 1)
F= SSE(F),.,/k(n — 2) ; (16.49)

which is distributed as F[k — 1, k(n — 2)] when Hy3: B = B, = - - - = [B; is true.
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If the hypothesis of equal slopes is rejected, the hypothesis of equal treatment
effects can still be tested, but interpretation is more difficult. The problem is some-
what analogous to that of interpretation of a main effect in a two-way ANOVA in
the presence of interaction. In a sense, the term B.x; in (16.38) is an interaction.
For further discussion of analysis of covariance with heterogeneity of slopes, see

ANALYSIS-OF-COVARIANCE

TABLE 16.2 Maturation Weight and Initial Weight (mg) of Guppy Fish

Feeding Group

1 2 3
y X y X y X
49 35 68 33 59 33
61 26 70 35 53 36
55 29 60 28 54 26
69 32 53 29 48 30
51 23 59 32 54 33
38 26 48 23 53 25
64 31 46 26 37 23

Reader (1973) and Hendrix et al. (1982).

Example 16.3. To investigate the effect of diet on maturation weight of guppy fish
(Poecilia reticulata), three groups of fish were fed different diets. The resulting
weights y are given in Table 16.2 (Morrison 1983, p. 475) along with the initial

weights x.

We first estimate (3, using x as a covariate. By the three results in (16.25), we have

e = 350.2857, ey, = 41271429, ey, = 1465.7143.

Then by (16.26), we obtain

We now test for equality of treatment means adjusted for the covariate,

L ey 4127143
=—=—=1.1782.
A e 350.2857

Hy: oy = ap = 3. By (16.27), we have

e (412.7143)*
SSE,, = e, — 2 — 1465.7143 — -~ 1290
yx = Oy T 350.2857
— 979.4453

with 17 degrees of freedom. By (16.29) and (16.33), we have

SST,., = 1141.4709
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with 19 degrees of freedom. Thus by (16.30), we have

SS(a|u, B) = SST,.x — SSE,., = 1141.4709 — 979.4453
= 162.0256

with 2 degrees of freedom. The F statistic is given in (16.31) as

SS(alwm, B)/(k — 1) 162.0256/2

= = = 1.4061.
SSE,./[k(n — 1) — 11  979.4453/17
The p value is .272, and we do not reject Hy: a) = ap = as.
To test Hy: B = 0, we use (16.36):
. e /en _ (412.7143)*/350.2857
SSE,../[k(n — 1) — 1] 979.4453/17

= 8.4401.

The p-value is .0099, and we reject Hy: B = 0.
To test the hypothesis of equal slopes in the groups, Hy: 8; = B, = 335, we first
estimate 3, 3,, and 35 using (16.45):

B, =.7903, B, =19851, ;= 8579.

Then by (16.46) and (16.47),

SSE(F),., = 880.5896, SSE(R),., = 979.4453.

The difference SSE(R),., — SSE(F),., is used in the numerator of the F statistic in
(16.49):

~(979.4453 — 880.5896)/2

880.5896/(3)(5) = -8420.

The p value is .450, and we do not reject Hy: By = B, = Bs. |

164 TWO-WAY MODEL WITH ONE COVARIATE

In this section, we discuss the two-way (balanced) fixed-effects model with one
covariate. The model was introduced in (16.6) as

Yijk = o+ i + ¥ + O + By + gk, (16.50)
i=12,...,a, j=1,2,...,¢c, k=1,2,...,n,
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where «; is the effect of factor A, Y is the effect of factor C, §; is the AC interaction
effect, and x;; is a covariate measured on the same experimental unit as y;j.

16.4.1 Tests for Main Effects and Interactions

In order to find SSE,.,, we consider the hypothesis of no overall treatment effect, that
is, no A effect, no C effect, and no interaction (see a comment preceding Theorem
14.4b). By analogy to (16.28), the reduced model is

Vi = 1+ By + & (16.51)

By analogy to (16.29), SSE for the reduced model is given by

[ o — % 00— 30|

a c n
i - AA
SSEw =D > (k=3 e G

i=1 j=1 k=1

_ )_Cm)z

2
= 2 Yo {Zi/’k e — %)Yy — i,)}
= Zyijk acn Zijk (xijk _ 3_5...)2

ijk

(16.52)

By analogy to (16.27), SSE for the full model in (16.50) is

2
[Zijk ek — X)) (Yie — yu)}
SSE,., = ik — 35" — X
y Uzk ’ ’ Zijk (xijge — xij‘)z

2
2 i — % (Ve — Vs
_ Zy%k B Zyi— [lek (xijk — Xij. )()’yk ylj.):| ’ (16.53)
y n Zl}k (xUk

ik i %)

which has ac(n — 1) — 1 degrees of freedom. Note that the degrees of freedom for
SSE,.; have been reduced by 1 for the covariate adjustment.
Now by analogy to (16.30), the overall sum of squares for treatments is

SS(a, 7y, 8| B) = SSEq — SSE,

2
y; y'2 {szk (xijk - )_Cij )¢ Yijk — )_)y)j|

= acn > G — 3.

[szk ik — X, (Vi — )7“_)]
Zijk (g — X...)z

: (16.54)

which has ac — 1 degrees of freedom.
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Using (14.47), (14.69), and (14.70), we can partition the term Y, y; /n — y /acn
in (16.54), representing overall treatment sum of squares, as in (14.40):

2 2

Yi. Y. _ S w3\ s s\

2}: ! —acn—an:(y,.. v.) +an§j:(y.,. y.)
+nY (B = =¥ +3)

= SSA, + SSC, + SSAC,. (16.55)

To conform with this notation, we define

SSEy = Y _ (i — ¥3.)"-
ijk

We have an analogous partitioning of the overall treatment sum of squares for x:

2

X5
Zi e = SSA, + SSC, + SSAC,, (16.56)

n

r acn
g

where, for example
SSAc=cny (n. —x.).
=1
We also define

SSE, = Y _ (e — X;)%.

ik

The “overall treatment sum of products” Zij X;j.yii./n — X.y. /acn can be parti-
tioned in a manner analogous to that in (16.55) and (16.56) (see Problem 16.8):

SO Tt oy Z (. — X (5. — )+ anzj: (. =X, —7.)

— p ac
i
+n E &y =X =X +X )Yy —¥i.—Y; +¥.)
ij

= SPA + SPC + SPAC. (16.57)
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We also define

SPE = > (xji — %) i — ¥y)-
ik

We can now write SSE,., in (16.53) in the simplified form

(SPE)®
SSE,.. = SSE, SSE. '
We display these sums of squares and products in Table 16.3.

We now proceed to develop hypothesis tests for factor A, factor C, and the inter-
action AC. The orthogonality of the balanced design is lost when adjustments are
made for the covariate [see comments following (16.34); see also Bingham and
Feinberg (1982)]. We therefore obtain a “total” for each term (A, C, or AC) by
adding the error SS or SP to the term SS or SP for each of x, y and xy (see the
entries for A+ E, C+ E, and AC + E in Table 16.3). These totals are analogous
to SSTy.. = SS(a|u, B) + SSE,., in (16.32) for the one-way model. The totals are
used to obtain sums of squares adjusted for the covariate in a manner analogous to
that employed in the one-way model [see (16.30) or the “treatments” line in
Table 16.1]. For example, the adjusted sum of squares SSA,., for factor A is obtained
as follows:

(SPA + SPE)’
A+ E),, = SSA E,—— = 16.
SS(A + E),.. = SSA, + SSE, SSA. + SSE. (16.58)
(SPE)?
SSE,, = SSE, — ~———, 16.5
4 Y SSE, (16.59)
SSA,. = SS(A + E),., — SSE,... (16.60)

From inspection of (16.58), (16.59), and (16.60), we see that SSA,., has a—1 degrees
of freedom. The statistic for testing Hy;: ) = ap = - - - = @, corresponding to the

TABLE 16.3 Sums of Squares and Products for x and y in a Two-Way Model

SS and SP Corrected for the Mean

Source y X Xy

A SSA, SSA, SPA

C SSC, SSC, SPC

AC SSAC, SSAC, SPAC
Error SSE, SSE, SPE
A+E SSA, + SSE, SSA, + SSE, SPA + SPE
C+E SSC, + SSE, SSC, + SSE, SPC + SPE
AC+E SSAC, + SSE, SSAC, + SSE, SPAC + SPE
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TABLE 16.4 Value of Crops y and Size x of Farms in Three Iowa Counties

County
1 2 3
Landlord—
Tenant y X y X y X
Related 6399 160 2490 90 4489 120
8456 320 5349 154 10026 245
8453 200 5518 160 5659 160
4891 160 10417 234 5475 160
3491 120 4278 120 11382 320
Not related 6944 160 4936 160 5731 160
6971 160 7376 200 6787 173
4053 120 6216 160 5814 134
8767 280 10313 240 9607 239
6765 160 5124 120 9817 320

Source: Ostle and Mensing (1975, p. 480).

main effect of A, is then given by

SSA,./(a—1)

= SSE,/lac(n — 1) — 1]’ (16.61)

which is distributed as Fla — 1, ac(n — 1) — 1] if Hy; is true. Tests for factor C and
the interaction AC are developed in an analogous fashion.

Example 16.4a. In each of three counties in Iowa, a sample of farms was taken from
farms for which landlord and tenant are related and also from farms for which
landlord and tenant are not related. Table 16.4 gives the data for y = value of
crops produced and x = size of farm.

We first obtain the sums of squares and products listed in Table 16.3, where factor
A is relationship status and factor C is county. These are given in Table 16.5, where,

TABLE 16.5 Sums of Squares and Products for x and y
SS and SP Corrected for the Mean

Source y X Xy

A 2,378,956.8 132.30 17,740.8

C 8,841,441.3 7724.47 249,752.8
AC 1,497,572.6 2040.20 41,440.3
Error 138,805,865 106,870 3,427,608.6
A+E 141,184,822 107,002.3 3,445,349.4
C+E 147,647,306 114,594.5 3,677,361.4

AC+E 140,303,437 108,910.2 3,469,048.9
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for example, SSA,=2378956.8, SSA,+ SSE,= 141,184,822, and SPAC +
SPE = 3,469,048.9.
By (16.58), (16.59), and (16.60), we have
SS(A + E),., = 30,248,585, SSE,., = 28,873,230,
SSA,, = 1,375,355.1.

Then by (16.61), we have

_ SSA,/(a—1)
~ SSE,./lac(n — 1) — 1]

_1,375,355.1/1  1,375,355.1

F

= = = 1.0956.
28,873,230/23  1,255,357.8
The p value is .306, and we do not reject Hy: o) = .
Similarly, for factor C, we have
766,750.1/2
=———"—=.3054
1,255,357.8 305
with p = .740. For the interaction AC, we obtain
932,749.5/2
=————" = 73715
1,255,357.8
with p = .694. [l

16.4.2 Test for Slope

To test the hypothesis Hy;: 8 = 0, the sum of squares due to 3 is (SPE)2 /SSE,, and
the F statistic is given by

_ (SPE)’/SSE,

~ SSE,./lac(n —1)— 11’

F (16.62)

which (under H, and also Hyz below) is distributed as F[1, ac(n — 1) — 1].

Eample 16.4b. To test Hy: 8 = 0 for the farms data in Table 16.4, we use SPE and
SSE, from Table 16.5 and SSE,., in Example 16.4a. Then by (16.62), we obtain

_ (SPE)’/SSE,
~ SSE,./[ac(n — 1) — 1]

~ (3,427,608.6)* /106,870
o 1,255,357.8

F

= 87.5708.

The p value is 2.63 x 107, and Hy: 8 = 0 is rejected. (]
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16.4.3 Test for Homogeneity of Slopes

The test for homogeneity of slopes can be carried out separately for factor A, factor C,
and the interaction AC. We describe the test for homogeneity of slopes among the
levels of A. The hypothesis is

Hy: By =B, =" =By
that is, the regression lines for the a levels of A are parallel. The intercepts, of course,

may be different. To obtain a slope estimator Bi for the ith level of A, we define SSE,
and SPE for the ith level of A:

SSEni= > > (i — %)% SPE; = (uj — %)y —¥;).  (16.63)

j=1 k=1 Jjk
Then S; is obtained as

. SPE;
! SSE,;’

and the sum of squares due to f3; is (SPE,)? /SSE,.
By analogy to (16.46), the sum of squares for the full model in which the 3;’s are
different is given by

4. (SPE;)?

SS(F) = SSE, — :
£~ 'SSE,;

and by analogy to (16.47), the sum of squares in the reduced model with a common
slope is

(SPE)?
SS(R) =SSE, — ——.
®) " SSE,
Our test statistic for Hyz: 8, = B, = -+ = 3, is then similar to (16.49):

_ [SS(R) — SS(F)l/(a—1)

~ SS(F)/lac(n — 1) — 1]

 [>CL, (SPE))*/SSE,; — (SPE)*/SSE,] /(a — 1)
 [SSE, — 3¢, (SPE;)*/SSE, ;1/lac(n — 1) — a]’

(16.64)

which (under Hys) is distributed as Fla — 1,ac(n — 1) — a]. The tests for homo-
geneity of slopes for C and AC are constructed in a similar fashion.
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Example 16.4c. To test homogeneity of slopes for factor A, we first find Bl and 32
for the two levels of A:

_ SPE; _ 2,141,839.8

B, — — = 34.9066
A SSE,;  61,359.2 ’
. SPE, 1,285,768.8
27 SSE., 45,5108
Then
SS(F) = SSE 22: (SPE) _ 27,716,088.7
Y 4 SSE,, T
~ (SPEY*
SS(R) = SSE, — ¢ o 28,873,230.

The difference is SS(R)— SS(F) = 1,157,140.94. Then by (16.64), we obtain

1,157,140.94/1
F=——"———=9I85.
27,716,088.7/22

The p value is .348, and we do not reject Hy: B, = f3,.
For homogeneity of slopes for factor C, we have

B, =23.2104, B, =750.0851, pB;=31.6693,

~9,506,034.16/2

_ —5.1537
19,367,195.5/21

with p = .0151. O

16.5 ONE-WAY MODEL WITH MULTIPLE COVARIATES

16.5.1 The Model

In some cases, the researcher has more than one covariate available. Note, however,
that each covariate decreases the error degrees of freedom by 1, and therefore the
inclusion of too many covariates may lead to loss of power.

For the one-way model with g covariates, we use (16.4):

i = B+ @i+ Bixip + BoXip + -+ Byijg + &

= [.L+ o +leij+8ij’ (1665)
i=1,2,..,k j=12...,n
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where B/ = (B,, Bs, - - -, B,) and X;; = (xjj1, X2, - - ., Xyg)'. For this model, we wish to
test Hyj: ) = ap = - -+ = oy and Hyp: B = 0. We will also extend the model to allow

for a different 8 vector in each of the k groups and test equality of these 8 vectors.
The model in (16.65) can be written in matrix notation as

y=Za+ XL+ &,

where Z and « are given following (16.3) and Xf3 is as given by (16.5):

X X2 o Xig By
X121 X2 o Xiag B>
XB = .
Xknl  Xkn2  *° Xkng Bq

The vector y is kn x 1 and the matrix X is kn x g. We can write y and Xf3 in parti-
tioned form corresponding to the k groups:

Y X
\f) X5

y=| .| XB=| . |B (16.66)
Vi X

where
Yil Xitr - Xtz Xilg
Yi2 X1 X2t Xig
y; = and X; =
Yin Xinl  Xin2  *° Xing

16.5.2 Estimation

We first obtain E,,, e,,, and e,, for use in B and SSE,... By (16.16), E,, can be
expressed as

E. = X'(I-P)X.

Using X partitioned as in (16.66) and I —P in the form given in (16.40), E,, becomes

k
o1
E. = ;X" (IZJ>X,~ (16.67)
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(see Problem 16.10). Similarly, using y partitioned as in (16.66), e, is given by
(16.16) as

k

1

ey = X(I— Py = Zx; (1 — ;J) Y, (16.68)
i=1

By (16.19) and (16.40), we have

k
1
ey =y(A—Ply= Zy; (I — nJ> Y- (16.69)
=1

14

The elements of E,,, e,,, and e, are extensions of the sums of squares and products
found in the three expressions in (16.25).

To examine the elements of the matrix E, we first note that I — (1/n)J is
symmetric and idempotent and therefore X[I — (1/n)J)]1X; in (16.67) can be
written as

X/ — (1/md)X; = XX — (1/n)3) A — (1/n)DX;

i (16.70)
= XCiXCia
where X,; = [I — (1/n)J]X; is the centered matrix
Xitl —Xi1 X2 —Xi2 0 Xilg — Xig
Xipl —Xi1 X2 —Xi2 0 Xig — Xig
X, = (16.71)
Xinl — Xil X2 —Xi2  c Xing — Xig

[see (7.33) and Problem 7.15], where X;,, for example, is the mean of the second
column of X;, that is, x;, = Z:;l Xip /n. By Theorem 2.2¢(i), the diagonal elements
of X/ X,; are

> G =X’ r=12....q, (16.72)
=1
and the off-diagonal elements are

Z (xijr - )_Ci.r)(xijs — Xiss), r#s. (16.73)
J=1

By (16.67) and (16.72), the diagonal elements of E, are

k n
YD Gy —x) r=12...4, (16.74)
1

i=1 j=
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and by (16.67) and (16.73), the off-diagonal elements are
k n
Z Z (xijr - XLr)(xijs —Xis), T #S. (16.75)

i=1 j=1

These are analogous to ey, = Zu (xij — %)% in (16.25).
To examine the elements of the vector e,,, we note that by an argument similar to
that used to obtain (16.70), X;[I — (1/m)J1y; in (16.68) can be written as

XI{I— (1/m)d)y; = X0 — (1/mdT[1 = (1/m)I]y; = XLy,

where X; is as given in (16.71) and

Yit =i

Yi2 = )i
Yo = .

Yin — Ji.

with y; = 7", v;/n. Thus the elements of X,y,; are of the form

Z(xijrfxi,r)(yij*yil) r = 1,2,...,(,],
Jj=1

and by (16.68), the elements of e, are

k n
DY G —Ey =) r=12,....q
i=1 j=1

Similarly, e,, in (16.69) can be written as

k
ew =y, <1 - %J) (1 - —J) Zyc,ya

i=1
(16.76)

n

k
=D Gi—y)

i=1 j=1

By (16.15), we obtain
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where E,, is as given by (16.67) and e, is as given by (16.68). Likewise, by (16.18),
we have

SSEy. = ey — € E ey, (16.77)

where ey, is as given in (16.69) or (16.76). The degrees of freedom of SSE,., are

k(n—1) —q.
By (16.11) and (13.12), we obtain

& — (22 ZXB

& =
0 0 0
Y. Bxi. . — B,
_ || Bx. | 5 -B% (16.78)
k. Bxi. %~ B

i — (Bixiy + Bo¥ia + - + BEiy)
V2. — (Bix2q + 325.62‘2 + o ByXag) - (16.79)

Yo — (BiXea + BoXea + -+ + ByXig)

16.5.3 Testing Hypotheses
16.5.3.1 Treatments
To test

Hoypoay=ap ==

adjusted for the g covariates, we use the full-reduced-model approach as in Section
16.3.3.1. The full model is given by (16.65), and the reduced model (with

= =---=q=aqa)is
Yi = pt o+ Bxi+e;
= u' + Bx; + &y, (16.80)
which is essentially the same as the multiple regression model (7.3). By (7.37) and

(7.39) and by analogy with (16.33),

SSEr = SSTyx = fyy — 1, Ty, (16.81)
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where 1, is
Z 5\
tyy = (yij -y,
7

the elements of t,, are

D G =X =) r=12....4

and the elements of T,, are

Z(xijr_x.r)(xijs_xs)a r= 1,2,~~55], s = 1,2,~~,6]~
7

Thus, by analogy with (16.30), we use (16.81) and (16.77) to obtain

SS(a|a, B) = SSTyx — SSE,.,
=ty — Tty — ey + € E ey

Xy XX

=Y =3 =D = ) — Tt e E ey
ij ij

469

=n) G, -3 — Tty + € E ey, (16.82)

which has k—1 degrees of freedom (see Problem 16.13). We display these sums of

squares and products in Table 16.6.
The test statistic for Hpj:ap = ap = --- = oy 18

SS(alu, B)/k — 1)

= > (16.83)
SSE,../[k(n — 1) — g1
which (under Hy,) is distributed as F[k — 1,k(n — 1) — q].
TABLE 16.6 Analysis-of-Covariance Table for Testing Hy;: oy = a; = -+ - = ay in
the One-Way Model with ¢ Covariates
Source SS Adjusted for the Covariate Adjusted df
Treatments SS(alu, B) = SSTy.. — SSEy.« k—1
Error SSE,., = ey, — e;),E;xl ey kn—1)—g¢q

Total SSTyx = tyy — £ Tty kn—q—1

Xy XX
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16.5.3.2 Slope Vector
To test

Hp: B =0,
the sum of squares is given by (16.22) as
SSH = € E_ e,
where E,, is as given by (16.67) and e,, is the same as in (16.68). The F statistic is
then

Fo e;cyE;xl ey/q
SSE,./[k(n — 1) — q] ’

(16.84)

which is distributed as Flg, k(n — 1) — q] if Hpp: B = 0 is true.

16.5.3.3 Homogeneity of Slope Vectors

The tests of Hyj: o = ap = --- = o and Hyp: B = 0 assume a common coefficient
vector 3 for all k£ groups. To check this assumption, we can extend the model (16.65)
to obtain a full model allowing for different slope vectors:

Vi=pAai+Bxj+en, i=12....k j=12,...,n (16.85)

The reduced model with a single slope vector is given by (16.65). We now develop a
test for the hypothesis

Hy: By =B, == By,

that is, that the k regression planes (for the k treatments) are parallel.
By extension of (16.46) and (16.47), we have

k
SSE(F)yc = ey — >_ € E ey, (16.86)
i=1

SSE(R),., = ey, — €. .E ey, (16.87)

Xy

where
E..,= X;[I —(1/mJ1X; and e, ;= X;[I — (1/m)Jy;

are terms in the summations in (16.67) and (16.68). The degrees of freedom
for SSE(F),. and SSE(R),., are k(n —1) —kg=k(n —q—1) and k(n — 1) — g,
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respectively. Note that SSE(R),., in (16.87) is the same as SSE,., in (16.77). The
estimator of ; for the ith group is

B =E_ e, (16.88)
By analogy to (16.48), the sum of squares for testing Hpz: B; = B, = -+ = B, is
SSE(R),.. — SSE(F),., = Y1, ey B eq.i — €, E e, which has k(n—1)—

q — [k(n — 1) — kq] = g(k — 1) degrees of freedom. The test statistic for Hys: B, =
B,=-=Bis

_ [SSE(R),., — SSE(F),..]/q(k — 1)
F= SSE(F),./kn—q—1) (16.89)

which is distributed as F[g(k — 1), k(n — g — 1)] if Hys is true. Note that if n is not
large, n—qg—1 may be small, and the test will have low power.

Example 16.5. In Table 16.7, we have instructor rating y and two course ratings x;
and x; for five instructors in each of three courses (Morrison 1983, p. 470).
We first find B and SSE,.,. Using (16.67), (16.68), and (16.69), we obtain

1.0619 0.6791 1.0229
B = <0.6791 1.2363)’ Co = (1_9394) ey = 3.6036.

Then by (16.15), we obtain

o o1 [ —0.0617
B=E. exy( 1.6026 )

By (16.77) and (16.81), we have

SSE,, = .5585,  SST,., = .7840.

TABLE 16.7 Instructor Rating y and Two Course Ratings x;
and x, in Three Courses

Course
1 2 3
y X X2 y X X2 y X X2

214 271 250 277 229 245 111 174 1.82
134 200 195 123 1.83 1.64 241 219 254
250 266 269 137 178 183 174 140 223
140 280 200 152 218 224 1.15 180 1.82
190 238 230 181 214 211 1.66 217 235
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Then by (16.82), we see that
SS(a|u, B) = SSTy.. — SSE,., = .2254.

The F statistic for testing Hy: @) = ap = a3 is given by (16.83) as

_ SS(e|u.B)/(k—1) _ 2254/2 -
= SSE,./lk(n — 1) —q] _ 5585/10  ~018% P =184

To test Hyy: 3 = 0, we use (16.84) to obtain

_ e;ryE);cl ey/q
SSE,../[k(n — 1) — g]

=27.2591, p=895x%x107"°.

Before testing homogeneity of slope vectors, Hy: 3, = B, = [3;, we first obtain
estimates of 3;, B,, and B; using (16.88):

B —E <.4236 .1900)“ <.2786) <—0.0467>
= [ — — ,
P Pt Be b 1900 .4039 6254 1.5703

B - 2037 2758\ '/ .4370 —0.1781
27\ 2758 4161 6649 1.7159 )°
B 4346 2133\ ' /.3073 —0.0779
372133 4163 6492 1.5993 )

Then by (16.86) and (16.87), we obtain

3
SSE(F)y. = eyy — > _ € E e, i = 55725,

i=1

SSE(R),., = e,y — €, E.'e,, = .55855.

Xy xx
The F statistic for testing Hy: B, = B, = B; is then given by (16.89) as

N SSE(F),../k(n —q — 1)
0012993 /4
- .55725/6

= .003498.
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16.6 ANALYSIS OF COVARIANCE WITH UNBALANCED MODELS

The results in previous sections are for balanced ANOVA models to which covariates
have been added. The case in which the ANOVA model is itself unbalanced before
the addition of a covariate was treated by Hendrix et al. (1982), who also discussed
heterogeneity of slopes. The following approach, based on the cell means model of
Chapter 15, was suggested by Bryce (1998).

For an analysis-of-covariance model with a single covariate and a common slope
B, we extend the cell means model (15.3) or (15.18) as

y:(W,x)<g)+8:Wu+,Bx+£. (16.90)
This model allows for imbalance in the n;’s as well as the inherent imbalance in
analysis of covariance models [see Bingham and Feinberg (1982) and a comment
following (16.34)]. The vector m contains the means for a one-way model as in
(15.2), a two-way model as in (15.17), or some other model. Hypotheses about
main effects, interactions, the covariate, or other effects can be tested by using

contrasts on (g) as in Section 15.3.

The hypothesis Hp:B8=0 can be expressed in the form
Hyp:©,...,0, 1)<”) = 0. To test Hypp, we use a statistic analogous to (15.29) or

B
(15.32). To test homogeneity of slopes, Hps: B; = B, = --- = B; for a one-way
model (or Hy: 3 = B, = --- = B, for the slopes of the a levels of factor A in a
two-way model, and so on), we expand the model (16.90) to include the B;’s

y_(w,wx)<§> +e=Wn+W,B+e, (16.91)
where B = (By, B,, - . ., By) and W, has a single value of x;; in each row and all other
elements are Os. (The x; in W, is in the same position as the corresponding 1 in W.)
Then Hps: B; = B, =+ = B; can be expressed as Hps: (O, C)(g) =CB=0,

where C is a (k— 1) X k matrix of rank £ — 1 such that Cj = 0. We can test
Hys: CB = 0 using a statistic analogous to (15.33).

Constraints on the u’s and the ’s can be introduced by inserting nonsingular
matrices A and A, into (16.91):

y=WA'Ap+ WA 'A, B+ e (16.92)

The matrix A has the form illustrated in (15.37) for constraints on the u’s. The matrix
A, provides constraints on the 3’s. For example, if

_(¥
Ax— (C)’
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where C is a (k — 1) X k matrix of rank k — 1 such that Cj = 0 as above, then the
model (16.92) has a common slope. In some cases, the matrices A and A, would
be the same.

PROBLEMS

16.1

16.2

16.3
16.4
16.5

16.6

16.7

16.8

16.9

16.10

16.11
16.12
16.13
16.14

Show that if the columns of X are linearly independent of those of Z, then
X'(I — P)X is nonsingular, as noted preceding (16.14).

(a) Show that SSE, ., = e,, — e;yE);l ey, as in (16.18).

(b) Show that ey, = y'(I — P)y as in (16.19).

Show that for Hy: B = 0, we have SSH = B'X'(I — P)Xp as in (16.21).
Show that & = (0, 3, — B%1.,...,y, — Bx%.) as in (16.24).

Show that e,, = sz (x; — %), ey = EU (i — X )y —¥;), and ey, =
Zly (yij — y;)?, as in (16.25).

(a) Show that E,, has the form shown in (16.41).

(b) Show that e,, has the form shown in (16.43).

Show that the sums of products in (16.52) and (16.53) can be written as
> i Ceie = X ) — ¥ii) = D Xy — n D X ¥y and Y O — X))
(e = ¥..) = D XijeVijke — ACnx.y. .

Show that the “treatment sum of products” Zu X;j.yij./n —x.y. /acn can be
partitioned into the three sums of products in (16.57).

(a) Express the sums of squares and test statistic for factor C in a form ana-
logous to those for factor A in (16.58), (16.60), and (16.61).

(b) Express the sums of squares and test statistic for the interaction AC in a
form analogous to those for factor A in (16.58), (16.60), and (16.61).

(a) Show that E,, = ZL X! — (1/n)J1X; as in (16.67).

(b) Show that e, = S5 | X![1 — (1/n)J]y; as in (16.68).

(c) Show that ey, = Zf;l yiI — (1/n)dy; as in (16.69).

Show that the elements of X X, are given by (16.72) and (16.73).

Show that & has the form given in (16.78).

Show that Y (v —¥.)* = >, (v — 3.0 =n >, (5, —¥.) as in (16.82).

In Table 16.8 we have the weight gain y and initial weight x of pigs under
four diets (treatments).

(a) Estimate B.

(b) Test Hy: oy = ap = a3 = g using F in (16.31).
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TABLE 16.8 Gain in Weight y and Initial Weight x
of Pigs

Treatment

y x y x y x y x

165 30 180 24 156 34 201 41
170 27 169 31 189 32 173 32
130 20 171 20 138 35 200 30
156 21 161 26 190 35 193 35
167 33 180 20 160 30 142 28
151 29 170 25 172 29 189 36

Source: Ostle and Malone (1988, p. 445).

(c) Test Hy: B = 0 using F in (16.36).
(d) Estimate 3;, ,, B5, and B, and test homogeneity of slopes Hy: 3, =
B, = B3 = B, using F in (16.49).

In a study to investigate the effect of income and geographic area of residence
on daily calories consumed, three people were chosen at random in each of
the 18 income—zone combinations. Their daily caloric intake y and age x are
recorded in Table 16.9.

(a) Obtain the sums of squares and products listed in Table 16.3, where zone
is factor A and income group is factor C.

(b) Calculate SS(A + E),.., SSE,.,, and SSA,., using (16.58), (16.59), and
(16.60). For factor A calculate F' by (16.61) for Hy: o) = ap = as.
Similarly, obtain the F statistic for factor C and the interaction.

(¢) Using SPE, SSE,, and SSE,., from parts (a) and (b), calculate the F stat-
istic to test Hy: B8 = 0.

(d) Calculate the separate slopes for the three levels of factor A, find SS(F)
and SS(R), and test for homogeneity of slopes. Repeat for factor C.

In a study to investigate differences in ability to distinguish aurally between
environmental sounds, 10 male subjects and 10 female subjects were
assigned randomly to each of two levels of treatment (experimental and
control). The variables were x = pretest score and y = posttest score on audi-
tory discrimination. The data are given in Table 16.10.

We use the posttest score y as the dependent variable and the pretest score x
as the covariate. This gives the same result as using the gain score (post—pre)
as the dependent variable and the pretest as the covariate (Hendrix et al.
1978).

(a) Obtain the sums of squares and products listed in Table 16.3, where treat-
ment is factor A and gender is factor C.
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TABLE 16.9 Caloric Intake y and Age x for People
Classified by Geographic Zone and Income Group

Zone 1 Zone 2 Zone 3
Income
Group y X y X y X
1 1911 46 1318 80 1127 74

1560 66 1541 67 1509 71
2639 38 1350 73 1756 60

2 1034 50 1559 58 1054 83
2096 33 1260 74 2238 47
1356 44 1772 44 1599 71

3 2130 35 2027 32 1479 56
1878 45 1414 51 1837 40
1152 59 1526 34 1437 66

4 1297 68 1938 33 2136 31
2093 43 1551 40 1765 56
2035 59 1450 39 1056 70

5 2189 33 1183 54 1156 47
2078 36 1967 36 2660 43
1905 38 1452 53 1474 50

6 1156 57 2599 35 1015 63
1809 52 2355 64 2555 34
1997 44 1932 79 1436 54

Source: Ostle and Mensing (1975, p. 482).

TABLE 16.10 Pretest Score x and Posttest Score y on
Auditory Discrimination

Male Female

Exp.? Control Exp. Control

x y x y X y x y

58 71 35 49 64 71 68 70
57 69 31 69 39 71 52 64
63 71 54 69 69 71 53 67
66 70 65 65 56 76 43 63
45 65 54 63 67 71 54 63
51 69 37 55 39 65 35 53
62 69 64 66 32 66 62 65
58 66 69 69 62 70 67 69
52 61 70 69 64 68 51 68
59 63 39 57 66 68 42 61

“Experimental.
Source: Hendrix (1967, pp. 154-157).
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TABLE 16.11 Initial Age x;, Initial Weight x,, and Rate of Gain y of 40 Pigs

Treatment 1 Treatment 2 Treatment 3 Treatment 4

X1

X2 y X1 X2 y X1 X2 y X1 X2 y

78
90
94
71
99
80
&3
75
62
67

61 1.40 78 74 1.61 78 80 1.67 77 62 1.40
59 1.79 99 75 1.31 83 61 1.41 71 55 1.47
76 1.72 80 64 1.12 79 62 1.73 78 62 1.37
50 1.47 75 48 1.35 70 47 1.23 70 43 1.15
61 1.26 94 62 1.29 85 59 1.49 95 57 1.22
54 1.28 91 42 1.24 83 42 1.22 96 51 1.48
57 1.34 75 52 1.29 71 47 1.39 71 41 1.31
45 1.55 63 43 1.43 66 52 1.39 63 40 1.27
41 1.57 62 50 1.29 67 40 1.56 62 45 1.22
40 1.26 67 40 1.26 67 40 1.36 67 39 1.36

Source: Snedecor and Cochran (1967, p. 440).

16.17

(b) Calculate SS(A + E),.,, SSEy., and SSA,., using (16.58), (16.59), and
(16.60). For factor A calculate F by (16.61) for Hjy: o) = .
Similarly, obtain the F statistic for factor C and the interaction.

(¢) Using SPE, SSE,, and SSE, ., from parts (a) and (b), calculate the F stat-
istic to test Hy: B8 = 0.

(d) Calculate the separate slopes for the two levels of factor A, find SS(F)
and SS(R), and test for homogeneity of slopes. Repeat for factor C.

In an experiment comparing four diets (treatments), the weight gain y

(pounds per day) of pigs was recorded along with two covariates, initial

age x; (days) and initial weight x, (pounds). The data are presented in

Table 16.11.

(a) Using (16.67), (16.68), and (16.69), find E,,, e,,, and e,,. Find i%

(b) Using (16.77), (16.81), and (16.82), find SSE,.,, SST,., and SS(e|u, B).
Then test Hy: @) = oy = a3 = ay, adjusted for the covariates, using the
F statistic in (16.83).

(c) Test Hy: B = 0 using (16.84).

(d) Find B;, B,, Bs, and B, using (16.88). Find SSE(F),, and SSE(R), .,
using (16.86) and (16.87). Test Hy: 3, = 3, = B3 = B, using (16.89).



17 Linear Mixed Models

17.1 INTRODUCTION

In Section 7.8 we briefly considered linear models in which the y variables are
correlated or have nonconstant variances (or both). We used the model

y=XB+e E@E)=0, cov(e)=3 =0V, (17.1)

where V is a known positive definite matrix, and developed estimators for B in (7.63)
and o in (7.65). Hypothesis tests and confidence intervals were not given, but they
could have been developed by adding the assumption of normality and modifying the
approaches of Chapter 8 (see Problems 17.1 and 17.2).

Correlated data are commonly encountered in practice (Brown and Prescott 2006,
pp- 1-3; Fitzmaurice et al. 2004, p. xvi; Mclean et al. 1991). We can use the methods
of Section 7.8 as a starting point in approaching such data, but those methods are
actually of limited practical use because we rarely, if ever, know V. On the other
hand, the structure of V is often known and in many cases can be specified up to rela-
tively few unknown parameters. This chapter is an introduction to linear models for
correlated y variables where the structure of 3 = o>V can be specified.

17.2 THE LINEAR MIXED MODEL

Nonindependence of observations may result from serial correlation or clustering of
the observations (Diggle et al. 2002). Serial correlation, which will not be discussed
further in this chapter, is present when a time- (or space-) varying stochastic process is
operating on the units and the units are repeatedly measured over time (or space).
Cluster correlation is present when the observations are grouped in various ways.
The groupings might be due, for example, to repeated random sampling of subgroups
or repeated measuring of the same units. Examples are given in Section 17.3. In many
cases the covariance structure of cluster-correlated data can be specified using an

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
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extension of the standard linear model (7.4) resembling the partitioned linear model
(7.78). If y is an n x 1 vector of responses, the model is

y=XB+Za+Zra,+ ---+7Zy,a, + & (17.2)

where E(g) = 0 and cov(e) = 0'21,, as usual. Here X is an n x p known, possibly non-
full-rank matrix of fixed predictors as in Chapters 7, 8, 11, 12, and 16. It could be
used to specify a multiple regression model, analysis-of-variance model, or analysis
of covariance model. It could be as simple as vector of 1s. As usual, Bis an n x 1
vector of unknown fixed parameters.

The Z;’s are known n X r; full-rank matrices of fixed predictors, usually used to
specify membership in the various clusters or subgroups. The major innovation in
this model is that the a;’s are r; x 1 vectors of unknown random quantities similar
to £. We assume that E(a;) = 0 and cov(a;) = O'iZI,/. fori=1,...,m. For simplicity
we further assume that cov(a;,a)) = O for i # j, where O is r; X r;, and that
cov(a;, €) = O for all i, where O is r; X n. These assumptions are often reasonable
(McCulloch and Searle 2001, pp. 159-160).

Note that this model is very different from the random-x model of Chapter 10.
In Chapter 10 the predictors in X were random while the parameters in B were
fixed. Here the opposite scenario applies; predictors in each Z; are fixed while the
elements of a; are random. On the other hand, this model has much in common
with the Bayesian linear model of Chapter 11. In fact, if the normality assumption
is added, the model can be stated in a form reminiscent of the Bayesian linear
model as

yla,a, ...,a, is N,XB+Zia, +Zoar + - + Za,, 0%1,),
a, is N,(0,07°1,) fori=1,...,m.

The label linear mixed model seems appropriate to describe (17.2) because the
model involves a mixture of linear functions of fixed parameters in 8 and linear func-
tions of random quantities in the a;’s. The special case in which X = j (so that there is
only one fixed parameter) is sometimes referred to as a random model. The o;’s
(including %) are referred to as variance components.

We now investigate E(y) and cov(y) = % under the model in (17.2).

Theorem 17.2. Consider the model y = X3 + Z:”:l Z;a; + &, where X is a known
n X p matrix, the Z;’s are known n x r; full-rank matrices, 8 is a p x 1 vector of
unknown parameters, € is an n X 1 unknown random vector such that E(g) = 0
and cov(g) = o?I,, and the a's are r; x 1 unknown random vectors such that
E(a;) = 0 and cov(a;) = (rizlri. Furthermore, cov(a;, a;) = O for i # j, where O is
ri X rj, and cov(a;, €) = O for all i, where O is r; x n. Then E(y) = X and
cov(y) =3 =", 0?ZZ. + 0’1,.
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Proor

E(y)=E (XB +) Za+ e>
i=1
:XB—FE(IZZ,a,—&— 8)

i=1

=XB+ > ZE(a) + E(e) [by (3.21)and (3.38)]
i=1

L

=XB.

cov(y) = cov <XB + i Za; + 8)

i=1

m
= cov (Z Za; + 8)
i=1
m
= cov(Z;a;) + cov(e) + Z cov(Z;a;, Z;a;)
i=1 i#j
m

cov(e, Z;a;) [see Problem 3.19]
=1

l

+ Z cov(Z;a;, €)+
i=1

12

=Y Zicov(a,))Z: + cov(e) + Z Z;cov(a;, aj)Z]’-
i=1 i#]

Zicov(a;, £) + Zcov(e, ai)Z§ [by Theorem 3.6d and Theorem 3.6¢]
1 i=1

+

m
i=

0L+ o1, 0

m
i=1

Note that the z’s only enter into the covariance structure while the x’s only determine
the mean of y.

17.3 EXAMPLES

We illustrate the broad applicability of the model in (17.2) with several simple
examples.

Example 17.3a (Randomized Blocks). An experiment involving three treatments
was carried out by randomly assigning the treatments to experimental units within
each of four blocks of size 3. We could use the model

Yij = M+ T+ a; + &y,
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where i =1,...,3,j=1,...,4, a; is N(0, a}), &; is N(0, a%), and cov(a;, &) = 0.
If we assume that the observations are sorted by blocks and treatments within
blocks, we can express this model in the form of (17.2) with

R € iz 03 03 03
| R € 0; j3 05 03
m=1,X= |1 , and Z; = ;
iz I3 : 0; 05 j; 03
iv I 0; 05 03 js5
Then
3, O O O
O X 0 O
P 2
o=0"Z + o1, = ,
WAVA 12 0 03 O
O 0O 0 3
0'12 + o2 012 0'12
where X = a? ol +o? a?
0'12 012 012 +0?

Example 17.3b (Subsampling). Five batches were produced using each of two pro-
cesses. Two samples were obtained and measured from each of the batches.
Constraining the process effects to sum to zero, the model is

Yije = M T + ai + ik,
wherei=1,2;j=1,...,5 k=1,2; » = —7; a; is N(0, 03); & is N(0, 0°); and
cov(ay, i) = 0. If the observations are sorted by processes, batches within pro-
cesses, and samples within batches, we can put this model in the form of (17.2) with

i 0 - 0,
. . 0 j, - 02
m1,X<J.1° J{O) and Z, =

Jio —Jio : : :

0, 0, - j,
Hence

3, O --- O

o3 - O
S=0{ZZ, + 0= . . |

O 0O .- 3

2 2 2
gy +0 o
where 21< ! 5 ! )

aj 0'12 + o?
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Example 17.3c (Split-Plot Studies). A 3 x 2 factorial experiment (with factors A
and B, respectively) was carried out using six main units, each of which was subdi-
vided into two subunits. The levels of A were each randomly assigned to two of the
main units, and the levels of B were randomly assigned to subunits within main units.
An appropriate model is

Yije = e+ T + 0 + 0 + aic + €

where i=1,...,3;j=1,2k=1,2ay is NO, o1%); ey is NO,o? and
cov(ai, gjx) = 0. If the observations are sorted by levels of A, main units within
levels of A, and levels of B within main units, we can express this model in the
form of (17.2) with

1 1001 01 0O0O0OO0ODO
1 10001 01O0O0O0O0
1 1001 01 0O0O0OO0ODO
1 10001 01O0O0O0O0
1 01 01 0O0O0OTUO0OO0OO
mzl,leOlOOlOOOlOO,and
1 01 01 0O0O0OTUO0OO0OO
1 01 001 0O0O0OT1TTUO0OO
1 001 1 000O0O0OT1O
1 001 01 0O0O0O0OO0O1
1 001 1 00O0O0OOT1O
1 001 01 0O0O0O0OTO 01
1 0 00 00O
1 000 00O
01 0 0 00O
01 0 0 00O
001 0 00O
Zl:001000
00 01 00
00 01 00
00 0 010
000 O0T1PO
00 0 0 01
00 0 0 01
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Then
3, 0O --- O
o 3 -~ 0
S =0’ Z) + 7’1 = |, where
o) 3

s _ 012—|—02 0'12
! 0'12 0'12+0'2 .

Example 17.3d (One-Way Random Effects). A chemical plant produced a large
number of batches. Each batch was packaged into a large number of containers.
We chose three batches at random, and randomly selected four containers from
each batch from which to measure y. The model is

Yi = M+ ai + &,
wherei=1,...,3;j=1,...,4; a;is N, 01%); g is N(0, o0?); and cov(aj, g;5) = 0.

If the observations are sorted by batches and containers within batches, we can
express this model in the form of (17.2) with

ja 04 04
m=1,X=jp and Z; = | 04 j, 04
0, 04 jy
Thus
21 (0] (0)
=0 ZZ +l, = O X O |, where
0O 0 3
0'12 + o2 012 0'12 0'12
3, = 0'12 o’ +o? 0'12 0'12
0'12 012 0'12 + o2 0'12
0'12 0'12 0'12 o2+ o?

Example 17.3e (Independent Random Coefficients). Three pups from each of
four litters of mice were used in an experiment. One pup from each litter was
exposed to one of three quantitative levels of a carcinogen. The relationship
between weight gain (y) and carcinogen level is a straight line, but slopes and
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intercepts vary randomly and independently among litters. The three levels of the
carcinogen are denoted by x. The model is

yij = Bo + ai + By + bixj + &,

wherei=1,...,4;j=1,...,3; a;is N(O, 0\%); b; is N(0, 0»°); g is N(0, 0?), and
all the random effects are independent. If the data are sorted by litter and carcinogen
levels within litter, we can express this model in the form of (17.2) with

i x is 0s
i x 0; Jjs
m=2,X=1". L =

Js X ! 03 03
is x 0; 0;

X 03 03 03

o 03 X 03 03

Z2 o 03 03 X 03

03 03 03 X

Then
S =0’ Z) + P LT, + 0Pl =
where 3 = 02J; + on’xx’ + o ’1;.

03
03
is
03

03

03

E and

i3

O O O
3, 0 O
o X O]}
O 0

O

Example 17.3f (Heterogeneous Variances). Four individuals were randomly
sampled from each of four groups. The groups had different means and different

variances. We assume here that o2 = 0. The model is

Vi = Mi + &ijs

wherei=1,...,4;j=1,...,4; g;is N(O, 0;%). If the data are sorted by groups and
individuals within groups, we can express this model in the form of (17.2) with

14 14
1 (0]
m=ax=|"|, z=|"| z

14 (O
14 Oy

(O

0Oy

and Z4 =
(O

(O Oy
I O
! , Ly = ! ,
(O 1y
0Oy Oy
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Hence
(03] 2 14 04 04 04
04 (o) 2 I4 04 04
04 04 g3 2 I4 04
04 04 04 gy 2 14
(|

S = 0'12Z1le + 0'22Z2Z/2 + 0’3ZZ3Zg + 0'42Z4Z2 =

These models can be generalized and combined to yield a rich set of models appli-
cable to a broad spectrum of situations (see Problem 17.3). All the examples involved
balanced data for convenience of description, but model (17.2) applies equally well to
unbalanced situations. Allowing the covariance matrices of the a;’s and & to be non-
diagonal (providing for such things as serial correlation) increases the scope of appli-
cation of these models even more, with only moderate increases in complexity (see
Problem 17.4).

17.4 ESTIMATION OF VARIANCE COMPONENTS

After specifying the appropriate model, the next task in using the linear mixed model
(17.2) in the analysis of data is to estimate the variance components. Once the var-
iance components have been estimated, 3, can be estimated and the estimate used
in the approximate generalized least-squares estimation of B and other inferences
as suggested by the results of Section 7.8.

Several methods for estimation of the variance components have been proposed
(Searle et al. 1992, pp. 168—257). We discuss one of these approaches, that of
restricted (or residual) maximum likelihood (REML) (Patterson and Thompson
1971). One reason for our emphasis of REML is that in standard linear models,
the usual estimate s in (7.22) is the REML estimate. Also, REML is general; for
example, it can be applied regardless of balance. In certain balanced situations the
REML estimator has closed form. It is often the best (minimum variance) quadratic
unbiased estimator (see Theorem 7.3g).

To develop the REML estimator, we add the normality assumption. Thus the
model is

yisNuXB. %), where =Y 0/ZZ + oL, (17.3)

i=1

where X is n x p of rank r < p, and 3 is a positive definite #n x n matrix. To simplify
the notation, we let o = o and Zy = I,, so that (17.3) becomes

m
y is N,(XB, ), where 3 = Z 0’ ZLZ,. (17.4)
i=0
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The idea of REML is to carry out maximum likelihood estimation for data Ky
rather than y, where K is chosen so that the distribution of Ky involves only the var-
iance components, not . In order for this to occur, we seek a matrix K such that
KX = O. Hence E(Ky) = KX = 0. For simplicity we require that K be of full-
rank. We also want Ky to contain as much information as possible about the variance
components, so K must have the maximal number of rows for such a matrix.

Theorem 17.4a. Let X be as in (17.3). A full-rank matrix K with maximal number of
rows such that KX = O, is an (n — r) x n matrix. Furthermore, K must be of the form
K = C(I - H) = C[I — X(X'X)~X'] where C specifies a full-rank transformation of
the rows of I — H.

Proor. The rows k; of K must satisfy the equations kX =0’ or equivalently
X'k; = 0. Using Theorem 2.8¢, solutions to this system of equations are given by
k; = (I — X" X)c for all possible p x 1 vectors ¢. In other words, the solutions
include all possible linear combinations of the columns of I — X™X.

By Theorem 2.8c(i), rank(X™X) = rank(X) =r. Also, by Theorem 2.13e,
I - XX is idempotent. Because of this idempotency, rank(I — X X) =
tr(l — X" X) =tr(D) —tr(X"X) =n —r. Hence by the definition of rank (see
Section 2.4), there are n — r linearly independent vectors k; that satisfy X'k; = 0
and thus the maximal number of rows in K is n — r.

Since k; = (I — X" X)¢, K = C(I — X X) for some full-rank (n — r) X n matrix
C that specifies n — r linearly independent linear combinations of the rows of the
symmetric matrix I — X~ X. By Theorem 2.8c(iv)—(v), K can also be written as
CId—-H) =C[I-XXX)X1. O

There are an infinite number of such Ks, and it does not matter which is used.
Also, note that (I — H)y gives the ordinary residual vector & in (9.5), so that
Ky = Cd — H)y is a vector of linear combinations of these residuals. Thus the
designation residual maximum likelihood is appropriate.

The distribution of Ky for any K defined as in Theorem 17.4a is given in the
following theorem.

Theorem 17.4b. Consider the model in which y is N,(XB,Y), where
3= 22":0 0'1-2Z,<Zg, and let K be specified as in Theorem 17.4a. Then

0,K ( ai2z,»zg> K’
i=0

Proor. Since KX = O, the theorem follows directly from Theorem 4.4a(ii). O

Ky is N, (0,KXZK) or N,_, ) (17.5)

Thus the distribution of the transformed data Ky involves only the m + 1 variance
components as unknown parameters. In order to estimate the variance components,
the next step in REML is to maximize the likelihood of Ky with respect to these
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variance components. We now develop a set of estimating equations by taking partial
derivatives of the log likelihood with respect to the variance components, and setting
them to zero.

Theorem 17.4c. Consider the model in which y is N,(XB,X), where
3 =Y",07ZZ, and let K be specified as in Theorem 17.4a. Then a set of

m + 1 estimating equations for o, ..., a2 is given by
tr[K' (K2K') 'KZ,Z]] = yK'(K3K') 'KZZK'(KSK') 'Ky (17.6)
fori=0,...,m.

Proor. Since E(Ky) = 0, the log likelihood of Ky is

n—r

lnL(crOZ, e ,0'31) =

1 1
InQm) — Eln |KSK'| — Ey’K’(KEK')’IKy
n > r K (Z a,-zz,-zg> K
i=0
1 ] -
Iy’ 2 ! !
_ Ey K [K (Z o; Z,Z[>K] Ky

i=0

1
In(2m) — Eln

Using (2.117) and (2.118) to take the partial derivative of lnL(O'g,...,o;%l) with
respect to each of the o’s, we obtain

0

80’1'2

9 2 2y 1 n—1
WIHL(O-O"' .,(Tm) = —Etr((KEK)

(KXK' )} >

+1y’K’(K2K’)*1 9 (K2K') [ (KEK) 'Ky
2 80',-2
1 N—1 Iy7!
= —Etr[(KEK) KZ,Z/K']
+ %y’K’(KEK’)—lKZ,-ZQK’(KEK’)—IKy

1
=— 5tr[K’(KEK’)*lKZ,-Zﬂ

1
+ Ey’K’(KEK’)*‘ KZ,Z K (K3K')"'Ky

Setting these equations to zero, the result follows. ]
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It is interesting to note that using Theorem 5.2a, the expected value of the quad-
ratic form on the right side of (17.6) is given by the left side of (17.6).

Applying Theorem 17.4c, we obtain m 4 1 equations in m + 1 unknown o;2’s. In
some cases these equations can be simplified to yield closed-form estimating
equations. In most cases, numerical methods have to be used to solve the equations
(McCulloch and Searle 2001, pp. 263-269).

If the solutions to the equations are nonnegative, the solutions are REML estimates
of the variance components. If any of the solutions are negative, the log likelihood
must be examined to find values of the variance components within the parameter
space (i.e., nonnegative values) that maximize the function.

Example 17.4 (One-Way Random Effects). This is an extension of Example
17.3(d). Four containers are randomly selected from each of three batches produced
by a chemical plant. Hence

Ja 04 04
X:jIZ’ Z() :Ilg,Zl = 04 j4 04 and 2:0'3112+0'12Z1Z/1.
0, 0, j,

ThenI — H = 112 — %le, a suitable C would be C = (112, 012), and K = C(I — H)
Inserting these matrices into (17.6), it can be shown that we obtain the two estimating
equations

905 =y (i — 12,2}y,
2407 +03) =Y G Z) — 50y

From these we obtain the closed-form solutions

9 b
2 YGZZ - 530)y/2 - 65
ol = . _

2 __
0=

If both ¢ and &7 are positive, they are the REML estimates of o and o7. Because
(Ii2 — $Z,Z)) is positive definite, o3 will always be positive. However, o could be
negative. In such a case, the REML estimates become

o Y2 —5Jn)y
0_02: (12 1112 12) ,

o; =0.
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In practice, the equations in (17.6) are seldom used directly to obtain solutions.
The usual procedure involves any of a number of iterative methods (Rao 1997
pp. 104-105, McCulloch and Searle 2001, pp. 265-269) To motivate one of
these methods, note that the system of m 4 1 equations generated by (17.6) can be
written as

Mo = q, (17.7)

where o = (0'5012 e 0',721)’, M is a nonsingular (m + 1) x (m + 1) matrix with (ij)th
element tr[K’(KEK')—'Kziz;K'(KEK’)—lKZjZ](], and q is an (m + 1) x 1 vector
with ith element yK'(K2K') 'KZ,ZK' (KXK') 'Ky (Problem 17.6). Equation
(17.7) is more complicated than it looks because both M and q are themselves func-
tions of @ Nonetheless, the equation is useful for stepwise improvement of an initial

guess oyy). The method proceeds by computing M, and q,, using oy at step 7. Then
let 7,1y = M.'q,,,. The procedure continues until o, converges.
(t+1) o 4o p () g

17.5 INFERENCE FOR B

17.5.1 An Estimator for

Estimates of the variance components can be inserted into 3 to obtain
3 =Y",07ZZ,. A sensible estimator for B is then obtained by replacing o>V

in equation (7.64) by its estimate, 3. Generalizing the model to accommodate non-
full-rank X matrices, we obtain

B=X2"X) X3y (17.8)

This estimator, sometimes called the estimated generalized least-squares (EGLS)
estimator, is a nonlinear function of y (since ¥ is a nonlinear function of y). Even

if X is full-rank, i% is not in general a (minimum variance) unbiased estimator
(MVUE) or normally distributed. However, it is always asymptotically MVUE and
normally distributed (Fuller and Battese 1973).

Similarly, a sensible approximate covariance matrix for i% is, by extension of
(12.18), as follows:

cov(B) = (X' 'X) X2 IXXZ'X) . (17.9)
Of course, if X is full-rank, the expression in (17.9) simplifies to

cov(B) = (X' 7'x)L.



17.5 INFERENCE FOR B 491

17.5.2 Large-Sample Inference for Estimable Functions of 3

Carrying the procedure of replacing oV by its estimate 3 a bit further, it seems
reasonable to extend Theorem 12.7c(ii) and conclude that for a known full-rank
g x p matrix L. whose rows define estimable functions of 8

LB is approximately N,[LB, L(X'S ' X) L] (17.10)
and therefore by (5.35)

(LB — LBY[LX'Y™'X) L'I (LB — LP) is approximately x2(g).  (17.11)

If so, an approximate general linear hypothesis test for the testable hypothesis
Hy: L =t is carried out using the test statistic

G = (LB - tY[LXY'X)" LT LB - 1. (17.12)

If Hy is true, G is approximately distributed as x2(g). If H, is false, G is approxi-
mately distributed as y2(g,A) where A = (LB — t/[LXX'S 'X) L' '(LB - 1)
The test is carried out by rejecting Hy if G > Xi’ e

Similarly, an approximate 100(1 — a)% confidence interval for a single estimable
function ¢’B is given by

B+ 20\ CXEX) e (17.13)

Approximate joint confidence regions for 8, approximate confidence intervals for
individual B;’s, and approximate confidence intervals for E(y) can be similarly pro-
posed using (17.10) and (17.11).

17.5.3 Small-Sample Inference for Estimable Functions of 8

The inferences of Section 17.5.2 are not satisfactory for small samples. Exact small-
sample inferences based on the ¢ distribution and F distribution are available in rare
cases, but are not generally available for mixed models. However, much work has
been done on approximate inference for small sample mixed models.

First we discuss the exact small-sample inferences that are available in rare cases,
usually involving balanced designs, nonnegative solutions to the REML equations,
and certain estimable functions. In order for this to occur, [L(X’ 271X)’L’ 17! must
be of the form (d/w)Q, where w is a central chi-square random variable with d
degrees of freedom, and independently (Lﬁ -t Q(Lﬁ — t) must be distributed as
a (possibly noncentral) chi-square random variable with g degrees of freedom.
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Under these conditions, by (5.30), the statistic

LB— QLB -Hw _(LB—[LXE'X) L] 'LB-1
g d 8

is F-distributed. We demonstrate this with an example.

Example 17.5 (Balanced Split-Plot Study). Similarly to Example 17.3c, consider a
3 x 2 balanced factorial experiment carried out using six main units, each of which is
subdivided into two subunits. The levels of A are each randomly assigned to two of
the main units, and the levels of B are randomly assigned to subunits within main
units. We assume that the data are sorted by replicates (with two complete replicates
in the study), levels of A, and then levels of B. We use the cell means parameterization
as in Section 14.3.1. The means in 3 are sorted by levels of A and then levels of B.
Hence

3, O O 0 0O O
O ¥ 0 O o o
X:<16> and X = 0 0 2 0 0 0 ,  where
I O 0O O 3 0 O
O O O 0 X O
O O 0O 0O o0 3

s _ <012 + 02 0'12 >
1= 2 2 2 |
gi o +o
We test the no-interaction hypothesis Hy : LB = 0, where
1 -1 -1 1 0 0
L= (1 -1 0 0 -1 1)'

Assuming that the REML estimating equations yield nonnegative solutions, &
given by

2 s

CO®ROOR
OFlUOOFUO
ROQO®mQCO
COROOR
CROCORO

(0]

(0]

—R 1 -1
oY whereR-(_1 1).
(0]

R
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Multiplying and simplifying, we obtain

) ' o o
X2'x=2l o 3' o
o o 3
By (2.52), we have
A ' o o
(X/Eflx)fl :% o) i;l 0
o o 3
Thus
[L(X/i—lx)flL/]fl
i 1 1\
$ -1 -1
_11—1—1100)150—10
_21—100—110‘5 1 0
o 0 3 0 1
L 0 1/
_ 3 1 2 -1
362/62 302\ -1 2
3
:_QB
w
where
362 1 2 -1

Also note that in this particular case, the EGLS estimator is equal to the ordinary
least-squares estimator for 3 since

ﬁ _ (X/i_IX)_IX/i_ly

R -1 <—1
=310 3 o0 s ' 0o o %' oy
1 0 0 % o o 3' o o 3
=5(Is Ig)y

= X'X)"'Xly.
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Hence
LB'QLP) = yXX'X)'L'QLX'X)"'Xy.

It can be shown that X(X'X) 'L'QL(X'X) 'X'Y is idempotent, and thus
(LB)’ Q(LB) is distributed as a chi-square with 2 degrees of freedom. It can similarly
be shown that w is a chi-square with 3 degrees of freedom. Furthermore, w and
(Li})’ Q(LB) are independent chi-squares because of Theorem 5.6b. Thus we can
test Hy : LB = 0 using the test statistic (LB)’[L(X'E“X)’IL/]’l(LB)/2 because
its distribution is exactly an F' distribution.

If even one observation of this design is missing, exact small-sample inferences
are not available for L. Exact inferences are not available even when the

design is balanced for estimable functions such as ¢  where
d/=(1 0 0 -1 0 0). O

In most cases, approximate small-sample methods must be used. The exact distri-
bution of

- B (17.15)

dX'S'X) ¢

is unknown in general (McCulloch and Searle 2001, p. 167). However, a satisfactory
small-sample test of Hy : ¢/B =0 or confidence interval for ¢/ is available by
assuming that ¢ approximately follows a ¢ distribution with unknown degrees of
freedom d (Giesbrecht and Burns 1985). To calculate d, we follow the premise of
Satterthwaite (1941) to assume, analogously to Theorem 8.4aiii, that

dle(X'S'X)¢]
XY 'X)e

approximately follows the central chi-square distribution. Equating the variance of
the expression in (17.16)

(17.16)

dle' (X' 'X)¢]
XS 'X) e

|: d :|2 1! — Ly —
var = var[d (X2 X) " ¢],

¢X'E 'X) ¢

to the variance of a central chi-square distribution, 2d (Theorem 5.3a), we obtain the
approximation

- 2ACX'E X))

. . 17.17
var[¢/(X'S'X) ] ( )
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This approximation cannot be used, of course, unless var[¢/ (X’ 3 'X)"¢] is known

or can be estimated. We obtain an estimate of var[¢ (X’ﬁle)’c] using the multi-
variate delta method (Lehmann 1999, p. 315). This method uses the first-order multi-
variate Taylor series (Harville 1997, p. 288) to approximate the variance of any
scalar-valued function of a random vector, say, f(6). By this method var[f(0)] is
approximated as

_OfO] & 9f(6)
var [f(0)] = 3.
/ 90 o5 * 90 |o4
where
of(0)
90 J4p

is the vector of partial derivatives of f(6) with respect to 0 evaluated at 6 and ﬁ:i)

denotes an estimate of the covariance matrix of . In the case of inference for ¢’ B
in the mixed linear model (17.4), let = o and f(0) = [¢(X’S""X) ¢c]. Then

CXETIX) X2 1Z0Z, 37X (X2 IX) e
of (o) CXETX) XY 'Z,Z 3 TIXXE T X) e
oo :

o=0

c'(X’i”X)*X’i*Z,;z;ni*‘X(X’S:*IX)*c

Also ﬁ),}, an estimate of the covariance matrix of &, can be obtained as the inverse of
the negative Hessian [the matrix of second derivatives — see Harville (1997, p. 288)]
of the restricted log-likelihood function (Theorem 17.4c) evaluated at & (Pawitan
2001, pp. 226, 258).

We now generalize this idea obtain the approximate small-sample distribution of

_LB-LBLXE'X) LT ' LB -LP
8

F

(17.18)

in order to develop tests for Hy: L8 = t and joint confidence regions for L. We
obtain these inferences by assuming that the distribution of F is approximately an
F distribution with numerator degrees of freedom g, and unknown denominator
degrees of freedom v (Fai and Cornelius 1996). The method involves the spectral

decomposition (see Theorem 2.12b) of [L(X’ EA‘fIX)’L’ 17! to yield

P[LX'Y'X"L']"'P = D,
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where D = diag(A, A2, ... ,A,) is the diagonal matrix of eigenvalues and
P=(p;,,ps ---,P,) is the orthogonal matrix of normalized eigenvectors of

[LX'S'X) L] Using this decomposition, G = gF can be written as

8 Y )2 g
Z(P iLB) 3
i=1 A i—1 l ¢ )

where the #;’s are approximate independent t-variables with respective degrees of
freedom v;.

We compute the v; values by repeatedly applying equation (17.16). Then we find v
such that F = ¢g~'G is distributed approximately as Fy,. Since the square of a ¢-dis-
tributed random variable with v; degrees of freedom is an F-distributed random vari-
able with 1 and v; degrees of freedom:

()

LI
=S [by (5.34)].
Vi 2

E(G)

Now, since E(F) = 1/gE(G) =v/(v — 2),

26 (& v -
A Y xR

A method due to Kenward and Roger (1997) provides further improvements for
small-sample inferences in mixed models.

1. The method adjusts for two sources of bias in L(X’ E_IX)’L’ as an estimator of
the covariance matrix of LB in small-sample situations, namely, that
L(X'Y'X)"L’ does not account for the variability in &, and that
L' ﬁ‘,*lX)’L’ is a biased estimator of L(X'S " 'X) L. Kackar and Harville
(1984) give an approximation to the first source of bias, and Kenward and
Roger (1997) propose an adjustment for the second source of bias. Both adjust-

ments are based on a Taylor series expansion around o (Kenward and Roger
1997, McCulloch and Searle 2001, pp. 164—167). The adjusted approximate

covariance matrix of L@ is

35 =LIXETX) +2X37'X) {Z > siQy— PiiBPf)}
(17.21)

i=0 j=0

x (X'3 X)L
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where s;; is the (i, j)th element of i,},

o -1 - -1
o303 o3

Qij = 80’,‘2 Ealex, and P,' = X, 80’i2 X.
2. Kenward and Roger (1997) assume that
O 2ok v p
F* = 8Fgr = g(LB)’ELB(LB) (17.22)

is approximately F-distributed with two (rather than one) adjustable constants,
a scale factor 6, and the denominator degrees of freedom v. They use a second-
order Taylor series expansion (Harville 1997, p. 289) of Ezig_l around o and
conditional expectation relationships to yield E(Fgr) and var(Fgr) approxi-
mately. After equating these to the mean (5.29) and variance of the F distri-
bution to solve for & and v, they obtain

g+2
gy—1

v=4+

and
s__ vV
E(Fxr)(v —2)
where

_ var(Fxr)
YT 2B

These small-sample methods result in confidence coefficients and type I error rates
closer to target values than do the large-sample methods. However, they involve
many approximations, and it is therefore not surprising that simulation studies have
shown that their statistical properties are not universally satisfactory (Schaalje et al.
2002, Gomez et al. 2005, Keselman et al. 1999).

Another approach to small-sample inferences in mixed linear models is the
Bayesian approach (Chapter 11). Bayesian linear mixed models are not much
harder to specify than Bayesian linear models, and Markov chain Monte Carlo
methods can be used to draw samples from exact small-sample posterior distributions
(Gilks et al. 1998, pp. 275-320).

17.6 INFERENCE FOR THE a;

A new kind of estimation problem sometimes arises for the linear mixed model in
(17.2)

m
y=XB+ Y Za+e (17.23)

i=1
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namely, the problem of estimation of realized values of the random components (the
a;’s) or linear functions of them. For simplicity, and without loss of generality, we
rewrite (17.22) as

y=XB+Za+e, (17.24)

where Z = (ZZ, ... Zy,), a = (aja,...a,), €is N(0, 0°I,), a is N(0, G) where

crlzlnl (0) (0]
G= (.) 022.1"2 . (.) :
0o o - J,

and cov(e, a) = 0. Then the problem can be expressed as that of estimating a or a
linear function Ua. To differentiate this problem from inference for an estimable func-
tion of B, the current problem is often referred to as prediction of a random effect.

Prediction of random effects dates back at least to the pioneering work of
Henderson (1950) on prediction of the “value” of a genetic line of animals or
plants, where the line is viewed as a random selection from a population of such
lines. In education the specific effects of randomly chosen schools might be of inter-
est, in medical research the effect of a randomly chosen clinic may be desired, and in
agriculture the effect of a specific year on crop yields may be of interest. The phenom-
enon of regression to the mean (Stigler 2000) for repeated measurements is closely
related to prediction of random effects.

The general problem is that of predicting a for a given value of the observation
vector y. Note that because of the model in (17.23), a and y are jointly multivariate
normal, and

cov(a,y) = cov(a,XB + Za + &)
=cov(a,Za + ¢€)
= cov(a,Za) + cov(a, ) (see Problem 3.19)
=GZ +0
=GZ.
By extension of Theorem 10.6 to the case of a random vector a, the predictor based
on y that minimizes the mean squared error is E(aly). To be more precise, the vector

function #(y) that minimizes E[a — 1(y)]'[a — #(y)] is given by 1(y) = E(aly).
Since a and y are jointly multivariate normal, we have, by (4.26)

E(aly) = E(a) + cov(a,y)[cov(y)] [y — E(y)]
=0+GZ3 '(y—XPB) (17.25)
= GZ'3 '(y - XP).
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If B and 3 were known, this predictor would be a linear function of y. It is
therefore sometimes called the best linear predictor (BLP) of a. More generally,
the BLP of Ua is

E(Ualy) = UGZ'Y '(y — XB). (17.26)

Because the BLP is a linear function of y, the covariance matrix of E(Ualy) is
cov[E(Ualy)] = UGZ'Y'ZGU.. (17.27)

Replacing 8 by ﬁ in (17.8), and replacing G and 3, by Gand3 (based on the REML
estimates of the variance components), we obtain

E(Ualy) = UGZ'Y \(y — XP). (17.28)

This predictor is neither unbiased nor a linear function of y. Nonetheless, it is an
approximately unbiased estimate of a linear predictor, so it is often referred to as the
estimated best linear unbiased predictor (EBLUP). Ignoring the randomness in G

and i we obtain

cov[E(Ualy)] = cov[UGZ'Y ' (y — XB)]
= cov{UGZ'S [T - X(X'37'X)"X'3 1y}
=UGZ3S 'I-XXT'X) X3 '2I-3"'XX2'X)X]
x 3 'ZGU
—UGZ [ - 37'X(X'2'X) X3 "1ZGU
—UGZ3 ' - 37T'XX3'X) X3 |ZGU. (17.29)
Small-sample improvements to (17.28) have been suggested by Kackar and Harville

(1984), and approximate degrees of freedom for inferences based on EBLUPs have
been investigated by Jeske and Harville (1988).

Example 17.6 (One-Way Random Effects). To illustrate EBLUP, we continue with
the one-way random effects model of Examples 17.3d and 17.4 involving four con-
tainers randomly selected from each of three batches produced by a chemical plant. In
terms of the linear mixed model in (17.23), we obtain

Js 04 04
X=jimB=mZ=|0, j, 0,], G=07I;, and
0, 04 gy
ol + 0'12J4 Oy (O
S =0l +ol22 = 0, oy + oldy 0,

Oy (N O'ZI4+O'12J4
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By (2.52) and (2.53),

2

o
L —————1J (o) (o)
4 0'2+40'12 4 42 4
_ 1 o
2 1:— 04 I4—41J4 04
o? o + 40} .
oz
o (o) L ———1
4 4 4 0'2—|-4-0'12 4

To predict a, which in this case is the vector of random effects associated with the

three batches, by (17.27) and using the REML estimates of the variance components,
we obtain

o/ / /
. is 04 0y .
EBLUP(a)=GZ'X '(y—XB)=oL | 0, j, 0, | = '(y—fj1)
0; 0 j;
442
o/ 1 o/ / /
e S 0 0
Jq &2+4&12]4 4 4
) ~2
01 ! o/ 4'0-1 o/ / A
== 0 o=l 0 (y— &)
o2 4 4 a2 +46} 4 4
457
0 0 s 1 s/
4 4 Ja 6'2+46-12J4
Lo (L,
1 /e / A
= Ja 0y | (y—ij1o)
Feaad | g
0, 0 jy
— 40 V. v
- 621 1. 4ﬁAL - 4(}12 )7’1, {
Torragt | 2T Terrasz | 2
y3. —4p 3. =Y.
Thus
42
EBLUP(¢;)) = ——— (5, —y ). 17.30
@)= 571 5200 =7 (17.30)

If batch had been considered a fixed factor, and the one-way ANOVA model in (13.1)
had been used with the constraint Y o; = 0, we showed in (13.9) that

@ =, —Y.)

Thus EBLUP(q;) = c&; where 0 < ¢ < 1. For this reason, EBLUPs are sometimes
referred to as shrinkage estimators.
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The approximate covariance matrix of the EBLUPs in (17.29) can be derived
using (17.28), and confidence intervals can then be computed or hypothesis tests
carried out. ([

An extensive development and discussion of EBLUPs is given by Searle et al.
(1992, pp. 258-289).

17.7 RESIDUAL DIAGNOSTICS

The assumptions of the linear mixed model in (17.2) and (17.3) are independence,
normality, and constant variance of the elements of each of the a; vectors, as well
as independence, normality, and constant variance of the elements of £. These
assumptions are harder to check than for the standard linear model, and the usefulness
of various types of residual plots for mixed model diagnosis is presently not fully
understood (Brown and Prescott 1999, p. 77).

As a first step, we can examine each of the EBLUP (a;) vectors as in (17.27) for
normality, constant variance and independence (see Section 9.1). This makes sense
because, using (4.25) and assuming for simplicity that X (and therefore G) are
known, we have

cov(aly) = G — GZ'3 ' ZG.
Thus if U= (0...0I,0...0),
cov(Ualy) = cov(a;]y)
= UGU — UGZ'>'ZGU
= o’l, — o' 2377,
= 0’0, — 0 ’Z3 7" Zy). (17.31)

As was the case for the hat matrix in Section 9.1, the off-diagonal elements of the
second term in (17.31) are often small in absolute value. Hence the elements of
EBLUP(a;) should display normality, constant variance, and approximate indepen-
dence if the model assumptions are met. It turns out, however, that constant variance
and normality of the EBLUP(a;) vectors is a necessary rather than a sufficient con-
dition for the model assumptions to hold. Simulation studies (Verbeke and
Molenberghs 2000, pp. 83—87) have shown that EBLUPs tend to reflect the distribu-
tional assumptions of the model rather than the actual distribution of random effects
in some situations.

The next step is to consider the assumptions of independence, normality, and con-
stant variance for the elements of €. The simple residual vector y — Xﬁ is seldom
useful for this purpose because, assuming that 3, is known, we have

cov(y — Xi%) = cov{[I — X(X/271X)7X/271]y}
=I-XXET'X) XTI 'EI-3 XXX X1,
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which may not exhibit constant variance or independence. However, the vector

ﬁ)fl/z(y — XI}), where 3772 is the inverse of the square root matrix of by (2.109),
does have the desired properties.

Theorem 17.7. Consider the model in which y is N,(XB,3), where 3 = o2+
SV 02Z:Z]. Assume that 3 is known, and let B = (X'S7'X)"X'Y"'y. Then

cov[E 2y - X =1- H, (17.32)
where H, = 3 '/2X(X'S X)X’ /2.
PROOF
cov[Z Ay = XB)] = cov{Z T - X(X'Z7'X) " X'S 'y}
=321 - XXT X)) X3
x 31— 3TIXXE X)X 32
=3 332 3 TIX) Xy A

Now, since 2_1/ - (CDl/ ZC’)’1 where C is orthogonal as in Theorem 2.12d, and
D'?isa diagonal matrix as in (2.109), we obtain

1 1
371?337 = (epzC)'epCcp SOy
= Cp 2c’cpc’cp /A
= CD '?’DD'/2C’
=CC =1
and the result follows. O
Thus the vector 3"/ 2(y — Xﬁ) can be examined for constant variance, normality
and approximate independence to verify the assumptions regarding €.
A more common approach (Verbeke and Molenberghs 2000, p. 132; Brown and
Prescott 1999, p. 77) to verifying the assumptions regarding & is to compute and

examine y — X8 — Za. To see why this makes sense, assume that 3, and B are
known. Then

cov(y — X8 — Za) = cov(y) — cov(y, Za) — cov(Za,y) + cov(Za)
=3 —-72ZGZ - 1ZGZ +1GZ
=3 —72ZGZ

= (ZGZ + o°1) — ZGZ/

=o’l.
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PROBLEMS

17.1

17.2

17.3

174

Consider the model y = X + &, where € is N, (0, o2V), V is a known posi-
tive definite n X n matrix, and X is a known n x (k + 1) matrix of rank k + 1.
Also assume that C is a known ¢ x (k + 1) matrix and t is a known ¢ x 1

vector such that CB =t is consistent. Let B = (X'V"'X)"'X'V~'y. Find
the distribution of

_(CB-[CXVIX)ICT(CB - 1)/q
YV - VIXVIIX)TIXV  y /(i — k= 1)

(a) Assuming that Hy: C = t is false.
(b) Assuming that Hy: Cf8 = t is true.

(Hint: Consider the model for Pfly, where P is a nonsingular matrix such
that PP =V.)

For the model described in Problem 17.1, find a 100(1 — @)% confidence
interval for a’B.

An exercise science experiment was conducted to investigate how ankle roll
(y) is affected by the combination of four casting treatments (control, tape
cast, air cast, and tape and brace) and two exercise levels (preexercise and
postexercise). Each of the 16 subjects used in the experiment was assigned
to each of the four casting treatments in random order. Five ankle roll
measurements were made preexercise and five measurements were made
post exercise for each casting treatment. Thus a total of 40 observations
were obtained for each subject. This study can be regarded as a randomized
block split-plot study with subsampling. A sensible model is

y,-jkl:,LL+T,-+81+Oij—i-ak-i-b;k—&-cijk—ksijkl,

wherei=1,...,4;j=1,2;k=1,...,16;1=1,...,5;a,is N(0, o-f);b,-jk
is N0, 07); cijxis N(0, 03); €50 is N(0, o?), and all of the random effects are
independent. If the data are sorted by subject, casting treatment, and exercise

level, sketch out the X and Z; matrices for the matrix form of this model as in
(17.2).

(a) Consider the model y = XB + >, Z;a; + £ where X is aknown n x p
matrix, the Z;’s are known n x r; full-rank matrices, Bisap x 1 vector of
unknown parameters, € is an n X 1 unknown random vector such that
E(g) =0 and cov(e) =R # 021, and the a,’s are r; x 1 unknown
random vectors such that E(a;) =0 and cov(a;)) = G; # o-,-zlr,.. As
usual, cov(a;, a;) = O for i # j, where O is r; X rj, and cov(a;, ) = O
for all i, where O is r; x n. Find cov(y).
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17.6

17.7

17.8

17.9

17.10
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(b) For the model in part (a), let Z = (Z,Z, ...Z,,) and a = (a}a},...a} ) so
that the model can be written as y = X8 + Za + € and

G O ... (0] o
0O G, ... (0] o
cova=G=| i i i
O O ... G,, O
o O ... (0] G,

Express cov(y) in terms of Z, G, and R.

Consider the model in which y is N,(XB, %), where ¥ = Y"1 | 07 Z;Z], and
let K be a full-rank matrix of appropriate dimensions as in Theorem 17.4c.
Show that for any i,

E[YK'(K3K') 'KZZX (K2K') 'Ky] = «[K'(KXK')'KZ,Z]).

Show that that the system of m + 1 equations generated by (17.6) can be
written as Mo = q, where 0= (03 0?...02), Mis an (m + 1) x (m + 1)
matrix with jjth element tr[K'(K¥K') 'KZ,Z/ K (KEK' )’IKZjZ;], and q
is an m+1)x1 vector with ith element
YK/(K2K') 'KZ,Z K (KZK') 'Ky.

Consider the model in which y is N,(Xf8, 2), and let L be a known full-rank
g X p matrix whose rows define estimable functions of .

(a) Show that L(X'Y " 'X) L is nonsingular.

(b) Show that (Li% — LB)/[L(X’EAX)’L’]"(L[A% —Lp)is x%(g).

For the model described in Problem 17.7, develop a 100(1—)% confidence
interval for E(y,) = x; .

Refer to Example 17.5. Show that

M
°
© 0o

X3y 'x'=1l 0o 3,

o
o
y)

Refer to Example 17.5. Show that the solution to the REML estimating
equations is given by

R O O-R O O
O R O O-R O
2 14 O O R O O -R 1 -1
=13y y, where R= .
-R O O R O O -1 1
O-R O O R O
O O-R O O R
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17.13

17.14

17.15

17.16

17.17
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Refer to Example 17.5. Show that X(X'X)"'L'QL(X'X)"'X'Y is
idempotent.

Refer to Example 17.5. Show that w and (Lﬁ)'Q(Lﬁ) are independent
chi-square variables.

Refer to Example 17.5. Let ¢/ =(1 0 0 —1 0 0), let w be as in
(17.14), and let d=3. Show that if v is such that v(w/d) =
[¢X E‘TIX)’C]_1 then v is not distributed as a central chi-square random
variable.
To motivate Satterthwaite’s approximation in expression (17.16), consider
the model in which y is N,(XB,2), where X is n x p of rank k, 3 = oI
and X =5 If ¢ B is an estimable function, show that
(n — X' X)"el/[¢ (XS 'X)¢l, is distributed as y2(n — k).
Given f(0) =[¢(X'2'X)"c], where o= (cjo? - 02) and
3 =Y 0,°ZiZ], show that

i=0

CX'Y'X) X3 12073 T X (XS T X) e
of (o) CX'Y'X) X3 2,23 XX T X) e

do :

c'(X’E*IX)*x’E”Z,;Z%E”X(X’E*‘X)*c

Consider the model in which y is N,(XB,2), let L be a known full-rank
g X p matrix whose rows define estimable functions of f3, and let 3 be the
REML estimate of . As in (17.19), let D = diag(A{, Az, ..., A,,) be the
diagonal matrix of eigenvalues and P = (p;, ps, - ..,P,,) be the orthogonal
matrix of normalized eigenvectors of [L(X'S'X)"L']"".

(a) Show that (LB - LBY[LXY'X) L' '(LB - LB) =

> [pLB - LB) /A

(b) Show that (p/LB)?/A; is of the form ¢/B/1/¢/(X'S™'X) ¢ as in (17.14).

(¢) Show that cov(piLfS,p}Lﬁ) =0fori # 7.

Consider the model in which y = X8 4+ Za + &, where € is N(0, o’l)and a

is N(0, G) as in (17.24).

(@) Show that the Ilinear function B(y —X) that minimizes
E[a — B(y — X)I'[a — B(y — X)] is GZ'Y "' (y — Xp).

(b) Show that B = GZ E_I(y - XpB) also “minimizes”
Ela — B(y — X)][a — B(y — X)I". By “minimize,” we mean that any
other choice for B adds a positive definite matrix to the result.
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17.19

17.20

17.21

17.22

17.23

17.24
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Show that [I—XX'Y 'X) XTI 'EI-XXT'X) X3 1= -

XX’ 'X)" X’ as in (17.29).

Consider the model described in Problem 17.17.

(a) Show that the best linear predictor of Ua is
E(Ualy) = UGZ'S '(y — XB).

(b) Show that cov[E(Ualy)] = UGZ'S'ZGU'.

(¢) Given B= (X3 'X)"X'S "y, show that

cov[UGZ'S 'y = XB)] = UGZ[Z ' - 3 'XX'3'X) X'3 "1ZGU".

Consider the one-way random effects model of Example 17.6. Use (2.52) and
(2.53) to derive the expression for 3 '

Using (17.29), derive the covariance matrix for EBLUP(a) where q; is
defined as in (17.30).

Consider the model described in Problem 17.17. Use (4.27) and assume that
3, and G are known to show that

cov(aly) = G — GZ'>'ZG.

Use the model of Example 17.3b (subsampling). Find the covariance matrix
of the predicted batch effects using (17.31). Comment on the magnitudes of
the off-diagonal elements of this matrix.

Use the model of Example 17.3b. Find the covariance matrix of the trans-
formed residuals 3! ( y— xB) using (17.32). Comment on the off-diagonal
elements of this matrix.



18 Additional Models

In this chapter we briefly discuss some models that are not linear in the parameters or
that have an error structure different from that assumed in previous chapters.

18.1 NONLINEAR REGRESSION

A nonlinear regression model can be expressed as

vi=f&,B)+e, i=12,...,n (18.1)

where f(x;, ) is a nonlinear function of the parameter vector 8. The error term &; is
sometimes assumed to be distributed as N(0, 02). An example of a nonlinear model is
the exponential model

Vi = By + BieP + e

Estimators of the parameters in (18.1) can be obtained using the method of least
squares. We seek the value of 8 that minimizes

0B =Y Iyi—f(xi, BT (18.2)
i=1

A simple analytical solution for f} that minimizes (18.2) is not available for nonlinear
f(x;, ﬁ). An iterative approach is therefore used to obtain a solution. In general, the
resulting estimators in i% are not unbiased, do not have minimum variance, and are
not normally distributed. However, according to large-sample theory, the estimators
are almost unbiased, have near-minimum variance, and are approximately normally
distributed.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
Copyright © 2008 John Wiley & Sons, Inc.
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Inferential procedures, including confidence intervals and hypothesis tests, are
available for the least-squares estimator f% obtained by minimizing (18.2).
Diagnostic procedures are available for checking on the model and on the suitability
of the large-sample inferential procedures.

For details of the above procedures, see Gallant (1975), Bates and Watts (1988),
Seber and Wild (1989), Ratkowsky (1983, 1990), Kutner et al. (2005, Chapter 13),
Hocking (1996, Section 11.2), Fox (1997, Section 14.2), and Ryan (1997,
Chapter 13).

18.2 LOGISTIC REGRESSION

In some regression situations, the response variable y has only two possible out-
comes, for example, high blood pressure or low blood pressure, developing cancer
of the esophagus or not developing it, whether a crime will be solved or not
solved, and whether a bee specimen is a “killer” (africanized) bee or a domestic
honey bee. In such cases, the outcome y can be coded as 0 or 1 and we wish to
predict the outcome (or the probability of the outcome) on the basis of one or
more x’s.

To illustrate a linear model in which y is binary, consider the model with one x:

Yi=Bo+Bxi+te; y=01 i=12,...,n (18.3)

Since y; is 0 or 1, the mean E(y;) for each x; becomes the proportion of observations at
x; for which y; = 1. This can be expressed as

E(y)=P(yi=1) =p;,

(18.4)
1—-E(y)=P(yi=0=1-p;.

The distribution P(y;=0)=1 — p; and P(y; = 1) = p; in (18.4) is known as the
Bernoulli distribution. By (18.3) and (18.4), we have

E(yi) = pi = By + Buxi. (18.5)
For the variance of y;, we obtain

var(y;) = E[y; — E(y)]?
=pil = po). (18.6)

By (18.5) and (18.6), we obtain

var(y;) = (By + Byx)(1 — By — By xi),
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and the variance of each y; depends on the value of x;. Thus the fundamental assump-
tion of constant variance is violated, and the usual least-squares estimators ﬁ‘o and [31
computed as in (6.5) and (6.6) will not be optimal (see Theorem 7.3d).

To obtain optimal estimators of B and 3, we could use generalized least-squares
estimators

B — (X/V71X)71X/V71y

as in Theorem 7.8a, but there is an additional challenge in fitting the linear model
(18.5). Since E(y;) = p; is a probability, it is limited by 0 < p; < 1. If we fit (18.5)
by generalized least squares to obtain

i)i = BO + leis

then p; may be less than O or greater than 1 for some values of x;. A model for E(y;)
that is bounded between 0 and 1 and reaches O and 1 asymptotically (instead of
linearly) would be more suitable. A popular choice is the logistic regression model.

ePotBixi 1

pi = E(yi) (18.7)

- 1 + ePotBixi - 1 + e Bo—Bixi*

This model is illustrated in Figure 18.1. The model in (18.7) can be linearized by the
simple transformation

1n(1 p”p) = By + Bixi, (18.8)

—Di
sometimes called the logit transformation.

E{Y}

1.0

exp(—10+.1X)

E{Y} =
(1+exp(-10+.1X))

0.5

0.0

I X
50 100 150

Figure 18.1 Logistic regression function.
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The parameters By and S; in (18.7) and (18.8) are typically estimated by
the method of maximum likelihood (see Section 7.2). For a random sample y;, y,,

.., ¥, from the Bernoulli distribution with P(y;=0)=1— p; and P(y;= 1) = p,,
the likelihood function becomes

L(Bo, BD) = (1,25 -+ ¥n3 Bos B1) = ﬁfi(yi; Bo B1)
_ ﬂp{i(l — (18.9)
Taking the logarithm of both sides of (18.9) and using (18.8), we obtain
InL(By, B)) = i:)’i(ﬁo + Brxi) — ima + ePotPr, (18.10)
i=1 i=1

Differentiating (18.10) with respect to 8y and B and setting the results equal to
7ero gives

En:yi = Z; (18.11)
i=1

P 1+ e*Bo*Bl)‘i

n

ix,»yi =5 (18.12)
i=1

P 1+ e*Bo*ﬁl)‘i

These equations can be solved iteratively for ﬁo and [3 1-

The logistic regression model in (18.7) can be readily extended to include more
than one x. Using the notation 8= (B, Bi,-.., By and x; = (1, x;1, Xip, . . ., Xi) s
the model in (18.7) becomes

P 1

pi=Ey) = 11e® 11enB

and (18.8) takes the form

ln< pi )—x;.ﬁ, (18.13)
1 —p;

where x!8 = By + Bixi1 + Baxio + - - - + ByXi. Forbinary y; (3, =0, 1;i= 1,2, ..., n),
the mean and variance are given by (18.4) and (18.6). The likelihood function and
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the value of B that maximize it are found in a manner analogous to the approach
used to find By and B,. Confidence intervals, tests of significance, measures of
fit, subset selection procedures, diagnostic techniques, and other procedures
are available.

Logistic regression has been extended from binary to a polytomous logistic
regression model in which y has several possible outcomes. These may be ordinal
such as large, medium, and small, or categorical such as Republicans, Democrats,
and Independents. The analysis differs for the ordinal and categorical cases.

For details of these procedures, see Hosmer and Lemeshow (1989), Hosmer et al.
(1989), McCullagh and Nelder (1989), Myers (1990, Section 7.4), Kleinbaum
(1994), Stapleton (1995, Section 8.8), Stokes et al. (1995, Chapters 8 and 9),
Kutner et al. (2005), Chapter 14, Hocking (1996, Section 11.4), Ryan (1997,
Chapter 9), Fox (1997, Chapter 15), Christensen (1997), and McCulloch and
Searle (2001, Chapter 5).

18.3 LOGLINEAR MODELS

In the analysis of categorical data, we often use loglinear models. To illustrate a log-
linear model for categorical data, consider a two-way contingency table with frequen-
cies (counts) designated as y;; as in Table 18.1, with y; = Z;: yyjandy; =37y
The corresponding cell probabilities p;; are given in Table 18.2, with p;. = Z‘;:l Dij
and p; = >, pj-

The hypothesis that A and B are independent can be expressed as Hy : p;j = pip,
for all i, j. Under H,, the expected frequencies are

E(y;) =npip;.
This becomes linear if we take the logarithm of both sides:
InE(y;) =Inn+Inp; +Inp;.

TABLE 18.1 Contingency Table Showing Frequencies y;; (Cell Counts) for
an r X s Classification of Two Categorical Variables A and B

Variable B, B, . B, Total
Ay Y11 Yi2 Yis Vi
As Y21 Y22 cee Yos 2.
Ar Yr1 Y2 Yrs Yr

Total Vi1 Yo . Vs y.=n
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TABLE 18.2 Cell Probabilities for an r X s Contingency Table

Variable B, B, . By Total
Ay P11 P12 cee Pis P1.
A P21 P22 s P2s P2.
Ar Pri Pr2 e Prs Pr.
Total P P2 e P-s p.=1

To test Hy: p;; = pi.p.j» we can use the likelihood ratio test. The likelihood function
is given by the multinomial density

n! Vit o, V12 ¥,
1Pl P2 Pis -
rs-

L(p11,p12, -+ > Prs) = AU BT
Yiryiz:- -y

The unrestricted maximum likelihood estimators of p;; (subject to Zu pij = 1) are
P = yij/n, and the estimators under H, are p; = y;y ;/n* (Christensen 1997,
pp. 42—46). The likelihood ratio is then given by

i=1 j=1

The test statistic is

—ZIHLR = 22y,,1n<ny”>,

which is approximately distributed as x*[(r — 1)(s — 1)].

For further details of loglinear models, see Ku and Kullback (1974), Bishop et al.
(1975), Plackett (1981), Read and Cressie (1988), Santner and Duffy (1989), Agresti
(1984, 1990) Dobson (1990, Chapter 9), Anderson (1991), and Christensen (1997).

18.4 POISSON REGRESSION

If the response y; in a regression model is a count, the Poisson regression model may
be useful. The Poisson probability distribution is given by

we H
fy) = SR y=0,1,2, ....
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The Poisson regression model is
ylZE(yl)+813 i:1’2""’n9

where the y;’s are independently distributed as Poisson random variables and p; =
E(y;) is a function of x;8 = By + Bixi + - - - + BiXik- Some commonly used func-
tions of x;f3 are

w=xB, =", pw=Ixp). (18.14)

In each of the three cases in (18.14), the values of w; must be positive.
To estimate 3, we can use the method of maximum likelihood. Since y; has a
Poisson distribution, the likelihood function is given by

n n Vi =
L =Jron = H“%
i=1 i=1 e

where p; is typically one of the three forms in (18.14). Iterative methods can be used
to find the value of B that maximizes L(f3). Confidence intervals, tests of hypotheses,
measures of fit, and other procedures are available. For details, see Myers (1990,
Section 7.5) Stokes et al. (1995, pp. 471-475), Lindsey (1997), and Kutner et al.
(2005, Chapter 14).

18.5 GENERALIZED LINEAR MODELS

Generalized linear models include the classical linear regression and ANOVA models
covered in earlier chapters as well as logistic regression in Section 18.2 and some
forms of nonlinear regression in Section 18.1. Also included in this broad family
of models are loglinear models for categorical data in Section 18.3 and Poisson
regression models for count data in Section 18.4. This expansion of traditional
linear models was introduced by Wedderburn (1972).

A generalized linear model can be briefly characterized by the following three
components.

1. Independent random variables yy, ¥, ...,y, with expected value E(y;) = u;
and density function from the exponential family [described below in (18.15)].

2. A linear predictor

X;B = By + Bixin + - + Bix-
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3. A link function that describes how E(y;) = u; relates to x;f:

g(u) = X:ﬁ
4. The link function g(u;) is often nonlinear.

A density f(y;, 6;) belongs to the exponential family of density functions if
f(yi, 6;) can be expressed in the form

J (i, 0;) = explyi6; + b(6;) + c(yi)]. (18.15)
A scale parameter such as o in the normal distribution can be incorporated into
(18.15) by considering it to be known and treating it as part of ;. Alternatively, an
additional parameter can be inserted into (18.15). The exponential family of
density functions provides a unified approach to estimation of the parameters in gen-
eralized linear models.

Some common statistical distributions that are members of the exponential family
are the binomial, Poisson, normal, and gamma [see (11.7)]. We illustrate three of
these in Example 18.5.

Example 18.5. The binomial probability distribution can be written in the form of
(18.15) as follows:

n;

S pd) = < >pf"(1 —p)iY

i

n;
= eXp[yi Inp; —y;In(1 —p) +n;In(1 — p;) + ln( )}
Vi

Pi n;
= exp|y; In +nIn(l —p;)+1In
I —pi Vi

= exp|yib; + b(6;) + c(y1)], (18.16)

where 6, = In[p;/(1 — p)], b(6;) =n;In(1 —p;) = —n;In(1 + %), and c(y;) = In (n,> .
The Poisson distribution can be expressed in exponential form as follows: \'

wie M
SO ) = ’y', = exply; Inp; — p; — In (y;h)]

= explyi0; + b(6) + c(yi)],

where 0; = In w;, b(6;) = —p; = —e%, and c(y;) = — In(y;)).
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The normal distribution N(y;, 0°) can be written in the form of (18.15 ) as
follows:

1 >
) — —(i—p) /207
f(ylb I"Ll) (277_0-2)]/23

1
= Qmo) ¢

2 2
i ik opp 1
= exp ey + prai e 51n(27702)

—(37 2y +ud)/ 207

= exply;6; + b(6;) + c(y)],

where 6; = 1,/ 0%, b(6) = 0267 /2, and c(y;) = —y7 /20 — 1 In2mo?). O

To obtain an estimator of 3 in a generalized linear model, we use the method of
maximum likelihood. From (18.15), the likelihood function is given by

L(B) = | | exply:b; + b(6;) + c(y)].
=1

=

The logarithm of the likelihood is
InL(B) =Y yifh+ Y b+ c(y). (18.17)
i=1 i=1 =1

For the exponential family in (18.15), it can be shown that

E(y) = w; = —b'(6),

where b'(6;) is the derivative with respect to 6. This relates 6; to the link function
8(pm) = XﬁB

Differentiating (18.17) with respect to each ;, setting the results equal to zero, and
solving the resulting (nonlinear) equations iteratively (iteratively reweighted least
squares) gives the estimators ,f%i. Confidence intervals, tests of hypotheses, measures
of fit, subset selection techniques, and other procedures are available. For details, see
McCullagh and Nelder (1989), Dobson (1990), Myers (1990, Section 7.6), Hilbe
(1994), Lindsey (1997), Christensen (1997, Chapter 9), and McCulloch and Searle
(2001, Chapter 5).
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PROBLEMS

18.1 For the Bernoulli distribution, P(y; =0)=1—p; and P(y; =1) =p; in
(18.4), show that E(y;) = p; and var(y;) = p:(1 — p;) as in (18.5) and (18.6).

18.2 Show that In [p;/(1 — p)] = By + B;x; in (18.8) can be obtained from (18.7).

18.3 Verify that In L(B,, 8,) has the form shown in (18.10), where L(B,, B;) is as
given by (18.9).

18.4 Differentiate In L(8,, 8,) in (18.10) to obtain (18.11) and (18.12).

18.5 Show that b(6;) = —nIn(1 + %), as noted following (18.16).



APPENDIX A
Answers and Hints to the Problems

Chapter 2

2.1

2.2

2.3

Part (i) follows from the commutativity of real numbers, a; + b;; = b;; + a;;.
For part (i), let C=A+B. Then, by (2.3), C' = (¢y) = (¢y) =
(aji+bji) = (a;) + (b)) = A + B

7 4
@@ A =[-3 9.
25
7 4
l/ _3 2 _
(b) (A ( 3 2) 5 5>—A.

15 34
(c) AA = 15 90 39 AA’z(?? 1;)
34 39 29

10 -1 13
(a) AB — ( ) BA_< : 5)_
(b) |[A| =10, [B|=-7, |AB|=—70= (10)(—7).
(¢) [BA| = —70 = |AB|.

C (105N ., (105
@ (AB)_( ’ _6>, BA_< 0 _6>.
() t(AB) =4, u(BA)=4

(f) For AB,A; =10.6023,A; = —6.6023.  For BA,A; = 10.6023,
Ay = 6.6023.

Linear Models in Statistics, Second Edition, by Alvin C. Rencher and G. Bruce Schaalje
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518 ANSWERS AND HINTS TO THE PROBLEMS

4 2 5 -9
24 (a) A+B= < A— (_1 _16 5>.

1

2 B =

3 6

(b) A = 3 -2 9

5 7
4 11

© A+B/=|1 , Al+B = 2 1.
1 9 9

2.5 The (i))th element of E=B+ C is e; = b; + c¢;. The (ij)th element
of AE is Y, aper; = Y aulbyj + ciy) = >y (auwbij + awc) = > awbig +
>k @ikCrj» Which is the (ij)th element of AB + AC.

26 19 -29
2.6 (a) AB:(3? g;) BA=| 10 44 0.
56 -2 54

13 47 48 80
)’AC<—23 —11>’A(B+C)_<—22 26)’

1
0
8
AB+AC = ( 48 80).

1
9

—_ =N

S 0

(b) B+C= (

22 26

!/ 35 1 IAl 35 1
© (AB)_<33 37)’ BA‘(33 37)'

(d) tr(AB) = 72, tr(BA) = 72.
(e) (@/B)= (35 33), (a)B)= (1 37), AB= 3? ?

®) (Ab1)< ), Ab2<§;), AB(ST g;)
0
0
0

0 0
2.7 (a) AB= 0 0| =0.
0 0

1
(b) x = any multiple of ( -1 ) .
-1

(¢) rank(A) =1, rank(B)=1.

28 (@ ByQIN,dj=a, - 14+a-14+-+a,-1=5" a.

aj ajj Py
(b) If A a/z then Aj i 2%
=1 . |sthenAj=| . | = .

~

/e
an an-l Zj Anj
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2.9 By (2.16), (ABC) = [(AB)C]'=C'(AB)Y = C'B'A’.
2.10 (i) (A'/A) = A'(A") = A’A.
(iv) The ith diagonal element of A’A is a/a;, where a; is the ith column of A.

Since aja; = ja,_z,- =0, we have a; = 0.
24 9 21 40 9 42
1 DIA( 4 —10 6)’ A])2<10 5 18)'
a 2b 3c a® 2ab 3ac
212 DA = 4a 5b 6¢ , DAD = d4ab 5b2 6ch |.
7a 8b 9c TJac 8bc 9c?

213 YAy = any? +any’ + any; + 2anyiy: + 2aiy1ys + 2a3y2y3-

26 9 6 12
2.14 (a) Bx= | 20 |. h)xy=|-3 -2 —4].
19 6 4 8
80 —11 28
(b) y'B = (40, —16,29). i BB=| —11 14 -21].
28 —21 34
6 15
(¢) X'Ax = 108. (G yZz=14 10 |.
8 20
e , (6 4 8
(d) x'Cz=-—29. (k) zy—<15 10 20 )
(e) xX'x = 14. o Yy = v29.
o — (14 =T
(f) x'y=15. (m)CC(7 26)'

9 -3 6
(g xx’=| -3 1 =21.
6 -2 4
6 0
215 @ x+y=|1], x—-y=|{ -3
6 2
11 -3 6

(b) tr(A) = 13, tr(B) = 12, A+B( 6 2 2), tr(A + B) = 25.
5 -1 12

29 =20 30 41 -2 35
(c) AB = 5 -3 7], BA=|34 -6 23|.
46 25 44 28 5 35

(d) tr(AB) =70, tr(BA) = 70.
(e) |AB| = —403, |BA|= —403.
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29 5 46 29 5 46
(f) ABY = [ —20 -3 -25|, BA'=| -20 -3 —25].
30 7 44 30 7 44

o i (--6)-()-(-6)

27 16 27 16
217 (@) ABY = [ -12 -6 |, BA' =[ -12 —6].
19 11 19 11

(2 5)(1 0) (2 5)
= :A’
1 3)\0 1 1 3
(1 0)<1 -6 2) (1 -6 2)
IB = - - B.
0 1)\5 o0 3 5 03
~ 3 -5
(d)A1:<_1 2).
e 3 -5\"' /25
(e)(A1)1:<_] 2) :(] 3):A_
w (2 1\ 3~ w3 -1

2.18 (a) If C = AB, then by (2.35), we obtain
Ci1 = A;1Bi1 + ApByy
:(2 1)(1 1 1>+<2>(2 30
3 2 2 1 1 0
4 3 3 4 6 2 8 9 5
:(7 5 5)+<0 0 0>:(7 5 5)'

Continuing in this fashion, we obtain

5 6
AB = 5 4 ].
2 2

5
5 ) when found in the usual way.
2

8 9
75
3 4

&~ Lo
[\S I @)

8
(b) AB=| 7
3
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2.20

2.21

2.22

2.23

2.24
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2220 6 7 3 6
@@ AB=ab|+AB,=(3 3 3 0]|+([4 2 2 4
1110 231 2

NSl e

9 5
55
4 2

w=a(z) (7)) - ()

=7
Ab = < 3 ) when found in the usual way.

8
=|7
3

By (2.26), AB = (Ab;, Ab,, ..., Ab,). By (2.37) each Ab; can be expressed
as a linear combination of the columns of A, with coefficients from b.

3 0 2 3 0 2
2l 1| +3l =1 +1], =11+ =-1]-1]1
2 1 0 2 -1 0
/-6 0 2 -3 0 2
- (2 =3+t ], [=1]+[=1]-]1
|\ —4 3 0 ) 1 0
4 -5
=| -4 -3 | =AB.
—1 -1

Suppose a; = 0 in the set of vectors a;, & ,...,a, Then cia;+ -+ + ¢0 +
-o-4cpa, =0, where ¢c;=c, = ---=c¢;_1=c; 1 =---=¢,=0 and ¢; #0.
Hence, by (2.40), a;, a, ..., a, are linearly dependent.

If one of the two matrices, say, A, is nonsingular, multiply AB = O by A ™' to
obtain B = O. Otherwise, they are both singular. In fact, as noted following
Example 2.3, the columns of AB are linear combinations of the columns of
A, with coefficients from by.

AB = (bllal + - +bnlan:bl2al + - +bnzam--~)
— (0,0, ...,0).

Since a linear combination of the columns of A is 0, A is singular [see (2.40)].
Similarly, by a comment following (2.38), the rows of AB are linear combi-
nations of the rows of B, and B is singular.
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2.25

2.26

2.27

2.28

2.29

2.30

231
2.32
2.33
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AB= (? Z), CB= (? i), rank(A)=2, rank(B)=2, rank(C)=2.

(8 5 _(2ci14ci3 i+ 22 . .
(a) AB= (l l)’ CB = (2C21 Fen ot 200 > C is not unique.
An example is C = 26
Xamp “\-1 1 3)
31 2\ (" 0\ . o
(b) 10 —1 x| =\ gives two equations in three unknowns
X3
1
with solution vector x; | —5 |, where x; is an arbitrary constant. We
1
can’t do the same for B because the columns of B are linearly independent.
2 23
(a) An example is B = 1 4 4 |. Although A and B can be non-
-1 -1 3
singular, A — B must be singular so that (A — B)x = 0.
-1 1 1
(b) An example is C = 1 —4 1 |. In the expression Cx = 0, we
2 1 —4

have a linear combination of the columns of C that is equal to 0, which is
the definition of linear dependence. Therefore, C must be singular.

A’ is nonsingular by definition because its rows are the columns of A. To
show that (A)"' = (A 'Y, transpose both sides of AA~' =1 to obtain
(AA™'Y =T, (A"'YA’ = I. Multiply both sides on the right by (A")"".

(AB) ! exists by Theorem 2.4(ii). Then
AB(AB) ! =1,

AT'ABAB) ' = A7,
B 'BAB) ! =B !'A

(231 (1 2 g 1 -1
AB_(13 1)’ B _10<—3 4)’ @B =1\ 13 2 )
1 -1
—1A-1 _ 1
B-A _10(—13 23)'
Multiply A by A" in (2.48) to get L.
Multiply A by A " in (2.49) to get L.
Muliply B 4 ¢¢’ by (B + e¢/)~ " in (2.50) to get L.



2.34

2.35

2.36
2.37

2.38

2.39
2.40

241

242

243
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Premultiply both sides of the equation by A 4+ PBQ. The left side obviously
equals I. The right side becomes

(A +PBQ)A~' — A'PB(B + BQA'PB) 'BQA!]

=AA!' +PBQA ! — AA"'PB(B + BQA 'PB) 'BQA !

— PBQA 'PB(B + BQA 'PB) 'BQA !
=1+P[I- BB +BQA 'PB)!
=1+ P[I— (B+BQA 'PB)B + BQA'PB) 'IBQA"!

=1+P[I—IBQA™!
=L

Since y'A’y is a scalar and is therefore equal to its transpose, we have
YAy =(yA'y) =y (A) (Y)Y =y'Ay. Then ;y(A+A)y=;yAy+
JYA'y =3Y'Ay +3YAy.

Use the proof of part (i) of Theorem 2.6b, substituting > 0 for >0.
Corollary 1: Y BAB'y = (B'y) A(B'y) > 0 if B'y # 0 since A is positive defi-
nite. Then B’y = y;b;+- - - 4+ y by, where by is the ith column of B'; that is , b/

is the ith row of B. Since the rows of B are linearly independent, there is no
nonzero vector y such that B’y = 0.

We must show that if A is positive definite, then A=P'P, where P is non
singular. By Theorems 2.12d and 2.12f, A = CDC’, where C is orthogonal
and D = diag(A;, Ay, ..., A,) with all A; > 0. Then A = CDC' = CD'/?
D'/2C' = (D'/2C)(D'/2C’) =P'P, where D'? = diag(v/Al, VA2, ...,
/Ap). Show that P =D ~">C’ is nonsingular.

This follows by Theorems 2.6¢ and 2.4(ii).

—_

(a) rank(A, ¢) = rank(A) = 3. Solution x; =7, x; = 2, x3 = 1.
(b) rank(A) = 2, rank(A, ¢) = 3. No solution.
(¢) rank(A, ¢) = rank(A) = 2. Solution x; = 7,x, + x3 + x4 = 1.

By definition, AA ™A = A. If A is n xm, then for conformability of multipli-
cation, A~ must be m X n.

0
0], AATA=
0

1 1
AAT[O0 1

1 1
)Anl

A11<

—BQA'PB(B + BQA'PB) '|BQA !
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244 Let C be the lower left 2 x 2 matrix C = <:1; (2) . Then C' =

=

2 0 1 0 iy (1 3>
= dC = 2 .
(—3 1) (—% %)a“ =lo 1

245 (i) By Theorem 2.4(i), rank(A A)<rank(A) and rank(A) = rank

(AA A) <rank (A A). Hence rank (A~ A) = rank(A).

(i) (AAA)Y = A'(A YA/

(iii)

(iv)
)

Let W = A[I— (A’A)”A’A]. Show that
WW = [I — (A’A)"A’AJ[A’A — A/A(A’A)"A'A]
=[1—(A’A)"A’A]O = O.

Then by Theorem 2.2c(ii), W = O.

A[(A’A)"A’]A = A(A’A)"A’A = A, by part (iii).

(Searle 1982, p. 222) To show that A(A’A)~ A’ is invariant to the choice
of (A’A)7, let B and C be two values of (A’A)". Then by part (iii), A =
ABA’A and A = ACA’A, so that ABA’A = ACA’A. To demonstrate
that this implies ABA’ = ACA’, show that

(ABA'A — ACA’A)B'A’ — C'A’) = (ABA' — ACA)
x (ABA’ — ACA'Y.

The left side is O because ABA’A = ACA’A. The right side is then O,
and by Theorem 2.2¢(ii), ABA’—ACA’ = O. To show symmetry, let S
be a symmetric generalized inverse of A’A (see Problem 2.46). Then
ASA’ is symmetric and ASA’ = ABA’ since ABA’ is invariant to
(A’A)". Thus ABA’ is also symmetricc. To show that
rank[A(A’A)”A’] = r, use parts (i) and (iv).

2.46 If A is symmetric and B is a generalized inverse of A, show that ABA =
AB’A. Then show that %(B + B)) and BAB' are symmetric generalized
inverses of A.

2.47 (i) By Corollary 1 to Theorem 2.8b, we obtain

(ii)

0 0 O
A =(0 1 o0
00 !

Using the five-step approach following Theorem 2.8b, with

C= (3 (2)> defined as the upper right 2x2 matrix, we obtain
0 1 0 0 0

C_':(l %)andA‘: 0o 10
2 72 1 - o

2.48 (b) By definition, AA"A = A. Multiplying on the left by A’ gives

A’AA “A=A’A. Show that (A’A) ! exists and multiply on the left by it.
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2.49 (iv) If A is positive definite, then by Theorem 2.6d, A can be expressed as
A = P'P, where P is nonsingular. By Theorem 2.9c, we obtain

Al=[PP|=P|P| by 274)]
= [P||P| [by (2.63)]

=[PP>0  [by 2.61)]

(vi) ATTA| =1 =1
ATAl=1  [by 2.74)]

A =1/A].
2.50 25 : :
. |A| = L 3 =1 # 0, note that A is nonsingular
2 1
A = =1=A]
5 3
3 -5 3 -5 1
Al = , AT = =1, =1,
(—1 2) A~ ‘—1 2‘ ‘2 5‘
1 3
21 10(2 5)_(20 50) ‘20 50‘_100
St @ 1 3) \10 30/ |10 30|

10?

25
‘ = 100(1) = 100
1 3

(b) |cAl = [cIA] = [cI[[A] = ¢"[A]

2.52 Corollary 4. Let A;; = B, Ay, = 1, Ay; = ¢/, and A = c. Then equate the
right sides of (2.68) and (2.69).

2.53 |AB| = |A||B| = [B||A| = [BA],
|A%] = |AA| = |A[|A] = |A?]

4 -2 23 1
254 (a) |A|=1, |B|—’3 1‘—10, AB—(13 l)’ |AB| = 10.
2 > (9 25 2
() [A%] =1, A—<5 o) A=t
_( Ay O
2.55 Define B = (_ AnAT T . Then

I A'A
BA = 11 12 )
(0 An — AyA[ A
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2.56

2.57

2.58

2.59

2.6

=
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By Corollary 1 to Theorem 2.9b, |BA| = |Ay — A21Af11A12|. By Theorem
2.9c. |BA| =|BJ||A|. By Corollary 1 to Theorem 2.9b and (2.64),
B = A} = 1/]An].

We first show that sine cic; = 0 for all i # j, the columns of C are linearly
independent. Suppose that there exist a;, a,,...,a, such that aj¢;+
aey +---+aye, = 0. Multiply by ¢’ to obtain a,c¢jc; + axeje, +---+
apcic, =¢j0 =0 or ajcjc; =0, which implies that ¢, = 0. In a similar
manner, we can show that a, = a3 = --- = a, = 0. Thus the columns of C
are linearly independent and C is nonsingular. Multiply C'C =1 on the
left by C and on the right by C .

1/vV3 —1/vV2 1/V6
@@ C=|{-1/V3 0 2/v6
1/vV3  1/vV2 1/V6

(@ |1 =|C'C| =|C’||C| = |C||C| = |C)*. Thus |C|* = 1 and |C| = +1.
(i) By (2.75), |C'AC| = |ACC'| = |AI| = |A|.
(iii) Since cic; =1 for all i, we have cj¢; = Zj cl-zj = 1, and the maximum
value of any ci is 1.

(i) The ith diagonal element of A + B is a; + b;. Hence tr(A + B) =
Yoiaii+bi) =" ai + >, by = tr(A) + tr(B).

(iv) By Theorem 2.2c(ii), the ith diagonal element of AA’ is aga,-, where a/
is the ith row of A.

(v) By (i), tr(A’A) = >, ala; = ), Zj ai2j, where a] = (a1, an, - .., ap).
(vii) By (2.84), tr(C'AC) = tr(CC'A) = tr(IA) = tr(A).
2 1 5 2 2
/ 5 2 !/
B=O2,BB=25,BB=24O,
1 0 2 01

t(BB)=5+5=10, uBB)=5+4+1=10.

(iii) Let b; be the ith column of B. Then

2 2 1
Zb;b,:(z,o,l) 0| +a,20[2]=5+5=10.
i=1 1 0

(iv) Let b} be the ith row of B. Then

ib’b—(z 1)(2) +© 2)(0) +d 0)(1)
e ' T\ 2 "\ 0

=5+4+1=10.
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31 o 10 35 1
261 A= , AA=| 31 2], AA' = ,
10 —1 1 2

525

tr(A’A) = 16, tr(AA’) = 16, Zi]_afj =324+ 124+22 41240+ (= 1)>=16.

262 (A"TA? =A AA A=A Asince AA A=A by definition. Hence A~ A
is idempotent and tr(A”A) = rank(A~A) = r =rank(A) by Theorem
2.8c(i). Show that tr(AA™) = r by a similar argument.

2 2 3 0 10 1 0 1
263 A=|10 1|, A =|0 -3 1], AA=|0 1 1],
3.2 4 0 00 00 0
tr(A”A) = 2,
0 —1
AA"=[0 1 0|, tr(AA") =2, rank(A~A) = rank(AA") = 2.
0 01
1-2 2 X1 0
2.64 /\2_2,(A—/\zl)x2—0,( B 4_2>(x2>_<0>’
—x1 +2x =0,
—x1 +2x, =0,
X1 = 2x,

- (2)-(2)-(0)

Usex, =1/ /5 to normalize Xj:

2/V2
Xy = .
1/v/5
2.65 From A%x = /\zx, we obtain AAZX = A2Ax = A2Ax = Ax. By induction
AAF I = M TAx = M Tax = Mx.
2.66 By (2.98) and (2.101), A* = CD*C’, where C is an orthogonal matrix con-

taining the normalized eigenvectors of A and D* = diag(A, )\’5, e, /\f,).
If —1 < A; < 1 forall i, then D* — O and A* — O.

2.67 (AB — ADx = 0,
(BAB — AB)x = 0,
(BA — A)Bx = 0.
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2.68

2.69

2.70

2.71

2.72

2.73

2.74

2.75

ANSWERS AND HINTS TO THE PROBLEMS

0=[P'AP — Al = [P"'AP — AP 'P|
= [P"(A — ADP| = |(A — ADP'P|
=|A = A
Thus P! AP and A have the same characteristic equation, as in (2.93).

Writing (2.92) for x; and x;, we have Ax; = A;x; and Ax; = A;X;. Multiplying
by x; and x; gives

x’iji = )\,-x’jx,-, (1)
XAX; = AX(X;. @)
Since A is symmetric, we can transpose (1) to obtain (x’iji)’ = /\i(x’jxi)’ or

x;Ax; = A x)X;. This has the same left side as (2), and thus A;x'x; = A X/x; or
(A; — A)xix; = 0. Since A; — A; # 0, we have xx; = 0.

By (2.101), A = CDC'. Since C is orthogonal, we multiply on the left by C’
and on the right by C to obtain C’AC = C'CDC'C = D.

—.5774 8165 0
C= 5774 4082 —.7071
5774 4082 7071

(i) By Theorem 21.2d, |A| = |CDC|. By (2.75), |CDC'| = |C'CD| = |D|.
By (2.59). D| = [T}, Ax

(a) Eigenvalues of A: 1,2, —1

.8018 3015 7071
Eigenvectors: x; = | .5345 |, xp, =1 9045 |, x3=10
2673 3015 7071

() r(A)=1+2-1=2, |Al=DQ)(—1)=-2.

In the proof of part (i), if A is positive semidefinite, x/Ax; > 0, while
x!x; > 0. By Corollary 1 to Theorem 2.12d C'AC=D, where D=
diag(Ai, Az, ..., A,). Since C is orthogonal and nonsingular, then by
Theorem 2.4(ii), the rank of D is the same as the rank of A. Since D is diag-
onal, the rank is the number of nonzero elements on the diagonal, that is, the

number of nonzero eigenvalues.

(a |Al=1

(b) The eigenvalues of A are .2679, 1, and 3.7321, all of which are positive.
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2.76 (a) (A1/2)/ _ (CD1/2cl)/ _ (Cl)/(D1/2)lcl _ CD]/Zc/ _ Al/2.
(b) (Al/2)2 — A1/2A1/2 — CD]/Zc/CDl/ZCI — CD1/2D1/2cl _ CDC/ — A,

277 N =3 =1x = (_\/}2//22),3(2 _ (gﬁ)

wrere () (4 DG )0 )

_1(1+\/§ 1—\/§>

2 \1-V3 1+3

2.78 i) I—A?=T1-2A+A’=1-2A+A=1—A.
(i AU—A)=A—-—A’=A—-A=0.
(i) (P"'AP)?> = P~'APP'AP = P 'A%P = P 'AP.
(iv) (C'AC)*> = C'ACC'AC = C'A’C = C'AC,
(C'AC) = C'A'(C"Y = C'ACif A=A
279 (A"AP? = A AA A = A A, since AA"A = A.
[AA'A)"A'> = A(AA)"A'AA'A)"A' = A(A'A) A/, since A=
A(A’A)” A’A by Theorem 2.8c(iii).
280 (@2 ()2 (H1,1,0.

2.81 By (2.107), tr(A) = Y7 | A;. By case 3 of Section 2.12.2 and (2.107), tr(A%) =
1 A7 Then [r(A)* = Y0 A7 4230, i = tr(A%)+ 237, A

OH OB'(BAB) 'B
2.82 s

Ox ox ’
N—1
_p J(BAB') B,
ox
OBAB’
= B'(BAB)' o (BAB')'B,
A
= —B’(BAB’)”B?,)—B’(BAB’)*B,
X
A
=-H—H.
ox
283 LetX = (Z ZC)) such that ac > b>. Then,

Oln|X| Oln(ac — b?)
0X oX ’
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dln(ac=b*)  9ln(ac—b*)
Oa b

>

dln(ac—b*)  dln(ac—b?)

ob Jc
1 ( ¢ —2b )

ac—b*\ =2b a)’

2 c =2b 1 c 0

~ac— b\ —2b a ac—b*\0 a)’

=2X"! — diagX~".
1 0

2.84 The constraints can be expressed as h(x) = Cx—twhere C= [ 1 1 | and

0 1

t= (;) . The Lagrange equations are 2Ax + C'A =0 and Cx =t, or
2A C x\) [0
CcC O N\t )

The solution to this system of equations is

()-(25) ()

Subsituting and simplifying using (2.50) we obtain

1/6 13
X = (171//66) andA:( 5 )
Chapter 3

3.1 By (3.3) we have

E(ay) = J ayf(y)dy = aJ yf) dy = ak(y).

3.2 E(y — p)* = E(° — 2y + i)
= E(*) — 2uE®Y) + u*  [by (3.4) and (3.5)]
= EG”) =217 + i = EQY) — .
33 var(ay) = E(ay — ap)’ [by (3.6)]
= Ela(y — W)’ = Ela’(y — w)*]
= d’E(y — p)’ [by (3.4)].
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3.4 The solution is similar to the answer to Problem 3.2.

3.5 E(yiyj) = : J: yivif (iyy) dyi dy;
inyjﬁ(yi)f}(yj) dyidy; [by (3.12)]
yifi(yp) U yifi(yi) dyz} dyj

= B0 [ dy = EGOE).
3.6 cov(yi, yj) = E(yiyp) — iy [by (3.11)]

= Mk [by (3.14)].

3.7 (a) Using the quadratic formula to solve for x in y=1+ 2x — x* and
y=2x — xz, we obtainx =1 + 12 —yand x =1 £+ /1 — y, respecti-
vely, which become the limits of integration in 3.16 and 3.17.

38 (@) Ara=[ [ dydx+ ) [{ Fdydv=2.

X

®) fl(x):J lay—1, 1<x<2,

x—1

Hence, fi(x) =1,

y+1 3
£y = %derJ I, 0<der=y<l,

y

Hy=| Zdx=2-y, 1<y<2,
E(x) = | x(1dx=2,

1

1 2
E(y) = y(y)dy+J y2—ydy=31+5=1,
0 1

2 (x 3 pd—x
sow = | [ whaact [ [ wdaya-2
J1 Jx—1 2 J3—x

oy =2-2(1)=0.
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Sy

1
(o = -2
c f(yx) ) !

:1’

X

E(yIX)=J y(Ddy=x—3, 1<x<2,

x—1
4—x

E(y|x):J y(l)dy:%fx, 2<x<3.
3—x

X1+ yi E(xi +y1)
Xy + Xxp E(x2 4 y2)
3.9 E(x+y)=E . =
Xp + Yp E(x,, + yp)
E(x1)+ E(y1) E(xy) E(y1)
E(x2) + E(y2) E(x2) E(y2)
= ) = ) —+
E(xp) + E(Yp) E(xp) E(Yp)
X1 Y1
X2 »
=E| |+E
Xp Yp

310 E[(y—m(y—w']=Elyy —yn — w/' + pp']
= E(yy) — E(y)W — pE(Y) + E(pp/) [by (3.21)
and (3.36)]

=E(yy) — mi' — pi + .
3.11 Use the square root matrix 32 defined in (2.107) to write (3.27) as
Y-w2 ' (y-w=u-wE"2 y-—w

— (V) (y = wIT(Z?)(y — w] = 2z, say.

Show that cov(z) = I (see Problem 5.17).
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313 cov(z) = cov(y) = El(z— p)(z— p)] [by (3.24)]
X

) (IR () e

E(y_ ”}‘)[(y— m), (x — Y]
X_M'x

(Y= )y —m) (y—p)x—pm)
(x—pm)y—p) (x—p)(x—pm)

E[(y = m)(y — )] EL(y = pm)(x — g1
El(x — m)(y — )] El(x— p)(x— p)]

<2yy 2
2y 2

). [by (3.34)]

3.14 (i) If we write A in terms of its rows, then

/ /!
a ay
) ay
Ay = . . y fr
a;( aily

Then, by Theorem 3.6a, E(ajy) = a}E(y), and the result follows by
(3.20).

(ii) Write X in terms of its columns x; as X = (X, Xo, ..., X,). Since Xb is a
random vector, we have, by Theorem 3.6a

E(a'Xb) = a’E(Xb)

= a'E(biX; + byXo + - - - + bpX,) [by (2.37)]
= a'[b1E(X)) + b2E(X2) + - - + b,E(X))]
=a'[E(x)), E(X2),. .., E(X,)]b [by (2.37)]
— aE(X)b.
a
a;
(iif) E(AXB)=E|| ~ [X(bi, b, ..., b))
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a\Xb; ajXb, --- a)Xb,
a)Xb; a)Xb, --- a Xb,
=F

a,Xb; a;Xb, --- a;Xb,

2/ E(X)b; a,E(X)b, --- ajE(X)b,
A,E(X)b; 2,E(X)by -+ aLE(X)b,
alE(X)b;  a,E(X)b, --- a,E(X)b,
a

2

=| [EX)(bi, b ..., b,) = AE(X)B.

!
a

3.15 By (3.21), E(Ay + b) = E(Ay) + E(b) = AE(y) + b. Show that E(b) = b.
if b is a constant vector.

3.16 By (3.10) and Theorem 3.6a, we obtain

cov(a'y, b'y) = E[(ay — a'm)(by — b'w)]
= E[(a'(y — w(y — w'b] [by (2.18)]
=a'E[(y — w)(y — w)Ib  [by Theorem 3.6b (ii)]
— a’Sh [by (3.24)].

3.17 (i) By Theorem 3.6b parts (i) and (iii), we obtain

cov(Ay) = E[(Ay — Ap)(Ay — Ap)']
= E[(A(y — p)(y — w'A’]
= AE[(y — m(y — 1A
= AZA’ [by (3.24)].

(i) By (3.34) and Theorem 3.6b(i), cov(Ay,By) = E[(Ay — Aum)(By—
Bp)']. Show that this is equal to AXB'.
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3.18 By (3.24) and (3.41), we have

cov(Ay + b) = E[Ay + b — (Ap + b)][Ay + b — (A + b)]'
= E[Ay — Ap][Ay — Ap]'.

Show that this is equal to AZA’.

=(I' 1 0

y A OO O
X O B OO
319 Letz= v K= 0O0C O ,L
w O 0O OD
(O O I 1I).Then cov(Ay + Bx, Cv + Dw)

= LK cov(z) KM’

S, 3,
=(A B O O) 2o Ix
2"vy va
2wy wa

p.
v
I
S

= AY,,C' +BY,,C' + A%, D' +B3,,D.

320 (a) E(z) =38, var(z)=2.

(b) E(z) = (_i), cov(z) = (_ﬂ a

14
45 )

O), and M =

6 6 —14 18

321 (a) E(wy=| —-10 |, cov(w)= | —14 67 —-49|.
6 18 —-49 57
11 =25 34

(b) cov(z, w) = (—8 53 _31>.

Chapter 4

4.1 Use (3.2) and (3.8) and integrate directly.

42 By 67) =" =2""". We now use (2.77) to

obtain |3 = [2'23"?| = [31?||2"?| = [2Y?P, form which it follows

that [S'? = |3|'"/2.
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4.3 Using Theorem 2.14a and the chain rule for differentiation (and assuming that
we can interchange integration and differentiation), we obtain

ety . Oty ,
— oty — vty
aa ¢ e Yo

OM,(t) 0
ot ot

J a /
ije‘yf(y)dy: J‘--Jae‘yf(y)dy,

OM,(0
% - J ' 'JYf(y)dy =E(y) [by (3.2) and (3.20)].
az v a / at/ 3 ’ ,
14 aleat - 87 <etyaty) = aT(yset V)= yryxety.

4.5 Multiply out the third term on the right side in terms of y—pm and 3t.
4.6 My () = E[¢"071] = E(&V1#) = e RE(Y) = e el HHID

4.7 E(e'A) = E(AYY). Now use Theorem 4.3 with A’t in place of t to
obtain

E( et’Ay) — A BHI/DANOINE _ C(AW+(1/DE(AZAE

M(1) M(1) M(1)
M(0) = 1, K"(0) = M"(0) — [M'(0)]* = 0.

! 2 ! 2
4.8 Let K(7) = In[M(7)]. Then K'() = MW and K"(1) = MW _ [M}  Since

49 C3C = C(d1)C' = 0*CC’ = ¢°1. Use Theorem 4.4a (ii).
4.10 The moment generating function for z = Ay + b is
M, (t) = E(en) _ E(et’(Ay+b)) _ E(et’(Ay+t’b)) _ et’bE(et’Ay)
_ et’beﬂ(Au)+t’(A2A')t/2 [by (4.25)]
_ t’(Ap.—&-b)-H’(AEA')t/Z’

e

which is the moment generating function for a multivariate normal random
vector with mean vector Ap + b and covariance matrix AXA’.



ANSWERS AND HINTS TO THE PROBLEMS 537

4.11 Use (2.35) and (2.36).

4.12 By Theorem 3.6d(ii), cov( Ay, By) = AXB'.

4.13 Write g(y, X) in terms of (”y> and Y, = (2”y 2 ) .For |¥| and 3! see
My Ex)’ Exx

(2.72) and (2.50). After canceling A(x) in (4.28), show that f (y|x) can be
written in the form

1 15 —1
flylx) = — e~ (Y1) 2}..X(y—m.x)/2,
2mP2(3,. "

where p, = p, + nyﬁ);l(x —p)and Xy, =2 — nyﬁ);l 2
414 cov(y — Bx, x) = cov {(1, —B) ( )yc ) (0,1) ()yc )] . Use Theorem 3.6d(ii)

v\ . 1 4 -1
4.16 (a) <y3) 1sN2[<3), (_1 5)]
(b) y, is N(2, 6).
(c) zis N(—4,79).

(). 2 11 -6

@ o= () s (3) (L s3]
1 2 2

©) f(yi, y2lys, ya) = [( ;yjr:ryiﬂ)n(z 4)]

-1

(f) E(YIa)’S|)’29y4) (:1),)+( )(—g _i> <§421‘T‘§>’
4 —1 2 2 6 2\ '/2 3
1 5) \3 —4)\—2 4 2 —4)

I3 +2m S
sty ) \2
(@ piz=—1/2V5.

(h) p;3.4 = 1/1/6. Note that p,5.,, is opposite in sign to p;s.
(i) Using the partitioning

cov(y1,y2[y2,y4) = (
Thus

F1,y30y2,54) = Na

(IERWIS]
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4.17

4.18

ANSWERS AND HINTS TO THE PROBLEMS

we have
6 3 —2\ '/y,-2
E(yilynysy)=1+(2 -1 2)| 3 5 —4 y3—3
-2 -4 4 Va+2
1/4 —1/4 —1/8
| Y2 —2
=1+2 -1 29—, 5/4 9/8 y3—3
2
1/8 9/8 21/16) 7
Y2 ¥
=Sttt
1/4 —1/4 —1/8 2
var(yily2, ys, ya) =4—(2 —1 2)|-1/4 5/4 9/8 -1
1/8 9/8 21/16 2
—4-3=1.

Thus £ (y1 |y2,¥3,¥4) = N(L + 1/2y, + 1/2y3 + 5/4y4, 1).

(@) N(17, 79).

o n[(E).(2 )]

© f (2, y3) =N(=3+ 1y +1y3,17/12).

2 4 1
d) f(y yz’y3)N2K—2+§y3)’<l %)}

(e) p1, = V2/4 = .3536,p1,5 = 1/3/20 = .3873.

y; and y, are independent, y, and y3 are independent.

4.19 y; and y, are independent, (y;, y,) and (y3, y4) are independent.

4.20

Using the expression in (4.38) for %, in terms of its rows @, show that

-1 -1 -1
0Jlxz,\leo-llf O-llxzxxl O2x e O-llxzxx UPX
2 2712 o OJZXEX_X Oix OJZxExx 02 e O-/szxx UPX
YXSxx Xy —
T -1 L1
O-lpxzxx Oix U/pxzx_x O T Ulpxzxx O.PX
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Chapter 5

n n n
51 D 0= 07 -2ity)=> yi—2Y yitny? =) yi—2ny +ny’
i=1 i=1 i=1 i i

52 By 2.23)[(1/mJ)* = (1/md)jjii’ = (1/m®)j(n)j = (1/n)jj = (1/n)J.

5.3 (a) By Theorem 5.2b we obtain
1] 1
2 /
= I—-1J
var(s”) e 1)2_ var [y ( . )y}

] 2tr{<l—lJ> 2IT+4 2 2’( —lJ)‘
e o n o) " J
B I T P 1 2p_m| = 20"
= e [20’ tr(I nJ> —|—4,u g“(n n)} =71

o2 4
(b) var(s?) = var (n _”1> _ [(n i 1)2} var( u)

20*

o
:L 1)4(2)(" D=

5.4 Note that 0' V! = w3 ! Because of symmetry of V and 3, we have
vig=3" . Substituting into the expression on the left we obtain

o WE T o (12A%) 7137 ] 12

—(1/2)
B 20An 23

_ |I—2tA2|_( 1/2) = I=(1-21A%) '3 /2.
. . . ry -1 - N~ -
5.5 Expanding the second expression we obtain e (W= #-0V ' 0+y'V Iy-20V-ly+

OV'0/2 Qubstituting @' and V', simplifying, and noting that 'V~ =
M’E_l, we obtain the first expression.

5.6 K(t)= —EET—EMC dt C~ '3 ' u. Using the chain rule,
11 [dC]> 11 &C| ,dC __,dC
k// — ___ - = - IC 1 C I_C 1
(0= 2|c| { ] 2|C| ar 2” aC e

IC ld 12 1 M/C71£C ldC

-1
2 dar *3 dr - d X
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57 YAy =(y - p+ mAly — p+p)
=(y-wAy - +(y - wAp+ pAly — p) + WAp
=(y-wWAy - +2y — wAp+ wAp

5.8 To show that E[(y — m)(y — ) A(y — m)] =0, we need to show that all

central third moments of the multivariate normal are zero. This can be
done by differentiating My_,,(t) from Corollary 1 to Theorem 4.3a. Show that

83Myfﬂ(t) (1/2)t'3t
onoL0n, | C Tur ;Ws/’ + oy, ;tja,,j

() () (5o ()

Since there is a ¢ in every term, 83My,”(t)/ ot, 0t; 0t, = 0 for t =0 and
El(yr — ) ys — ) Yy — p,)] = 0 for all 7, s, u.
For the second term, we have [by (3.40)]

2E[(y — w(y — w'Ap] = 2{E[(y — m)(y — ']} Ap
=23An.

For the third term, we have
E[(y — ptr(AY)] = [E(y — p][tr(AY)] = 0[tr(AX)] = 0.

5.9 By definition
cov(By, y'Ay) = E{[By — E(By)lly'Ay — E(y'Ay)]}
= E{[B(y — wlly'Ay — E(y'Ay)]}

= BE{(y — wlly'Ay — E(Y'Ay)]}
=B cov(y, YAy) = 2B Apu.

510 In (3.34), we have X, =E[(y — (X — r)']. Show that E(yx') =
3. + pyp. Then

E(X'Ay) = E[tr(x'Ay)] = E[tr(Ayx)]
= tr[E( Ayx))] = t{AE(yx))]
= r[A(Zy, + py )] = W(AZy + Ap )
= tr(AZyy) + tr(Ap, ) = tr(AZy,) + tr( W Ap,)
= tr(AZy,) + AR,
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511 (@) Yo7 (=i =y =2 (i =Xy =y +Xy) = D> %y — XY yi—
VD X+ XY= Xy — nxy — nxy + nxy.
(b) With  x=(x1,%2,..., %), Y= (Y1, Y2,...
y = (1/n)j'y, we have

N2 1. 1
nxyn< ) i'xj'y =- X’JJ’yX’<;J>y,

al 1 1
Zx,-yi —nxy=xy—x <J)y =x (I — J)y.
n n

i=1

5 yn)la x=( l/n)j/X, and

5.12 Apply (5.5), (5.9), and (5.8) with . =0, A = I, and 3, = I. The results follow.

5.13 By (5.9), var(y'Ay) = 2tr(AZ)? + 4’ AX A . In this case, we seek var(y'y),
where y is N,(u, I). Hence, A =X =1, and
var(y'y) = 2tr(I)* + 4/ = 2n + 8A.

Since L'is n X n, tr(I) = n, and by (5.24), 4’ = 8A.

InM,(f) = —(n/2)In(1 =260 — A[l — (1 — 27",

5.14
dinM,(t) n )
= — A[—2(1—2¢
InM,
dinM,(0) _ o)
dt
d?InM,(1) 2n 3
= + 8A(1 — 2677,
dar (1—21)? ( )
d? In M,(0)
5.15 Since vy, v5, ..., v; are independent, we have

etb‘k)

MEib‘i(t) = E( €tzivi) = E( efv1etb‘2 .
= E( etvl )E( etvz) . E( etvk)
k

k
— H H 2t)n1/2 e Aill=1/(1-21)]

i=1 1

1 o[- 1/(1-20]5,
(1 —2p=m/2

Thus by (5.25), Sv; is X2 (Zini, 2iA;).
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5.16

517

5.18

5.19

5.20

5.21
5.22
5.23
5.24

ANSWERS AND HINTS TO THE PROBLEMS

(@) > =x>/(u/p) is F(1,p) since z> is x* (1), u is x*(p), and z* and u are
independent.

(b) = */(u/p)is F(1,p, 3 ) since y* is x*(1, § ), u is x*(p), and y*
and u are independent.

EE™(y—w] =3""[E(y) — ] = 0. cov[E " *(y — w] =2 cov(y—

w3 2 =3"1233 12— 3712512312521 Then by Theorem

4.4a(ii), 372y — ) is N(0, T.

(a) In this case, ¥ = o°I and A is replace by A/c”. We thus have (A/d?)
(0°I) = A, which is indempotent.

(b) By Theorem 5.5, y'(A/a?)y is x*(r, A) if (A/0*)2 is idempotent. In this
case, 3 = o°l, so (A/0?)X = (A/d?)(d’I)=A. For A, we have
A=JW(A/P)m= WA/ 20,

By Theorem 5.5, (y — m)'S " '(y — p) is x%(n) because AY =37'3 =1

(which is idempotent) and E(y — u) = 0. The distribution of y'3 'y is

X(n,\), where A =1 w'> "',

All of these are direct applications of Theorem 5.5.

@ A =1wAp=10A0=0.

(b) AY = (I/0*)(0?I) =1, which is idempotent. A =1p/(I/c)p =
/20

(¢) In this case “AY” becomes (A/0°)(0°2) = AX.

BSA — B(o’DA = 0?BA, which is O if BA = O.

V= /md] =§ - (1/njj] =§ - (1/nfji =§ — (1/m)(n)j =0".

A3B = A(?DB = ¢®AB, which is O if AB = O.

(a) Use Theorem 4.4a(i). In this case a = j/n.

_ z _ G =w/a/Vn)
Vu/(n—1) /[(n—1Ds2/a?/(n—1)]
2= (y— w/(a/y/n)is NO, 1).

(c) Let v = (y— pp)/(a/y/n). Then E(v) = (pn— po)/(a/y/n) =38, say,
and var(v) = [1/(0?/n)] var(y) = 1. Hence v is N(8, 1), and by (5.29),
we obtain

(b) ¢ Show that

v _ YT Mo
[(n—1Ds2/a* s/Vn
n—1

Thus & = (p — o)/ (a/ /).

is t(n—1,9).
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5.25 By Problem 5.2, (1/n)J and I—(1/n)J are idempotent and [I — (1/n)]]

5.26

5.27

5.28
5.29
5.30

5.31

5.32

[(1/n)J]1= 0. By Example 5.5, 37, (y; —y)*/o? = y'[1 - (1/n)J]y/0*
is x*(n—1). Show that ny*/o® =y'[(1/n)d]y/0® is x*(1,A), where
A=1iwAp =np?/2¢%. Since [I—(1/mJI(1/n)J] =0, the quadratic
forms y'[(1/n)J]y and y'[I — (1/n)J]y are independent. Thus by (5.26),
ny? /[0, (yi —9*/(n—1)] is F(1,n—1,A), where A =nu?/20%. If
pw=0 (Hy is true), then A=0 and ny*/[> 1, (yi—y?*/(n—1)] is
F(l,n—1).

(b) Since

Z?—l(yi—y)z_Y’[I—(l/”)J]Y_/< A )
2(1-p  ai-p Y\ea-_p)¥

we have

A o
>(1-p~  *(1-p)

= 1= (1/mI)[(1 - pL+ pd].

Show that this equals (I — %J), which is idempotent.

(@) E(Y'Ay) = tr(AX) + p/Ap. = —16.

(b) var(y'Ay) = 2tr (AZ)? + 4/ ASAp = 21,138.
(c) Check to see if A%, is indepotent.

(d) Check to see if A is idempotent.

A=3""=diag(}, 1, ), IpwAp = 2.9167.
A= 1ywAap=27.

(a) Show that A is idempotent of rank 2, which is equal to tr (A). Therefore,
YAy/o? is X*(2, WAp/20%), where } W/ Ap = 1(12.6) = 6.3.

(b) BA = ((1) 8 _(1)> # 0. Hence y’Ay and By are not independent.

(¢) y1 +y2+y3 =]J'y. Show that j A = 0'. Hence y’Ay and y; + y, + y; are
independent.

(a) Show that B is idempotent of rank 1. Therefore, y'By/o” is
X(1, WwBp/20%). Find { wW'Bp.
(b) Show that BA = O. Therefore, y'By and y’Ay are independent.

(@ A% =X(X'X)"'X'X(X'X)"'X' = X(X'X)"'X' = A. By Theorem 2.13d
rank(A) = tr (A) =tr [X(X'X)"'X’]. By Theorem 2.11(i), this
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becomes tr [X(X'X) 'X'] = tr(I,) = p. Similarly, rank tr (I—A)=
n—p.

(b) tr[APD]=tr[X(X'X) "' X |=pa?. w Ap=(Xb)X(X'X)"' X'(Xb) =
b'X'Xb. Thus E[y'Ay]=po®+b'X'Xb. Show that tr [(I — A)( o>D)] =
o*(n—p) and W (I—A)u=0, if w=Xb. Hence E[y'(I1—A)y] = (n—
p)a>.

(© YAy/o® is  xX(p,A), where A= wAu/20° =b'X'Xb/25°.
Y(1—A)y/d® is x*(n—p).

(d) Show that X(X'X)™'X'[T — X(X'X)"'X] = O. Then, by Corollary 1 to
Theorem 5.6b, y’Ay and y'(I — A)y are independent.

(e) F( p,n—p, ), where A = b'X'Xb/20°.

Chapter 6

6.1 Equations (6.3) and (6.4) can be written as

n

n
Z)’i - "Bo - B1 in =0,
' i=1

i=1

n n n
inyl' - [30 in - Bl lez =0.
i=1 i=1 i=1

Solving for f3, from the first equation gives By = S, vi/n — B> ;xi/n =
y— ﬁlfc. Substituting this into the second equation gives the result for ﬁl.

6.2 (a) Show that S0, (xi —X)(yi—3) = >r,(x; —Xy. Then B, =3,
(xi — X)yi/c, where ¢ =), (x; — 7). Now, using E(y;) = By + Bix;
from assumption 1 in Section 6.1, we obtain (assuming that the x’s are
constants)

E(B)=E lz (xi —x)y,-/c] = (5 —XDE(y)/c
i=1 i
= Z(xi —X)(Bo+ Brxi)/c
:.BOZ(xi —X)/c+pB Z(xi —X)x;/c

=0+p, Z(xi—x)(xi—x)/czﬁl Z(xi—xf/Z(xi—x)Z =B,.
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b)  E(By) = E(y— Bi%) = (Zm) [E(B)x
= ZE(yi)/” —Bix= Z(Bo + Byxi)/n — Bix

= Zﬁo/" + B in/n — Bix =nBy/n+ Bix — Bix = By.

6.3 (a) Using B1 =" ,(x; —X)y;/c, as in the answer to Problem 6.2, and
assuming var(y;) = o2 and cov(y;, ¥;) = 0, we have

~ 1 & 1 &
var(B;) = Cjz (x; — %)*var(y;) = 6722 (x; — %)’ 0*
=1 i=1

= o Y (xi — X _ o2
DACEEE YRR

(b) Show that B, can be written in the form [, =1, yi/n—
x>, (x; = X)y;/c. Then

var( Bo) = var{z E - @} yl}

i=1

n = —\12
= E XS x)} var(y)
i=1

n (v — T 20 =2
2{122x(x, X)er(x,z x):|0_2
' |n nc c

[ =& R o
=0 ﬁ_%;(xi—x)ﬂ-g;(xi—x)]

1 X3 (x — %)
)l I | N
" Dot (xi — )_5)2}2]

o
a e
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6.4 Suppose that k of the x;’s are equal to a and the remaining n—k x;’s are equal
to b. Then

ka+(n—k)b

X =

2
Z(x,—x) —k{ ka—l—(n—k)b] n_k)[b_ka—}—(n—k)b}

n

[n(a—b) k(a— b)} (n_k){k(b—a)r
n

—k
—[~k(a— b))

=;«n—mw—b%+
(a—by
=

2 —H)2 _
_ b) k(n —k)(n—k+k)=w.

[k(n — k)* + kK*(n — k)]

We then differentiate with respect to k and set the results equal to O to solve
for k.

O3 (xi —%)? _(a— b)?
n

o k(=) +n—kl =0,

n
k=2
2

6.5

SSE = Z(yt yt) - Z()’l BO lxl)

= Z(yi Y+ Bx—Bx) =) - - Bixi— 9

i

=D =7 =2 Y i = =D+ Y (-

Substitute [31 from (6.5) to obtain the result.

6.6 Showthat SSE = 3" (y; — 5)> — B2 Y (x; — X)*. Show that y = B + B,X + &,
where & =" | &;/n. Show that E[>" | (y; —y)*] = E{3>_,[Bi(xi — %) +
g~} =B, (xi =%+ (n—1)a®+0. By (3.8), E(B}) = var(B)+
[EB)) =0/ 32 (xi =3 + Bi.

6.8 To test Hy: By = c versus Hy : B; # ¢, we use the test statistic

Bl_c

S/\/ Z?:l (xi — %)

=
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and reject Hy if |t| > to/2,,—>. Show that ¢ is distributed as #(n—2, 8), where

B —c¢

0'/\/ > (xi— x)?

6.9 (a) To test Hy: By = a versus Hy: By # a, we use the test statistic

f— Bo*a
1+L
NS =

and reject Hy if [t| > 145, .. Show that ¢ is distributed as t(n—2, ),

5=

where
5 Bo—a
1 N %
n Ei (x; — X)Z

(b) A 100 (1 —a)% confidence interval for B is given by

1 x>

G T tajon- -t
B /2,n—2s n Zi(.x,‘—)_C)z

6.10 'We add and subtract y; to obtain 27:1 (yi — )7)2 = Z;‘:l (yi—yi+yi— 5))2.
Squaring the right side gives

D= =Y =AY G 2D (i = 3= ).

In the third term on the right side, substitute y; = Bo + le,- and then
Bo =y— Blfc to obtain

Z()’i - 3W@i—y = Z()’i — Bo — Bix)( By + Brxi — )
= Z(yi —-y+ BIX - lei)(y - E;IX"_ élxi )
= 10 =y = By(x = DBy (x — 0]

=B )i =M =0~ B Y (i~
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This is equal to O by (6.5).
6.11 D= =D (Bo+Bxi— =) (V= Bix+ Bixi —y)
i=1 i i
=B (xi— %7

Substituting this into (6.16) and using (6.5) gives the desired result.
6.12 Since x—Xj=(x1 —%x —X, ..., x, —%X) and y—79j=(y1 — ¥, y2—
Y,...,¥n —¥), (6.18) can be written as
_ (x — ) (y = 5i)
VIO =3 (x =3[y = 3 (y = i)

By (2.81), this is the cosine of 0, the angle between the vectors x — Xj
and y — yj.

6.13 ) / -
. Bl _ A] Zi(xi_x)z
s/ (xi — X2 V/SSE/(n —2)
5 A/ (i — %) —2

_5, A
Vi3 = B (i — 7

/S (xi —%)*/n =2

i
$ S (=97 — (> (xi = X)(i —y)]zzi(xi —x)

=B

[ (o — 07

i =Xy —y) m\/”—z

2 (xi =92 \lz(yyy[] [ =0 =) ]

S i =YY (i — %)

_\/n72r
V-2

614 (a) B,=31.752, B, =11.368.
(b) 1=11.109, p=4.108 x 10715,
(¢) 11.368 + 2.054, (9.313,13.422).

 SSR _ 6833.7663

d) 2 =200 9999. 7005
@ = SST ~ 9658.0755

=.7076.
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Chapter 7

7.1 By (2.18), By + Bxii + - - + Bxik = X/B. By (2.20) and (2.27), we obtain

yl—Xllﬁ
. ! o2 Y, %, %, yz_XIZB
S i—xXiB’ = —XB.y—XB.. ..y — X, B)
i=1

yn_X:lB

=(y—XP'(y — XP).

This can also be seen directly by using estimates in the model y = X3 + €.
Thus € =y — XB, and €'é = (y — XB)' (y — XP).

7.2 Multiply (7.9) using (2.17). Keep y — Xi% together and Xi% —Xb together.
Factor X out of X3—Xb.

7.3 In (7.12), we obtain

_ nxyi — Q%) Qo i) _ n[> " xiy; — (nx)(ny)/n

B - o) AN — (]
DXy — Xy
DY

which is (6.5). For By, we start with (6.6):

BO o _ le Zn'yi <Xz::x;yl_ ;f?’) Z’ixi
(Z y,)(z x; —nx’) B (Zixiyi - n@) D ik
n(>xF — nx?) Soxt—nx*) n
_ iy v xi/m) = (30 5) (30 ) +n(35 /) (30, /) (35, %)
n(z’x[zfn)’cz) ’

The second and fourth terms in the numerator add to O.
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7.9

ANSWERS AND HINTS TO THE PROBLEMS

Starting with (6.10), we have

x2 } Oz[zi(x,-—x)2+nx2

A 1

Var(ﬁ())oz{ﬁz,-(xi—fc)z Ny (i — %
B Sooxr —nx + n)_cz}
_02{ n> (i —x?% |

The two terms missing in (7.17) are
[A — (X'X) ' X[(XX)'X]) + [(XX) XA - (X'X)'XT.
Using AX = I, the first of these becomes

AX(X'X) ' - (X'X) " IXX(XX) ' =(XX) ' - (XX)'=0.

(a) For the linear estimator ¢’y to be unbiased for all possible B, we have

E(c'y) = ¢/XB = a’B, which requires ¢/X = a’. To express var(c'y) in
terms of var(a’B) = var[a'(X'X)"'Xy], we write var(c'y) = o*cc =
le —X(X'X) a4+ X(X'X) 'a 1[e — X(X'X)'a + X(X'X) 'a]

Show that with ¢X=a/, this becomes [c— X(X'X) 'a]
[e — X(X'X)"'a] + a'(X’X)'a, which is minimized by ¢ = X(X'X) 'a.

(b) To minimize var(c’y) subject to ¢’X = a’, we differentiate v = o>c’c—

(¢’X — a’)A with respect to ¢ and A (see Section 2.14.3):

Ov/or=—-X'c+a=0 givesa=Xc.

Ov/de = 20%¢ — X\ = 0 gives ¢ = X\/207.

Substituting ¢ = X\A/20° into a= X'c gives a = X'X\/20>, orA =
20%(X'’X) 'a. Thus ¢ = X\/20% = X(X'X) 'a.

B.=(Z'2)'Z'y = (WX'XH) 'HX'y
— H*l ( X/X)71 ( H/)le/X/y

=H (XX)"'Xy=H"'B.

For the ith row of Z = XH, we have z = x'H, or z; = H'x,. Thus in general,
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z = H'x, and

y=PBz=(H'fYH'x = ' (H 'YHx

g'a)'Hx =g'x

Since B'x = X/ is invariant to changes of scale on the x's, X/B is invariant,
where x/ is the ith row of X. Therefore, X is invariant, and it follows that
s2 = (y — XB)(y — XB)/(n — k — 1) is invariant.

(y = XB)(y = XB) =y'y — yYXB — BX'y + BX'X B. Use (1.8).

By (7.8), B/(X'y) = B(X'XB). By Theorem 5.2a, E(y'y) = E(y'ly) =
tr(1o°1) + E(Y')IE(y) = no® + B'X’XB. By Theorems 7.3b and 7.3c,
E(B=B and cov(B)=c2(XX)"". Thus E(BXXP) =t[(X'X)
A(X'X)'] + BX'XB.

Let X; and Bl represent a reduced model with k—1 x’s, and let X and i}

represent the full model with k x’s. Then show that SSE for the full model
can be expressed as

SSEx = (v'y — B\ Xjy) — (BX'y — B)Xy)
= SSE;_; — ( a positive term).

It is shown in Theorem 8.2d and problem 8.10 that B'X'y — B/ Xy is a
positive definite quadratic form.

First show that (1/n)j’X; = X, where X = (¥, %, . . ., X;), which contains the
means of the columns of X;. Then

1 1 1
(I ——J)Xl =X; —=JX; =X, ——ji'’X; =X, — j¥
n n n

X1 X2 o Xk X1 X2 o Xk

Xo1 X2 .. Xk Xy Xy oo Xk

Xnl  Xn2 0 Xnk X1 Xy oo X
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By a comment following (2.25), j’X. contains the column sums of X.. The
sum of the second column, for example, is > ., (xp—X)=
Sl Xnp —nXy =nX, —nx; =0.  Alternatively,  jX, = j[I— (1/n)J]
X, = [j — (1/n)jji}Xi = 0X; = 0’ since j/j = n.

7.17 (a) Partition X and B as X=(j, X;) and B= (g()). Then show
1

that the normal equations X'X8 = X'y in (7.8) become

(% B)E)-(%)
Xij XiXi )\ B Xy )’
from which we obtain
nBy + X1 By = ny (1
XiBy + XX B, = Xjy. )
Show that (1) becomes ﬁo + X’ﬁl =1y, or @ =Y. Show that (2) becomes
nxBy + X|XiB; = X}y. (3)
By (7.33), X, = [I - (1/n)J]X;. Show that X' X, = X|X; — (1/n)X]
JX; =X|X| —nxx’. Similarly, show that Xly=Xy—(1/n)

X}Jy = Xy — nxy. Now show that the normal equations in (7.34) for
the centered model can be written in the form

n 0 a\ _ ([ ny
0 X/cXc ﬂ] B Xi-y ’

na = ny, @
XX B =Xy. )

which becomes

Thus (4) is the same as (1). Using i’i%l =a — BO, show that (5) is the
same as (3).

(b) USil‘lg (2.50) with Ay =n, Ajp = I’l)_(l, Ay =nX, Ay = X’1X1, and

X! X, = X)X — nxx/, show that

o1 nooiXy\ ! n o onx’ O\
(XX)" =1 . = -
Xl-' X]X] nx X1X1

1
ot (X X)'x —x(XX.)!

—(X/X,)'x (X! X)™!
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and verify by multiplication that (X’X) ' X’X = I. With this partitioned
form of (X’X)~!, show that

B =(XX)"'Xy = [(j. XY (j, Xp)] (;y )
1y

_ (7R XXo Xy _ [ y-Bix
S xXxo Xy ) \(xxoT'Xly )’
which is the same as (7.37) and (7.38).

7.18 Substitute x; =X;, X = Xp, ..., % = X In 57:)7-1‘31()61 —X1)+- +
ﬁk(xk — X) to obtain y = y.

7.19 vy — BXy =¥y — (B, BN, X))y
vy (R A j/y
=Yy (BO>B1)(X,1y)

=Yy - By — BX}y
=Yy - (53— B®ny - BX)y
=Yy —ny* — B(Xy — nyx)

=> i—¥ - BiXly.
=1

7.20 (a) By Theorem 2.2¢(i), X.'X. is obtained as products of columns of X.. By
(7.33), these products are of the form illustrated in the numerators of
(7.41) and (7.42).

(b) By (7.43), the numerator of the second element of s, is Zl';l
(xp —X)(y; —y). This can be written as > . (xp—X2)y —
> (xp —X)y, the second term of which vanishes. Note that
Ei (x;2 — X»)y; is the second element of X’Cy.

7.21 (b) Expand the last term of In L( 8, ¢°) in (7.51) to obtain

InL(B,0?) = — gm(zw) - glnol - %(y’y _2yXB + BX'XP).
Then

BlnL(B,oz)_ n , ,
— 8 _—O—O—F(O—ZXy—#ZXXB).

Setting this equal to 0 gives (7.48)
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7.22

7.23

7.25

7.26

7.27

7.28
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(c) Use InL( B, 0°) as in (7.51), to obtain
OlnL(B, ) _ 0 n 1

—0—— - XB)(y — XB).
902 202+2(02)2(y B (y —Xp)
Setting this equal to O (and substituting B from O1In L/0B = 0) yields
(7.49).

(ii) By (7.26), SSE = y'[I — X(X'X)"'X']y. Show that T — X(X'X)"'X' is
idempotent of rank n — k — 1, given that X is n X (k + 1) of rank k£ + 1.
Then by Corollary 2 to Theorem 5.5a, SSE/o” is Xz( n—k—1,A), where
A= wWAp/20% = (XBY[1 — X(X'X)'X'|(XB/20?). Show that A=0.

(iii) Show that (X'X)"!X/'[T — X(X'X)"'X’] = O. Then by Corollary 1 to
Theorem 5.6a, B = (X'X)"'X'y and SSE = y'[I — X(X'X)"'X']y are
independent.

The two missing terms in (7.52) are
— (- XBX(B-B) - B-PX(y-XP
=Xy - XXBY(B-B) - (B-B(Xy—XXB)
=—0B-p-B- PO

Note that X'y — X’X = 0 by the normal equations X'Xf = X'y in (7.8).

./

BX'y = (§0> G, X1y = (B, B’,)( ), )y =nBoy+ B Xly.
B, X

With Bozy—ﬁii from (7.38) and X.=[I—(1/n)J]X; from (7.33), this
becomes

Al Al Al 1
B le:”(y—ﬁlx))’+31 (X/c'i';X,lJ)y

_ YY) 1 A/
:nyz—n(ﬂlx)y+ﬁ]X2y+;ﬂ1X'lJy.
The last term can be written as (l/n)ﬁMIX’lJy:(l/n)ﬁ/1 Xiji'y=1/n)
ﬁ'lnzxy, so that ' X'y = ny? +[§/1X’Cy.
If Bi=Py=---=B.=0, then B, =0 and BXX.B, =0. If y; = 3,
i=1,2,...,n theny=y = XB and ﬁ/X’y —ny* =y'y — ny’. Also see
formulas below (7.61).

This follows from the statement following Theorem 7.3f, which notes that an
additional x reduces SSE (see Problem 7.13).

(@) A set of full-rank linear transformations on the x’s can be represented by
W = XH, where H is a nonsingular matrix. Show that 8, = (W'W)~!
Wy = H'(X'’X)"'X'y = H"' B,. Show that B, W'y = B'W'y. Then

Al Al
R, =(B,WYy—m")/(y'y—ny")=(BXy—ny)/(y'y—ny") =R}
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() Replacing y by z=cy, we have z=(1/n)j'z=(1/n)f'cy=cy and
B.=(X'X)"'X'z=(X'X)"'X'cy=cp,. Then

fi‘;X'Z—nz Cﬂ X'cy —n(cy)? c2R2
Z2—nZ  (cy)(cy)—n(cy? 2

/XA (J’ Xl)(ﬁ())
7.30 Z __ ’3: -

n n

R?=

Z

./X A
:n@+l 1B
n

n

=Bo+XB =By+ (- By
by (7.38)
7.31 By (7.61), we obtain

g VY = Wi 5y + 5l _ BXXB —ny?
S (i =y Sii—y*

COS

since j'§ = ny by Problem 7.30. By (7.8), BX'XB = BXly.

733 (a) Using B = (X'V'X) !X’V ly, expand (y —XB)YV '(y —XB) to
obtain y'V'y —yVIX(X'V!X)"!X'V~ly, the second term of
which appears twice more with opposite signs.

(b) Use Theorem 5.2awith A = V™! — VIX(X'VIX)"IX'V~L 3 = 07V,
and u = Xp.

734 In L(B, o) = — “In(2m) — "Ino? — 2In|V| — ——(y — XBYV-'(y — XB)

: ) 2 2 2020 y '

Expand the last term to obtain
1
52 YV ly —yVIXB— BX'V'ly + BX'VIXP).

Differentiate to obtain

OmLB. T _ o\ 055 L (0-2X'Vly + 2X'VIXp),
B a2

OInL(B,0*) _ 0 XB)V~ X

I - 0 Lm0 2)2(y BV '(y - XB).

Setting these equal to 0 and 0, respectively, gives the results.
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7.35 Show that J? = nJ. Then multiply V by V' to get I, where V and V ! are
given by (7.67) and (7.68) respectively.

7.36 (a) iV 'j = aj'd — bpd)j = aj'j — abpj'jj'j = an — abp*n* = an(1 — bpn).
Substitute for a and b to show that this is equal to n/[1 + (n—1)p] =
Then jV~'X. =aj I —bph)X. = aj'X. —abpj'jj’ X. =0’ because j’X.=
0'. Show that X.V !X, = aX/X..

737 cov(B) = (X'X) ' Xcov(y)X(X'X) ' = AX'X) ' X'VXX'X)"'.

-1

1 Yi

YT on i

738 (a) X'V X)) IX'Vly= X; Xi
nooY X >

: D% —n (Z”)
e 1 Xi | .
1 _ —
S\ T i ) \ S

740 (a) var (%2‘(—_ ?;) - (xz - ZZ(X, — %)var(y;)

T —x)2 2 e

7.42 cov(ﬁT) = E[[}T - E(B]k )] [BT - E(ﬁT)]/. Using E(BT) =B, +AB, from
(7.80), we have

BT - E([ﬁ) = ﬁ; o (X/1X1)71X/1X232
=X X)) Xy - X X)) ' X[ X8, - B
=X\ X)X (y — XoBy) — B
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Show that this can be written as (X;X;) ™' X/ (y — X 8; — X28,), so that
cov(B)) = E[X{X)™'X|(y — XB)(y — XB/X, (X, X)™].

7.43 Use Theorem 7.9a and note that

3 = X)) = 1+ X

7.44 Multiply out (Xo; — A/XQl)/Gzz(Xol — A/X()]), substitute A = Gfllclg, and
use (2.50).

745 EX),B)=x, (B +ABy) # X\, By

7.46 var(xmf}l) > var(xmBT)
= UZ(X61G11X01 — X61G1_11X01)
= O'ZX()I(G” — G]_II)X()l

> 0 because G'' — G|! = AB™'A which is positive definite

[see Theorem 7.9c(ii)].

7.47 [l — X, (X[ X)) 7' X ] = tor(D) — o[ X)X (X X)) =n—(p+ 1),
BX'[I - X (X{ X)) 'X{]XB = (B X] + BX)I — Xi (X X)) 'X]]
X1, +X28,).

Show that three of the resulting four terms vanish, leaving the desired result.

7.48 0%t i = By’ _
B,

2> (i — Bix)(—x) =0,

0,

7.49 For the full model y; = B, + B,x; + i, we have

1 X1
X:

1 x,
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For the reduced model y; = B7x; + &}, we have X; = (x},x2, ... , %) . Thus,
X, = (1,1, ...,1). Then from (7.80), we obtain

E(BT) =B, +AB, = B, + X[ X)) 'X|Xo,

-1
=B+ (Zx?) le- . ’80.
i=1 i=1

7.50 (a) i —; Z —287
1 -1 1 -1

X=|1 00 o0

1 1 1 1

1 2 4 8

1 3 9 27

The first two columns constitute X;, and the last two columns become X,.
Then by (7.80), we obtain

EB)) = B + X[ X)) ' X[ Xa,.

Show that this gives
(B 7 0\ '/28 0\ /B,
E(ﬁl)_<ﬂl>+(o 28) <0 196)(33>
() (0 ) (s)
(m ICOEIAVYA
so that E(f) = By + 46, and E(B)) = B, + 7.

751 X[ Xo; = X([Xo — Xi(X( X)X Xo] = X[ Xo — XX (X X)X X

7.52 In the partitioned form, the normal equations X'Xf = X'y become
) B _ (X
X1, X )( 1) = )y,
(X’z AV AN WA
X/l X] X/l X2 l?l _ Xlly
X;Xl X/Z X2 ﬁz Xlzy ’

X XiB + X1 XoB, = X}y, ey
X5 X1 B, + X, Xo B, = Xby. )
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Solve for [5’1 from (1) to obtain [;’1 =X X)Xy - X’1X2ﬁ2), and
substitute this into (2) to obtain
X)X, — XOX (X X)) 7' X X0] B, = Xy — XoX (X X)Xy, (3)

Multiplying (7.98) by X5, we obtain [%2 = (X’241X2,])’1X’2'1[§7—y(Xl)}.
Show that this is the same as (3).

1.0150
A —0.0286
753 (a) B=| 02158 |, s*=7.4529.
—4.3201
8.9749
3.4645 0145 —.0638 —1.1620  1.0723
0.0145  .0082 —.0019 —0.1630  0.0784
) 2x'x)"' = | —0.0638 —.0019 .0046  0.1039 —0.1250
—1.1620 —.1630  .1039  8.1280 —7.2045
1.0723 0784 —.1250 —7.2045  7.6875
380.6684 237.6684 27.0709 25.3549\ "'
© s, - 237.6684 247.5071 17.8557 18.3362
P P 27.0709  17.8557  2.1090  1.9909
253549 183362  1.9909  1.9369
151.0121 —0.0286
134.0444 | | 0.2158
11.8365 | | —4.3201
12.0140 8.9749

Bo=7— BX=31.125 — (— 0.0286, 0.2158, — 4.3201, 8.9749)

57.9063
55.9063
4.4222
4.3238

= 1.0150.

@ R*=.9261, R>=.9I151.
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332.111
- —1.546

B= , 5% =5.3449.

—1.425
—2.237

(b cov(B) = s*(X'X)"!

—.31252
.00127
.00408

—.00176

9.4698 —1.7936

65.37550 —.33885
—0.33885  .00184
=339 031250 00127
—0.02041 —.00043
© R=09551 R;=.9462.
964.929
—7.442
—11.508
—2.140
@ B= 8‘83 ., 52 =5.1342.
—0.294
0.054
0.038
—0.102
(€) R>=.9741, R} =.9483.
6628
@ B= ;ggi’ 5? = 67.9969.
—17.1002
504.2783
) B =S.'s.=| 94698 201.9399
—1.7936  1.0617
0.7803
= 0.5031
—~17.1002

(c)

By =y — B\x = 41.1553 — (7803, .5031, — 17.1002)

42.945
X 20.169
0.185

R* = 8667, R = .8534.

= .6628.

1.0617
0.0235

—.02041
—.00043
—.00176

-1

.02161

428.9086
90.8333
—1.2667
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Chapter 8

8.1 Substitute B, = (X'X,)"'X'y into SSR = §,Xy.

1 1
82 (@ g, (1 - —J) =H,—-HJ
n n

8.3

84

8.6

8.7

1
= Xe(XX)™'X( = XX X)X

=X.XX)'X -0

since Xjj’ = Oj = O.

(b) Show that H> = H,, where H, = X.(X/X,)"'X/. Then, since H. is
idempotent, rank (H.) = tr(H.) by Theorem 2.13d. The centered
matrix X, is n Xk of rank k [see (7.33)].

@ (igem) (1) (1) e
I--J-H. ) =(I--J) —{I-=-J|H.—H | I-=-J | +H;
n n n n

:I—lJ—Hc—HH—HC.
n
1 1
Thenrank (I—-J—H, | =tr{I-—-J—H, ).
n n

1 1
@) HC<I—J—HC> :HC(I—J> ~H=H,-H.=0.
n n

wWH.p = BX'X (X X,)"'X/XB. By (7.32), we have XB = aj + X.B;.
Hence p'H.p = (af + B/ X)X.(X'X.) 'X/(aj+ X.B;). Three of the
resulting four terms vanish because j’X. = 0’ (see Problem 7.16).

By corollary 2 to Theorem 5.5a, SSE/0? is }*(n —k — 1, ;). Also Ay =

W= 10— Holp/o? = (el + BXO 3~ B](a + X.B)/o”. Show

1
that all terms involving either j[I——J] or jH,. vanish. Show that
n

1
BIX.II— JIXB, = BX/X.f; and that B XHX.B, = BXXB,.
Most of these results are proved in Problem 5.32, with the adjustment k4
1 =p.
By (8.14), HH; = X(X'X)"'X'X;(X| X)) 7'X| = X; (X[ X))"'X| = H;.
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8.9

8.10

8.11

8.12
8.13

8.14

8.15

8.16

8.17
8.18

ANSWERS AND HINTS TO THE PROBLEMS

K (H—H)p = BXH-H)XB
= BXXX'X)"'X'XB - BX'X;(X|X))'X|XB
= BX'XB - BX'Xi(X( X)) 'X|XB
= (BiX] + BX)(X1 B + XaBs)
— (BYX] + BX5)X (X X)) ' X{ (X1 B + X2 8y).

Denote the matrix X’X by G. Then in partitioned form, we have
!/

X
G =XX= (X1, Xp) (X}, Xp) = ( X} )(Xl, X5)
2

_ (X']X1 X’]Xz) _ <G11 G12>
XX, X,X, Gy Gn)
If we denote the four corresponding blocks of G~! by G7, then by (2.48),
G?* = (G»—G>G1'G;»)"". By Theorem 2.6e, G ' is positive definite.

By Theorem 2.6f, G** is positive definite. By Theorem 2.6e, (G**) ' =
Gy — GG 1'Gr = X0X, — X5X(Xi X)) X)X, is positive definite.

By Theorem 8.2b(ii), SS(B,|B,)/0> is x*(h, ;). Then E[SS(B,|B,)/0°] =
h 4+ 2A; by (5.23).

0'2 + B%[X;CX]{ — x@Xl(X’IXI)’IX’lxk].

For the reduced model y = B5j + £, we have B = (§'j)"'j'y =

(1/m) 377, vi =y and SS(By) = Boi'y =¥ 2 yi = ny*.

After multiplying to obtain eight terms, three of the first four terms cancel
three of the last four terms. For example, the second of the last four is
BX! XA B, = BX!X; (X X)) ' X| Xy, = B,X,X,,. which is the same
as the second of the first four terms.

Add and substract ny? in both numerator and denominator of (8.24) and then
divide numerator and denominator by y'y — ny*.

Express SSH as a quadratic form in y by substituting 8 = (X'’X)~'X'y. Then
use Corollary 1 to Theorem 5.6b.

This follows from Corollary 1 to Theorem 2.6b.

By the answer to Problem 7.28, B, W'y = B'X'y. Thus SSE = y'y — B'Xy is
invariant to the full-rank transformation W = XH. For the numerator of
(8.27), we note that C is transformed the same way as is X, so

that Cwﬁw = CHH’IBX = Cﬁ. Thus the numerator of (8.27) becomes

(C,.B,) [C.(WW)'C,]"'C,B, = (CB){CH|[(XHYXH] '(CH)'}'CB
— (CBY{CH[H'(X'X)H] 'H'C'}"'CB
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— (CBY[CHH'(X'X)"\(H)'"H'C'|"'CB
= (Cplcx’x)"'C'CB.

Show that the transformation z = cy also leaves F unchanged.

0

8.19 (a) See Section 2.14.3 - A _ Cp. Setting this equal to 0 gives Cﬁc=0.

8.20

8.21

8.22

N
b) u=yy—-yXB-pBXy+BXXB+ANCB
=y'y-2BXy+ BXXB+ NCB,
ou

=_—=0-2X"y+2X'X C'A
9B y+ B+

Setting this equal to 0 gives
B. = X'X)"'Xy — 3X'’X)"'C'A
=p-ixXx)"ICA. 1)
(© CB. =Cp-lcxx)'c'a=0,
A=2[CcxX'xX)"'c]'cB.

Substituting this into (1) in part (b) gives the result.

5 I i P INny—1 INn— 1 ~1=1 ~p
BXXB. = BXX{B - XX) ' C'[CXX) ' C] CB)
= BXXB - p.ClcxXx)'C)'Cp
= B Xy —0[cxX'x)"'C|"'CB.
Show that B.C' =0,
Substituting /3, in (8.30) into SSH = B'X'y — B.X'y in (8.31) gives

SSH = X'y — {f - fC[cxX'x) ') cx'X) ™ )XYy
= Xy - BXy+gclcxx)'c]'cp,

since B = (X'X)"'Xly.

In Theorem 8.4e(ii), we have

cov(B.) = cov{I — (X'X)"'C[cxX'X)"'C]'C)B
= cov(AB) = A cov(B)A' = PAX'X) A

Show that AX'X)'A’ = (X'X)~! — (X'X)~'C[cxX'’X)~'C] 'ex'X)~".
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8.23

8.24

8.25

ANSWERS AND HINTS TO THE PROBLEMS

Replace B by (X’X) 'X'y in SSH in Theorem 8.4d(ii) to obtain SSH =
[CX'X) Xy — t/[CX'X) 'CT'[CX'X) X'y —t].  Show that
CX'X) X'y — t=C(X'X)"'X'[y—XC'(CC’)"'t], so that SSH becomes
SSH=[y—XC/(C'C) 't/A[y—XC/(CC) " 't], where A=XXX) 'C/
[CX'X)"'C1'C(X’X)"'X’. Show that SSE = [y—XC'(CC") 'tI'Bly—
XC/(CC)~'t], where B =I—X(X'X) 'X'. Show that AB = O. Show that
y—XC'(CC) 't is N,[XB—XC'(CC')"'t, o”I]. Then by Corollary 1 to
Theorem 5.6b, SSH and SSE are independent.

See Section 2.14.3. Follow the steps in Problems 8.19 using

u=(y—-Xp'(y—Xp)+A(CB-1)
=yy-28Xy+ BXXB+AN(CB—1).

Differentiating with respect to A and 8, we obtain

Ou

- — —t
aa-CP-t
My aXly 4 2XXB + CA
OB '

Setting those equal to 0 gives Cﬁc =tand
B.=B—HXX)"'C'A. ()

Multiplying (1) by C and using C[%C =t gives A=2 [CX'X)"'
C']fl(Cﬁ—t). Substituting this into (1) gives the result.

By Theorem 8.4d, we can use the general linear hypothesis test. Use a’'=
0, ...,0,1) in place of C in (8.30) to obtain

B.=B—(XX)ald(X'X)"'a] 'a'B

(X'X) 'aa'B
8kk '

B -
By (2.37), (X'X) ! ais a linear combination of the columns of (X'X)™'. Thus

poab

b= 8k

where g is the kth diagonal element of (X' X) ! and g, is the kth column of
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(X’X)"!. Substituting this expression for 3. into ﬁ/X’ y— ﬁ;X’y, we obtain
BXy - BXy=pXy- (ﬁ'/X’y - 57’; gi(X’y)

PO .2
_Bb_B
8kk gkk,

since gA;( X'y is the kth element of ﬁ
8.26 aB—ap
Pl—~tojppnibk-1 S —F————=tlapni-1| =l —a
/ sva'(X'X)'a /
Solve the inequality for a’g.

8.27 In the answer to Problem 7.17b, we have

1
—+ XXX)'® XXX
—(X!Xo)'x XX)™!

X'X)™' =
where X| = (X1, %2, ... ,X) . Using this form of (X'’X) !, show that
1
Xo(X'X) " 'xo = (1, xp,)X'X) ! < >
Xo1
1 _ _ _
=+ (o1 = X)'(XX0) '(Xo1 — X1).

8.28 In this case, xy; —X;=x¢— X and

X1 —X

)C2—)_C
X, =

Xp — X

8.29 E(yo — o) = E(yo — X, B) = X, 8 — x, 8 = 0. By (8.59), var (yo — o) = o2[1+
x)(X'X)"'xg]. Therefore, (yo — o)/ \/ a1 +x5(X'X)"'xo] is N(0,1) by

Theorems 7.6b(i) and 4.4a(i). By Theorem 7.6b(ii), (n—k— 1)s?/0> is
X>(n — k — 1). By Theorem 7.6b(iii), y and s% are independent. Use (5.33) to

show that 7 = (yo — 0)/s4/1 + x{)(X’X)’lxo is distributed as t(n — k — 1).

8.30 (a) Show that E(y, — o) = E(y — xf)[}) =0 and that var(y, — yo) =
a[1/q+ x{)(X’X)’lxo]. For the remaining steps, follow the answer to
Problem 8.29.
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8.31

8.32

8.33
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Invert (take the reciprocal of) all three numbers of the inequality (which
changes the directions of the two inequalities) and multiply by (n — k — 1)s.

Let yo = (o1, Y02, - - - »Yoa)' be the vector of d future observations, and let
X
X, =
X04
be the d x (k 4+ 1) matrix of corresponding values Xg;, Xg2, - - - ,Xq4- Show that

— X4B is N0, 0*V,), where V4 = I + X4(X'X)"'X/, and X is the X
matrix for the original n observations. Show that

o — XaB)Y' V' (yo — XuB)

5 Fd,n—k—1)
S

[for the distribution of the numerator, see (5.27) or Problem 5.12¢]. By
Theorem 8.5 and (8.71) with k41 = d, we have the simultaneous intervals

- s\/da,VglaFa,d,nfkfl < al(y, — XaP) < S\/dalvglaFa,d,nfkfla

which hold for all a with confidence coefficient 1—c. Setting
a;=(1,0,...,0), ...,a, =(0,...,0, 1), we obtain

xoB — \/ 14 x0,(X'X) ™" X0i] Faudn k-1

< yor < X+ 5\/d[1 4 $pXX) " x0) Fanic1.

These intervals hold with confidence coefficient at least 1 — «

For (8.77), we have

OlnL(0, 0%) al L vwe
oa? ~9d% | 2mar)/?

:%[—ganW—glno‘z—y/y/Zoz}
o
g Yy _
207 20?)
oYY
=2



ANSWERS AND HINTS TO THE PROBLEMS 567

For (8.78), we have

max L( B,0%) = max L(0,6%) = L(0,5 §)

_ 1 o YY/203

(2m6 3y

= ! e YY/2y'y/n)

nn/Z —n/2

@m)"*(y'y)"?

e

For (8.79), we have
n/2

(y — XBY(y — XB)
vy

n/2 ~
/ B vy — BX'y
vy — BX'y + BXy
1
1+ BXly/yy— BXy

n/2

8.34 Expanding (y — XB)'(y — XB), we have v = —(n/2)In(27) — (n/2) In 0> —
[y'y — 2y'XB + B'X'XB]/20 + N'CB. Differentiation with respect to
B gives the result.

8.35 From (8.80), we obtain
By = X'X)"'X'y + 62(X'X)"'C'A. (1

Multiplying B, by C gives CBy = CB+ 62C(X'X)"'C'A. By (8.77),
Cﬁo = 0, and we have

_ Iy \—1 /71%
A =—[CX'X)"'C] o

Substituting this into (1) gives

By = B-XX)"'Clcx'x)"'C] ' CB,

where B = (X'X)"'X'y.
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8.36  Substituting (8.83) into (8.84) gives )
(y—XBy) (y—XBy) = {yfXB+X(X'xrlC’[C(X/xr‘C'rlCB}
x{y=XB+XXX)'Clex’x)'C] ' cpf
=y~ XP)(y—XP)+0+0+(CP[CX'X)"'C]"'CB.
Show that the second and third terms vanish and the fourth term is equal to
(CBY[CX'X)~"'C'| "' CB as indicated.
8.37 (a)
Source df SS MS F p Value

Due to B, 4 25202724  630.0681 84.540 7.216 x 10~13
Error 27 201.2276 7.4529
Total 31  2721.5000

(This p value would typically be reported as p<<.0001). The F value can also
be found using (8.23):

R*/k 9261 /4

TU-R)/mn—k—1 (1-.9261)/27 84.540.

(b) For the reduced model y; = B; + B;xip + Byxia + €/, we obtain
ﬁwf Xy — 3> = 2483.1136. From the analysis of variance table in

NG
part (a), we have BX'y—ny’ =25202724. The difference is

[i’X’y — [f; Xy = 37.1588. By (8.17), we have

_37.1588/2

74520 2492

with p = .102.
(¢) The values of t; = f%j /s,/gj in (8.39) are given in the following table:

Variable [3j 5\/8j 7 p Value
X1 —0.0286 .0906 —0.316 155
X2 0.2158 .0677 3.187 .00362
X3 —4.3201 28510 —1.515 141
X4 8.9749  2.7726 3.237 .00319

Comparing each (two-sided) p value to .05, we would reject Hy: 3; =0
for B, and B,. Comparing each p value to the Bonferroni value of
.05/4 = .0125, we reject Hy for B, and B4 also.
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(d) To test Hy: B, = B, = 12; = 123,, we write Hy: C8 = 0 where

01 -1 0 O
C=10 0 I —12
00 0 1 -1

We test Hy using (8.26). For Hyy: B; = B,, Hyp: B, = 1235, and
Hos: B3 = B4, we test each row of C separately using (8.37). For
Hy: By = B, and B; = B,, we use the first and third rows of C and
test with (8.26). The results are as follows:

Hy F= % =10.5698 p = 0.0000899
Hy F= 25: 542896 = 3.5890 p = 0.0689
Hyp F= 17?42,592292 =2.3202 p=0.139

Hyy F= 4;5 58;91 = 5.8481 p = 0.0226
Hy F= %ﬁgz/z =13.8400 p = 0.0000729

(e) For v= 27, we have tA025’27 =2.0518 and t.00625,27 = 2.6763. Using
(8.45) and (8.65) and the values in the answer to part (c), we obtain
the following lower and upper confidence limits:

Bj T tos S\/8jj ﬁj T 100625 S\/&jj
—0.2145 0.1573 —0.2711 0.2139
0.0769 0.3548 0.0346 0.3970
—10.1698 1.5297  —11.9500 3.3099
3.2859 14.6639 1.5546  16.3952
8.38 (@
Source df SS MS F p Value

Due to ; 3 13266.8574  4422.2858  65.037  3.112x107 "
Error 30 2039.9062 67.9969
Total 33  15306.7636

The F value can also be found using (8.23):

R 8667/3

F=a= R)/(n—k—1) (1.8667)/30

= 65.037
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(b) The values of t; = ﬁj /s,/gj in (8.39) are given in the following table:

Variable ,éj Bii 4 p Value
X1 0.7803  0.0810 9.631 1.09%x1071
X 0.5031  0.1251 4.020 0.000361

X3 —17.1002 13.5954 —1.258 0218

Comparing each (two-sided) p value to .05, we would reject Hy: 8; =0
for B and 3,. Comparing each p value to the Bonferroni value of
.05/3=.0167, we reject Hy for B, and B, also.

(C) For v= 30, we have t‘025’30 = 2.0423 and t_()()333’3() = 2.5357. Using
(8.47) and (8.67) and the values in the answer to part (b), we obtain
the following lower and upper confidence limits:

B_,- * toos 5\/8jj 3_; £ 100833 /)i
0.6148 0.9457 0.5748 0.9857
0.2475 0.7587 0.1858 0.8204

—44.8656  10.6652  —51.5745 17.3740

(d) Using (8.52), we have

XoB + tojin i 15/ X6(X'X) X

18.9103 + 2.0423(8.2460)v/.1615
18.9103 + 6.7677,
(12.1426, 25.6780)

(e) Using (8.61), we have

X0B £ tojinio15y/ 1 +x0X'X) !X

18.9103 + 2.0423(8.2460)v'1.1615
18.9103 + 18.1496,
(.7609, 37.0599)

839 @ xB =+ tosiss\/xp(X'X) X

55.2603 + (2.1314)(4.0781)v/.19957
55.2603 + 3.8849,
(51.3754, 59.1451)
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(b) x\B + 15155/ 1+ XX’ X)X

55.2603 + (2.1314)4.0781)v/1.19975
55.2603 + 9.5205,
(45.7394, 64.7811)

. 0o 1 -1 0 . A 1116
(¢) Using C_<O 0 ) _1>, we obtain CB_(—.4478)’

.003366 —.006943

Nl
CxX)—C = (—.006943 044974

), F=.1577, p=.856.

@ BX'y—ny*— (B;'X)y — nj?) = 1741.1233 — 1707.1580,

5.6609
= 1313 = 111026, p =430
9741 — 9551 /6
S el g W 1))
®) 1—.9741/9 026
(© By 332.1110 + 39.8430
(292.2679, 371.9540),
B;:  —1.5460 + 21109
(—1.7571, —1.3349),
B,y —1.4246 + 3147
(1.7393, — 1.1098),
By:  —2.2374 + 7243
(2.9617, — 1.5130)
(d B;:  —1.5460 + .2668
(—1.8127, —1.2792),
B,y  —1.4246 + 3977
(—1.8223, —1.0268),
By —2.2347 + 9154
(—3.1528, —1.3220)
() 20.2547 + 2.2024
(18.0524, 22.4571)
) 20.2547 + 5.3975

(14.8573, 25.6522)
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Chapter 9

9.1 (a) By (9.5), we obtain

E(&) = E[I1— H)y] = (I - H)E(y)
= 1 - XX'X)"'X|XB = XB - XB.

(b) We first note that I — H is symmetric and idempotent [see Theorem
2.13e(i)]. Then by Theorem 3.6d(i), we obtain

cov(€) = cov[(I — H)y] = (I — H)o?I(I — HY
= o*(I— H)’ = (I - H).

(¢) By Theorem 3.6d(ii), we have

cov(€, y) = cov[(I — H)y, Iy]
=1 - H)(DI = *d — H).

(@) cov(£, y) = cov[d — H)y, Hy] = (I — H)(¢’DH
=o*(H—H? = o*(H-H)

() =", &/n=£&j/n. By (9.4)and (9.5), &j =y A - H)j =y —j)
(f) By (9.5), 'y = y(1 — H)y.

(2) By (9.2) and (9.5), &'y=y'(I - H)Hy = y'(H — H*)y = y'(H — H)y.
(h) By (9.3) and (9.5), £'X = y'(I — H)X = y'(X — HX) = y/(X — X).

922 @ 4 11 (1)
Zth=—h¥)=1-2h= =— (2] =
(= 1) h=0, h=z,
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(b) Let X. = A and (X'X,)"! = B. Then

a
/
a,

!

ABA' = . B(al,ag, ...,an)

/
an
/
@
!
a,

= _ (Ba;,Ba,, ...,Ba,)
/
an
/! /! !
aBa; a\Ba, ... aBa,
! /! /!
a,Ba; a,Ba, ... a,Ba,
/! / /
aBa; aBa, ... a,Ba,

(¢) tr(H) = tr[X(X'X) " 'X] = t[(X'X) 'X'X] = tr(Ty 1) = k + 1.

9.3 By Theorem 92(111), h,‘,‘ = (1/}’1) + (Xli - XI)I(XZ-XC)_] (X]i — i]).
By (2.101) and (2.104), this can be written as

1 ko1
hij = — i— X)) E —a,a) i—X
n+(xl X1)< X aa,)(xl X1)

r=1""

ko1
= Z)\— [(x1; — X1)'a,[al(x;; — X))]

573

where A, is the rth eigenvalue of X! X, and a, is the corresponding (normalized)
eigenvector of X;XC. By (2.81), the consine of the angle ;. between x;; — X;



574 ANSWERS AND HINTS TO THE PROBLEMS

and a, is
(x1; — X;)'a,
VI — %) (xi; — X)) (ala,)
_ (x1; — X;)'a,
- V(&1 — X)) (x1; — X))

since a’a, = 1. Thus, if we multiply and divide by (x;; — X; Y (x1; — X1), we can
express h;; as

cosh;, =

(xll Xl) ar]2
A (X1 — X1) (X1 — X1)

= *+ (x1; — X1 (X1; — XI)Z
=1+(x F— X)) (x; — X )Z—coszﬂ
n 1i 1 1i 1 g Ar ir-

9.4 (a) Using (2.51), we obtain

XX +(X’X)*X’yy’xodxrl —(X'X)"'Xy
X/
— (X b b
( 9y) _y/X(X/X)—l l ( y/ )9
b b

where b = y'y — yX(X'X)"'X'y. Show that b = y'(I — H)y = é'£. Show
that

XX'X) ' Xyy'X(X'X)"'X

=XX'X)'X' + b
WXXX) X XXX 'Xyy vy
B b B b T

1
=H+, (Hyy'H — yy'H — Hyy' +yy").

. 1
(b) H' =H+_[(Hyy —yy)H+yy — Hyy]

=H+, [(yy — Hyy)dI — H)]
L
E (I —H)yy'(d — H)]

Al

£8
s [by (9.5)].
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By (2.21), the diagonal elements of €€ are &7, &3, ...,&>. Therefore,
B = hy + 82/ €'6.

1
(c) Since H* is a hat matrix, we have by Theorem 9.2(1), — < h}; < 1.
Therefore, (1/n) < h; +&2/€'é < 1. "

9.5 (a) X\ /X x|
x5 || % X)
X/X: :(XDXZ’ ~~->Xn)
X,/ \X, X,
= ijx = ijx + xlx = X(I)X(,) + x,
=1 J#i
V1
Y2 n
Xy =X, X2, ..., X)) | :ijyj
: o
yl’l
= Z Xy + Xy = X{,’)Y(i) + X;yi-
Jj#1
(b) B = XX)"'X'y = X'X)"" (X[, ¥ + X))

= (X'X)'X{ v + (XX x

(¢) From H = X(X'X)"'X/, we have h; = x/(X'X)"'x;, where x| is the ith
row of X. Then using the result of part (a) and the inverse in the statement
of the problem, we obtain

B(z) (X(z)X(l)) X(z)}’(z)
= (X'X —xx;)"! XY
X'X)"! XX; (X’X)
_ /(X/X) X; (l)y(l)

4 (X’X)—'xix;(X'X)-
= [(X’X) + T h X Y-

= {(X/X)1
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(d) From parts (b) and (c), we have

X'X) XX (X' X) ™ X v
1 — hy
X'X) 'xx( [ — (X'X)'xyy]
1 — hy ‘

é(i) = (X/X)ilxzi)y(i) +

=B - X'X) 'xyi +

With X/ = 3, and x/(X'X)"'x; = hy, we have

5 a —XXN 'y XX
bo=B=—7%, 1 —hy

Yi = Vi iyl &i
1*hn‘( )X 1 — hy

X'X) 'x;.

9.6 By (9.27) and (9.29), we obtain

. . . & B
& = yi = XiBo = yi = X}|B— 7=~ XX x;
i

=y~ XB A+ X(XX) ',
1 l _ hll 1

B o, il

—%—%+TTE

. &ihi; &;

R S

9.7 (a) Assuming that X is fixed (constant), we have

() - 2
varige) = var 1—hy _(1—hii)zvar o= (1 —hy)*

98 (@) yy=>, yjz = Zj;éiyjz +Y = YoYo TP

Ej
1 — hii
& xﬁ(X'X)’lx,-

(b) yEi)X(i)B(i) =yXB - yxB - YXX'X)'x;

+1_hiiyl 1 — hy
=yYXB -y — fi B'x; £ ihii
YXB =y = Bxi
Eiyi &

=yYXB —yidi —

L —h;  1—hy
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Substituting y; = y; — &;, this becomes

—yi(yi — &) — hy) — &(yi — &) + &yihii

yE,‘)X(i)ﬁ(i) = y,Xﬁ +

L — hy
= = hy)y? + &
—yXB+ ( )Y; i
1 — hy
a2
. 2 IN @ 2 €
(0 SSEj =yy —vi — (yXB—y,» 1 _hiz)

a2
vy /XA_ & )
yy—-yXB T

9.9 Substituting (9.29) into (9.35) gives

&2 xXXX)IXXX'X) 'x;

l

T (0= ) (k + 1)s2

a2
81' ]’l,‘,‘

T (kD
By (9.25), this becomes

i
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9.10 Residuals and Influence Measures for the Gas Vapor Data in Table 7.3

Observations Yi yA,' é,‘ hii I t; Di
1 29 27.86 1.139 197 0.466 0.459 .011
2 24 2376 0.236 219 0.098 0.096  .001
3 26 25.88 0.120 .179 0.049 0.048  .000
4 22 2396 —1961 289 —0.852 —0.848 .059
5 27 2842 -—1419 128 —0.557 —0.550 .009
6 21 2167 —0.672 121 —0.262 —0.258 .002
7 33 31.78 1.222 053 0.460 0.453  .002
8 34 3422 —-0218 .042 —0.082 —0.080 .000
9 32 3198 0.017  .055 0.006 0.006  .000

10 34 33.33 0.666 .039 0.249 0.244  .000

11 20 2154 -—1544 124 -0.604 —0.597 .010

12 36 32.15 3.846  .040 1.438 1.468 .017

13 34 3373 0271 .072 0.103 0.101  .000

14 23 2398 —0982 .191 —0.400 —0.394 .008

15 24 1971 4.287 418 2.058 2.200  .609

16 32 3284 —0.841 .060 —-0.318 —0.312 .001

Continued
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Observations Vi S)\i éi hii r; t; Di

17 40 4076 —-0.762 285 —0.330 —0.324 .009
18 46 4439 1.614 493 0.831 0.826 .134
19 55 5292 2.083 .243 0.877 0.873  .049
20 52 5202 -—0.018 .224 —0.007 —0.007 .000
21 29 3238 —3377 177 —1.364 1.387 .080
22 22 2315 —1.155 169 —0464 —0457 .009
23 31 3659 —5586 227 —2.328 —2555 319
24 45 4791 -2909 185 —1.180 —1.190 .063
25 37 3261 4391 .087 1.683 1.746  .054
26 37 31.89 5.106 .109 1.981 2.103  .096
27 33 30.22 2775 124 1.086 1.090 .033
28 27 3159 —4593 102 -—-1.775 —1.854 .071
29 34 3440 —-0.399 068 —0.151 -—0.149 .000
30 19 1932 -0324 091 —-0.124 -—-0.122 .000
31 16 19.62 —3.623 .102 —1.400 —1.427 .044
32 22 19.39 2.607 .086 0.999 0.999 .019

“PRESS=310.443, SSE=201.228.

9.11 Residuals and Influence Measures for the Land Rent data of Table 7.5¢

Observations Vi Vi &; hy; T t; D;
1 18.38 17.332 1.048  0.080 0.132 0.130 .000
2 20.00 23.948 —3.948 0.062 —0.494 —0488 .004
3 11.50 13.855 —2355 0.141 -0308 —0.303 .004
4 25.00 26.242 —1.242 0.070 -0.156 —0.154 .000
5 52.50 68.180 —15.680 0.186 —2.107 —2245 253
6 82.50 66.431 16.069  0.083 2.035 2.156  .094
7 25.00 32.920 —=7.920 0.067 -0994 —-0994 .018
8 30.67 32.642 —1.792 0.068 —0.248 —0.244 .001
9 12.00 7.715 4285 0.187 0.576 0.570 .019

10 61.25 57.481 3.769 0.103 0.483 0.476  .007

11 60.00 50.208 9.792  0.058 1.224 1.234  .023

12 5750 68.846 —11.346 0.100 —1.451 —1.479 .059

13 31.00 31.768 —-0.768 0.076 —0.097 —0.095 .000

14 60.00 61.864 —1.864 0.067 -—0.234 —0.230 .001

15 72.50  66.773 5.727 0.109 0.736 0.730 .017

16 60.33  66.702 —6.372 0.168 —0.847 —0.843 .036

17 49.75 59.663 —-9913 0.114 -—-1.278 —1.292 .053

18 8.50 10.790 —2290 0.192 -0.309 —0.304 .006

19 36.50 24.643 11.857 0.068 1.489 1.522  .040

20 60.00 65.606 —=5.606 0.181 —0.751 —0.746 .031

21 16.25 18.016 —-1.766 0.505 —0.304 —0.300 .024

22 50.00 47.424 2.576  0.035 0.318 0.313  .001

23 11.50 19.366 —4.866 0.118 —0.628 —0.622 .013

Continued
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Observations Vi .)?i é,‘ hii r; t; D,'
24 35.00 38.577 —3.577 0.064 —0448 —0.442 .003
25 75.00 61.694 13.306  0.063 1.667 1.702  .047
26 31.56  35.257 —3.697 0.035 —-0.456 —0.450 .002
27 48.50  24.200 6.300 0.063 0.789 0.784  .010
28 77.50  69.889 7.611 0.242 1.060 1.062  .089
29 21.67 22.063 —0.393 0.060 —0.049 —0.048 .000
30 19.75  21.221 —1471 0.096 —0.188 —0.185 .001
31 56.00 48.174 7.826  0.051 0.974 0.974 .013
32 25.00 41300 —16.300 0.217 —2234 —2406 .346
33 40.00 26.907 16.093 0.214 1.791 1.864 219
34 56.67 56.585 0.085 0.060 0.011 0.010  .000

PPRESS = 2751.18, SSE = 2039.91.
9.12 Residuals and Influence Measures for the Chemical Data with Dependent

Variable y§

Observations Vi Vi & hy; 7 t; D;
1 459 4934 —3442 0430 -—1.118 —1.128 235
2 533 5451 -—1.211 0310 -0.358 —0.347 .014
3 57.5 53.46 4.039 0.155 1.078 1.084 .053
4 58.8 56.56 2.238 0.139 0.592 0.578 .014
5 60.6 56.04 4.559 0.129 1.198 1.271  .053
6 580 59.14 —1.143 0.140 -—-0.302 —0.293 .004
7 58.6 57.51 1.094 0.228 0.305 0.296  .007
8 524 60.61 —8.208 0.186 —2.231 —2.638 .258
9 56.9 56.30 0.598 0.053 0.151 0.146  .000

10 554 6035 —4.947 0233 —1.385 —1.433 .146

11 469 5226 —5356 0.240 —1.507 —1.580 .179

12 573 5777 —0467 0.164 —0.125 —0.121 .001

13 55.0 54.84 0.163  0.146 0.043 0.042  .000

14 589 5940 -—0.503 0245 —0.142 -0.137 .002

15 50.3 5320 —2900 0250 —0.821 —0.812 .056

16 61.1 58.15 2950 0.258 0.840 0.831 .06l

17 62.9 58.15 4.750  0.258 1.352 1.394 159

18 60.0 56.41 3.592  0.217 0.996 0.955 .069

19 60.6 56.41 4.192  0.217 1.162 1.177  .094

°PRESS = 416.039, SSE = 249.462.
Chapter 10

10.1

Since (v; — V) = (y;i — ¥, X;1 — X1, ..., X — X ), the element in the (1, 1)
position of (v; — V)(v; — V) is (y; — y)>. When this is summed over i as
in (10.13), we have 7, (v — y)* = (n — 1)sy, as in (10.14). Similarly,
the (1, 2) element of (v; — V)(v; — ¥) is (y; — ¥)(x;1 — X;), which sums to
(n—1)s,, and the (2, 3) element of (v;—V)(v;—V) is
(xi1 — X1)(x;p — X»), which sums to (n — 1)s1,.
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10.2 By a note following Theorem 7.6b, fx and S are jointly sufficient for g and
3, if the likelihood function (joint density) in (10.11) factors as
L(p, 2) = g(fx, S, p, 2)h(vi,va,....v,), where V;=(y;x}), as in the

proof of Theorem 10.2a. Noting that a scalar is equal to its trace, we write
the exponent in (10.11) in the form

Y vi—wEvi—w =) uvi— WIS vi— p)
i=1 i=1
=ty Z Vi — (v — ) |.
i=1

Adding and subtracting Vv, the sum becomes

n

S M- —w =) Vi— VAV Vi —V+V—p

i=1 i=1
=Y Wi =i =V + (v — p - p)
i=1
=(n—DS+n(V—pwE—p.

Show that the other two terms vanish. Then show that L(u, %) can be written
as

: = DES) =2 (v—p)/2
L(p, ):—ne [(n—1)tr( )-Fn(V—p v-m)/2
(\/Z'T)n(k+1)|2| /2

s (D0 HG D)
0 D,/\r, R./\0 D,
B ( Sy ST, )(sy 0’)
D.ryc DR/ \0 D,
_ < s)z, 5y, Dy >
s,D,r,; D,R.D,

104 Express y and w in terms of <i) as follows: y = (1,0,...,0)

y y RN B y
(x) = a’<x>, w=(0,0,,% )<x>+ constant = b/(x> + constant.

Then use (3.42) and (3.43) with 3, partitioned as in (10.3).
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10.5 Expresswandyasw:(0,0/)(3;) andy:(l,O,...,O)<)yc>. Then

cov(y, w) = cov {(1,0, . ..,0)(y>, o, d)(yﬂ
X X

—1,0.....0( ™ %\ (0
— (0., (ny 2))(“)

= (O-yya al;x)( 0 ) = al;xa:
o )

[cov(y,w)]2 B (a/tryx)2

var) varw) o (@Sad) %

2 _
Py =

Differentiate pﬁw with respect to @ and set the result equal to 0 to obtain
a= (3 a/d (ryx)z;xl 0., with can be substituted into (1) to obtain

2 -1
max&pyw - al;xzxx "',VX/O'y)“

10.6 Show that for 3 partitioned as in (10.3), (2.75) becomes |%| = |3,]
(Oyy — 0‘;)(2);1 0y,). Solve for aJ},XE;xl o, and substitute into (10.27).

10.7 y y
O{W = cov(u, v) = cov(ay, Bx) = cov [(a, o,... ,0)( ), o, B)( )}
X X

o 0 0
— y yx — /
_(anos"'ao)(ny Em>(B/>_a0§’xBa

3., = cov(Bx) = BB/,
Ouy = a20'yy,

, o3 o, a0, BB.B) dBoy,

pu v
| O a’oy,

_ 1l
:azo'g,xB’(B/) 'S, B 'Boy,

2
a=oyy
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10. -1
0.8 y—w=y—p, -0, 3 (X—p)

=(, - 0"%2;) (y ) + constant
. X

=2 ( y) -+ constant,
X

o) -a())

cov(y —w,x) = a’2B = (1, —OJVXEXX)<O§ OJ”C)(O)
Oy -

/
= (-3 0.0, — 03] lzm)< )
=0.
10.9 (a) By definition, 2= [ 0= NG — D S i — 3)?
o/ R
S, i — ). Show that § = y by using X' = ()J(’ ) in X'XB =Xy
1
to obtain jXB=jy, from which, S ' % =", y. Show
that 370, (v — NG = 3) = 22y — ny’ =y'y —ny’ = YXB — ny’.
Show that Y, (3 — 3> =.,37 —ny? =3y —ny* = BX'XB —ny* =
B X'y — ny?. Use (7.54).

(b) This follows directly from estimation of (10.25) and the expression
following (10.26):

10.10 ria,x — (sy,a,x)Z/sfsﬁ,x. Express y and a'x as y = (1,0,..., 0)(1) and

a’x = (0, a’)(i ) By analogy with (3.40), show that sy.y =

(1,0,...,0)S (g) = s;,xa, where S is partitioned as in (10.10). Similarly,
by analogy with (3.42) show that sg o =a Sxxa. Solve

0/ 821)(swca)2 /sza’ a2 = 0 for a and substitute back into ry 2y above to

show that max,r; ., = R*.

10.11  Substitute (10.20) and (10.21) into (10.34).
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10.12 Adapt (2.51) to obtain
a b\
RIRIE

where C is symmetric and d = a

1/d —b'C!/d 0
C'p/da C'+C'pbCl/d )

—b'C'b. Apply (1) to R partitioned as in

(10.18),
1 ¢
= yx
R (rvx Rxx>
Then
= 1 — 1
d a—-bC'b
1 1
1o r’yARXX ry, 1—R?

Use (2.71) to show that for S partitioned asin (10.14), (2. 75) can be adapted
S_'s,. and substitute

10.13
's,x). Solve for S

to the form [S| = [S[(syy — 5}, S,
into (10.34).
g, =ao, B,

10.14 As in Problem 10.4, define u = ay and v = Bx, so that o/,
3,, = BX,B, and 0, = a’0y,. Then by Theorem 10.2c, the maximum
= BS,B’, and

= XX
likelihood estimators of these are s/ =as/ B, S, =BS B’
Suu = a*Syy, respectively. Substitute these into

s’ S sw

R2 — 2w
u,v suu
10.15 N 1 S 'Y w2
L(jx, %0) = e Luist 0 .
(m)n(k+1)|20|n/2
Using v; = (y,) oo in (10.9), amd X, in (10.45), show that L(fx, X¢)
becomes !

)2
L(fr, Z0) = - *Z =9 /20y,
(M_ Wamroll
X—————0 e‘ZLI("f—@’Z: *x=%)/2
(3 /27T)kn|2xx|n/2

» and the second factor by E . Show that

The first factor is maximized by &,
when these are substituted in L(pL, 20) the result is given by (10.47).
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10.16 - n—1 n— 1\ - n—1\*
. }—s\ _ (—) Sl (Sl = ( ) Sul.
n n n

10.17 Multiply by 1/+/n — 3, subtract z, multiply by —1 (which reverses the direc-
tion of the inequalities), then take tanh (hyperbolic tangent) of all three

members. |
3 0 0
10.18 (a) V = 0 n2£3 0
0 0 1

n3—3
(b) Using Theorem 4.4a(ii) and (5.35), [C(z—pt,)] [CVC}

[C(z—p)] is X* (2).
(¢) Calculate u = 2 C'[CVC']”'Cz. Reject if u > Xia

10.19 The sample covariance matrix involving y and w can be expressed in the
form

and s,,, and S,,,, can be further partitioned as

_ | S« _ [ Sua Su
s)’w - <Syz> and Sww - ( séx S? > (1)

By (10.34), the squared multiple correlation of y regressed on w can be
written as

S WSWW
R2, = DDt @)
s}

Using (2.51) for the inverse of the partitioned matrix S,,,, in (1), show that

s S| :—(s s’ S— s”—i—s S| S8 S!

w ww Z xS yxxx XXX XXX YX
zx

2
— Syz szx Sxx Syx = Syz syx Sxx t+s yz)

1 202 P 2
T2 [ Sy Ry + (ﬁ/zxs)’x = 8y2) }’
X

2 no_ -l :
where 57, = s - sanx s, and B, = S s, is the vector of regression



10.20

10.21

10.22

10.23

10.24

ANSWERS AND HINTS TO THE PROBLEMS 585

coefficients of z regressed on the x’s. Then show that (2) becomes

f 2
(B;ysyx - syz)

220 R ®

2 2
Ryw = Ryx +

Simplify (3) to the correlation form shown in (10.58).

If z is orthogonal to the x’s, then s, =0. Show that this leads to
Fye = O0and R2, = 0.

For a linear function B, + B)xX, the mean squared error is given by
m = E(y — B, — B;x)*. Adding and subtracting u, and B'p, leads to

m= E[(y — ) — (Bo — 1y + B, — Bix — m]

Show that this becomes

m= o, + By — pty + Bi)’ + B ZuBy — 2B 0.

Differentiate m with respect to By and with respect to 8, and set the results
equal to zero.

Follow the steps in the answer to Problem 10.19 using ¥, X, S, and s,, in
place of w,, M, 2. and o, and using a sample mean in place of
expectation.

From the expression preceding (10.71), we obtain

D wiiwa =Y 01 =¥ = ¥2) — B2 Y G — )O3 — ¥3)
i=1 i i
- B Z 3 = Y1) — ¥2) + Bii Bz Z 3 = ¥3)-
Using (10.67) and (10.68), this becomes
D wiwy =Y G = 32 — ) — BiaBui Y (3 — ¥3)’
pa i 7

— BB Z(Ysi — 93" + BB Z()’Si -3

Follow the steps in the answer to Problem 10.23.
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10.25 Denote yy; — y, by y;;, kK = 1,2,3. Then by (10.76), we obtain

Doiisi — BubBi X ygzz
\/(Ziﬁ? = BA i) (s — B Xiw)

Twiwy, =

Substituting for Z%” and BIZ from (10.67) and (10.68), we have

o 1Y Y2V *
2oiVivsi — (22:: ;;23) (%;;;) (Ziniz)

rW]Wz

lZ,-yT? - (%y"y&) (X ] lZ,-yE? - (%yij) (i3 ] |

Dividing numerator and denominator by /Y, yi? >, 37, we obtain

DS > m, Do
. ERRVOE DN YO A
wiwy
Yo Qo) Z,ﬁ? Qo)
Yo YRR [0 LRy
ryp — ri3rms3
1- r13)(1 723)

10.26 By (10.78),

Dy =¥ = Iy, — ¥ —SuS, (x — %]
i=1 i=1

=D M-S D -9

=0-S,S.'0.
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10.27 By definition, the partitioned S can be written as
Sy Sy ) 1 = Yi ) y Yi) y
S = - = — —
<Sxy S)oc n—1 ; X; X X; X
1 i~y iy
_n—lzi:(x,-—)‘()(x,-—i>
1 yi—y _ _
W — XV
— 12,:()@ _)_C>[(y, DACTR

1 Z {(y,- -y -y Y- — X)/]

=15 -0y -y (% — XX — X
10.28 271.9298 10.0830 1.4011 2204
@ S, =| 10.0830 1.4954 0.0514 |, s, = | .0220 |,
1.4011  0.0514 0.0074 .0017
—0.0212
B, = 00143 |, B,=.2659, s*>=.004978
4.1781
1.000 0.500 0.990 151
() Ru= [ 0500 1.000 0490 |, r,= | .203 |,
0.990 0.490 1.000 228
~3.960
B =| 0198
4.052
(¢) R? = 3639
R%/3
d) F=——1"  —286045, p=.072
(G = R)/15 s D

10.29 (a) x,:r; = .5966, r, = .0721 z; = .6878, 7z, = .722, v = 2.0642, limits for
p1 are .2721 and .7992, limits for p, are —.3325 and .4543.
(b) x3:r1 =.7012, r, = .8209, z; = .8697, 2o = 1.1594, v = — 9716, limits
fo p; are .4309 and .8561, limits for p, are .6301 and .9182.
(©) x4:1r =.0400, r,=.0714, z;=.04002, z,=.07154, v= —.1057,
limits for p; are —.3528 and .4208, limits for p, are —.3331 and .4537.
(d) xs5:ry =.3391, r, = .2683, z; = .3531, 2, = .2751, v = .2617, limits for
pp are —.0555 and .6421, limits for p, are —.1418 and .5999.
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z Pz Iy, RZ, Riw - Rﬁx F p Value
10.30

X 227 .0228 9808 .3010 7.099 .018

X3 055 0413 2513 .0292 .689 417

X3 149 0518  .9806 3193 7.531 .015
10.31

(a) To find ry,.3, the sample covariance matrix is partitioned as

0078 2204 0220 .0017

| 2204 271.9298 ‘ 10.0830 1.4011 (sy_v st>
0220 10.0830 ‘ 1.4954  .0514 '
0017 1.4011 0514 .0074

where y = (y, x;)” and X = (x», x3)’. From S, S, S,,, and S,,, we obtain
D. — .0856 0 R — 1.000 —.567
s 0 2.2846 )° TFT\ =567 1.000 /-
Thus ry1.03 =—.567, as compared to r,; = .151.
(b) For ry.13, we have y = (y,x2) and x = (x1,x3),
S — .0078 0.0220 D — 0 1.0581
W N\0220 14954) 7 \o0722 0 )’

1.000  0.2097
R, = .
0.2097  1.000

(¢) For R, corresponding to y = (y, xi, x;) and X = x3, we have

0078 2204 0220
S,, = | 2204 271.9298 10.0830 |,
0220 10.0830  1.4954
0861 0 0
D,=| 0 2305 0
0 0  1.0660
1.000 —0.546 0.108
R,, = | —0546 1.000 0.121

1.108  0.121 1.000



ANSWERS AND HINTS TO THE PROBLEMS 589

Chapter 11

L1 (B-)V ' (B-P)+y—XB'(y—XB)+8.

=BV 'B-2BV ¢+ ¢V 'dp+yy—2B8Xy+BXXB+0.

=BV H+XX)B-2B(V XXV +XX) (V' +Xy)
+(VIp+ Xy V I+ XX) 'V I+ XXV T+ X'X) !
x(V91p+Xy) - (V'e+ Xy (V' +XX) (V' +X'X)
VXXV P+ Xy + 'V b +yy+ 8.

=BV.'B-2BV.'d.+ V', — ¢V, b,

+PVp+yy+é.
=B- )V, (B-b)+8...

11.2 L%szbﬂ (br)e P dr
0

= b | (br) e P d(br)

S——8 Oo—3

:b*H”Jfa%maamgszbo
0

= b~“*DT(a 4 1) [by definition of I'(a + 1)].

11.3 (a) Use 2.54) with A=LP=XV,B=V ' and Q = VX
) I+ XVX) X —XX'X+V Hlv

=[I-XXX+VH X)X - XXX +V 'Vl (Problem 11.3a)
=X - XXX+ VH XX -XXX+VHlv

=X-XXX+VH!IXX+vh
=X-X
=0.
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© V!I—-vIXX+vhHlv!
= [V+XX)'X'X)XX)"']"  [use (2.54) in reverse]
= (XX + V]! (simplify)

=X'X - X'XX'X+V H XX [use (2.54)]
=X[I-XXX+V H XX (factor)
=X'(I+XVX)'X (Problem 11.3a).

114 yy+¢V'ie-—o.V.'d,

=@y — XA+ XVX) 'y - X¢) — (y — X¢)'
XA+ XVX) 'y —XP) +yy+ 'V 'd -V ',

= (y — X1+ XVX) ' (y — X¢p) — y' I+ XVX) 'y + 2y'd + XVX') !
x X — HXA+XVX) 'Xp+yy+dV'd—-Xy+V'e)
XXX+ VH XX+ VHXX+V ) I Xy+ Vi)

= (y = X)A+XVX) ' (y — Xp) + y'[I - I+ XVX) ™
— XXX+ VH Xy + 2y [0+ XVX)'X - XXX+ V H v e
+ V! - XT+XVX)'X - VIXX+V )V

=y — X)) A+ XVX) ' (y — X) + YOy +2y'0¢ + ¢ 0O
(see Problems 11.3a, b, and c)

=(y — X¢)d +XVX) 'y — X¢).

11.5 The prior density for B is p;(8) =c;. Since the prior density for
In(7"") is uniform, the prior density for 7 is p,(7) = c,7 . The like-
lihood for y|B, 7 is the multivariate normal density with mean Xf
and covariance matrix 7 'I. Using Bayes theorem in (11.4), the joint
posterior density is

2B, 7y) = cacrcrr e37 2T XBXB2

— 57D XB - XB)2,
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The marginal posterior density of Bly is

u(Bly) = cs J Fn=2/2 ;= y=XBY y=XB)/2 j
0

= csT(n/2)[(y = XB)'(y — XB)/2] "> (Problem 11.2)
= coltn —k = 1)s* + (B B/XX)(B - B

(proof to Theorem 7.6¢)
= [l +(B— BYXX)(B— B)/(n—k— 1)s*] "

= ol + (B = B[S XX) T (B~ B/ (n— k — p] TN

which is the density function of the multivariate t-distribution (Gelman,
et al. 2004, pp. 576—577) with parameters (n — k — 1, B, s>(X’X)™1).

11.6 Using (7.64), the generalized least squares estimate of 3 for the augmented
X\ /1 o\ /XN /X\ /T 0Ny
(o v) G (D)o v) (3)
1 o\ '/x\]" 1 o\ '/y
¥ 0o v) ()] & o v) (4)
OV Y oV ¢

=XX+VH'Xy+V'ie).

data is
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11.7

[oe]

E(r) = JT
0

o4

I'(a)

e dr

5 T . s
_ a d
F(a)JT e T

0

B(X

5@ DI'(a+ 1) [using prob. 11.2]
T ) ( ) gp

72 F?aa) e dr — (g)z

var(r) =

o——8 MR

00

_ % J okl by (%)2

O 5 @IP(q 42) — (g)z

F(oz)

o (a+2) %

“T@?®  let+2- (5)
@t i)@) (e
e

o
==

11.8 The density function of 7]y is given in (11.14). Using the change-of-variable
technique, the marginal posterior density of o” |y is

W(02 ly) = cs (0.*2)(a+n/2)* 1=, V.'¢.+¢'V! ¢+)"Y+25)/2](¢T’2)(02)*2

— cg(c?)@tn/D-1 (O b+ V bty +20)/2] /0

11.9 (a) This is the model of Section 11.2.1, with k=1, ¢ = <O>,

o2 0 0
0
andV—(O 12>

Using Theorem 11.2b and the expression in (11.18), 3|7 is t-distributed
with parameters n + 2a, ¢,,, and w3, where

(062 + ”)Z Xiyi — Z Vi Zixi

N P P el S
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and

Y= XVX))ly +25 (0> + 1)
n+2a (032 +n) 0%+ 5,30 — (3, x)*

Wi22 =

(b) A point estimate is given by ¢, and a (1 — w) x 100% confidence interval
is given by ¢*2 + tw/2,n+2aw*22-

11.10 (a) The joint prior density is

(B, 7) = p1(B|T)p2(7)

— ce B OV B-d)/2 a1 b7

— o7l BV B-p)/2-bn
Using (11.4), the joint posterior density is

g(B, 7y) = cp(B, 7) L(B, 7ly)
= oyt o BV (B )/2-87 /2~y XB (- XP) 2

= oy 2t (B dIV (B )y XB) (y-XPB) /27

(b) Picking the terms out of the joint density g(f, 7|y) that involve B, and
considering everything else to be part of the normalizing constant, the
conditional posterior density of B|7, y is

_ _ /v —1 _ _ / _

eBIry)=c3e (B=¢)V (B-P)+1(y—XB) (y—XPB)]/2

=3 e*ﬁf"B’V"BfZT"H Vgt ¢V pryy 28X y+BX'XB)/2
=y e*f[ﬁ’(x’xﬂ"v")672B’(X’y+f"V"¢)]/2
= e—T[B’(X’X—&-T"V’])B—2B’(X’X+7"V’])(X'X+T’1V")’I(X'y+T’IV’]¢)]/2

— ¢5 e BV B2BY, G, 4V, )2

where V, = XX+ 7'V )™ and ¢, =V,Xy+7'V')

— 5 e B0V, B2,

Hence B'T’y is Nk+l(¢na7—71Vn)-

(c) Picking the terms out of the joint density g(B, 7|y) that involve 7, and
considering everything else to be part of the normalizing constant, the
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conditional posterior density of 7|8,y is
l,lf(T‘B, y) =ce Tn/2+af—1e—T(y—XB)’(y—XB)/Z-‘rﬁT

= e/ 2t o [ XB - XB)/ 2487

Hence 7|B,y is Gammal[n/2 + a, (y — XB)'(y — XB)/2 + 4]
(d)
« Specify 1/s from (7.23) as a starting value 7.
e Fori=1to M:
calculate V,,; | = (X'X + 77, v-H~1,
calculate ¢,,; | = V1 X'y + 7,V '),
draw B; from Ny 1(¢b,,; 1,7 Vaio1)s
draw 7; from Gammaln/2 + a,(y — XB,)'(y — XB;)/2 + 8|,
calculate Ti’l
* Consider all draws (B,-,Ti’l) to be from the joint posterior distribution.

11.11 (a) Bayesian estimates of f;, B,, and B; are 0.7820, 0.5007, —16.6443.
Lower 95% confidence limits are 0.6281, 0.2627, —42.2511. Upper
95% confidence limits are 0.9358, 0.7386, 8.9625.

(b) Answers will vary. We obtained Bayesian estimates of 0.7817, 0.4990,
—16.5490, lower 95% confidence limits of 0.6332, 0.2627, —42.6158,
and upper 95% confidence limits of 0.9358, 0.7358, 9.5144.

(c) Answers will vary. We obtained a Bayesian prediction of 18.9113, with
lower and upper 95% limits of 2.3505 and 35.7526.

(d) Answers will vary. We obtained Bayesian estimates of 0.8170, 0.4399,
—6.1753, lower 95% confidence limits of 0.6831, 0.2142, —21.4675,
and upper 95% confidence limits of 0.9523, 0.6567, 9.7605.

11.12 Use Problem 112 with =1 a=(au +k+2)/2, and
b=[B— )V '(B— )+ (0 —x,B)* +5..]/2.

Chapter 12

12.1 _ Pt

_ Mo + Moo pyp + Mg + Moy + Moo
Byt My, + =

2 2 2
_ 2(#11 + M2 1‘ Moy + Mzz) — o
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12.2 The deficiency in the rank of X does not affect the differentiation of &’ in
(12.10). Thus

Al A
088 _ ) _oX'y+2X'XB =0,
op

which yields (12.11).

12.3 For Theorem 2.7a, the coefficient matrix is A = X'X, and the augmented
matrix is B = (X'X, X'y). We can write B as X'(X, y). which leads to
rank(B) < rank(X’) = rank(A). On the other hand, rank(B) > rank(A)
because augmenting a matrix by a column vector cannot decrease
the column rank. Hence rank(B) = rank(A); that is, rank(X'X,X'y) =
rank(X'X), and the system is consistent.

12.4 (a)

(b)

12.5 (a)

(b)

We can obtain A'’X'X(X'X)~ = N\’ from the expression X(X'X)" X'X = X
given in Theorem 2.8c(iii). Since N’ = a’X, multiplying by a’ gives the
result; that is, 2’X(X'X)"X’X = a’X implies N'(X’X)"X'X = \'.

The condition X’X(X'X)”"A = A follows from Theorem 2.8f, which
states that Ax = ¢ has a solution if and only if AA "¢ = ¢ for any gener-
alized inverse of A. Thus, X'Xr = A, has a solution if and only if
X'X(X'X)"A = A

a’X =(0,0,0,1,0,0)X = (1,0,1). X'Xr=A, where r= (0,0, %)’.
Show that X’X(X'X)~A = (1,0, 1). These values of a and r are illustra-
tive. Many others are possible.

We attempt to find a vector a such that a’X = A’ = (0, 1, 1). Since X has
only two distinct rows, a’X is of the form ay(1,1,0)+
a>(1,0,1) = (a; + az,ay,a;) which must equal (0, 1,1). This gives
ai+a; =0,a; =1, and a, =1, which is clearly impossible. By
Theorem 2.8f, the system of equations X'Xr = A has a solution if and
only if X’X(X’X)"A = A. This is also condition (iii) of Theorem
11.2b. We find that

01 1\ /0 2
XXXX)A=[0o 1 o|[1]|=1]1],
00 1/)\1 1

which is not equal to A.
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12.6 Multiply the two sets of normal equations by r/, where X'X = A:

rX'XB, =rXly

rX'Xg, = rXly.

Since the right sides are equal, we obtain FX'XB, = X'Xp,, or
NB, = NB,.

12.7 In the answer to Problem 11.5a, a solution to X'Xr = A is given as

r=(0,0, §)". Thus

Y.
PXy = 0.0 v | =5 =5
Y.
For A'B, we use
R 13
B=1|y —@
Yo, — b
from Example 12.3.1. Then
o 1
AB=0L01D|y —fp | =4+y —pA=
Yo — 1
12.8 (a) X'Xr = A is given by
6 3 3 r 1
3 30 nl|l=1]11], or
3 0 3 r 0
61’1 +3r2+3r3 =1
3ri+3rn=1
3ri+3r; =0

Using the last two equations, we obtain

ry = —r3

1
rn=r4+sz,
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or

1 —r3 —1 0
r=1|n|= "3+% =n 1|+ % )
r3 r3 0

where r3 is an arbitrary constant that we can denote by c.
(b) The BLUE, r'X'y, is given by

y.
Xy = (—c,c+1,0]|
2.

= —cy. +oy1 +%y1A + ¢y,
= —c1. +y2) + oy + 3y + ey =3y

Show that y_ = y;. + y».

12.9 (a) From Example 12.2.2(b), we have

o
(€3]
B=| x|, w+ta+p =(1,1,0,1,008=Ap.
Bi
B>
Show that
422 2 2 y.
2 2 0 1 1 V1.
XX=]12 0211 Va.
21 1 2 0 Y1
21 1 0 2 Y2
The value r' = (0, 1,0, 3, — 1) gives 'X'X = A{. Then

SR 1Y
PRy =5t

597

For AB= Bl B, =(0,0,0,1,—1)B, a convenient value for r is

=(0,0,0, 1 3 %), which gives X'y = %yd —%yz =3,

—y,. The

functlon )t iB=0a —a,=(0,1,-1,0,0)8 can be obtained using

(09 2’

—3,0,0), which leads to X'y =3y, —3y2. =y, —
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b S T TR
(b) E(\X'y) E(2+4 4)

= 1ER201 +y12) + 01 +y21) — 012 + y»)]

=YEQGyi + y12 + y21 — y22)

=Bt a+B)Fpta
+Bhtutaot B —(kt+aotp)

=l@u+4a +4B) = p+ar + B, = X B.

12.10 (a) The function A’B = (0,c1,¢2, ..., ci)B = Zle ¢;7; 18 estimable if there
exists a vector a such that A’ = a’X. The k distinct rows of X are of the
form x! = (1,0, ...,0,1,0, ...,0), so that

k

!/ /! /

A=aX= g ax; = <§ a;,a,ap, ...,ak>.
— i

i=1

Equating this to AN =@cca....c0), we obtain
Sk a;=0,a,=ci=1,2,....k Thus ¥, ¢; = 0.
(b) Any estimable function can be found as a’X, which gives

aXB=aEy) =)

i=1 j=1
:ZZa,-j(,u-i-Ti):Z (M"‘Ti)zaij]
i i J
:Z(,_L—&-Ti)ai,:uzai,-ﬁ-zdi.ﬁ

= MZCiJrZCiTi,
i i

k n
a;E(yi)

where ¢; = q; :Zja,j. Thus ) ;¢;7; is estimable if and only if

Zi Ci = 0.

12.11 In Example 12.2.2(a), part (ii), we have

X'X =

W W A\
S W W
w O W
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Then for A = (0,1, —1)', X’Xr = A becomes

6r; +3r+3r; =0
3ri+3rn=1
3r1 +3r; = —1.

Show that all solutions are given by

1 0
r=c| —1|+1% 1],
-1 -1

where c is arbitrary. Show that X'y =y, — %, for all values of c.

599

12.12 Use to Corollary 2 Theorem 3.6d(ii) to obtain cov(r|X'y,r;X'y) =

r; X cov(y)Xr, and cov(A] B )t/ZB) = A cov(B)A..

12.13 @) (y — XB)/(y — XP) = y'y — yXB — B X'y + BX'XB. Since yXB is a
scalar, it is equal to its transpose [%,X'y. The last term, BX'XB,

becomes B/X’ y because X'X = X'y.
(b) Using B = (X'X)"X'y, we have

N
Yy - BX'y=yy—-yX[(XX)|Xy
=Yy - yXXX) Xy
by Theorem 2.8c(ii).

1214 gX'[1 - XX'X) XX = fXXB - BXXX'X)"X'XB.
By (2.58), X'X(X'X)" X'X = X'X.

12.15 Follow the steps in the answer to Problem 7.21. Is there any step that must be

altered because X is not full-rank?

12.16 (a) Since B = (X’X) X'y is a linear function of y for a particular choice of

(X’X)~, we can use Theorem 4.4a(ii) directly.

(b) Show that I — X(X'’X)" X’ is idempotent. Then use Corollary 2 to

Theorem 5.5.

(¢) Show that (X'X)"X'[I — X(X’X)"X'] = O, and then invoke Corollary 1

to Theorem 5.6a.

12.17 Since ¥y = UB and XB = Zv, we have A'B = a’XB = a’Zy = b'y. Thus
ANB=by=>b'y. Similarly, with 6=V and X8 = W5, we have

ANB= a’XB:a’WS:c’BandXB: 6=
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12.18 2 1
;21 r (21
XU = R UU—(1 2)
1 2
1 0
1 0 1 1 0
12.19 — =
z 1 -1/ U (0 1 —1)
1 -1

12.20 The normal equations are given by

4ip + 27 + 21 =y,
20 + 27 =y1.
20 427 =y,

Substituting [% in (12.39) into the first of these, for example, gives

4y +200. =y ) +200 =y ) =

dy. IRA Y2 Y.
a2l
s TG )T (2 5) =

Yo tyL Yy =y =),
Y. =

12.21 @) — ap = 0 gives a; = ay. Substituting this into a; + a; — 2a3 = 0 gives
20{2 — 20(3 =0or a) = (3.

12.22 Express SSH as a quadratic form in y by substituting B= (X'’X)"X'y. Show
that SSH is independent of SSE in (12.21) by use of Corollary 1 to Theorem
5.6b. Use either C(X’X)"X'X = C or X'XX'X) X' =X’

12.23 The first normal equation, for example, is 6 + 2&; + 2a; + 243 + 3i31+

332 =y., which simplifies to 64 =y  when we use the two side
conditions.
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12.24
1 1 0
BE S 7
X2: 1 O 1 s X/2X2: 3 3 O s 32: Bl s
1 0 1 303 B.
1 0 1
y..
Xy = |y
Y2

Then X,X, 8, = X,y gives the result in (12.51).

12.25 (a)
1 100
1 100
1 1 00
9 3 3 3
1 010
, 3300
X=[1 01 0}, XX= )
3030
1 010
300 3
1 0 0 1
1 0 0 1
1 0 0 1
Y.
X’y: yi.
2.
Y.
The normal equations are given by
9 3 3 3 i y.
3300 T Y.
= , or
3030 p) 2.
3030 %3 3.

9 +37 +37 + 30 =y,
3}14’3%1:))1 1:1:273
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(b) Three possible sets of linearly independent estimable functions are
wtn, ptmn ptmnl
But+tn+ntn, n-—mn n-7)

{u+7, 71—T, T — T}

(¢) The side condition 7| + 7 + 73 = 0 gives

Y. _ s
9 .

=
Il

>

LI —

i

(d) The hypothesis Hy:1y = m = 73 is equivalent to Hy:1p — 7 = 0 and
71 — 73 = 0; hence H, is testable:

3
Al R R
SS(w, 7 = BX'y = ry. + > _Fi

i=1

The reduced model is y; + u + &;;, the X, matrix reduces to a single
column of 1’s, and the normal equations become

Hence

A~/ - y2
SS(uw) =B Xy =yy. = 3
(e)
Analysis of Variance for Hy: 7=7,=173
Sum of Squares df F Statistic
2 2 2 SS(7|w)/2
o Y Y e
S8l = 2.3 75 SSE/6
2 6
- 2 Yi.
SSE =3 5 — iz
2 ¥ 8
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12.26 (a) The normal equations X'Xf =Xy are given by

126 6 6 633 3 3 K Y
[¢3] Yi..
6 6 0333300 *
6 0633003 3 Zz Y2
6 33603030 Bl*y'l'
6 33060303 T |P|T]”
330303000 i .
303300030 Y2 i
30303000 3 Y Y2t
Y22 y22.

2 2
20 4+6) a+6> B+3> 9=y
i=1 j=1 ij
2 2
6 +6&+3> B+3Y> Y=y i=12
j=1 j=1

2 2
6 +3> a+6B+3) Y=y, j=12
i=1 i=2

L

3+ 3+ 3B+ 3% =y i=1,2 j=1.2

(b) The rank of XX is 4. From the last four rows, which are linearly indepen-

dent, we obtain

m+ o+ By + v
mtar+ By + v
Mmoo+ By + vy
mt o+ By + v

or

Bt ar+ B+ v

o —a+ vy — vy (Ora—o+ v, — ¥n)
Bi =B+ vii—vi2 (or By =B+ va1 — ¥2)
Yii— Yi2 = Yar T Y22
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12.27 (a) The normal equations are

8 4 4 4 4 4 4\ [ 4 vy
4 40222 2|la& Vi
40 422 22| & V.
4 22 40 2 2B =1
4 220 4 2 2|8 Vo
4 2 222 4 0] % v
4 22220 4/ \% Vo

(b)
m+oa+ B+
a; — ap
B — B
Y1— "

(¢) Using the side conditions &; + &, = 0, Bl + Bz =0,y + % =0, we
obtain o =y , &=y =y ,B=Y;, =V . V=Yi— Y.
@
A~ _ _ _
SS(. . B.Y) = BX'y =3 y. + > G I .

NI I T S G
J k

2 2 2
_ Y. Yio Y. Vi Y. Yok Yo
8 2 8+Z4 8+§k:4 8

t J

= SS(w) + SS(a@) + SS(B) + SS(y).

Using this same notation, the reduced normal equations under
Hy: a; = ap become SS(u, 3, y) + SS(w) + SS(B) + SS(y).

(e)

Analysis of Variance for Hy: 7j=7,=173

Source df Sum of Squares F
SS(afp,B,y) 1 SS(u,a,B,y) —SS(w, B,y) = SS(e)  SS(at|u, B, )
SSE/4

Error 4 SSE =3, vi — SSE(w, @, B, )
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12.28
8 4 4 4 4 2 2 2 2
4 4 0 2 2 2 2 00
4 0 4 2 2 0 0 2 2
4 0 2 4 0 2 0 2 0
XX=|4 22 04 0 2 0 2
22 0 2 0 2 0 0 O
22 0 0 2 0 2 0 O0
20 22 0 0 0 2 0
20 2 0 2 0 0 0 2
Chapter 13
13.1 o 1 I kn n n ... n
ii i o0 ... 0 n n O ... 0
xx—| ¥ 0 Jj ... 0f_fn 0n ... 0
i 0 0 ... i n 00 ... n
Zij/Yi Z,-yzz Y.
i'vi i, i,
X/y: j/yz — Y2. — | Y
i'vi k. Yk,
13.2
00 ... 0\ /[y 0 0
. 0 1/n ... 0 yi. yi./n .
B=XX)Xy=|. " =T =]
0 0 ... 1/n V. yi./n Ve
13.3

k n
S0y = 3305 - s+
7 =1 j=1
) 2
_ Z:yﬁ_zz@;w) +”Zz_2
:Zyz]_zzy;Jrzy;
i i i



606 ANSWERS AND HINTS TO THE PROBLEMS

13.4 C 0 0 0 .. 0
pae 0 1/n 0 ... 0
N 0 0 1 0
X(X'X)" X' = /n
0 0 :
! ! 0 0 1/n
j/ j/ j/ . jl
i 00 ... 0
S I (O
oo o
0 Lj o ..o\ /I T i
0 0 lj 0 j/ 0/ 0/ 0/
n 0/ Jl 0/ 0/
0 0 0 %J (;/ 6/ 0 ]/
ii o ... 0
oij’ ... O
:; ,
o o ... jj
Y- XXX) Xy =yy - yXXX) Xy
ii o 0\ /v
2 1 / / / 0 JJ/ o Y2
:Zyij_;()’p}ba-nayk)
o o0 ... jj Vi

k
- ;yé—;;y;jj/yi = ;yi—;ZylZ

13.5 (a) With of = u; — . in (13.5), Hy:af = o =---=a; in (13.18)
becomes Hy:p) — .=y — .=+ = — . or Hy:u =

My = - - ., which is equivalent to (13.7).
(b) Denote by a* the common value of o in Hy:af = a5 = --- = ¢ in

(13.18). Then 3", & = 0 give a* = 0, since S+ a* = &' =0,i =
1,2, ..., k. Thus, &} =0,i=1,2, ..., k.

1
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13.6 k
ny G-yl =nY 07 -2y +¥)
i=1 i

:nZyﬁ —Zny.zj’i. + kny”

N2 ; 2
:nZ(y;) —2nz—nzy;+kn(i—n)
Y.y y2

__Z : 2 kn'

13.7 See the first part of the answer to Problem 13.3.
13.9 Using X in (13.6), we have

00000
01 -1 0 O0\|0o 1000
cXX)x=|01 0 -1 of|loo 100
01 0 0 —1/|0oo0o0 10
0000 1

n a0 0 0\’

x|, 0 j 0 o

in 0 0 0 j,

jn jn jn jn

o o o j
j/ _j/ 0/ 0/
L .
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13.10 By (2.37), we obtain

jn j}’l jl’l

1
. —in 0 0
AJ3 = . 1
0 —ij, 0 !
0 0 —In
Jn Jn in
0 0 _Jn
3i,
e/
.. I . . . .
AJ;A = AjjiA = _j/ Gln> —Jns —Jn> =)
-

13.11 (a)
E(sj)* = E(g;j — 0 = E[e — E(g;)]” = var(g;) = 07,
E(gjerj) = Elejj — 0)(ery — 0))]
= Elg; — E(gy)][ery — E(eiy)]
= cov(gj, gry) =0
(b) 2

EQ’) = <Zyl,> —E

ZZ(P« +a + &)

=1 j=I1

- 2
=E kn,u*—l—nZaf—i—Zs,-j]
L i i

B 2
_ E|n2u? + (Zs’f> +2knu* ZSU

)

- E<k2n2 2 4 Z &+ Z €ij€im + 2knu’ Z 8,,)

ij#Im

= k®n*uw? + kno?,
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2
= Z nu? +nfa? + <Z sij> 2wt

i J
+ 2nu’ Z g;j + 2n Z a;‘s;jl }
J J
2:“**2 + nZZa*2 + Z(Z el + ZSIJ zl>

j#1
+ 2t Z af + 2np’ Zs,-j + 2”22 afsjj}
i i I

= kn*u** +n? Z o? + kno?,

E[SS(alw)] = ( Zy, )
1
= (knz,uf‘2 +n? Z a*2 + kno'2> — (KPn*uw*? + kno?)
n
= knu? + nz & + ko — knu'? — o*
=(k—1o+n) o

(c)

E(iiyu) :

E|Y (' +af +ey)
g

Z W2+ + 81] +2utal +2u ey + 20l gy)

ij
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=F

knuw*? + nz o’ + Z s?j + 2nu’ Z af
i i i

+2ou” Z gji+2 Z al.*s,-jl
i i

= knu? + nz &} + kno?,
i

E(SSE) = E (Ey?j - %Zﬁ)
ij i

= knu** + nz ajfz + kno® — knu*? — nz a:f2 —ko®

= k(n — 1)o?.
13.13 By (2.37),
0 0 0 0 0 0 0
1 1 1 1 1 1 1 3
Cjy=|1-1 0 0 Ll=|-1|+| O|+] Of+]-1
0 -1 0 1 0 —1 0 -1
0 0 —1 0 0 —1 —1
Thus
0 0 O
3 3 3
C'J3=C(j3,J3,03) = (Cj5,Cj5, Cjp) = [ =1 —1 —1 |,
-1 -1 —1
-1 -1 -1
0 0 O
3 3 3|(/01 -1 0 0
ChC=|-1 -1 -1]f01 0-1 0
-1 -1 -1f\o1 0 0 -1
-1 -1 —1

0 0 0 0 O
0 9 -3 -3 -3
=10 -3 1 1 1
0-3 1 1 1
0-3 1 1 1




13.15

ANSWERS AND HINTS TO THE PROBLEMS 611

Using (X’X) " in (13.11) and B in (13.12), we obtain

yi. .
B=(,cr,co,....c)| Y2 | = ZCJ’],
. i1

o o0 ... O
0 I/n ... O

o
Ky
N
Q
S}
I
-
SHERY

C,(X/X)7C = (0, C1,C2y .« ..

0 0 ... 1/m

13.16 Using ﬂ = (X’X) X'y, the sum of squares for the contrast c;[% can be

13.17

expressed as

©B?  _ BedB _yXX'X) ed(XX) Xy

X'X)¢;  dX'X) ¢ aX'X)"¢; ’

with a similar expression for the sum of squares for cj’[} By Corollary 1 to
Theorem 5.6b, these two quadratic forms are independent if

XX'X)™¢,€/(X'X) X'X(X'X) ¢e/(X'X) X' = 0.
This holds if ¢/(X'X)”X'X(X'X) " ¢; = 0, which reduces to ¢/(X'X)"¢; =0,

since ¢;f3 is an estimable function and therefore by Theorem 11.2b(iii), we
have ¢/(X'X)”X'X = ¢. Now by Theorem 12.3c, we obtain

cov(c;B, ¢/B) = P e/(X'X) ;.

!/ AN IN <, /
(A) = (viv)) = (V)'V; = Viv; = A,
42 — . / . ! _ . ! _ . Q1 / L —
(A)” = viv;viv; = v;v; = A; since v;v; = 1.

By Theorem 2.4(iii), rank(A;) = rank(v;v{) = rank(v;) = 1.
AiA; = v; Viv; v; = O because v,v; = 0 by Theorem 2.12c(ii).
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1318 @ VUG ey 3
’ abn (abn)*  (abn)*>  (abn)*>  abn’
J B _ ince Ar — 1
(b) Py X; = A1X] =Xy, since A} =
jj/Xl i
abn "

Clearly x; = j is a solution, since j'j = abn.

o s
13.19 / JanJan 4n _
Vovo=——=—=1,
4n 4n i,
1 s
viv :7(-/’-/’./’./) I -0
0Vl \/4__}1\/% Jn -]n .]n .]n 0
0
o/ ’
13.20 ix201 = j’x2 — J,XZ i'i- _’f]onz i'x10
] Xi.0X1.0
=jix—jx-0 by (13.66)],
j'x . X, X
X] X201 = X) X2 — %XE,OJ B Xﬁlé(;lzo X oX1.0
= X|gX2 — 0 — X] X [by (13.66)].

1321 By (7.97), we have X301 = X3 — Zi(Z\Z1)"'Z|x3, where Z; =
(JX1.0,X2.01)- Thus

of o -1 e/
Ji 0 0 X3
. ! !
x3012 = X3 — (j,X1.0,X201)| O X] X0 0 X| 0X3
/! !
0 0 X5.01%2.01 X5.01%3
o/ / !/
JX3. X10X3 X2.01%3
=X3 -7 )17 X107 X2.01-
)] X1.0X10 X; 01X2.01

13.22 Using (13.66) and (13.69), we have

o/ / !

./ v JX3 .. X1.0%3 o X01%3 o

I1Xo=JX3 ——=- 1) - JXio— 5 JX01
)] X1.0X1.0 X5 01%2.01

= j/Xj; — j/X3 —0-— O,

o/ !/ !/
/ / JX3 , . X1 0X3 X01X3 s
X1 0X3.012 = X1 0X3 — X 0] — X 0X10 — X 0X2.01-
!
)1 X1.0X1.0 Xz.01%2.01
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13.23 Show that the coefficients in (13.70) are given by

jx3  100n 95
i 4T
XX 2080
X1.0X1.0 20
X%y _30_ 5

Xy X201 4
Then by (13.70).

73 — X3 — 25_] — 10.4X1A0 — 7.5X2'01
=(=3,...,-3,9,...,.9,-9,...,-9,3,...,.3),

which we divide by .3 to obtain
z=(1,...—-1,3,...3,-3, ..., =3,1,...,1).

13.24 Zy = Xg = J,
Z; = X1 = 2(x; — 2.5j),

Z; = X301 —Xp — 75] — 2.5X1'0 =Xy — 75] - 25[2(X1 — 25])]

=Xz + 5j — 5x4,
X3 — 25j - 10.4X1_0 — 7.5X2,01
73 —= 3
X3 — 25j — 10.42x; — 5§) — 7.5(x; + 5j — 5x)
B 3

X . 16.7
= —; — 35_] + <T)X1 — 25X2

Then X = Z0 can be written as

Boi + Bix1 + Boxa + B3xz = 6oj + 6121 + 6225 + 6323

613

= Ooj + 61(2x1 — 5j) + 6r(x2 + 5j — 5x1)

16.7
+ 65 |:<X§) — 35] + <3> X] — 25X2:|

=(6) — 50, +56, —356)j

16.7
+ |:201 —560, + (6—3> 03:| X1

0
1 (6, — 256)x, + (—33>X3.
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Thus
Bo=0—-560,+56, —3565
16.7
By =20, —50, + (—3 )93
B, = 6> — 256
03
B; = 3
i iy
. Z z)y
13.25 Zy=Gounz)y=|, |ly=| " |
7, 7y
z; zyy
fio0 00N /iy
b (Z’Z)_IZ’y _ 0 ziz 0 0 z\y
0 0 Zz, O 2y
0 0 0 Zz; zyy
i'v/il
_ | ay/an
7,y/7,2,
7Y /7373

13.26 Since the columns of Z are linear transformations of the columns of X [see
(13.65), (13.68), and (13.70)], we can write Z = XH and Z; = X H;, where
H and H; are nonsingular. Thus

B'X'y — B'X\y = yXX'X)" X'y — yX; (X, X)) "' Xy
— y/ZH—l [(ZH—I )/(ZH—] )}_I(ZH_')'y
—YZH (Y )T @Y y.

Show that this reduces to (z,y)* /Z,z.

13.27 Linear: —3(1)— (2)+2+3(1) =0

Quadratic: 1-2—-2+4+1=-2
Cubic: —1432)—-32)+1=0
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13.28 The orthogonal contrasts that can be used in Hy: ZL cip; =0 in part

13.29

(b) are

2py + 2p9 + 23 — 3y — 3us =0

2 =y — 3 =0
Mo —
Mg —

M3 =0
ps = 0.

The results for parts (a) and (b) are given in the following ANOVA table.

Sum of Mean

Source df Squares Square F p Value
Breed 4 4,276.1327 1069.0332 8.47 .000033
Contrasts

A, B, Cvs. 1 211.7289 211.7289 1.68 .202

D,E

A, B, vs.C 1 370.6669 370.6669 294  .0933

Avs.B 1 708.0500 708.0500 5.61 .0221

Dvs. E 1 2,885.4545 2885.4545 22.86 .0000182
Error 46 5,806.4556 126.2273

Total 50 10,082.5882

The orthogonal polynomial contrast coefficients are the rows of the follow-
ing matrix see Table (13.5):

—2 -1
2 -1
-1 2
1 -4

0 1
—2 -1
0 -2
6 —4

— = NN

The results for parts (a) and (b) are given in the following ANOVA table.

Sum of Mean

Source df Squares Square F p Value
Glucose 4 154.9210 38.7303 2977 7.902x10° "
Contrasts

Linear 1 140.1587 140.1587 107.74 3.168x 10712

Quadratic 1 0.0065 0.0065 0.006 944

Cubic 1 14.7319 14.7319 11.32 .002

Quartic 1 0.0241 0.0241 0.021 .893
Error 35 45.5322 1.3009

Total 39 200.4532
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The means for the five glucose concentrations are 2.66, 2.69, 4.94, 7.09, and
7.10. From the F's we see that there is a large linear effect and a small cubic
effect.

The contrast coefficients are given in the following matrix:

2 -1 -1
0o 1 -1/

The results for parts (a) and (b) are given in the following ANOVA table.

Sum of Mean
Source df Squares Square F p Value
Stimulus 2 561.5714 280.7857 67.81 2.018x10" "
Contrasts
1vs.2,3 1 525.0000 252.0000 126.78  8.005x 1014
2vs. 3 1 36.5714 36.5714 8.83 .00505
Error 39 161.5000 4.1410

Total 41 723.0714

For contrast coefficients comparing the two types of raw materials, we can
use those in the vector (5, 5, 5, 5,—4,—4,—4,—4,—4). The results for parts
(a) and (b) are in the following ANOVA table.

Sum of Mean
Source df Squares Square F p Value
Cable 8 1924.2963 240.5370 9.07 2.831x107°
Contrast 1 1543.6463 1543.6463  58.18 1.493x10™ "
Error 99 2626.9167 26.5345

Total 107 4551.2130

Contrast coefficients are given in the following matrix:
1 -1 -1
0 0 I -1

The results for parts (a) and (b) are given in the following ANOVA table.
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Sum of Mean

Source df Squares Square F p Value
Treatments 3 1045.4583 348.8461 6.03 .0043
Contrasts

1,2 vs. 3, 1 7.0417 7.0417 0.12 731

4

1vs.2 1 30.0833 30.0833 0.52 479

3vs. 4 1 1008.3333 1008.3333 17.44 .0005
Error 20 1156.5000 57.8250

Total 23 2201.9583

13.33 Contrast coefficients are given in the following matrix:

1 -3
-2 0
0 o0

The results for parts (a) and (b) are given in the following ANOVA table.

Source df Sum of Mean F p
Squares Square Value
Treatments 3 3462.500 1154.167 6.71 .00103
Contrasts
1,2,3vs. 1 1968.300 1968.300 11.44 .00175
4
1,2vs. 3 1 66.150 66.150 385 539
Ivs.2 1 1428.050 1428.050 8.30 .0066
Error 36 6193.400 172.039
Total 39 9655.900
Chapter 14

41 6 =py —py =p+a +B+v —Ww+a+ B+ )

b5 = i1 — Mo — M3 + M3

14.2 By Theorem 12.2b, all estimable functions can be obtained from w; =
m+ a; + B; + ;. To obtain an estimable contrast of the form > i,
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where ), ¢; = 0, we consider

a a
Docimy =Y cim Y cioit Y Bty vy
i=1 i=1 i i i
i i

Thus an estimable function of the «’s also involves the ’s.

14.3 %(93 + 6, +9g):%(31 =Bt Yu—Y2t+tBi— Byt Ya— Y2
+B1 =B+ v — ¥3)
=1G3B =3B+ Y+ Y21 + Va1 — Yi2 — Y2 — Va0)-

144 @ > = Z (B — )= Z B~ ap,
i=1 i i

M ap [ <
2w b

(0) ~ o
V=D by = iy i)
=1 i
:Zﬂy—Zﬁi.—aﬂj+aﬁ..
N N A L o
—Hy — b a +ab
I I
14.5 (a)

ia;‘ => (@—a+%-7)

=1 i
- Z(ai - a.>+2@i. -7.)
=aqa —af+2(*—;)

—a — Y. Y
=« a—i—b aab
N, o Yi Vi, Y
© Zvij:Z(%j—vi.—vﬁv..):Z(%,—;—fWab)
i=1 i i
:'y_j—L—aﬁ-&-aL.

b a ab
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14.6 (b) 'Y;} e e e

1< 1 & 1
A SR SR

a

b
>
1 j=1

1 b
:M+al+Bj+'yU_EZ(/»L‘FOQ"‘BJ‘F'YU)
=1

_é;(u+ai+3j+v,-j)+$zij:w+ai+ﬁj+7’if)
:M,+ai+6j+'Yijil‘l’iaiiézﬁjiéz%j
j J
R R B AT
1 1
+E;B_,<+Eizj%j

=YY —V;t7.

14.7 E(a) =E(y;, —y )=E (E> -k (y—)

abn

_E ij)’ijk _E Zijkyijk
bn abn

_ 2w B0 2 EQi)
bn abn
XA e B ) W o B+ )

bn abn
_ bnu” + bnaj} +nd B +n) v
bn
_abnpt +bny i +an) i B+ nd ;v
abn

14.8 (a) For b =2 and n = 2, we have

_ _ 1 1 1
Y11.+Y12.=—§ yllk+_§ YIsz—E Vijk
2 T 2 T 2 T

1 Yijk _
) ( Ejk 4 ) V1.

619
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149 Write X'X as X'X = [ A1 A2 ey
Ay 20

X/X(X/X)_ o (All A12> <0 O) . <O %A]z
Ay 21 )\ O 11 o 1
X'X(X'X) X'X = <%A12A21 A‘Z)
Ao 21

Show that 1 Aj2Az; = Ay; that is, show that

222222\/220020
220000|[220002
Joo2200|l202020
2loooo22|[202002
202020200220
020202/\200202
12 44466
4 40022
404022
400422
6 22260
6 22206
14.10
> i =¥ =D (Ve — 2viudy. +35)
ijk ijk
=D V2D V) vtn) 5
ik i k i
=D Vi — 2 Vypmyy tn) v
ijk ij ij

14-11 From Mo — Moy = M3 — M3p, we haVC

0= o — Moy — a1 + H32
=pta+p+y —mt+at+ B+ vn)
—(mta+Bi+v)tutat B+
=Y~ Y2~ YT Y-



ANSWERS AND HINTS TO THE PROBLEMS 621

14.12 Vi Y
Z:(yi..—y_..)yu:Z:(b—n—E)y , b_n_ﬁzy’

i

—~bn  abn’

T SR L T
Zj:@u. 5i. =3, 3. 2}:(” ok )y

14.13 (a) Using B from (14.24) and X'y from (14.19) (both extended to general a
and b), we obtain

2
Xy = Zy,,yu Z(y”)y,. = Z%’

7

2
I RS

y )

14.14 In the following array, we see that the +;;’s in the margins can all be obtained
from the remaining (a—1)(b—1) ¥;;’s by using side conditions:

* * x
Y Y12 Vf,bﬂ Y1p
* * x
Y21 Y22 e Vzk,b71 Y2
* * * *
Yo-1,1 Ya—1,2 -+ Ya—1,b-1| Ya—1,b
* * * *
Ya1 Ya2 s Yab-1 Yab
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1415 By (5.1), Y0, (yi — ¥ = >, ¥> — ny>. Then
nY (g =i =y
7
=ny (55 =50 = (5, =3
y
=n) Gy =yl tand (5, =3P =2 (55 =), —5.)
i J Yy

=n Zyi —bn Zylz + an Zj}% — abn)_)%'
y i J
Yij. Vi
- Z l(an abn) Z(;j B E)]

y,, y?
- ”Z b2 2 a2b2n2
Vi Y. \/(Yj Y.
= [(———)(———)}

nz an abn/\n bn

2 2 2

yll l )l_y__i 2 _Zyy/ y_

a Z ; an abn an ; (y'j‘ b + b?

14.16 By (5.1), we obtain

SSE = ij(y,,k ¥ —ZZW Vi)
U
-y (St
ij
-y (-2
T\ o
*Zyl/k Zy,li

ijk ij
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14.17 Partitioning X into X = (X, X,), where X contains the first six columns and
X, constitutes the last six columns, we have

XX'X) X =1(X X)(O O><X,‘)
) 1,422 o) I X/Z

Xl
=10, X)) ') =1x,X]
) 5 4N X, — 2.

2

We can express X, as

i 0 0
0 j 0

Xzf . >
0 0 j

where j and 0 are 2 x 1. Hence %szlz assumes the form given in (14.50).

14.18 (a)

-1 1 1 1 1 1
1 1 1
P10l
X/]XI(X’]X1)7: ,i 00 1 i i
% 1 1 1 3 3
ERER R
-3 2 2 2 01

Multiply by X} X on the right to show that X} X;(X|X;)"X|X; = X/ X.
(b)
-1
-1
-1
-1
-1

_ —1
Xi(X( X))~ =4 [ _,

-1
-1
-1
-1
-1

SO OO DO W WL WW
S OO DODWWWWOoODOoOOoOOo
LW WWWoOOoOIODIODOoODOoOoOo
SO NNV OONDNDO O
DD OOV OONDNDO O

Multiply on the right side by X;’ to obtain X;(X|X;)~X] in (14.54).
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14.19 We first consider y; and y_zl,:

Y= Z)’ilk = Zyllk + Z)’Zlk + Z)@lk
ik k k k

=Yid +Youd + Y3

i

0

A R Y A i

= (V11> Y12, Y215 Y22, Y315 ¥32) E

i

0
j J O J O J O
(0] O 0 0 OO0OO
] IR B P |J 0 J O J O

= ’Os 30, ,O ==
)’41.}’0(]]])}’)’000000
j J OJOJo
(0] O 0 0 OO0OO
Similarly

(0] O 0 0 OO O
j oOJ O J 0 1J
> | O f e ] O O O O O O
(0} O 0 O 0 0O
i OJ O0O1J o1

If we denote the above matrices as C; and C,, we have

2, 5
Zyﬁ]z =

J=1

y?l, + é)"zz = éy’Cly + éy’Czy = %yl(Cl + Cy)y.

=
A=

Then

C=C +GC,=

C=Q =0«
“Q=wO=O
CQwO =0«
“ QO =0 =0
CQ«=wQO =0«
“Q=wO=O
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1420 We show the result of 1A — 2B — 1 C + {5 D for the first two “rows”:
l(J 0 00O 0) 1(J JOOoo 0)
2\o0J oo OO “\J JOOoo

o J O

J O J

JJJJJ
2\JJJJJ1J

QO —
hho
N————
S

since
6 3 2 L y_ 2
I —pd—3I+pd =37,
3 _ 2
0-3J-0+53=-3J,
2 Ly 1
0-0-7ZJ+35d 7,
and so on.

1421 If of = & = o} = o, say, then Y, o =0 implies 0=  af =
Z?:l o =3a*, or af = 0.

14.22

a a b
SS(uoc, Y) =y + Y Gy + > D V-
i=1

=1 j=1
Y N ¥ v i i ¥
abn T\ 2bn b ) T\ 2 T 2 2 )

14.23 As noted preceding Theorem 14.4b, SS(«, B,y|w) = SS(aju, B, y) +

SS(B|u, @, y) + SS(y| m, @, B), where SS(a, B,ylw) =", v; /n—y*/
abn. For a=3, b=2, and n=2, we have by (14.57)
and (14.60), SS(«, B, ¥Y|mw) = y'(3A— {5D)y, where

, D=Jp=

COCOOO
cNoRoNoR Ne
CQOCO=00
CO~w0O0OO0
OQ=0000
~“QQ0C0OO0
e e
e e e
e e
e e
e e e
e e

and J and O are 2 x 2. Show that %A —%D is idempotent, so that condition
(c) of Theorem 5.6¢ is satisfied. To show that condition (d) holds, note that
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the degrees of freedom of 3 ylzl /n —y* Jabn are ab — 1, which is easily
shown to equal (a — 1)+ (b — 1)+ (a — 1)(b—1).

14.25 For b = 2, the sum of squares has only 1 degree of freedom and C has only
one row. From (14.11), we obtain Hy: Bj — 85 =0 or Hy: B, — B, +
YA Iy iy — v — v — 372 =0 Thus C=¢ = (0, 0, 0,
- -1
0,1, =1, 5, =5, %, =5, 5, =5, ¢X'X)e =1/3, [/XX)¢] =3,
and

J J J J J J

-J J J J -JJ

I alel -l 1| 33 3 =3 =J
XX'X)e[d(XX)"¢] /X'X)X = ol _y 5 -3 3 -3 3
J -J J J J J

4 J J J I3 J

where J is 2 x 2. This can be expressed as

2J O 2J O 21 O
0O 2 0 2J O 2J
2J O 2J O 21 O
i 02 0J 0 2 1l =3B -plo
2J. O 2J O 21 O
O 2] 0 2] O 2

Since leB is the same as %C in (14.59), the result is obtained.
14.26
E(e},) = E(eji — 0)* = Eleyy — E(eyp)]” = var(eg) = o7,

E(Sijk8111111) = E[(Sijk — 0)(&pmn — 0)] = E{ [sijk - E(Sijk)} [Slmn - E(slmn)]}
= cov(&jjk, Eym) = 0.
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2

Z Z(M*+a;‘+ﬁj+y,-*j+8ijk)

T Lk

_ 2
:E{Z bn;uf+bnaf+nZBf+nZYZ+Zsijk]
L J J Jk

2
_ E Z b2n2 *2 b2n2 *2 <Z 8[jk> +2b2n2/.L*a*
jk

+2bnu* Z gijx + 2bna; Z 8ijk] }
Jk Jk
= E{ab2n2 *2 + b2 2 Z a*2 + Z 8ljk + Z ( Z 8yk£llm>

ijk i Jk#Im
_’_2[?2”2#* Z a + 2bnu* Z gijx + 2bn Z (a;‘ Z 8ijk> }
ijk Jjk

= ab2n2 2 4 pPn? Z a*2 + abnd®.

14.30 Using o =3a, y; = 2%, and y_ = 6%, (14.90) becomes BSHB =43,
o + 83 a;iy,+ 4>y, — 12&° —24a y_ — 12%. Show that the 10
terms of 43 (¢, — @ +%¥ —7y)* in (1491) collapse to the same
expression for B'HB involving 6 terms.

M3 © g E(; s yijk) =13 Ep)

=35t it B+ ) = H 20+ 20042+ 2.
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14.32 (b) By (14.47), (14.93), (14.94) and Problem 14.31(b, c), we have

E[SS(yl. o, B)] =207 + 2 [E(5;) — E(5,) — E(5,;) + E(3.)
ij

=202 +2) [wt+ai+B+v—pm—ai—B %,
7
—p-a-B-ytuta+B+y]

= 20’2 + 22(%1 - 7,] - 7]‘ + ?)2
ij

14.33
Analysis of Variance for the Lactic Acid Data in Table 13.5
Sum of Mean
Source Squares df Square F
A 533.5445 1 533.5445 30.028
B 2974.0180 4 746.5045 41.844
AB 441.1580 4 110.2895 6.207
Error 177.6850 10 17.7685
Total 4126.4055 19
The p values for these three F’s are .0003, .000003, and .009.
14.34
Analysis of Variance for the Hemoglobin Data in Table 13.7
Sum of Mean
Source Squares df Square F
Rate 90.560375 3 30.186792 19.469
Method 2415125 1 2415125 1.380
Interaction 4.872375 3 1.624125 1.558
Error 111.637000 72 1.550514
Total 209.484875 79

The p value for the first F is 2.404 x 10~°. The other two p values are
.2161 and .37609.
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Chapter 15

15.1 n 0 0 yi-

0 n ... 0 y2.
ww=1 WY=L |
0 0 N (7 Vk-
yi-/m Vi
y2./m2 Ya.
WW) 'Wy=| = |=

Vi-/ g Yk

15.2 (a) The reduced model y; = p+ & can be written in matrix form as
y = puj+¢&*, from which we have =y and fjy=yy. =
¥2/N =Ny’

Y

(b) SSB=@A'Wy—Ny> =G5, ...0n)| + | —Nv %
Yk

_ _ Vi, v.\2
(¢) Zk Yy =Ny =Y, yz N(ﬁ) .

153 (a) Zn(y, -y —Z(nly, 20,3, + niy?)

=D oy~ )y AV ) n
S () 2y ()
7 ! n; N 7 n; N

n; N N

b
()21: 1(}’,/ yl) _ZZ@U 2y;iy;. +yl)
=1 j=
. N\ 2
-1 ()
y 4 J i J
ij ! L i l”z‘z
Sy YR
7 g
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N _ — N _ —1 _
154 (R [CWW) e /s = (Siems) (2 /i) Soieyi /s
155 3,4 = B0 SR L A0 = 1p1—0

ml 0 ... O i V1.
R 0 np ... 0 yi2. Yia.
156 (WW) Wy= . . . . = .
0 0 ... nxn Y23, Y3,
157 Wi = 311,11 V125 Y13 Y135 -+ -5 ¥23.) - Note that fris 6 x 1 and W is

11 x 1.
15.8 This follows by definition; see, for example, (7.41).

159 Since Bu = 0, that is bju = 0, we can equate b} and b,u to obtain

2pgy — M — i3+ 2001 — Mo — Moz = M2 — M3+ Moo — M3, Which
reduces to 2uy; + 20y = 21, +2uy. We can obtain i, + py =

3 + M3 from by = 0.
1510 a'fe =3, a;y; and a'(W'W) 'a =", a2 /n;
15.11 a’'(W'W) 'a = 3.833.
1512 BWW) 'B' =1 (fsl _71 )
15.13 Show that KG' = O.
1514 By (3.42), cov(jr,) = K'(KK')~'cov(8,)(KK')'K.

15.15 (a)
Analysis of Variance for the Weight Data of Table 14.6

Sum of Mean
Source df Squares Square F p Value
Protein 4 111,762.28  27940.57 8.36 .0000169
Error 56 181,256.71 3236.73
Total 60 293,018.98
(b)
F Tests for Unweighted Contrasts
Contrasts df Contrast SS F p Value
L, Cvs. So, Su,M 1 2,473.61 0.76 .386
So, M vs Su 1 36,261.93 11.20 .00147
So vs. M 1 5,563.22 1.72 195
Lvs.C 1 65,940.17 20.37 .0000332
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(0
F Tests for Two Weighted Contrasts
Contrast
Contrasts df SS F p Value
L,Cvs. So, Su,M 1 2,473.61 0.76 .386
So, M vs. Su 1 31,673.79 9.79 .00278

1517 (@) = (> Kio> Mi3> Mops Mooy Mo3), Wis 47 x 6,ais 6 x 1, B and C
are each 2 x 6.

a= (15 17 17 _la _1)
<1 -2 1 1 -2 1)
B =
1 0o -1 1 0 -1
1 -2 1 -1 2 -1
C:
1 0o -1 -1 -1 1
f=7y = (96.50, 85.90, 95.17, 79.20,91.83, 82.00)

SSE = 8436.1667, vg =41
Fu =3.65104, Fg=.022053, Fc =2.90567.

(b) G is the same as C in part (a)

I 1 1 1 1 1
j/
/ 111 1 -1 1
K: a =
1 -2 1 1 -2 1
B
1 0 -1 1 0 -1

ft, = (91.61,91.31,92.66, 83.11, 82.81, 84.15)
SSE, = 9631.9072, vy =43
F, =3.687, Fy = .03083.

(©

Analysis of Variance for Unconstrained Model
Sum of Mean

Source df Squares Square F p Value
Level 1 751.238 751.238 3.65 .0630
Type 2 9.075 4.538 .02 978
Level x type 2 1195.7406 597.870 291 .0661
Error 41 8436.167 205.760

Total 46 10474.851
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Analysis of Variance for Constrained Model

Sum of Mean
Source df Squares Square F p Value
Level 1 826.544  826.544 3.69 .0614
Type 2 13.810 6.905 0.03 970
Error 43 9,631.907 223.998

Total 46 10,474.851

15.18  Analysis of Variance for Data in Table 15.12
Sum of Mean

Source df Squares Square F p Value

Fertilizer 3 20,979.042 9663.014 111.52 5.773 x 10713

Variety 4 306.621 76.655 1.22 0.325

Fertilizer x 12 997.589 83.132 1.33 0.263

variety
Error 26 1,630.333 62.705
Total 45 28,486.370
Chapter 16
16.1 Verify that I — P is symmetric and idempotent. Then X'(X — P)X = X'(I —
P)Y' (I — P)X, and by Theorem 2.4(iii), rank[X'(I — P)X] = rank [(I — P)X].
The matrix (I — P)X is n x g. To show that rank [(I — P)X = ¢, we demon-
strate that the columns are linearly independent. By the definition of linear
independence in (2.40), the columns of (I — P)X are lineraly independent
if (X — PX)a = 0 implies a = 0. Suppose that there is a vector a # 0 such
that (X — PX)a = 0. Then
Xa = PXa = Z(Z'Z) Z'Xa.
By Theorem 2.8c(iii), a solution to this is Xa = z;, where z; is the ith column
of Z. But this is impossible since the columns of Z are linearly independent
of those of X. We therefore have Xa = 0, which implies that a = 0, since X
is full-rank. This contradicts the possibility that a # 0.
16.2 (a) By (16.11) and (16.14) to (16.17), we obtain

SSE,, =Yy - YZ(Z'Z) Z'y — BX'(1 - P)y

=y(A-Py—¢ E e, =¢, e E 'e,

Xy XX Xy xx

(b) By (12.21), SSE,=y'[l — Z(Z'Z)"Zly, which, by (16.13), equals
y @ —P)y.
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16.3 By Theorem 8.4a(ii), SSH = (CBYA(CP), where A = [cov(CB)] ' /o> In
this case, C =1 and by (15.19) cov(i%) =2 X0 - P)X L

16.4 By (13.12), a solution @ is given by & = (0, y,, ..., y, ). By analogy to
(13.7), Z'x = (x_, x1, ..., x), and by (13.11), a generalized inverse is
(Z'Z) = diag(0, 1/n, ..., 1/n). Then (Z'Z) " Z'x = (0, X1, ..., %) .

16.5 By (16.13) and (16.16), e,, = ¥(I — P)x = xX'x — X'Z(Z/Z)~ Z'x. From the

answer to Problem 16.4, XZ= (x,x1, ..., %) and
Z'Z)yZx=0,%, ...,%). Thus XZZ'Zy Zx =Y\ xx
=n)y %, and e =) ,;x; —ny ;X;. Show that e, can be written as

e = ;i (g — X;)*. The quantities e, and e,, can be found in an analogous
manner.

16.6 (a) By (16.39) and (16.40), we have

I--J (0) O
x;p 00 .00 n
0 x ... 0 o 1-y ... o
X/(IfP): ) ) n
o0 0 X}, |
(0] (0) I1—-J
n
1
X(1—-J) o I
n
/ /! 1 /
0 XA—-0) ... 0
= n 5
/ / /! 1
0 0 oo x(I==0)
n
1
x| (I—-J)x, 0 0
n
o
0 A—-dx, ... 0
X'(I— P)X = n

1
0 0 coo X T ==d)xg
n
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To show that this equal to (16.41), we have, for example

n n.

1 x2ji'x2 X3
! / 2.
X, <I—ZJ>X2 = X,Xp — Ej x22j - =

Show that this equals Zi (o) — % ).
(b) Using X'(I — P) from part (a), we have

Y1

1
0 X/Z (I——J) 0 Y,
X'I-Py= . _

Y«

1
X} (I - nJ)Y1

(I — Dy,
n

1
X (I - ZJ))’k

The elements of this vector are, for example

1 X5ji'y, X2
X, <I - ;J) Y2 = X5y, — — = Ej:XZj)Qj s

Show that this equals Zj (x5 — X2.)(¥2j — ¥2.)-
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16.7

Z (i — Xy )i — ¥y) = injk)’ijk - injk)i’gﬁ - chijyijk

ijk ijk ijk ijk

+n Z X3y,
ij
= injk)’ijk - Z (yz;,: injk>
3

ijk ij
— Z (xij. Zyijk> +n chij.)f’,;,:
ij k ij
= Z XijkYijk — 1 Z Xij. .

ijk i

—n Z)fcij.)f’g,: +n chyyy

ij ij
16.8 In (14.40) and (14.41), we have

2

Zﬁ_ﬁ: ) (g

N abn - bn abn = an abn

2 2 2 2
Vi N~V NTYi YL
+ (; n - bn 5 an+abn>'

By an analogous identity, we have (note that b is replaced by ¢)

XYy XV Xi Vi  X.Y.. Xj Vi XY
Z n acn (Zl: cn acn ) + (Z an acn )

i J

Xij. Vij. Xi Yi.. XYy XY
+ (Z—‘Z—‘Z—+—>

7

Show that the right side is equal to

Y E =X ). —Y)tany (& —x ) —3.)
i J

+ny & X —X +X )T~V —V, +Y.)
ij

= SPA + SPC + SPAC.
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16.9 (a) (SPC + SPE)?
SSC; + SSE,
SSC,, = SS(C + E),., — SSE,,

_ SSAG,/(c— 1)

~ SSE,./[ac(n — 1) —1]°

SS(C + E),., = SSC; + SSE, —

F

The F statistic is distributed as F[c—1, ac(n—1)—1] if H is true.

(b) ’
SPAC + SPE
SS(AC + E), . = SSAC, + SSE, — W

SSAC,. = SS(AC + E),, — SSE, .

o SSACy. /(@ — e~ 1)
SSE,./lacn — 1) —1]

The F statistic is distributed as F[(a—1) (c—1), ac (n—1)—1]if Hy is
true.

16.10 (a) Ex=XT-PX

1
I—-J (0] (0]
n 1 Xl
_ X
—(X’ < X’) (0] 1 nJ (0] 2
- > PN k
(0] (0] I1—-J
n
X
(b (-4 (1= L)] e
- 1 > X2 LR R
n n n N
Xk

k 1
!
=YX (1 - —J)X,-
i=l

16.11 By Theorem 2.2c(i), the diagonal elements of XX are products of
columns of X.;. Thus, for example, the seond diagonal element of X[,; X,
in (16.70) is

_ _ ) - 2
(Xit2 — Xi2, -+ Xi2 — Xi2) : = Z (2 — Xi2)"
=

Xi12 — Xi2

Xin2 — Xi2
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Similarly, the (1,2) element of X./X,; is

Xi12 — Xi2 n
(xitn — X1y« vy Xin1 — Xi1) : = Z(xijl — X)X — Xi2).
Xin2 — Xi2 =1
16.12 00 ... 0\ /y i
O 1 0 jl 0/ 0/ Xl
. Z ' o i 0 X .
ZZyZXBp=| . e B
: : X
00 “J\o 0 ¢
0 0 0
i o | [
X5
1 / o/ / N
0/ 0'/ J/ Xk
X, X X B
DR PO N P
= _ B = . B =
n :
1A =/ ., A
i X X x.B
16.1 _ _
6.13 DINETE D ) A

=D =) v+ kny
ij ij

_ Fj:yi - 22:(» Ej:y,-,) +n§i:y3]
=D v —kny = yi+amy i —ny N
B ”Jzy% oy ZJ”Z@. —50%
16.14 ' ’

(@) ey =358.1667, e, = 488.5000, ey, =5937.8333, B = 1.3639.

(b) SSE,, = 5271.5730 with 19df, SST,, = 6651.1917 with 22 df,
SS(alu, B) = 1379.6188 with 3df, F=1.6575, p=210.
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(¢) F=24014, p=.138.

(d) B, =1.9950, B, = —.9878, PB;=—1.2687, B, =3.1646,
_ (5271.5730 — 4178.2698)/3
B 4178.2698/16

= 13955, p = .280.

16.15 (a)
Sum of Squares and Products for x and y
SS and SP Corrected for the Mean
Source y X Xy
A 268,043.37 811.11 14,627.22
C 588,510.81 2485.11 1,468.89
—AC 1,789,999.1 2411.11 —2,736.222
Error 7,717,172.7 5632.67 —168,409.7
A+C 7,985,216 6443.78 —183,036.9
C+E 8,305,683.5 8117.78  — 182,678.6
AC+E 950,7171.7 8043.78  — 171,145.9
(b)

SS(A + E),.. =2,786014, SSE,., = 2,681,934.9, SSA, . = 104,079.06.

104,079.06/2
For factor A, F = ——— 2212 _ 6791 p— 514,
OO, = 681,934.92/35 P

1,512,838.46/5
2,681,934.92/35

3,183,799.17/10
2,681,934.92/35

For factor C, F = =3.9486,p = .0061.

For interaction AC, F = =4.1549, p = .000783.

© p_ (SPE)*/SSE,  (—168,409.7)*/5632.67

SSE,../Jac(n — 1) — 1] 2,681,934.92/35
= 657113, p = 1.516 x 107°,

(d) For factor A

o T O

P = sssl;ii N _;,2’33.36:7 = TR
SS(F) = SSE, — 2:: (gg?z —2,285,831.3,
SS(R) = SSE, — (SPEY _ 2,681,934.9.

SSE,
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By (16.64), we obtain

~ (2,681,934.9 —2,285,831.3)/2

— 2.8592, p = .0716.
2,285,831.3/33 92.p

For factor C

B, = —32.8195, B, =—30.3492, B; = —26.2928, B, = —27.8251,
Bs = —53.1667, B; = —28.2191,

156,728.91/5
F=_2200%7002 _ 3734 p— 864
25250060130 /2 P =86

(@)

(b)

(c)

Sums of Squares and Products for x and y

SS and SP Corrected for the Mean

Source y X xy

A 235.225 176.4 203.70
C 30.625 0.400 —3.50
AC 3.025 12.10 —6.05
Error 867.500 5170.2 1253.10
A+ E 1102.725 5346.6 1456.80
C+E 898.125 5170.6 1249.60
AC +E 870.525 5182.3 1247.05

SS(A + E),,, = 705.7875, SSE,., = 563.7865, SSA,., = 142.0010.
142.0010/1
For factor A, F = —————'— —8.8155, p = .0054.
OF HACOr A T = 5637865 /35 P
32.3426/1
For fact F=—""7"_-2007 = .165.
or factor C, 563786535 0078, p 5
6.6529/1
For interaction AC, F = M65//35 = 4130, p=.525.
P (SPE)?/SSE,  (1253.10)*/5170.200
" SSE,./lacn — 1) — 1] 563.7865/35

= 18.8546, p = .000115.
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(d) For factor A

- SPE; _ 996.10

' = SSE,, 31007 0
B, = SS;EE; - 225676g00 = 1247,
SS(F) = SSE, — il (:SP?2 = 516.3741,
SS(R) = SSE, — % = 563.7865.
By (16.64),

~ (563.7865 — 516.3741)/1

=3.1218, p=.0862.
516.3741/34 o P

For factor C, B, = .2034, B, = .2870,
F =8.9930/1/554.7935/34 = 5511, p = .463.

1617 () o (45482 28774 e,( 5.623
o 28774 48769 )" Y\ 26.219
_ s B —.003454
Gy =05 BT 007414 )
(b) SSE,.. = .67026, SST,. = .84150,
SS(at|js, B) = SST,., — SSE,., = .17124,
17124/3
= S0 58955, p = .0493.
167026/34 9355, p ?

(c) To test Hy: B =0, we use (16.84):

e,/ryE;xl exy / q

F = = 4.4378, = .0194.
SSE,/[k(n — 1) — q] b




ANSWERS AND HINTS TO THE PROBLEMS 641

@ B (1268.9 983.4)1<2.984>(—.00599>
P77\ 9834 10764 5694 ) ' .01076 )’

>

14884 836.0\ ' /—2.636 [ —.004697

2 836.0 1512.0 3.95) U .005209 )’

g, = (29 513.0)1(1.735> <

37 \513.0 1552.0 1294 )\ .01086

B — 1288.0 545.0\ ' /3540  /.000961

47\ 5450 7365 3.635)  \.004224
4

SSE(F)y = ey — > €l B! ey i = 62284,
i=1

1

—.00763 )

SSE(R),.. = ey, — €, E_"e,, = .67026.
By (16.89)
SSE(F),../k(n —q — 1)

.047425/6
.62284/28

= 3553, p=.90l.

Chapter 17

171 IfV=PP,letv=P 'yand W=P ! X. Then v is NOWB, o*), B =
(WW) ! Wy, and

_ (CB-D'[CW'W) 'C'|(CB - 1/q
VI - WWW) 'Wyv/(n —k—1)

(a) By Theorem 8.4¢(ii), F is F(g, n — k — 1).
(b) By Theorem 8.4g(i), F is F(q, n — k — 1, (CB — ty [C(W'W)'C']™"
(C—-n/2).

17.2 As in Problem 17.1 and using (8.49), the confidence interval is

AP+t nii Va(WW) 'a

or a'B £ oy i \/ aX'X'VIX)'a

where s is given by (7.67)
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jsjs000js0js 00000
jsjs0000js0js 0000
js0js00js000j 000
js0js000js000j 00
js00js0js 00000 0
js00js00js 00000 js
js000jsjs0000000js
js000js0js 0000000 js

17.3 Let Xg=

I —
I I ]

Xo Ja 0 - 0

Xo 0 jy-- 0
Then X= . , L= o |

XO 0 0 "'j40
jio 0 - 0 js 0 - 0

0 jo - 0 0js---0
Z,= o . , and Z3=

0 0 -y, 00 - js

17.4 (a) cov(y) = cov <Z Za; + s)

i=1

1

Z.G/Z + R.
=1
(b) cov(y) = ZGZ' + R.

17.5 Using (5.4),

E[yK'(K3K')'KZ,ZK'(KXK')"'Ky]
= r[K' (KK 'KZ,ZK (KZK" 'K3]
+ BX'K'(KEK) 'KZZK' (KXK' 'KXB
= u[KSK'(K3K) 'KZZK (KZK') '] +0  (since KX = O)
= u[KZZK' (KXK') ']
= tu[K'(KZK')'KZ,Z]).
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17.6 q is obvious;

[K'(K3K')'KZ,Z)] = t[(K2K') 'KZ,Z/K']
= t[(KZK) 'KZZK' (KZK') 'KZK/|
= tr|K'(KXK')'KZZK'(K2K) 'K 7,207
i=0
= m’l o, where the jth element of m; is

K (K3K')'KZZK' (KXK' 'KZZ].

177 (@) If 3 =PP, let v=P 'y and W= P 'X. Then v is N(Wp, I) and
LX'S 'X) L' =L(WW) L’ Since L is estimable, L=AX =
APP’X = BW. Hence the rows of L also define estimable functions
of v. Thus by Theorem 12.7b, L(X'Y ~'X) L/ is nonsingular.

(b) Since LB—LB is N[0, L(W'W) L], note that [L(W'W) L]
L(W'W) L’ =1, which is idempotent of rank g.
17.8 xy/B is estimable and is N[xy/ B, X' (W'W) x,]. Hence

x{)B - x,B
\/ X6(W,W)7X0

is N, ).

Thus a 100(1 — a)% confidence interval for XO'B is

XBB + Za/21/X0(W'W) X9  or
XoB £ Za/2\/Xp(X'S X)X
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17.9

' o
1
. o 3 o 0
X2 X = | 1) ! (I")
: : : Io
i o o s ]
r ~_ —1
' 0o o
=12l 0o 3' o
' \lo o 3
. 3, 0 O
=510 % o
o 0 3

1710 Let C= (I, O) and K= C(I — H)= (I, —). Then K'(KZK)"' K
~—1

s' o o

T -T ~—1 .
= %(—T T) where T = o 3 21 . Since Z, =1}, and
(0] o 3
i 0 0
0 j - 0
Zv =1 . . . |, the REML equations become
0 0 - j,

3@ ) = y[K/(KEK)] 'KK'(KEK)K]y, and
33Xy = YK (KEK) "KLK (KEK)K]y.

) e
7 +201 .2 U‘A2>,the REML equations

. S—1 1
Noting that 3 —7( P RRPCINpE-

62 (67+267)
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can be written as
~2 ~2 2 2
o 4+ 0 1 T -T
6——— 1 —_y , and
&% 1257 2° (—T2 T2>y
6 1 u

(67 +207)  2(5% +25%)

U U Jb 0 O
where u =y’ <—U U) yand U= | O J, O |. The second
O 0 I,
u o
REML equation can be rearranged (rlz =3 Substituting this
expression into the first REML equation and then simplifying, we
we?  uet ouet P
btai —— =—+—y'Py where P =
obtain o + ) ) +288y y where
R O O R O O
O R O O R O
O O R O O —R S o 1,
R o o R o o , which simplifies to o'z—Ey Py.
O R O O R O
O O -R O O R

17.11
XX'X)"'L'QLX'X) " 'X'Y

1/ 1 /[ 2 —1\1
_2<I6>3cr2(1 2)2(16 lo)>

3, O --- O
CRAE\W W : :
o o - %
2 -2 -1 1 -1 1
-2 2 1 -1 1 -1
—1 1 2 =2 -1 1
where
1 -1 -2 2 1 -1
—1 1 -1 1 2 =2
1 -1 1 -1 -2 2
1 W W
12\W W
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Now,
1 /W W1 /W W
12\W W/ 12\W W
1 (2w 2w?
C 144\ 2W?  2W?
1 (W W
12\W W
w
17.12 1 w ElP
1202\ W W 2
R O O —R o (0]
1 /(W W
=— O R O O —R (0
24\ W W
O O R o O —R
=0.
~2 ~2
17.13 [c/(X’i71X)’lc]7l = G2 4262 = M.

! w/d

Using results from the solution to Problem 17.10, v= #
(%y’ Py +1—12u - = 3—16y’ Dy where D is a nonzero square matrix not
involving o”. Hence (3 D) # = D.

17.14 (1= WEXE X ¢ (- HEEX) (1 ks
XY X)) XX der 2
@) 9 o
17.15 /
907 a02[()(2 X) ¢
— —c/(X/E*IX) — (80.2 (X’E X)) (X/E X)_c

[ by an extension of (2.117)]

:c’()<’2‘1>()—>(’2“<8 022>2 XX 'X) ¢

=dX2'X) X3! ( o

@
Ms

i
o

02,7 )2 XX'E'X) e

J

=dXE'X) XY 'ZZ3IXX'E " X) e
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17.16 (a) (LB - LB)’[L(X’ﬁilX_]fl(LI} -Lp)
= (LB - LBYPD 'P (LB - LP)

wB_Lg S PP p
= (LB LB)Z 5, (LB —LB)

pLLLE Lﬂ)]
-y RELZLBL

i=1
(b) note that var[p/(LB — LB)] = var(p,Lf)
— pILX'S”'X) L'p,
— pLX'S ' X)Lp,

— [PLX'S X)) L'P],
= [PPDP'P], = D;; = A,.

©  cov(p/LB. pj LP) = pLX'E X)"L'p]
— p/PDPp,
= \ip;p;pyP; = Aip;Op; = 0.

17.17 (a) We use Theorems 5.2a and 5.2¢ to obtain
Ela — B(y — Xp)|'[a — B(y — Xp)]
= E(a'a) — E[a'B(y — XpB) — E(y — XB)B'a]
+E[(y - XB)B'B(y — XP)]
= tr(V) — tr[B cov(y, a)] — tr[B’cov(a, y] + tr(B'BY)
= tr(V) — tr(BZV) — tr(B'VZ') + tr(BZB’)
=tr(V) 4+ tr(BZV' — B'VZ' + BXB)

=tr(V) +r[B— VZE HEB - VZ'Y 'Y —vZ'3'zV].

(b) Since E(a)=0, E(y — XB)=0, and cov(a, y)=VZ/', we have

E[a — B(y — XB)|[a — B(y — BB)/
= E(aa’) — E[a(y — XB)'B| — E[B(y — XB)a']
+ E[B(y — XB)(y — XB)'B/|
= cov(a) — [cov(a, y)|B' — B cov(y, a) + B cov(y)B’
=V -VZB - BZV +BXB

=V+B-VZI HsB-vzZ3y -vzy'zVv.
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The first and third terms do not involve B, and the second term is
“minimized” by B=VZ'S "', By “minimize,” we mean that any
other choice for B adds a positive definite matrix to the result. This
holds because 3, is positive definite.

17.18 - XX 'X) X221 - XX 'x) X3
=2 -XXT'X)X|[I-2'XX2'X)X]
=3 - XXIT X)X - XX X)X
+ XXX X TIXXY X)X
=3 XX 'X)X.

17.19 (a) Using Problem 17.17, the BLP OF Ua is E(Ua|y)=UE(aly)=
UGZ'Y " \(y — XB).
(b) cov[UGZ'S ' (y — XB)] = UGZ'S'337'ZGU' = UGZ'S'ZGU'.
(c) cov[UGZ'S ' (y — XB)]
= cov{UGZ'Y ' [1 - X(X'27'X) " X'3 'y}
=UGZE "I - XX 'X) X'z ]
x 31— XX2'X) X323y 'zGU

=UGZ'> '3 - XX'2'X) X3 'zGU
[using Problem 17.18]

—UGZ[Z ' -3 'XX'2'X) X3 '|ZGU.
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1720 3 '=(Plp+7Z2Z)!

PL+atij, O - O -
o Lyt oijly o
o o S PR
(Li+07jgj) ™! 0 0
o (Lt oijsjy) " - o
0 o o (Pt aijdy) !
[by(2.52)]
0.2
(=1 o) o)
“2(4 o +407 4>
0 %(14—#40294) o
1 o>
o) o) = (L — =
02<4 o? +407 4)
[by(2.53)]
17.21
cov[EBLUP(a)]
Gz —3TXE X)X )Z6
i 00 s 0.0
~ . A_l A_l- . A_l- p— A_l .
:0'? 0 j, 0| —-X J12(J,122 i) 11,122 110 j, ©
o 0 g 0 0 j,
i o0 j 0 0
~4 J‘t ./ ’ ol 12 ki .
=0 0 Js 0 —ﬁle 0 Ja 0
/ ! s/ o +4Ul .
0 0 Ja 0 0 J4
8 —4 —4
~d
-9 —4 8 —4

—4 -4 38
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17.22 cov(a, y) =cov(a, XB + Za+¢€) = cov(a, Za) = GZ'. Hence, cov(aly) =
Eaa - anz;ylzya - G - GZ’E_IZG
17.23  cov(aly) = 03l — 3Z'S "' Z) = 0?Lyg — =%~ Tjo. Note that the off-
1

diagonal elements are O’s.

17.24 Since 3~ '/? is symmetric, let 3 ~!/?= (Z Z) Then

Ty — H, = Iy — 37/2XX'37'x)"!x's /2

a a
a a | 0

- | 0 a a --- a a
N 0 20#2 a a -+ —a -—a
a —a “
a —a

_ 1 (0l O
-0 0o 0.1J

The off-diagonal elements are either O or —0.1 (corresponding to corre-
lations of either 0 or —0.11).

Chapter 18

18.1 E() = (0P(y; = 0) + (DP(y;i = 1) = L.p; = p,
var(y;) = E[y; — E(yp)]”
= (0—p)’P(y; = 0)+ (1 — p)*P(y; = 1)
=pi = p)+ (1 —p)°pi
= pi(1 = pppi + (1 = p))].

18.2 Let 6; = B, + B;x;. Then (18.7) becomes p; = €% /(1 + ¢%). From this we

obtain
ef 1+ el — b 1
14 e 1+ et 1+ e,
pi e / L _eten
L—p; 14+eb!/ 14eh ™ 14eb 7

Di
In = 01'.
(1 - Pi)



18.3

184

18.5
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lnL(BOa .81) =1In [Hpi‘(l _pi)ly,“|
i=1
= Z ilnp; + (1 —y)In(1 — p))]
i=1

=Y yillnp;—In(1 = p)I+ Y In(1 —p)

—Zy,ln( >+Zln(1—pl

By Problem 17.2, this becomes

InL(By, B) = Y viBo + Bx) + ) In(1 —py).
To show that In (1 — p;) = — In (1 + ePoP1%) let 6; = In[ p; /(1 — p;)]. Then

0; Di
e’ = .
1—p;

Solve this no obtain p; = €% /(1 + e%). Then show that 1 — p; = 1/(1 + e%)
and that In(1 — p;) = —In(1 + %) = —In (1 + PotPi%),

eﬁUJFB]X:

ol L(,B > B1) -
. o Z Z 1 + ePotBuixi :

9 InL(By, B1) PP
5431 Zx,y, Z 1 -+ ePothixi’
b(6) =n;In(1 — p;) = —n;In (1 + %), as shown in the answer to Problem

17.3.
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Index

Adjusted R?, 162
Alias matrix, 170
Analysis of covariance, 443-478
assumptions, 443-444
covariates, 444
estimation, 446—448
model, 444-445
one-way model with one covariate,
449-451
estimation of parameters, 449—-450
model, 449
testing hypotheses, 448, 450-451
equality of treatment effects,
450-452
homogeneity of slopes, 452—456
interpretation, 456
slope, 452
one-way model with multiple covariates,
464-472
estimation of parameters, 465—-468
model, 464-465
testing hypotheses, 468—469
equality of treatment effects,
468-469
homogeneity of slope vectors,
470-472
slope vector, 470
power, 444
testing hypotheses, 448
two-way model with one covariate,
457-464
model, 457
testing hypotheses, 458464
homogeneity of slopes, 463464
main effects and interactions,
458-462
slope, 462
unbalanced models, 473-474
cell means model, 473
constrained model, 473-474

Analysis of variance, 295-338
estimability of B in the empty cells
model, 432, 434-435
estimability of B in the non-full-rank
model, 302-304
estimable functions A’B, 305-308
conditions for estimability of A'B,
305-307
estimators of A’B, 309-313
BLUE properties of, 313
covariance of, 312
variance of, 311
estimation of ¢ in the non-full-rank
model, 313-314
model, 3—-4, 295-301
one-way. See One-way model
two-way. See Two-way model
normal equations, 302-303
solution using generalized inverse,
302-303
normal model, 314-316
estimators of 3 and 0'2, 314-315
properties of, 316
and regression, 4
reparameterization to full-rank model,
318-320
side conditions, 320-322, 433
SSE in the non-full-rank model,
313-314
testable hypotheses, 323-324
testable hypotheses in the empty cells
model, 433
testing hypotheses, 323-329
full and reduced model, 324-326
general linear hypothesis, 326-329
treatments or natural groupings of units, 4
unbalanced data. See Unbalanced data
in ANOVA
Angle between two vectors, 41-42, 136,
163, 238
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Asymptotic inference for large samples,
260-262, 491, 515
Augmented matrix, 29

Bayes’ theorem, 278-279

Bayesian linear model, 279-284, 480

Bayesian linear mixed model, 497

Best linear predictor, 499

Best linear unbiased estimators (BLUE),
147, 165, 313

Best quadratic unbiased estimators, 151,
486

Beta weights, 251

BIC. See Information criterion

BLUE. See Best linear unbiased estimators

Causality, 3, 130-131, 443
Chi-square distribution, 112—114
central chi-square, 112
moment-generating function, 112-113
noncentral chi-square, 112—114
noncentrality parameter, 112, 124
Cluster correlation, 479-480, 481-485
Coefficient of determination
in multiple regression, 161—-164
in simple linear regression, 133—134
Coefficient(s), regression, 2, 127
Conditional density, 73, 95-99,
278-284, 498-499
Confidence interval(s)
for B; in simple linear regression, 133
in Bayesian regression, 278, 285
in linear mixed models, 491, 495
in multiple regression. See Regression,
multiple linear with fixed x’s,
confidence interval(s)
in random-x regression, 261-262
Contrasts, 308, 341, 357-371
Control of output, 3
Correlation
bivariate, 134
Correlation matrix (matrices)
population, 77-78
relationship to covariance matrix, 77—78
sample, 247
relationship to covariance matrix,
247-248
Covariance matrix (matrices)
for B, 145
for partitioned random vector, 78
population, 75-76
sample, 156, 246-247
for two random vectors, 82

Data space, 153, 163, 316-317
Dependent variable, 1, 137, 295
Derivative, matrix and vector,
56-59, 91, 109, 142, 158, 495
Determinant, 37-41
Determination, coefficient of.
See Coefficient of determination
Diagnostics, regression,
227-238 also Hat matrix;
Influential observations;
Outliers; Residual(s)
Diagonal matrix, 8
DIC. See Information criterion
Distance
Mahalanobis, 77
standardized, 77
Distribution(s)
chi-square, 112-114
F, 114-116
gamma, 280
inverse gamma, 284
multivariate ¢, 282-283, 285
normal. See Normal distribution
t, 216, 283

Effect of each variable on R2,
262-265
Eigenvalues. See Matrix, eigenvalues
Eigenvectors. See Matrix, eigenvectors
Empty cells, 432—-439
Error sum of squares. See SSE
Error term, 1, 137
Estimated best linear unbiased predictor,
499
Estimated generalized least squares
estimation, 490
Exchangeability, 277
Expected mean squares, 173-174, 179,
182, 312-317, 362-367, 433
Expected value
of bilinear form [E(X'Ay)], 111
of least squares estimators,
131-132
of quadratic form [E(y'Ay)], 107
of R?, 162
of random matrix, 75-76
of random variable [E(y)], 70
of random vector [E(y)], 75-76
of sample covariance [E(sy,)], 112
of sample variance [E(s))], 108, 131, 150
of sum of random variables, 70
of sum of random vectors, 75-76
Exponential family, 514



F-Distribution, 114-116
central F, 114
mean of central F, 115
noncentral F, 115
noncentrality parameter, 115
variance of central F, 115
F-Tests. See also Regression, multiple
linear with fixed x’s, tests of hypoth-
eses; Tests of hypotheses
general linear hypothesis test, 198—-203
for overall regression, 185
power, 115
subset of the B’s, 189
False discovery rate, 206
First order multivariate Taylor series, 495
Fixed effects models, 480

Gauss-Markov theorem, 146—147, 276. See
also Best linear unbiased estimators
Generalized least squares, 164—169,
285-286, 479, 503
Generalized linear models, 513-516
exponential family, 514
likelihood function, 512
linear predictor, 513-514
link function, 514
model, 514
Generalized inverse, 32—-37, 302-303,
343, 384
of symmetric matrix, 33
Generalized variance, 77, 88—89
Geometry of least squares, 151-154, 163,
316-317
angle between two vectors, 163
prediction space, 153—154, 163,
316-317
data space, 153, 163, 316-317
parameter space, 152, 154, 316-317
Gibbs sampling, 289, 291

Hadamard product, 16, 425

Hat matrix, 230-231

Hessian matrix, 495

Highest density interval, 279, 285
Hyperprior distribution, 280, 287
Hypothesis tests. See Tests of hypotheses

Idempotent matrix
for chi-square distribution, 117-118
definition and properties, 54—55
in linear mixed models, 487
Identity matrix, 8
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Independence
of contrasts, 358—-362
independence and zero covariance,
93-94
of linear functions and quadratic forms,
119-120
of quadratic forms, 120-121
of random variables, 71, 94
of random vectors, 93, 94
of SSR and SSE, 187
Influential observations, 235-238
Cook’s distance, 236-237
leverage, 236
Information criterion, 286
Iterative methods for finding estimates, 490
Invariance
of F, 149, 200
of maximum likelihood estimators,
247-248
of R, 149
of 5%, 149
of t, 149
of y, 148—-149
Inverse matrix. See Matrix, inverse

j vector, 8
J matrix, 8

Kenward—Roger adjustment, 496—-497

Lagrange multiplier, 60, 68, 179, 201, 220,
223, 429
Least squares, 128, 131, 141, 143,
145-151, 302, 507
properties of estimators, 129—133, 143,
145-147
Likelihood function, 158, 513-514
Likelihood ratio tests, 258-262
Linear estimator, 143. See also Best linear
unbiased estimators
Linear mixed model, 480
randomized blocks, 481-482
subsampling, 482
split plot studies, 483—-484, 492494
one-way random effects, 484, 489
random coefficients, 484—485
heterogeneous variances, 485-486
Linear model, 2, 137
Linear models, generalized. See
Generalized linear models
Logistic regression, 508—-511
binary y, 508
estimation, 510



666 INDEX

Logistic regression (Continued )
logit transformation, 509
model, 509-510
polytomous model, 511

categorical, 511
ordinal, 511
several x’s, 510

Logit transformation, 509

Loglinear models, 511-512
contingency table, 511
likelihood ratio test, 512
maximum likelihood estimators, 512

LSD test, 209

Mahalanobis distance, 77
Markov Chain Monte Carlo, 288-289,
291-292
Matrix (matrices), 5—68
addition of, 9—10
algebra of, 5-60
augmented matrix, 29
bilinear form, 16
Cholesky decomposition, 27
conditional inverse, 33
conformable matrices, 9
definition, 5
derivatives, 56—58
determinant, 37—-41
of partitioned matrix, 38—40
diagonal of a matrix, 7
diagonal matrix, 8
diagonalizing a matrix, 52
differentiation, 56—57
eigenvalues, 4653, 496
characteristic equation, 47
and determinant, 51-52
of functions of a matrix, 49-50
of positive definite matrix, 53
square root matrix, 53
of product, 50-53
of symmetric matrix, 51
and trace, 51
eigenvectors, 46—47, 496
equality, 6
generalized inverse, 32—37, 302, 343,
384, 391-395
of symmetric matrix, 36
Hadamard product, 16, 425
idempotent matrix, 54
and eigenvalues, 54
identity matrix, 8
inverse, 21-23
conditional inverse, 33
generalized inverse, 32—-37

of partitioned matrix, 23-24
of product, 22
j vector, 8
J matrix, 8
multiplication of, 10
conformal matrices, 10
nonsingular matrix, 21
notation, 5
O (zero matrix), 8
orthogonal matrix, 41-43
partitioned matrix, 16—18
multiplication of, 17
positive definite matrix, 24—28
positive semidefinite matrix, 25-28
product, 10
commutativity, 10
as linear combination of columns, 17
matrix and diagonal matrix, 16
matrix and j, 12
matrix and scalar, 10
product equal to zero, 20
rank of product, 21
quadratic form, 16. See also Quadratic
form(s)
random matrix, 69
rank, 19-21. See also Rank of a matrix
spectral decomposition, 51, 360, 362,
495-496
square root matrix, 53
sum of, 9
symmetric matrix, 7
spectral decomposition, 51
trace, 44—-46
transpose, 7
of product, 13
triangular matrix, 8
vector(s). See Vector(s)
zero matrix (O) and zero vector (0), 8
Matrix product. See Matrix, product
Maximum likelihood estimators
for B and ¢” in ANOVA, 315
for B and ¢” in fixed-x regression,
158-159
properties, 159-161
for By, B, and o7 in random-x
regression, 245-248
properties, 248—-249
invariance of, 249
in loglinear models, 511
for partial correlation, 266—-268
MCMC. See Markov Chain Monte Carlo
Mean. See also Expected value
sample mean. See Sample mean
population mean, 70



Missing at random, 432
Misspecification of cov(y), 167—169. See
also Generalized least squares
Misspecification of model, 169—-174
alias matrix, 170
overfitting, 170—172
underfitting, 170-172
Model diagnostics, 227-238. See also Hat
matrix; Influential observations;
Outliers; Residual(s)
Model, linear, 2, 137
Model validation, 227-238. See also Hat
matrix; Influential observations;
Outliers; Residual(s);
Moment-generating function, 90-92, 96,
99-100, 103-104, 108
Multiple linear regression, 90-92, 108,
112-114, 117-119, 122. See
Regression, multiple linear with
fixed x’s
Multivariate delta method, 495
Multivariate normal distribution, 87—103
conditional distribution, 95-97
density function, 88—-89
independence and zero covariance, 93—-94
linear functions of, 89
marginal distribution, 93
moment generating-function of, 90-92
partial correlation, 100—101
properties of, 92—100

Noncentrality parameter

for chi-square, 112

for F, 114, 187, 192, 325

for ¢, 116, 132
Nonlinear regression, 507

confidence intervals, 507

least squares estimators, 507

tests of hypotheses, 507
Nonsingular matrix, 21
Normal distribution

multivariate. See Multivariate normal

distribution
univariate, 8788
standard normal, 87

Normalizing constant, 278, 281, 284

O (zero matrix), 8
One-way model (balanced), 3, 295-298,
339-376
contrasts, 357-371
and eigenvectors, 360—362
hypothesis test for, 344—351
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orthogonal contrasts, 358—371
independence of, 363-364
orthogonal polynomial contrasts,

363-371
partitioning of sum of squares,
360-361
estimable functions, 340-341
contrasts, 341
estimation of o7, 343344
expected mean squares, 351-357
full-reduced—model method, 352-354
general linear hypothesis method,
354-356
normal equations, 341-344
solution using generalized inverse, 343
solution using side conditions,
342-343
overparameterized model, 297
assumptions, 297—-298
parameters not unique, 297
reparameterization, 298
side conditions, 298
SSE, 314
testing the hypothesis Hy: pu; = o =
= Uy, 344-351
full and reduced model, 344-348
general linear hypothesis, 348—351
Orthogonal matrix, 41-43
Orthogonal polynomials, 363—371
Orthogonal vectors, 40
Orthogonal x’s in regression models, 149,
174-178
Orthogonality of columns of X in balanced
ANOVA models, 333-335
Orthogonality of rows of A in unbalanced
ANOVA models, 293-296
Orthogonalizing the x’s in regression
models, 174-178
and partial regression coefficients,
175-176
Outliers, 232—235
mean shift outlier model, 235
PRESS (prediction sum of squares), 235
Overfitting, 170-172

p-Value
for F-test, 188—189
for t-test, 132
Parameter space, 152, 154, 316-317
Partial correlation(s), 100—101, 266-273
matrix of (population) partial
correlations, 100—101
sample partial correlations, 177-178,
266—173
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Partial interaction constraints, 434
Poisson distribution, 512
Poisson regression, 512-513
likelihood function, 513
model, 513
Polynomials, orthogonal. See Orthogonal
polynomials
Positive definite matrix, 24—28
Positive semidefinite matrix, 25-28
Posterior distribution, 278-284
conditional, 289
marginal, 282
Posterior predictive distribution, 279,
290-292
Prediction, 2-3, 137, 142, 148,
156, 161
Precision, 280
Prediction of a random effect, 497—-499
Prediction interval, 213-215
Prediction space, 153—-154, 163,
316-317
Prediction sum of squares (PRESS), 235
PRESS (prediction sum of squares), 235
Prior distribution, 278 -284
diffuse, 281, 287
informative, 281
conjugate, 281, 289
specification, 280
Projection matrix, 228

Quadratic form(s), 16, 489
distribution of, 117-118
expected value of, 107
idempotent matrix, 106
independence of, 119-121
moment-generating function of, 108
variance of, 108

r* in simple linear regression, 133—134
R? (squared multiple correlation),
161-164, 254-257
effect of each variable on R2, 262-265
fixed x’s, 161-164
adjusted R?, 162
angle between two vectors, 163
properties of R? and R, 162
random x’s, 254-257
population multiple correlation, 254
properties, 255
sample multiple correlation, 256
properties, 256—257
Random matrix, 69
Random model, 480

Random variable(s), 69
correlation, 74
covariance, 71
and independence, 71-74
expected value (mean), 70
independent, 71, 94
mean (expected value), 70
standard deviation, 71
variance, 70
Random vector(s), 69—-74
correlation matrix, 77-78
covariance matrix, 75-76, 83
linear functions of, 79—-83
mean of, 80
variances and covariances of,
81-83
mean vector, 75-76
partitioned, 78—-79
Random x’s in regression. See Regression,
random x’s
Rank of a matrix, 19-21
full rank, 19
rank of product, 20-21
Regression coefficients (8’s), 2,
138, 251
partial regression coefficients, 138
standardized coefficients (beta weights),
251
Regression, logistic. See Logistic regression
Regression, multiple linear with fixed x’s,
2-3,137-184
assumptions, 138-139
centered x’s, 154—157
coefficients. See Regression coefficients
confidence interval(s)
for B, 209
for E(y), 211-212
for one a’'B, 211
for one B;, 210-211
for o, 215
for several a;’s, 216-217
for several B;’s, 216
design matrix, 138
diagnostics, 227-238. See also
Diagnostics, regression
estimation of By, By, ..., B, 141-145
with centered x’s, 154—157
least squares, 2, 143-144
maximum likelihood,
158-159
properties of estimators,
145-149
with sample covariances, 157



estimation of ¢°
maximum likelihood estimator,
158-159
minimum variance unbiased
estimator, 158—159
unbiased estimator,149—151
best quadratic unbiased estimator,
151
generalized least squares, 164—169
minimum variance estimators,
158-159
misspecification of error structure,
151-153
misspecification of model, 169—174.
See also Misspecification of model
model, 137-140
multiple correlation (R), 161-162
normal equations, 141-142
orthogonal x’s, 149, 174—178
orthogonalizing the x’s, 174—-178
outliers, 232-235. See also Outliers
partial regression, 141
prediction. See Prediction
prediction equation, 142
prediction interval, 213-215
properties of estimators, 145—149
purposes of, 2—3
random x’s. See Regression,
random x’s
residuals, 227-230. See also Residuals
sufficient statistics, 159—160
tests of hypotheses
all possible a’B, 193-194
expected mean squares,
173-174
general linear hypothesis test
Hy: CB=0, 198-203
estimation under reduced model,
324-326
full and reduced model, 324326
Hy:CB=t,203-204
likelihood ratio tests, 217-221
distribution of likelihood ratio,
218-219
likelihood ratio, 218
for Hy: =0, 219-220
for Hy: CB =0, 220-221
linear combination a’g,
204-205
one S3;, 204-205
F-test, 204—-205
t-test, 205
overall regression test, 185-189
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in terms of R?, 196—198
several a/B’s, 205
several 3;’s
Bonferonni method, 206—207
experimentwise error rate, 206
overall a-level, 206
Scheffé method, 207-209
subset of the 3’s, 189-196
expected mean squares, 193, 196
full and reduced model, 190
noncentrality parameter, 192—193
quadratic forms, 190-193, 195
in terms of Rz, 196
weighted least squares, 168
X matrix, 138-139
Regression, nonlinear. See Nonlinear
regression
Regression, Poisson. See Poisson regression
Regression, random x’s, 243-273
multivariate normal model, 244
confidence intervals, 258 -262
estimation of By, B, and o?, 245-249
properties of estimators, 249
standardized coefficients (beta
weights), 251
in terms of correlations, 249154
R2, 254-257. See also R2, random
x’s
effect of each variable on R,
262-265
tests of hypotheses, 258—262
comparison with tests for fixed x’s,
258
correlations, tests for, 260—-261
Fisher’s z-transformation, 261
likelihood ratio tests, 258 -260
nonnormal data, 265—2@6
estimation of By and f3;, 266
sample partial correlations, 266—273
maximum likelihood estimators, 268
other estimators, 269-271
Regression, simple linear (one x), 1,
127-136
assumptions, 127
coefficient of determination r2,
133-134
confidence interval for 3y, 134
confidence interval for 3y, 132—133
correlation r, 133—-134
in terms of angle between
vectors, 135
estimation of By and B, 128-129
estimation of ¢°, 131-132
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Regression, simple linear (Continued)
model, 127
properties of estimators, 131
test of hypothesis for 3y, 119
test of hypothesis for 8, 132-133
test of hypothesis for p, 134
Regression sum of squares. See SSR
Regression to the mean, 498
Residual(s), 131, 227-230
deleted residuals, 234
externally studentized residual, 234
hat matrix, 228, 230-232
in linear mixed models, 501-502
plots of, 230
properties of, 237-230
residual sum of squares (SSE), 131,
150—-151. See SSE
studentized residual, 233
Response variable, 1, 137, 150
Robust estimation methods, 232

Sample mean
definition, 105-106
independent of sample variance,
119-120
Sample space (data space), 152—153
Sample variance (s%), 107-108
best quadratic unbiased estimator, 151
distribution, 118
expected value, 108, 127
independent of sample mean, 120
Satterthwaite, 494
Scalar, 6
Scientific method, 1
Selection of variables, 2, 172
Serial correlation, 479
Shrinkage estimator, 287, 500
Significance level («), 132
Simple linear regression. See Regression,
simple linear
Singular matrix, 22
Small sample inference for mixed linear
models, 491-491, 494-497
Span, 153
Spectral decomposition, 51,
495-496
Square root matrix, 53
SSE (error sum of squares)
balanced ANOVA
one-way model, 343-344
two-way model, 385, 390-391
independence of SSR and SSE, 187
multiple regression, 150—156, 179
non-full-rank model, 313-314

simple linear regression, 131-132
unbalanced ANOVA
one-way model, 417
two-way model
constrained, 428
unconstrained, 432
SSH (for general linear hypothesis test)
in ANOVA, 326-329, 348-351,
401-403
in regression, 199, 203
SSR (regression sum of squares), 133-134,
161, 164, 186—-189
Standardized distance, 77
Subspace, 153, 317
Sufficient statistics, 159—160
Sum(s) of squares
Analysis of covariance, 449-463,
468-473
ANOVA, balanced
one-way, 345-346, 348-351
contrasts, 358—-363, 367-331
two-way, 388—395, 395-403
ANOVA, unbalanced
one-way, 417
contrasts, 417-421
two-way, 426, 431-432
full-and-reduced-model test in ANOVA,
324-326
SSE. See SSE
SSH (for general linear hypothesis test).
See SSH
SSR (for overall regression test). See SSR
as quadratic form, 105-107
test of a subset of B’s, 190—-192
Symmetric matrix, 7
Systems of equations, 28—32
consistent and inconsistent, 29
and generalized inverse, 37-39

t-Distribution, 116—-117, 123
central ¢, 117
noncentral ¢, 116-117, 132
noncentrality parameter, 116—117, 132
p-value. See p-Value
t-Tests, 123, 131-132, 134, 205
p-value. See p-Value
Tests of hypotheses. See also Analysis
of variance, testing hypotheses;
One-way model (balanced), testing
the hypothesis Hy: ;= pp = -+ =
M; Two-way model (balanced), tests
of hypotheses
for B, in simple linear regression,
131-132



in Bayesian regression, 286
F-tests. See F-Tests
general linear hypothesis test, 198-204
for individual B’s or linear combinations.
See Regression, multiple linear with
fixed x’s, tests of hypotheses
likelihood ratio tests, 217-221
in linear mixed models, 491, 495
overall regression test, 185—-189, 196
for p in bivariate normal distribution, 134
regression tests in terms of R%,
196-198
significance level (), 132
subset of the 3’s, 189-196
t-tests. See t-Tests
Trace of a matrix, 44—46
Transpose, 7
Treatments, 4, 295, 339, 377
Triangular matrix, 8
Two-way model (balanced), 3,
299-301, 377-408
estimable functions, 378-382
estimates of, 382—-384
interaction terms, 380
main effect terms, 380—-381
estimation of o7, 384385
expected mean squares, 403408
quadratic form approach, 405
sums of squares approach, 403-405
interaction, 301, 377
model, 377-378
assumptions, 378
no-interaction model, 329-335
estimable functions, 330-331
testing a hypothesis, 331-333
normal equations, 382-384
orthogonality of columns of X,
333-335
reparameterization, 299—-300
side conditions, 300-301, 381
SSE, 384, 390
tests of hypotheses
interaction
full-and-reduced-model test,
388-391
generalized inverse approach,
391-395
hypothesis, 385-388
main effects
full-and-reduced-model approach,
395-401
general linear hypothesis approach,
401-403
hypothesis, 396
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Unbalanced data in ANOVA

cell means model, 414
one-way model, 415-421
contrasts, 417-421
conditions for independence, 418
orthogonal contrasts, 418
weighted orthogonal contrasts, 419
estimation, 415-416
SSE, 416
testing Hy: oy = o = ... = iy, 416
overparameterized model, 414
serial correlation, 479
two-way model, 421-432
cell means model, 421, 422
constrained model, 428-432
estimation, 430
model, 429
SSE, 431
testing hypotheses, 431-432
type I, II and III sums of squares, 414
unconstrained model, 421-428
contrasts, 424—-425
estimator of o”, 423
Hadamard product, 425
SSE, 423
testing hypotheses, 425-428
two-way model with empty
cells, 432-439
estimability of empty cell means, 435
estimation for the partially
constrained model, 434
isolated cells, 432
missing at random, 432
testing the interaction, 433-434
SSE, 433
weighted squares of means, 414

Underfitting, 170-172

Validation of model, 227—-238. See also Hat

matrix; Influential observations;
Outliers; Residual(s)

Variable(s)

dependent, 1, 137
independent, 1, 137
predictor, 1, 137

response, 1, 137

selection of variables, 2, 172

Variance

of estimators of A’B, 311

generalized, 77

of least squares estimators, 130—131
population, 70-71

of quadratic form, 107

sample, 95. See also Sample variance
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Variance components, 480 orthogonal vectors, 37
estimating equations, 488 orthonormal vectors, set of, 38
estimation, 486—-489 product of, 10-11
Vector(s) random vector. See Random Vectors
angle between two vectors, 41-42, 136, row vector, 6
163, 238 zero vector (0), 8

column vector, 6

j vector, 8-9

length of, 12

linear independence and dependence, 19
normalized vector, 42 Zero matrix (0), 8
notation, 6 Zero vector (0), 8

Weighted least squares, 168
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