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Preface

The premise of this book, and the other books in the Think X series,
is that if you know how to program, you can use that skill to learn
other topics.

Most books on Bayesian statistics use math notation and present
ideas using mathematical concepts like calculus. This book uses
Python code and discrete approximations instead of continuous
mathematics. As a result, what would be an integral in a math book
becomes a summation, and most operations on probability
distributions are loops or array operations.

I think this presentation is easier to understand, at least for people
with programming skills. It is also more general, because when we
make modeling decisions, we can choose the most appropriate
model without worrying too much about whether the model lends
itself to mathematical analysis.

Also, it provides a smooth path from simple examples to real-world
problems.



Who Is This Book For?
To start this book, you should be comfortable with Python. If you are
familiar with NumPy and pandas, that will help, but I’ll explain what
you need as we go. You don’t need to know calculus or linear
algebra. You don’t need any prior knowledge of statistics.

In Chapter 1, I define probability and introduce conditional
probability, which is the foundation of Bayes’s theorem. Chapter 3
introduces the probability distribution, which is the foundation of
Bayesian statistics.

In later chapters, we use a variety of discrete and continuous
distributions, including the binomial, exponential, Poisson, beta,
gamma, and normal distributions. I will explain each distribution
when it is introduced, and we will use SciPy to compute them, so you
don’t need to know about their mathematical properties.

Modeling
Most chapters in this book are motivated by a real-world problem, so
they involve some degree of modeling. Before we can apply
Bayesian methods (or any other analysis), we have to make
decisions about which parts of the real-world system to include in the
model and which details we can abstract away.

For example, in Chapter 8, the motivating problem is to predict the
winner of a soccer (football) game. I model goal-scoring as a
Poisson process, which implies that a goal is equally likely at any
point in the game. That is not exactly true, but it is probably a good
enough model for most purposes.

I think it is important to include modeling as an explicit part of
problem solving because it reminds us to think about modeling errors
(that is, errors due to simplifications and assumptions of the model).



Many of the methods in this book are based on discrete distributions,
which makes some people worry about numerical errors. But for
real-world problems, numerical errors are almost always smaller
than modeling errors.

Furthermore, the discrete approach often allows better modeling
decisions, and I would rather have an approximate solution to a good
model than an exact solution to a bad model.

Working with the Code
Reading this book will only get you so far; to really understand it, you
have to work with the code. The original form of this book is a series
of Jupyter notebooks. After you read each chapter, I encourage you
to run the notebook and work on the exercises. If you need help, my
solutions are available.

There are several ways to run the notebooks:

If you have Python and Jupyter installed, you can download
the notebooks and run them on your computer.

If you don’t have a programming environment where you can
run Jupyter notebooks, you can use Colab, which lets you
run Jupyter notebooks in a browser without installing
anything.

To run the notebooks on Colab, start from this landing page, which
has links to all of the notebooks.

If you already have Python and Jupyter, you can download the
notebooks as a ZIP file.

This book is here to help you get your job done. In general, if
example code is offered with this book, you may use it in your
programs and documentation. You do not need to contact us for
permission unless you’re reproducing a significant portion of the
code. For example, writing a program that uses several chunks of



code from this book does not require permission. Selling or
distributing examples from O’Reilly books does require permission.
Answering a question by citing this book and quoting example code
does not require permission. Incorporating a significant amount of
example code from this book into your product’s documentation does
require permission.

We appreciate, but generally do not require, attribution. An
attribution usually includes the title, author, publisher, and ISBN. For
example: “Think Bayes, Second Edition, by Allen B. Downey
(O’Reilly). Copyright 2021 Allen B. Downey, 978-1-492-08946-9.”

If you feel your use of code examples falls outside fair use or the
permission given above, feel free to contact O’Reilly Media at
permissions@oreilly.com.

Installing Jupyter
If you don’t have Python and Jupyter already, I recommend you
install Anaconda, which is a free Python distribution that includes all
the packages you’ll need. I found Anaconda easy to install. By
default it installs files in your home directory, so you don’t need
administrator privileges. You can download Anaconda from this site.

Anaconda includes most of the packages you need to run the code
in this book. But there are a few additional packages you need to
install.

To make sure you have everything you need (and the right versions),
the best option is to create a Conda environment. Download this
Conda environment file and run the following commands to create
and activate an environment called :



If you don’t want to create an environment just for this book, you can
install what you need using Conda. The following commands should
get everything you need:

If you don’t want to use Anaconda, you will need the following
packages:

Jupyter to run the notebooks, https://jupyter.org;

NumPy for basic numerical computation, https://numpy.org;

SciPy for scientific computation, https://scipy.org;

pandas for working with data, https://pandas.pydata.org;

matplotlib for visualization, https://matplotlib.org;

empiricaldist for representing distributions,
https://pypi.org/project/empiricaldist.

Although these are commonly used packages, they are not included
with all Python installations, and they can be hard to install in some
environments. If you have trouble installing them, I recommend using
Anaconda or one of the other Python distributions that include these
packages.

Conventions Used in This Book
The following typographical conventions are used in this book:

Italic

Indicates URLs, email addresses, filenames, and file extensions.

Bold

Indicates new and key terms.



Used for program listings, as well as within paragraphs to refer to
program elements such as variable or function names,
databases, data types, environment variables, statements, and
keywords.
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Chapter 1. Probability

The foundation of Bayesian statistics is Bayes’s theorem, and the
foundation of Bayes’s theorem is conditional probability.

In this chapter, we’ll start with conditional probability, derive Bayes’s
theorem, and demonstrate it using a real dataset. In the next
chapter, we’ll use Bayes’s theorem to solve problems related to
conditional probability. In the chapters that follow, we’ll make the
transition from Bayes’s theorem to Bayesian statistics, and I’ll
explain the difference.

Linda the Banker
To introduce conditional probability, I’ll use an example from a
famous experiment by Tversky and Kahneman, who posed the
following question:

Linda is 31 years old, single, outspoken, and very bright. She
majored in philosophy. As a student, she was deeply concerned
with issues of discrimination and social justice, and also
participated in anti-nuclear demonstrations. Which is more
probable?

1. Linda is a bank teller.

2. Linda is a bank teller and is active in the feminist
movement.

Many people choose the second answer, presumably because it
seems more consistent with the description. It seems
uncharacteristic if Linda is just a bank teller; it seems more
consistent if she is also a feminist.



But the second answer cannot be “more probable”, as the question
asks. Suppose we find 1,000 people who fit Linda’s description and
10 of them work as bank tellers. How many of them are also
feminists? At most, all 10 of them are; in that case, the two options
are equally probable. If fewer than 10 are, the second option is less
probable. But there is no way the second option can be more
probable.

If you were inclined to choose the second option, you are in good
company. The biologist Stephen J. Gould wrote:

I am particularly fond of this example because I know that the
[second] statement is least probable, yet a little homunculus in my
head continues to jump up and down, shouting at me, “but she
can’t just be a bank teller; read the description.”

If the little person in your head is still unhappy, maybe this chapter
will help.

Probability
At this point I should provide a definition of “probability”, but that
turns out to be surprisingly difficult. To avoid getting stuck before we
start, we will use a simple definition for now and refine it later: A
probability is a fraction of a finite set.

For example, if we survey 1,000 people, and 20 of them are bank
tellers, the fraction that work as bank tellers is 0.02 or 2%. If we
choose a person from this population at random, the probability that
they are a bank teller is 2%. By “at random” I mean that every
person in the dataset has the same chance of being chosen.

With this definition and an appropriate dataset, we can compute
probabilities by counting. To demonstrate, I’ll use data from the
General Social Survey (GSS).

I’ll use pandas to read the data and store it in a .



The  has one row for each person surveyed and one
column for each variable I selected.

The columns are

: Respondent id (which is the index of the table).

: Year when the respondent was surveyed.

: Respondent’s age when surveyed.

: Male or female.

: Political views on a range from liberal to
conservative.

: Political party affiliation: Democratic, Republican, or
independent.

: Code for the industry the respondent works in.

Let’s look at these variables in more detail, starting with .

year age sex polviews
caseid
1 1974 21.0 1 4.0
2 1974 41.0 1 5.0
5 1974 58.0 2 6.0
6 1974 30.0 1 5.0
7 1974 48.0 1 5.0



Fraction of Bankers
The code for “Banking and related activities” is 6870, so we can
select bankers like this:

The result is a pandas  that contains the Boolean values 
and .

If we use the  function on this , it treats  as 1 and
 as 0, so the total is the number of bankers:

In this dataset, there are 728 bankers.

To compute the fraction of bankers, we can use the  function,
which computes the fraction of  values in the :

About 1.5% of the respondents work in banking, so if we choose a
random person from the dataset, the probability they are a banker is
about 1.5%.



The Probability Function
I’ll put the code from the previous section in a function that takes a
Boolean  and returns a probability:

So we can compute the fraction of bankers like this:

Now let’s look at another variable in this dataset. The values of the
column  are encoded like this:

So we can make a Boolean  that is  for female
respondents and  otherwise:

And use it to compute the fraction of respondents who are women:

The fraction of women in this dataset is higher than in the adult US
population because the GSS doesn’t include people living in
institutions like prisons and military housing, and those populations
are more likely to be male.



Political Views and Parties
The other variables we’ll consider are , which describes the
political views of the respondents, and , which describes
their affiliation with a political party.

The values of  are on a seven-point scale:

I’ll define  to be  for anyone whose response is
“Extremely liberal”, “Liberal”, or “Slightly liberal”:

Here’s the fraction of respondents who are liberal by this definition:

If we choose a random person in this dataset, the probability they
are liberal is about 27%.

The values of  are encoded like this:



I’ll define  to include respondents who chose “Strong
democrat” or “Not strong democrat”:

And here’s the fraction of respondents who are Democrats, by this
definition:

Conjunction
Now that we have a definition of probability and a function that
computes it, let’s move on to conjunction.

“Conjunction” is another name for the logical  operation. If you
have two propositions,  and , the conjunction  is  if
both  and  are , and  otherwise.

If we have two Boolean , we can use the  operator to
compute their conjunction. For example, we have already computed
the probability that a respondent is a banker:

And the probability that they are a Democrat:



Now we can compute the probability that a respondent is a banker
and a Democrat:

As we should expect,  is less than
, because not all bankers are Democrats.

We expect conjunction to be commutative; that is,  should be
the same as . To check, we can also compute 

:

As expected, they are the same.

Conditional Probability
Conditional probability is a probability that depends on a condition,
but that might not be the most helpful definition. Here are some
examples:

What is the probability that a respondent is a Democrat,
given that they are liberal?

What is the probability that a respondent is female, given
that they are a banker?

What is the probability that a respondent is liberal, given that
they are female?

Let’s start with the first one, which we can interpret like this: “Of all
the respondents who are liberal, what fraction are Democrats?”



We can compute this probability in two steps:

1. Select all respondents who are liberal.

2. Compute the fraction of the selected respondents who are
Democrats.

To select liberal respondents, we can use the bracket operator, ,
like this:

 contains the values of  for liberal respondents, so
 is the fraction of liberals who are Democrats:

A little more than half of liberals are Democrats. If that result is lower
than you expected, keep in mind:

1. We used a somewhat strict definition of “Democrat”,
excluding independents who “lean” Democratic.

2. The dataset includes respondents as far back as 1974; in the
early part of this interval, there was less alignment between
political views and party affiliation, compared to the present.

Let’s try the second example, “What is the probability that a
respondent is female, given that they are a banker?” We can
interpret that to mean, “Of all respondents who are bankers, what
fraction are female?”

Again, we’ll use the bracket operator to select only the bankers and
 to compute the fraction that are female:



About 77% of the bankers in this dataset are female.

Let’s wrap this computation in a function. I’ll define  to
take two Boolean ,  and , and compute the
conditional probability of  conditioned on :

We can use  to compute the probability that a
respondent is liberal given that they are female:

About 28% of female respondents are liberal.

I included the keyword, , along with the parameter, , to
make this expression more readable.

Conditional Probability Is Not Commutative
We have seen that conjunction is commutative; that is, 
is always equal to .

But conditional probability is not commutative; that is,
 is not the same as .

That should be clear if we look at an example. Previously, we
computed the probability a respondent is female, given that they are
a banker.



The result shows that the majority of bankers are female. That is not
the same as the probability that a respondent is a banker, given that
they are female:

Only about 2% of female respondents are bankers.

I hope this example makes it clear that conditional probability is not
commutative, and maybe it was already clear to you. Nevertheless, it
is a common error to confuse  and

. We’ll see some examples later.

Condition and Conjunction
We can combine conditional probability and conjunction. For
example, here’s the probability a respondent is female, given that
they are a liberal Democrat:

About 57% of liberal Democrats are female.

And here’s the probability they are a liberal female, given that they
are a banker:



About 17% of bankers are liberal women.

Laws of Probability
In the next few sections, we’ll derive three relationships between
conjunction and conditional probability:

Theorem 1: Using a conjunction to compute a conditional
probability.

Theorem 2: Using a conditional probability to compute a
conjunction.

Theorem 3: Using  to compute
.

Theorem 3 is also known as Bayes’s theorem.

I’ll write these theorems using mathematical notation for probability:

 is the probability of proposition .

 is the probability of the conjunction of  and 
, that is, the probability that both are true.

 is the conditional probability of  given that  is
true. The vertical line between  and  is pronounced
“given”.

With that, we are ready for Theorem 1.

Theorem 1
What fraction of bankers are female? We have already seen one
way to compute the answer:

1. Use the bracket operator to select the bankers, then

2. Use  to compute the fraction of bankers who are female.



We can write these steps like this:

Or we can use the  function, which does the same thing:

But there is another way to compute this conditional probability, by
computing the ratio of two probabilities:

1. The fraction of respondents who are female bankers, and

2. The fraction of respondents who are bankers.

In other words: of all the bankers, what fraction are female bankers?
Here’s how we compute this ratio:

The result is the same. This example demonstrates a general rule
that relates conditional probability and conjunction. Here’s what it
looks like in math notation:

And that’s Theorem 1.

Theorem 2



If we start with Theorem 1 and multiply both sides by , we get
Theorem 2:

This formula suggests a second way to compute a conjunction:
instead of using the  operator, we can compute the product of two
probabilities.

Let’s see if it works for  and . Here’s the result using
:

And here’s the result using Theorem 2:

They are the same.

Theorem 3
We have established that conjunction is commutative. In math
notation, that means:

If we apply Theorem 2 to both sides, we have:



Here’s one way to interpret that: if you want to check  and , you
can do it in either order:

1. You can check  first, then  conditioned on , or

2. You can check  first, then  conditioned on .

If we divide through by , we get Theorem 3:

And that, my friends, is Bayes’s theorem.

To see how it works, let’s compute the fraction of bankers who are
liberal, first using :

Now using Bayes’s theorem:

They are the same.

The Law of Total Probability
In addition to these three theorems, there’s one more thing we’ll
need to do Bayesian statistics: the law of total probability. Here’s one
form of the law, expressed in mathematical notation:



In words, the total probability of  is the sum of two possibilities:
either  and  are true or  and  are true. But this law applies
only if  and  are:

Mutually exclusive, which means that only one of them can
be true, and

Collectively exhaustive, which means that one of them must
be true.

As an example, let’s use this law to compute the probability that a
respondent is a banker. We can compute it directly like this:

So let’s confirm that we get the same thing if we compute male and
female bankers separately.

In this dataset all respondents are designated male or female.
Recently, the GSS Board of Overseers announced that they will add
more inclusive gender questions to the survey (you can read more
about this issue, and their decision, at https://oreil.ly/onK2P).

We already have a Boolean  that is  for female
respondents. Here’s the complementary  for male
respondents:

Now we can compute the total probability of  like this:



Because  and  are mutually exclusive and collectively
exhaustive (MECE), we get the same result we got by computing the
probability of  directly.

Applying Theorem 2, we can also write the law of total probability like
this:

And we can test it with the same example:

When there are more than two conditions, it is more concise to write
the law of total probability as a summation:

Again, this holds as long as the conditions  are mutually exclusive
and collectively exhaustive. As an example, let’s consider ,
which has seven different values:



On this scale,  represents “Moderate”. So we can compute the
probability of a moderate banker like this:

And we can use  and a generator expression to compute the
summation:

The result is the same.

In this example, using the law of total probability is a lot more work
than computing the probability directly, but it will turn out to be useful,
I promise.

Summary
Here’s what we have so far:

Theorem 1 gives us a way to compute a conditional probability using
a conjunction:

Theorem 2 gives us a way to compute a conjunction using a
conditional probability:



Theorem 3, also known as Bayes’s theorem, gives us a way to get
from  to , or the other way around:

The Law of Total Probability provides a way to compute
probabilities by adding up the pieces:

At this point you might ask, “So what?” If we have all of the data, we
can compute any probability we want, any conjunction, or any
conditional probability, just by counting. We don’t have to use these
formulas.

And you are right, if we have all of the data. But often we don’t, and
in that case, these formulas can be pretty useful—especially Bayes’s
theorem. In the next chapter, we’ll see how.

Exercises
Example 1-1.

Let’s use the tools in this chapter to solve a variation of the Linda
problem.



Linda is 31 years old, single, outspoken, and very bright. She
majored in philosophy. As a student, she was deeply concerned
with issues of discrimination and social justice, and also
participated in anti-nuclear demonstrations. Which is more
probable?

1. Linda is a banker.

2. Linda is a banker and considers herself a liberal
Democrat.

To answer this question, compute

The probability that Linda is a female banker,

The probability that Linda is a liberal female banker, and

The probability that Linda is a liberal female banker and a
Democrat.

Example 1-2.

Use  to compute the following probabilities:

What is the probability that a respondent is liberal, given that
they are a Democrat?

What is the probability that a respondent is a Democrat,
given that they are liberal?

Think carefully about the order of the arguments you pass to
.

Example 1-3.

There’s a famous quote about young people, old people, liberals,
and conservatives that goes something like:

If you are not a liberal at 25, you have no heart. If you are not a
conservative at 35, you have no brain.



Whether you agree with this proposition or not, it suggests some
probabilities we can compute as an exercise. Rather than use the
specific ages 25 and 35, let’s define  and  as under 30 or
over 65:

For these thresholds, I chose round numbers near the 20th and 80th
percentiles. Depending on your age, you may or may not agree with
these definitions of “young” and “old”.

I’ll define  as someone whose political views are
“Conservative”, “Slightly Conservative”, or “Extremely Conservative”.

Use  and  to compute the following probabilities:

What is the probability that a randomly chosen respondent is
a young liberal?

What is the probability that a young person is liberal?

What fraction of respondents are old conservatives?

What fraction of conservatives are old?

For each statement, think about whether it is expressing a
conjunction, a conditional probability, or both.

For the conditional probabilities, be careful about the order of the
arguments. If your answer to the last question is greater than 30%,
you have it backwards!



Chapter 2. Bayes’s Theorem

In the previous chapter, we derived Bayes’s theorem:

As an example, we used data from the General Social Survey and
Bayes’s theorem to compute conditional probabilities. But since we
had the complete dataset, we didn’t really need Bayes’s theorem. It
was easy enough to compute the left side of the equation directly,
and no easier to compute the right side.

But often we don’t have a complete dataset, and in that case
Bayes’s theorem is more useful. In this chapter, we’ll use it to solve
several more challenging problems related to conditional probability.

The Cookie Problem
We’ll start with a thinly disguised version of an urn problem:

Suppose there are two bowls of cookies.

Bowl 1 contains 30 vanilla cookies and 10 chocolate
cookies.

Bowl 2 contains 20 vanilla cookies and 20 chocolate
cookies.

Now suppose you choose one of the bowls at random and, without
looking, choose a cookie at random. If the cookie is vanilla, what is
the probability that it came from Bowl 1?



What we want is the conditional probability that we chose from Bowl
1 given that we got a vanilla cookie, .

But what we get from the statement of the problem is:

The conditional probability of getting a vanilla cookie, given
that we chose from Bowl 1,  and

The conditional probability of getting a vanilla cookie, given
that we chose from Bowl 2, .

Bayes’s theorem tells us how they are related:

The term on the left is what we want. The terms on the right are:

, the probability that we chose Bowl 1, unconditioned
by what kind of cookie we got. Since the problem says we
chose a bowl at random, we assume .

, the probability of getting a vanilla cookie from
Bowl 1, which is 3/4.

, the probability of drawing a vanilla cookie from either
bowl.

To compute , we can use the law of total probability:

Plugging in the numbers from the statement of the problem, we
have:

We can also compute this result directly, like this:



Since we had an equal chance of choosing either bowl and
the bowls contain the same number of cookies, we had the
same chance of choosing any cookie.

Between the two bowls there are 50 vanilla and 30 chocolate
cookies, so .

Finally, we can apply Bayes’s theorem to compute the posterior
probability of Bowl 1:

This example demonstrates one use of Bayes’s theorem: it provides
a way to get from  to . This strategy is useful in
cases like this where it is easier to compute the terms on the right
side than the term on the left.

Diachronic Bayes
There is another way to think of Bayes’s theorem: it gives us a way
to update the probability of a hypothesis, , given some body of
data, .

This interpretation is “diachronic”, which means “related to change
over time”; in this case, the probability of the hypotheses changes as
we see new data.

Rewriting Bayes’s theorem with  and  yields:

In this interpretation, each term has a name:

 is the probability of the hypothesis before we see the
data, called the prior probability, or just prior.



 is the probability of the hypothesis after we see the
data, called the posterior.

 is the probability of the data under the hypothesis,
called the likelihood.

 is the total probability of the data, under any
hypothesis.

Sometimes we can compute the prior based on background
information. For example, the Cookie Problem specifies that we
choose a bowl at random with equal probability.

In other cases the prior is subjective; that is, reasonable people
might disagree, either because they use different background
information or because they interpret the same information
differently.

The likelihood is usually the easiest part to compute. In the Cookie
Problem, we are given the number of cookies in each bowl, so we
can compute the probability of the data under each hypothesis.

Computing the total probability of the data can be tricky. It is
supposed to be the probability of seeing the data under any
hypothesis at all, but it can be hard to nail down what that means.

Most often we simplify things by specifying a set of hypotheses that
are:

Mutually exclusive, which means that only one of them can
be true, and

Collectively exhaustive, which means one of them must be
true.

When these conditions apply, we can compute  using the law
of total probability. For example, with two hypotheses,  and :



And more generally, with any number of hypotheses:

The process in this section, using data and a prior probability to
compute a posterior probability, is called a Bayesian update.

Bayes Tables
A convenient tool for doing a Bayesian update is a Bayes table. You
can write a Bayes table on paper or use a spreadsheet, but in this
section I’ll use a pandas .

First I’ll make an empty  with one row for each hypothesis:

Now I’ll add a column to represent the priors:

prior
Bowl 1 0.5
Bowl 2 0.5

And a column for the likelihoods:



prior likelihood
Bowl 1 0.5 0.75
Bowl 2 0.5 0.50

Here we see a difference from the previous method: we compute
likelihoods for both hypotheses, not just Bowl 1:

The chance of getting a vanilla cookie from Bowl 1 is 3/4.

The chance of getting a vanilla cookie from Bowl 2 is 1/2.

You might notice that the likelihoods don’t add up to 1. That’s OK;
each of them is a probability conditioned on a different hypothesis.
There’s no reason they should add up to 1 and no problem if they
don’t.

The next step is similar to what we did with Bayes’s theorem; we
multiply the priors by the likelihoods:

prior likelihood unnorm
Bowl 1 0.5 0.75 0.375
Bowl 2 0.5 0.50 0.250

I call the result  because these values are the “unnormalized
posteriors”. Each of them is the product of a prior and a likelihood

which is the numerator of Bayes’s theorem. If we add them up, we
have



which is the denominator of Bayes’s theorem, .

So we can compute the total probability of the data like this:

Notice that we get 5/8, which is what we got by computing 
directly.

And we can compute the posterior probabilities like this:

The posterior probability for Bowl 1 is 0.6, which is what we got using
Bayes’s theorem explicitly. As a bonus, we also get the posterior
probability of Bowl 2, which is 0.4.

When we add up the unnormalized posteriors and divide through, we
force the posteriors to add up to 1. This process is called
“normalization”, which is why the total probability of the data is also
called the “normalizing constant”.

The Dice Problem
A Bayes table can also solve problems with more than two
hypotheses. For example:

prior likelihood unnorm posterior
Bowl 1 0.5 0.75 0.375 0.6
Bowl 2 0.5 0.50 0.250 0.4



Suppose I have a box with a 6-sided die, an 8-sided die, and a 12-
sided die. I choose one of the dice at random, roll it, and report
that the outcome is a 1. What is the probability that I chose the 6-
sided die?

In this example, there are three hypotheses with equal prior
probabilities. The data is my report that the outcome is a 1.

If I chose the 6-sided die, the probability of the data is 1/6. If I chose
the 8-sided die, the probability is 1/8, and if I chose the 12-sided die,
it’s 1/12.

Here’s a Bayes table that uses integers to represent the hypotheses:

I’ll use fractions to represent the prior probabilities and the
likelihoods. That way they don’t get rounded off to floating-point
numbers.

prior likelihood
6 1/3 1/6
8 1/3 1/8
12 1/3 1/12

Once you have priors and likelihoods, the remaining steps are
always the same, so I’ll put them in a function:



And call it like this:

Here is the final Bayes table:

The posterior probability of the 6-sided die is 4/9, which is a little
more than the probabilities for the other dice, 3/9 and 2/9. Intuitively,
the 6-sided die is the most likely because it had the highest
likelihood of producing the outcome we saw.

The Monty Hall Problem
Next we’ll use a Bayes table to solve one of the most contentious
problems in probability.

The Monty Hall Problem is based on a game show called Let’s Make
a Deal. If you are a contestant on the show, here’s how the game
works:

The host, Monty Hall, shows you three closed doors—
numbered 1, 2, and 3—and tells you that there is a prize
behind each door.

prior likelihood unnorm posterior
6 1/3 1/6 1/18 4/9
8 1/3 1/8 1/24 1/3
12 1/3 1/12 1/36 2/9



One prize is valuable (traditionally a car), the other two are
less valuable (traditionally goats).

The object of the game is to guess which door has the car. If
you guess right, you get to keep the car.

Suppose you pick Door 1. Before opening the door you chose,
Monty opens Door 3 and reveals a goat. Then Monty offers you the
option to stick with your original choice or switch to the remaining
unopened door.

To maximize your chance of winning the car, should you stick with
Door 1 or switch to Door 2?

To answer this question, we have to make some assumptions about
the behavior of the host:

1. Monty always opens a door and offers you the option to
switch.

2. He never opens the door you picked or the door with the car.

3. If you choose the door with the car, he chooses one of the
other doors at random.

Under these assumptions, you are better off switching. If you stick,
you win  of the time. If you switch, you win  of the time.

If you have not encountered this problem before, you might find that
answer surprising. You would not be alone; many people have the
strong intuition that it doesn’t matter if you stick or switch. There are
two doors left, they reason, so the chance that the car is behind Door
A is 50%. But that is wrong.

To see why, it can help to use a Bayes table. We start with three
hypotheses: the car might be behind Door 1, 2, or 3. According to
the statement of the problem, the prior probability for each door is
1/3.



prior
Door 1 1/3
Door 2 1/3
Door 3 1/3

The data is that Monty opened Door 3 and revealed a goat. So let’s
consider the probability of the data under each hypothesis:

If the car is behind Door 1, Monty chooses Door 2 or 3 at
random, so the probability he opens Door 3 is .

If the car is behind Door 2, Monty has to open Door 3, so the
probability of the data under this hypothesis is 1.

If the car is behind Door 3, Monty does not open it, so the
probability of the data under this hypothesis is 0.

Here are the likelihoods:

prior likelihood
Door 1 1/3 1/2
Door 2 1/3 1
Door 3 1/3 0

Now that we have priors and likelihoods, we can use  to
compute the posterior probabilities:



After Monty opens Door 3, the posterior probability of Door 1 is ;
the posterior probability of Door 2 is . So you are better off
switching from Door 1 to Door 2.

As this example shows, our intuition for probability is not always
reliable. Bayes’s theorem can help by providing a divide-and-
conquer strategy:

1. First, write down the hypotheses and the data.

2. Next, figure out the prior probabilities.

3. Finally, compute the likelihood of the data under each
hypothesis.

The Bayes table does the rest.

Summary
In this chapter we solved the Cookie Problem using Bayes’s theorem
explicitly and using a Bayes table. There’s no real difference
between these methods, but the Bayes table can make it easier to
compute the total probability of the data, especially for problems with
more than two hypotheses.

Then we solved the Dice Problem, which we will see again in the
next chapter, and the Monty Hall Problem, which you might hope you
never see again.

If the Monty Hall Problem makes your head hurt, you are not alone.
But I think it demonstrates the power of Bayes’s theorem as a divide-

prior likelihood unnorm posterior
Door 1 1/3 1/2 1/6 1/3
Door 2 1/3 1 1/3 2/3
Door 3 1/3 0 0 0



and-conquer strategy for solving tricky problems. And I hope it
provides some insight into why the answer is what it is.

When Monty opens a door, he provides information we can use to
update our belief about the location of the car. Part of the information
is obvious. If he opens Door 3, we know the car is not behind Door 3.
But part of the information is more subtle. Opening Door 3 is more
likely if the car is behind Door 2, and less likely if it is behind Door 1.
So the data is evidence in favor of Door 2. We will come back to this
notion of evidence in future chapters.

In the next chapter we’ll extend the Cookie Problem and the Dice
Problem, and take the next step from basic probability to Bayesian
statistics.

But first, you might want to work on the exercises.

Exercises
Example 2-1.

Suppose you have two coins in a box. One is a normal coin with
heads on one side and tails on the other, and one is a trick coin with
heads on both sides. You choose a coin at random and see that one
of the sides is heads. What is the probability that you chose the trick
coin?

Example 2-2.

Suppose you meet someone and learn that they have two children.
You ask if either child is a girl and they say yes. What is the
probability that both children are girls?

Hint: Start with four equally likely hypotheses.

Example 2-3.

There are many variations of the Monty Hall Problem. For example,
suppose Monty always chooses Door 2 if he can, and only chooses



Door 3 if he has to (because the car is behind Door 2).

If you choose Door 1 and Monty opens Door 2, what is the
probability the car is behind Door 3?

If you choose Door 1 and Monty opens Door 3, what is the
probability the car is behind Door 2?

Example 2-4.

M&M’s are small candy-coated chocolates that come in a variety of
colors. 
Mars, Inc., which makes M&M’s, changes the mixture of colors from
time to time. In 1995, they introduced blue M&M’s.

In 1994, the color mix in a bag of plain M&M’s was 30%
Brown, 20% Yellow, 20% Red, 10% Green, 10% Orange,
10% Tan.

In 1996, it was 24% Blue, 20% Green, 16% Orange, 14%
Yellow, 13% Red, 13% Brown.

Suppose a friend of mine has two bags of M&M’s, and he tells me
that one is from 1994 and one from 1996. He won’t tell me which is
which, but he gives me one M&M from each bag. One is yellow and
one is green. What is the probability that the yellow one came from
the 1994 bag?

Hint: The trick to this question is to define the hypotheses and the
data carefully.



Chapter 3. Distributions

In the previous chapter we used Bayes’s theorem to solve a Cookie
Problem; then we solved it again using a Bayes table. In this chapter,
at the risk of testing your patience, we will solve it one more time
using a  object, which represents a “probability mass function”. I’ll
explain what that means, and why it is useful for Bayesian statistics.

We’ll use  objects to solve some more challenging problems and
take one more step toward Bayesian statistics. But we’ll start with
distributions.

Distributions
In statistics a distribution is a set of possible outcomes and their
corresponding probabilities. For example, if you toss a coin, there
are two possible outcomes with approximately equal probability. If
you roll a 6-sided die, the set of possible outcomes is the numbers 1
to 6, and the probability associated with each outcome is 1/6.

To represent distributions, we’ll use a library called .
An “empirical” distribution is based on data, as opposed to a
theoretical distribution. We’ll use this library throughout the book. I’ll
introduce the basic features in this chapter and we’ll see additional
features later.

Probability Mass Functions
If the outcomes in a distribution are discrete, we can describe the
distribution with a probability mass function, or PMF, which is a
function that maps from each possible outcome to its probability.



 provides a class called  that represents a
probability mass function. To use  you can import it like this:

The following example makes a  that represents the outcome of a
coin toss.

probs
heads 0.5
tails 0.5

 creates an empty  with no outcomes. Then we can add new
outcomes using the bracket operator. In this example, the two
outcomes are represented with strings, and they have the same
probability, 0.5.

You can also make a  from a sequence of possible outcomes.

The following example uses  to make a  that
represents a 6-sided die.



probs
1 0.166667
2 0.166667
3 0.166667
4 0.166667
5 0.166667
6 0.166667

In this example, all outcomes in the sequence appear once, so they
all have the same probability, .

More generally, outcomes can appear more than once, as in the
following example:

probs
M 0.090909
i 0.363636
p 0.181818
s 0.363636

The letter  appears once out of 11 characters, so its probability is 
. The letter  appears 4 times, so its probability is .

Since the letters in a string are not outcomes of a random process,
I’ll use the more general term “quantities” for the letters in the .

The  class inherits from a pandas , so anything you can do
with a , you can also do with a .

For example, you can use the bracket operator to look up a quantity
and get the corresponding probability:



In the word “Mississippi”, about 36% of the letters are “s”.

However, if you ask for the probability of a quantity that’s not in the
distribution, you get a .

You can also call a  as if it were a function, with a letter in
parentheses:

If the quantity is in the distribution, the results are the same. But if it
is not in the distribution, the result is , not an error:

With parentheses, you can also provide a sequence of quantities
and get a sequence of probabilities:

The quantities in a  can be strings, numbers, or any other type
that can be stored in the index of a pandas . If you are familiar
with pandas, that will help you work with  objects. But I will
explain what you need to know as we go along.

The Cookie Problem Revisited



In this section I’ll use a  to solve the Cookie Problem from “The
Cookie Problem”. Here’s the statement of the problem again:

Suppose there are two bowls of cookies.

Bowl 1 contains 30 vanilla cookies and 10 chocolate
cookies.

Bowl 2 contains 20 vanilla cookies and 20 chocolate
cookies.

Now suppose you choose one of the bowls at random and, without
looking, choose a cookie at random. If the cookie is vanilla, what is
the probability that it came from Bowl 1?

Here’s a  that represents the two hypotheses and their prior
probabilities:

probs
Bowl 1 0.5
Bowl 2 0.5

This distribution, which contains the prior probability for each
hypothesis, is called—wait for it—the prior distribution.

To update the distribution based on new data (the vanilla cookie), we
multiply the priors by the likelihoods. The likelihood of drawing a
vanilla cookie from Bowl 1 is  and the likelihood for Bowl 2 is .



probs
Bowl 1 0.375
Bowl 2 0.250

The result is the unnormalized posteriors; that is, they don’t add up
to 1. To make them add up to 1, we can use , which is a
method provided by :

The return value from  is the total probability of the data,
which is .

, which contains the posterior probability for each
hypothesis, is called—wait now—the posterior distribution.

probs
Bowl 1 0.6
Bowl 2 0.4

From the posterior distribution we can select the posterior probability
for Bowl 1:

And the answer is 0.6.

One benefit of using  objects is that it is easy to do successive
updates with more data. For example, suppose you put the first



cookie back (so the contents of the bowls don’t change) and draw
again from the same bowl. If the second cookie is also vanilla, we
can do a second update like this:

probs
Bowl 1 0.692308
Bowl 2 0.307692

Now the posterior probability for Bowl 1 is almost 70%. But suppose
we do the same thing again and get a chocolate cookie.

Here are the likelihoods for the new data:

And here’s the update:

probs
Bowl 1 0.529412
Bowl 2 0.470588

Now the posterior probability for Bowl 1 is about 53%. After two
vanilla cookies and one chocolate, the posterior probabilities are
close to 50/50.

101 Bowls



Next let’s solve a Cookie Problem with 101 bowls:

Bowl 0 contains 0% vanilla cookies,

Bowl 1 contains 1% vanilla cookies,

Bowl 2 contains 2% vanilla cookies,

and so on, up to

Bowl 99 contains 99% vanilla cookies, and

Bowl 100 contains all vanilla cookies.

As in the previous version, there are only two kinds of cookies,
vanilla and chocolate. So Bowl 0 is all chocolate cookies, Bowl 1 is
99% chocolate, and so on.

Suppose we choose a bowl at random, choose a cookie at random,
and it turns out to be vanilla. What is the probability that the cookie
came from Bowl , for each value of ?

To solve this problem, I’ll use  to make an array that
represents 101 hypotheses, numbered from 0 to 100:

We can use this array to make the prior distribution:

As this example shows, we can initialize a  with two parameters.
The first parameter is the prior probability; the second parameter is a
sequence of quantities.



In this example, the probabilities are all the same, so we only have to
provide one of them; it gets “broadcast” across the hypotheses.
Since all hypotheses have the same prior probability, this distribution
is uniform.

Here are the first few hypotheses and their probabilities:

probs
0 0.009901
1 0.009901
2 0.009901

The likelihood of the data is the fraction of vanilla cookies in each
bowl, which we can calculate using :

Now we can compute the posterior distribution in the usual way:

probs
0 0.000000
1 0.000198
2 0.000396

The following figure shows the prior distribution and the posterior
distribution after one vanilla cookie:



The posterior probability of Bowl 0 is 0 because it contains no vanilla
cookies. The posterior probability of Bowl 100 is the highest because
it contains the most vanilla cookies. In between, the shape of the
posterior distribution is a line because the likelihoods are
proportional to the bowl numbers.

Now suppose we put the cookie back, draw again from the same
bowl, and get another vanilla cookie. Here’s the update after the
second cookie:

And here’s what the posterior distribution looks like:



After two vanilla cookies, the high-numbered bowls have the highest
posterior probabilities because they contain the most vanilla cookies;
the low-numbered bowls have the lowest probabilities.

But suppose we draw again and get a chocolate cookie. Here’s the
update:

And here’s the posterior distribution:

Now Bowl 100 has been eliminated because it contains no chocolate
cookies. But the high-numbered bowls are still more likely than the
low-numbered bowls, because we have seen more vanilla cookies
than chocolate.

In fact, the peak of the posterior distribution is at Bowl 67, which
corresponds to the fraction of vanilla cookies in the data we’ve
observed, .

The quantity with the highest posterior probability is called the MAP,
which stands for “maximum a posteori probability”, where “a
posteori” is unnecessary Latin for “posterior”.

To compute the MAP, we can use the  method :



Or  provides a more memorable name for the same thing:

As you might suspect, this example isn’t really about bowls; it’s
about estimating proportions. Imagine that you have one bowl of
cookies. You don’t know what fraction of cookies are vanilla, but you
think it is equally likely to be any fraction from 0 to 1. If you draw
three cookies and two are vanilla, what proportion of cookies in the
bowl do you think are vanilla? The posterior distribution we just
computed is the answer to that question.

We’ll come back to estimating proportions in the next chapter. But
first let’s use a  to solve the Dice Problem.

The Dice Problem
In the previous chapter we solved the Dice Problem using a Bayes
table. Here’s the statement of the problem:

Suppose I have a box with a 6-sided die, an 8-sided die, and a 12-
sided die.

I choose one of the dice at random, roll it, and report that the
outcome is a 1.

What is the probability that I chose the 6-sided die?

Let’s solve it using a . I’ll use integers to represent the
hypotheses:



We can make the prior distribution like this:

probs
6 0.333333
8 0.333333
12 0.333333

As in the previous example, the prior probability gets broadcast
across the hypotheses. The  object has two attributes:

 contains the quantities in the distribution;

 contains the corresponding probabilities.

Now we’re ready to do the update. Here’s the likelihood of the data
for each hypothesis:

And here’s the update:



probs
6 0.444444
8 0.333333
12 0.222222

The posterior probability for the 6-sided die is .

Now suppose I roll the same die again and get a 7. Here are the
likelihoods:

The likelihood for the 6-sided die is 0 because it is not possible to get
a 7 on a 6-sided die. The other two likelihoods are the same as in
the previous update.

Here’s the update:

probs
6 0.000000
8 0.692308
12 0.307692

After rolling a 1 and a 7, the posterior probability of the 8-sided die is
about 69%.

Updating Dice
The following function is a more general version of the update in the
previous section:



The first parameter is a  that represents the possible dice and
their probabilities. The second parameter is the outcome of rolling a
die.

The first line selects quantities from the  that represent the
hypotheses. Since the hypotheses are integers, we can use them to
compute the likelihoods. In general, if there are  sides on the die,
the probability of any possible outcome is .

However, we have to check for impossible outcomes! If the outcome
exceeds the hypothetical number of sides on the die, the probability
of that outcome is 0.

 is a Boolean  that is  for each impossible
outcome. I use it as an index into  to set the
corresponding probabilities to 0.

Finally, I multiply  by the likelihoods and normalize.

Here’s how we can use this function to compute the updates in the
previous section. I start with a fresh copy of the prior distribution:

probs
6 0.333333
8 0.333333
12 0.333333



And use  to do the updates:

probs
6 0.000000
8 0.692308
12 0.307692

The result is the same. We will see a version of this function in the
next chapter.

Summary
This chapter introduces the  module, which provides

, which we use to represent a set of hypotheses and their
probabilities.

 is based on pandas; the  class inherits from the
pandas  class and provides additional features specific to
probability mass functions. We’ll use  and other classes from

 throughout the book because they simplify the code
and make it more readable. But we could do the same things directly
with pandas.

We use a  to solve the Cookie Problem and the Dice Problem,
which we saw in the previous chapter. With a  it is easy to
perform sequential updates with multiple pieces of data.

We also solved a more general version of the Cookie Problem, with
101 bowls rather than two. Then we computed the MAP, which is the
quantity with the highest posterior probability.



In the next chapter, I’ll introduce the Euro Problem, and we will use
the binomial distribution. And, at last, we will make the leap from
using Bayes’s theorem to doing Bayesian statistics.

But first you might want to work on the exercises.

Exercises
Example 3-1.

Suppose I have a box with a 6-sided die, an 8-sided die, and a 12-
sided die. I choose one of the dice at random, roll it four times, and
get 1, 3, 5, and 7. What is the probability that I chose the 8-sided
die?

You can use the  function or do the update yourself.

Example 3-2.

In the previous version of the Dice Problem, the prior probabilities
are the same because the box contains one of each die. But
suppose the box contains 1 die that is 4-sided, 2 dice that are 6-
sided, 3 dice that are 8-sided, 4 dice that are 12-sided, and 5 dice
that are 20-sided. I choose a die, roll it, and get a 7. What is the
probability that I chose an 8-sided die?

Hint: To make the prior distribution, call  with two parameters.

Example 3-3.

Suppose I have two sock drawers. One contains equal numbers of
black and white socks. The other contains equal numbers of red,
green, and blue socks. Suppose I choose a drawer at random,
choose two socks at random, and I tell you that I got a matching pair.
What is the probability that the socks are white?

For simplicity, let’s assume that there are so many socks in both
drawers that removing one sock makes a negligible change to the
proportions.



Example 3-4.

Here’s a problem from Bayesian Data Analysis:

Elvis Presley had a twin brother (who died at birth). What is the
probability that Elvis was an identical twin?

Hint: In 1935, about 2/3 of twins were fraternal and 1/3 were
identical.



Chapter 4. Estimating
Proportions

In the previous chapter we solved the 101 Bowls Problem, and I
admitted that it is not really about guessing which bowl the cookies
came from; it is about estimating proportions.

In this chapter, we take another step toward Bayesian statistics by
solving the Euro Problem. We’ll start with the same prior distribution,
and we’ll see that the update is the same, mathematically. But I will
argue that it is a different problem, philosophically, and use it to
introduce two defining elements of Bayesian statistics: choosing prior
distributions, and using probability to represent the unknown.

The Euro Problem
In Information Theory, Inference, and Learning Algorithms, David
MacKay poses this problem:

A statistical statement appeared in The Guardian on Friday
January 4, 2002:

When spun on edge 250 times, a Belgian one-euro coin came up
heads 140 times and tails 110. “It looks very suspicious to me,”
said Barry Blight, a statistics lecturer at the London School of
Economics. “If the coin were unbiased, the chance of getting a
result as extreme as that would be less than 7%.”

But do these data give evidence that the coin is biased rather than
fair?

To answer that question, we’ll proceed in two steps. First we’ll use
the binomial distribution to see where that 7% came from; then we’ll



use Bayes’s theorem to estimate the probability that this coin comes
up heads.

The Binomial Distribution
Suppose I tell you that a coin is “fair”, that is, the probability of heads
is 50%. If you spin it twice, there are four outcomes: , , , and

. All four outcomes have the same probability, 25%.

If we add up the total number of heads, there are three possible
results: 0, 1, or 2. The probabilities of 0 and 2 are 25%, and the
probability of 1 is 50%.

More generally, suppose the probability of heads is  and we spin
the coin  times. The probability that we get a total of  heads is
given by the binomial distribution:

for any value of  from 0 to , including both. The term  is the
binomial coefficient, usually pronounced “n choose k”.

We could evaluate this expression ourselves, but we can also use
the SciPy function . For example, if we flip a coin  times
and the probability of heads is , here’s the probability of getting

 heads:



Instead of providing a single value for , we can also call 
with an array of values:

The result is a NumPy array with the probability of 0, 1, or 2 heads. If
we put these probabilities in a , the result is the distribution of 
for the given values of  and .

Here’s what it looks like:

probs
0 0.25
1 0.50
2 0.25

The following function computes the binomial distribution for given
values of  and  and returns a  that represents the result:

Here’s what it looks like with  and :



The most likely quantity in this distribution is 125:

But even though it is the most likely quantity, the probability that we
get exactly 125 heads is only about 5%:

In MacKay’s example, we got 140 heads, which is even less likely
than 125:

In the article MacKay quotes, the statistician says, “If the coin were
unbiased the chance of getting a result as extreme as that would be
less than 7%.”



We can use the binomial distribution to check his math. The
following function takes a PMF and computes the total probability of
quantities greater than or equal to :

Here’s the probability of getting 140 heads or more:

 provides a method that does the same computation:

The result is about 3.3%, which is less than the quoted 7%. The
reason for the difference is that the statistician includes all outcomes
“as extreme as” 140, which includes outcomes less than or equal to
110.

To see where that comes from, recall that the expected number of
heads is 125. If we get 140, we’ve exceeded that expectation by 15.
And if we get 110, we have come up short by 15.

7% is the sum of both of these “tails”, as shown in the following
figure:



Here’s how we compute the total probability of the left tail:

The probability of outcomes less than or equal to 110 is also 3.3%,
so the total probability of outcomes “as extreme” as 140 is 6.6%.

The point of this calculation is that these extreme outcomes are
unlikely if the coin is fair.

That’s interesting, but it doesn’t answer MacKay’s question. Let’s see
if we can.

Bayesian Estimation
Any given coin has some probability of landing heads up when spun
on edge; I’ll call this probability . It seems reasonable to believe that
 depends on physical characteristics of the coin, like the distribution

of weight. If a coin is perfectly balanced, we expect  to be close to
50%, but for a lopsided coin,  might be substantially different. We
can use Bayes’s theorem and the observed data to estimate .

For simplicity, I’ll start with a uniform prior, which assumes that all
values of  are equally likely. That might not be a reasonable



assumption, so we’ll come back and consider other priors later.

We can make a uniform prior like this:

 is an array of equally spaced values between 0 and 1.

We can use the hypotheses to compute the likelihoods, like this:

I’ll put the likelihoods for heads and tails in a dictionary to make it
easier to do the update:

To represent the data, I’ll construct a string with  repeated 140 times
and  repeated 110 times:

The following function does the update:

The first argument is a  that represents the prior. The second
argument is a sequence of strings. Each time through the loop, we



multiply  by the likelihood of one outcome,  for heads or  for
tails.

Notice that  is outside the loop, so the posterior distribution
only gets normalized once, at the end. That’s more efficient than
normalizing it after each spin (although we’ll see later that it can also
cause problems with floating-point arithmetic).

Here’s how we use :

And here’s what the posterior looks like:

This figure shows the posterior distribution of , which is the
proportion of heads for the coin we observed.

The posterior distribution represents our beliefs about  after seeing
the data. It indicates that values less than 0.4 and greater than 0.7
are unlikely; values between 0.5 and 0.6 are the most likely.

In fact, the most likely value for  is 0.56, which is the proportion of
heads in the dataset, .



Triangle Prior
So far we’ve been using a uniform prior:

But that might not be a reasonable choice based on what we know
about coins. I can believe that if a coin is lopsided,  might deviate
substantially from 0.5, but it seems unlikely that the Belgian Euro
coin is so imbalanced that  is 0.1 or 0.9.

It might be more reasonable to choose a prior that gives higher
probability to values of  near 0.5 and lower probability to extreme
values.

As an example, let’s try a triangle-shaped prior. Here’s the code that
constructs it:

 returns a NumPy array, so we can use  to append
 to the end of . Then we use  and  to make

a .

The following figure shows the result, along with the uniform prior:



Now we can update both priors with the same data:

Here are the posteriors:

The differences between the posterior distributions are barely visible,
and so small they would hardly matter in practice.

And that’s good news. To see why, imagine two people who disagree
angrily about which prior is better, uniform or triangle. Each of them
has reasons for their preference, but neither of them can persuade
the other to change their mind.

But suppose they agree to use the data to update their beliefs. When
they compare their posterior distributions, they find that there is



almost nothing left to argue about.

This is an example of swamping the priors: with enough data,
people who start with different priors will tend to converge on the
same posterior distribution.

The Binomial Likelihood Function
So far we’ve been computing the updates one spin at a time, so for
the Euro Problem we have to do 250 updates.

A more efficient alternative is to compute the likelihood of the entire
dataset at once. For each hypothetical value of , we have to
compute the probability of getting 140 heads out of 250 spins.

Well, we know how to do that; this is the question the binomial
distribution answers. If the probability of heads is , the probability of

 heads in  spins is:

And we can use SciPy to compute it. The following function takes a
 that represents a prior distribution and a tuple of integers that

represent the data:

The data are represented with a tuple of values for  and , rather
than a long string of outcomes. Here’s the update:



We can use  to confirm that the result is the same as in the
previous section except for a small floating-point round-off.

But this way of doing the computation is much more efficient.

Bayesian Statistics
You might have noticed similarities between the Euro Problem and
the 101 Bowls Problem in “101 Bowls”. The prior distributions are the
same, the likelihoods are the same, and with the same data, the
results would be the same. But there are two differences.

The first is the choice of the prior. With 101 bowls, the uniform prior
is implied by the statement of the problem, which says that we
choose one of the bowls at random with equal probability.

In the Euro Problem, the choice of the prior is subjective; that is,
reasonable people could disagree, maybe because they have
different information about coins or because they interpret the same
information differently.

Because the priors are subjective, the posteriors are subjective, too.
And some people find that problematic.

The other difference is the nature of what we are estimating. In the
101 Bowls Problem, we choose the bowl randomly, so it is
uncontroversial to compute the probability of choosing each bowl. In
the Euro Problem, the proportion of heads is a physical property of a



given coin. Under some interpretations of probability, that’s a
problem because physical properties are not considered random.

As an example, consider the age of the universe. Currently, our best
estimate is 13.80 billion years, but it might be off by 0.02 billion years
in either direction.

Now suppose we would like to know the probability that the age of
the universe is actually greater than 13.81 billion years. Under some
interpretations of probability, we would not be able to answer that
question. We would be required to say something like, “The age of
the universe is not a random quantity, so it has no probability of
exceeding a particular value.”

Under the Bayesian interpretation of probability, it is meaningful and
useful to treat physical quantities as if they were random and
compute probabilities about them.

In the Euro Problem, the prior distribution represents what we
believe about coins in general and the posterior distribution
represents what we believe about a particular coin after seeing the
data. So we can use the posterior distribution to compute
probabilities about the coin and its proportion of heads.

The subjectivity of the prior and the interpretation of the posterior are
key differences between using Bayes’s theorem and doing Bayesian
statistics.

Bayes’s theorem is a mathematical law of probability; no reasonable
person objects to it. But Bayesian statistics is surprisingly
controversial. Historically, many people have been bothered by its
subjectivity and its use of probability for things that are not random.

If you are interested in this history, I recommend Sharon Bertsch
McGrayne’s book, The Theory That Would Not Die.

Summary



In this chapter I posed David MacKay’s Euro Problem and we started
to solve it. Given the data, we computed the posterior distribution for
, the probability a Euro coin comes up heads.

We tried two different priors, updated them with the same data, and
found that the posteriors were nearly the same. This is good news,
because it suggests that if two people start with different beliefs and
see the same data, their beliefs tend to converge.

This chapter introduces the binomial distribution, which we used to
compute the posterior distribution more efficiently. And I discussed
the differences between applying Bayes’s theorem, as in the 101
Bowls Problem, and doing Bayesian statistics, as in the Euro
Problem.

However, we still haven’t answered MacKay’s question: “Do these
data give evidence that the coin is biased rather than fair?” I’m going
to leave this question hanging a little longer; we’ll come back to it in
Chapter 10.

In the next chapter, we’ll solve problems related to counting,
including trains, tanks, and rabbits.

But first you might want to work on these exercises.

Exercises
Example 4-1.

In Major League Baseball (MLB), most players have a batting
average between .200 and .330, which means that their probability
of getting a hit is between 0.2 and 0.33.

Suppose a player appearing in their first game gets 3 hits out of 3
attempts. What is the posterior distribution for their probability of
getting a hit?

Example 4-2.



Whenever you survey people about sensitive issues, you have to
deal with social desirability bias, which is the tendency of people to
adjust their answers to show themselves in the most positive light.
One way to improve the accuracy of the results is randomized
response.

As an example, suppose you want to know how many people cheat
on their taxes. If you ask them directly, it is likely that some of the
cheaters will lie. You can get a more accurate estimate if you ask
them indirectly, like this: Ask each person to flip a coin and, without
revealing the outcome,

If they get heads, they report YES.

If they get tails, they honestly answer the question, “Do you
cheat on your taxes?”

If someone says YES, we don’t know whether they actually cheat on
their taxes; they might have flipped heads. Knowing this, people
might be more willing to answer honestly.

Suppose you survey 100 people this way and get 80 YESes and 20
NOs. Based on this data, what is the posterior distribution for the
fraction of people who cheat on their taxes? What is the most likely
quantity in the posterior distribution?

Example 4-3.

Suppose you want to test whether a coin is fair, but you don’t want to
spin it hundreds of times. So you make a machine that spins the coin
automatically and uses computer vision to determine the outcome.

However, you discover that the machine is not always accurate.
Specifically, suppose the probability is  that an actual heads is
reported as tails, or actual tails reported as heads.

If we spin a coin 250 times and the machine reports 140 heads, what
is the posterior distribution of ? What happens as you vary the
value of ?



Example 4-4.

In preparation for an alien invasion, the Earth Defense League (EDL)
has been working on new missiles to shoot down space invaders. Of
course, some missile designs are better than others; let’s assume
that each design has some probability of hitting an alien ship, .

Based on previous tests, the distribution of  in the population of
designs is approximately uniform between 0.1 and 0.4.

Now suppose the new ultra-secret Alien Blaster 9000 is being tested.
In a press conference, an EDL general reports that the new design
has been tested twice, taking two shots during each test. The results
of the test are confidential, so the general won’t say how many
targets were hit, but they report: “The same number of targets were
hit in the two tests, so we have reason to think this new design is
consistent.”

Is this data good or bad? That is, does it increase or decrease your
estimate of  for the Alien Blaster 9000?



Chapter 5. Estimating Counts

In the previous chapter we solved problems that involve estimating
proportions. In the Euro Problem, we estimated the probability that a
coin lands heads up, and in the exercises, you estimated a batting
average, the fraction of people who cheat on their taxes, and the
chance of shooting down an invading alien.

Clearly, some of these problems are more realistic than others, and
some are more useful than others.

In this chapter, we’ll work on problems related to counting, or
estimating the size of a population. Again, some of the examples will
seem silly, but some of them, like the German Tank Problem, have
real applications, sometimes in life and death situations.

The Train Problem
I found the Train Problem in Frederick Mosteller’s Fifty Challenging
Problems in Probability with Solutions:

A railroad numbers its locomotives in order 1..N. One day you see
a locomotive with the number 60. Estimate how many locomotives
the railroad has.

Based on this observation, we know the railroad has 60 or more
locomotives. But how many more? To apply Bayesian reasoning, we
can break this problem into two steps:

What did we know about  before we saw the data?

For any given value of , what is the likelihood of seeing the
data (a locomotive with number 60)?



The answer to the first question is the prior. The answer to the
second is the likelihood.

We don’t have much basis to choose a prior, so we’ll start with
something simple and then consider alternatives. Let’s assume that 

 is equally likely to be any value from 1 to 1000.

Here’s the prior distribution:

Now let’s figure out the likelihood of the data. In a hypothetical fleet
of  locomotives, what is the probability that we would see number
60? If we assume that we are equally likely to see any locomotive,
the chance of seeing any particular one is .

Here’s the function that does the update:

This function might look familiar; it is the same as the update
function for the Dice Problem in the previous chapter. In terms of
likelihood, the Train Problem is the same as the Dice Problem.

Here’s the update:



Here’s what the posterior looks like:

Not surprisingly, all values of  below 60 have been eliminated.

The most likely value, if you had to guess, is 60.

That might not seem like a very good guess; after all, what are the
chances that you just happened to see the train with the highest
number? Nevertheless, if you want to maximize the chance of
getting the answer exactly right, you should guess 60.

But maybe that’s not the right goal. An alternative is to compute the
mean of the posterior distribution. Given a set of possible quantities, 

, and their probabilities, , the mean of the distribution is:

Which we can compute like this:



Or we can use the method provided by :

The mean of the posterior is 333, so that might be a good guess if
you want to minimize error. If you played this guessing game over
and over, using the mean of the posterior as your estimate would
minimize the mean squared error over the long run.

Sensitivity to the Prior
The prior I used in the previous section is uniform from 1 to 1000, but
I offered no justification for choosing a uniform distribution or that
particular upper bound. We might wonder whether the posterior
distribution is sensitive to the prior. With so little data—only one
observation—it is.

This table shows what happens as we vary the upper bound:

Posterior mean
Upper bound
500 207.079228
1000 333.419893
2000 552.179017

As we vary the upper bound, the posterior mean changes
substantially. So that’s bad.

When the posterior is sensitive to the prior, there are two ways to
proceed:

Get more data.

Get more background information and choose a better prior.



With more data, posterior distributions based on different priors tend
to converge. 
For example, suppose that in addition to train 60 we also see trains
30 and 90.

Here’s how the posterior means depend on the upper bound of the
prior, when we observe three trains:

Posterior mean
Upper bound
500 151.849588
1000 164.305586
2000 171.338181

The differences are smaller, but apparently three trains are not
enough for the posteriors to converge.

Power Law Prior
If more data are not available, another option is to improve the priors
by gathering more background information. It is probably not
reasonable to assume that a train-operating company with 1,000
locomotives is just as likely as a company with only 1.

With some effort, we could probably find a list of companies that
operate locomotives in the area of observation. Or we could
interview an expert in rail shipping to gather information about the
typical size of companies.

But even without getting into the specifics of railroad economics, we
can make some educated guesses. In most fields, there are many
small companies, fewer medium-sized companies, and only one or
two very large companies.

In fact, the distribution of company sizes tends to follow a power law,
as Robert Axtell reports in Science.



This law suggests that if there are 1,000 companies with fewer than
10 locomotives, there might be 100 companies with 100 locomotives,
10 companies with 1,000, and possibly one company with 10,000
locomotives.

Mathematically, a power law means that the number of companies
with a given size, , is proportional to , where  is a
parameter that is often near 1.

We can construct a power law prior like this:

For comparison, here’s the uniform prior again:

Here’s what a power law prior looks like, compared to the uniform
prior:

Here’s the update for both priors:



And here are the posterior distributions:

The power law gives less prior probability to high values, which
yields lower posterior means, and less sensitivity to the upper bound.

Here’s how the posterior means depend on the upper bound when
we use a power law prior and observe three trains:

Posterior mean
Upper bound
500 130.708470
1000 133.275231
2000 133.997463

Now the differences are much smaller. In fact, with an arbitrarily
large upper bound, the mean converges on 134.

So the power law prior is more realistic, because it is based on
general information about the size of companies, and it behaves
better in practice.



Credible Intervals
So far we have seen two ways to summarize a posterior distribution:
the value with the highest posterior probability (the MAP) and the
posterior mean. These are both point estimates, that is, single
values that estimate the quantity we are interested in.

Another way to summarize a posterior distribution is with percentiles.
If you have taken a standardized test, you might be familiar with
percentiles. For example, if your score is the 90th percentile, that
means you did as well as or better than 90% of the people who took
the test.

If we are given a value, , we can compute its percentile rank by
finding all values less than or equal to  and adding up their
probabilities.

 provides a method that does this computation. So, for example,
we can compute the probability that the company has less than or
equal to 100 trains:

With a power law prior and a dataset of three trains, the result is
about 29%. So 100 trains is the 29th percentile.

Going the other way, suppose we want to compute a particular
percentile; for example, the median of a distribution is the 50th
percentile. We can compute it by adding up probabilities until the
total exceeds 0.5. Here’s a function that does it:



The loop uses , which iterates the quantities and probabilities
in the distribution. Inside the loop we add up the probabilities of the
quantities in order. When the total equals or exceeds , we return
the corresponding quantity.

This function is called  because it computes a quantile
rather than a percentile. The difference is the way we specify . If

 is a percentage between 0 and 100, we call the corresponding
quantity a percentile. If  is a probability between 0 and 1, we call
the corresponding quantity a quantile.

Here’s how we can use this function to compute the 50th percentile
of the posterior distribution:

The result, 113 trains, is the median of the posterior distribution.

 provides a method called  that does the same thing. We
can call it like this to compute the 5th and 95th percentiles:

The result is the interval from 91 to 243 trains, which implies:

The probability is 5% that the number of trains is less than or
equal to 91.

The probability is 5% that the number of trains is greater
than 243.



Therefore the probability is 90% that the number of trains falls
between 91 and 243 (excluding 91 and including 243). For this
reason, this interval is called a 90% credible interval.

 also provides , which computes an interval
that contains the given probability.

The German Tank Problem
During World War II, the Economic Warfare Division of the American
Embassy in London used statistical analysis to estimate German
production of tanks and other equipment.

The Western Allies had captured log books, inventories, and repair
records that included chassis and engine serial numbers for
individual tanks.

Analysis of these records indicated that serial numbers were
allocated by manufacturer and tank type in blocks of 100 numbers,
that numbers in each block were used sequentially, and that not all
numbers in each block were used. So the problem of estimating
German tank production could be reduced, within each block of 100
numbers, to a form of the Train Problem.

Based on this insight, American and British analysts produced
estimates substantially lower than estimates from other forms of
intelligence. And after the war, records indicated that they were
substantially more accurate.

They performed similar analyses for tires, trucks, rockets, and other
equipment, yielding accurate and actionable economic intelligence.

The German Tank Problem is historically interesting; it is also a nice
example of real-world application of statistical estimation.



For more on this problem, see this Wikipedia page and Ruggles and
Brodie, “An Empirical Approach to Economic Intelligence in World
War II”, Journal of the American Statistical Association, March 1947,
available in the CIA’s online reading room.

Informative Priors
Among Bayesians, there are two approaches to choosing prior
distributions. Some recommend choosing the prior that best
represents background information about the problem; in that case
the prior is said to be informative. The problem with using an
informative prior is that people might have different information or
interpret it differently. So informative priors might seem arbitrary.

The alternative is a so-called uninformative prior, which is intended
to be as unrestricted as possible, to let the data speak for itself. In
some cases you can identify a unique prior that has some desirable
property, like representing minimal prior information about the
estimated quantity.

Uninformative priors are appealing because they seem more
objective. But I am generally in favor of using informative priors.
Why? First, Bayesian analysis is always based on modeling
decisions. Choosing the prior is one of those decisions, but it is not
the only one, and it might not even be the most subjective. So even if
an uninformative prior is more objective, the entire analysis is still
subjective.

Also, for most practical problems, you are likely to be in one of two
situations: either you have a lot of data or not very much. If you have
a lot of data, the choice of the prior doesn’t matter; informative and
uninformative priors yield almost the same results. If you don’t have
much data, using relevant background information (like the power
law distribution) makes a big difference.



And if, as in the German Tank Problem, you have to make life and
death decisions based on your results, you should probably use all
of the information at your disposal, rather than maintaining the
illusion of objectivity by pretending to know less than you do.

Summary
This chapter introduced the Train Problem, which turns out to have
the same likelihood function as the Dice Problem, and which can be
applied to the German Tank Problem. In all of these examples, the
goal is to estimate a count, or the size of a population.

In the next chapter, I’ll introduce “odds” as an alternative to
probabilities, and Bayes’s rule as an alternative form of Bayes’s
theorem. We’ll compute distributions of sums and products, and use
them to estimate the number of members of Congress who are
corrupt, among other problems.

But first, you might want to work on these exercises.

Exercises
Example 5-1.

Suppose you are giving a talk in a large lecture hall and the fire
marshal interrupts because they think the audience exceeds 1,200
people, which is the safe capacity of the room.

You think there are fewer then 1,200 people, and you offer to prove
it. It would take too long to count, so you try an experiment:

You ask how many people were born on May 11 and two
people raise their hands.

You ask how many were born on May 23 and 1 person
raises their hand. 



Finally, you ask how many were born on August 1, and no
one raises their hand.

How many people are in the audience? What is the probability that
there are more than 1,200 people? Hint: Remember the binomial
distribution.

Example 5-2.

I often see rabbits in the garden behind my house, but it’s not easy
to tell them apart, so I don’t really know how many there are.

Suppose I deploy a motion-sensing camera trap that takes a picture
of the first rabbit it sees each day. After three days, I compare the
pictures and conclude that two of them are the same rabbit and the
other is different.

How many rabbits visit my garden?

To answer this question, we have to think about the prior distribution
and the likelihood of the data:

I have sometimes seen four rabbits at the same time, so I
know there are at least that many. I would be surprised if
there were more than 10. So, at least as a starting place, I
think a uniform prior from 4 to 10 is reasonable.

To keep things simple, let’s assume that all rabbits who visit
my garden are equally likely to be caught by the camera trap
in a given day. Let’s also assume it is guaranteed that the
camera trap gets a picture every day.

Example 5-3.

Suppose that in the criminal justice system, all prison sentences are
either 1, 2, or 3 years, with an equal number of each. One day, you
visit a prison and choose a prisoner at random. What is the
probability that they are serving a 3-year sentence? What is the
average remaining sentence of the prisoners you observe?



Example 5-4.

If I chose a random adult in the US, what is the probability that they
have a sibling? To be precise, what is the probability that their
mother has had at least one other child?

This article from the Pew Research Center provides some relevant
data.

Example 5-5.

The Doomsday argument is “a probabilistic argument that claims to
predict the number of future members of the human species given
an estimate of the total number of humans born so far.”

Suppose there are only two kinds of intelligent civilizations that can
happen in the universe. The “short-lived” kind go extinct after only
200 billion individuals are born. The “long-lived” kind survive until
2,000 billion individuals are born. And suppose that the two kinds of
civilization are equally likely. Which kind of civilization do you think
we live in?

The Doomsday argument says we can use the total number of
humans born so far as data. According to the Population Reference
Bureau, the total number of people who have ever lived is about 108
billion.

Since you were born quite recently, let’s assume that you are, in fact,
human being number 108 billion. If  is the total number who will
ever live and we consider you to be a randomly-chosen person, it is
equally likely that you could have been person 1, or , or any
number in between. So what is the probability that you would be
number 108 billion?

Given this data and dubious prior, what is the probability that our
civilization will be short-lived?



Chapter 6. Odds and Addends

This chapter presents a new way to represent a degree of certainty,
odds, and a new form of Bayes’s theorem, called Bayes’s rule.
Bayes’s rule is convenient if you want to do a Bayesian update on
paper or in your head. It also sheds light on the important idea of
evidence and how we can quantify the strength of evidence.

The second part of the chapter is about “addends”, that is, quantities
being added, and how we can compute their distributions. We’ll
define functions that compute the distribution of sums, differences,
products, and other operations. Then we’ll use those distributions as
part of a Bayesian update.

Odds
One way to represent a probability is with a number between 0 and
1, but that’s not the only way. If you have ever bet on a football game
or a horse race, you have probably encountered another
representation of probability, called odds.

You might have heard expressions like “the odds are three to one”,
but you might not know what that means. The odds in favor of an
event are the ratio of the probability it will occur to the probability that
it will not.

The following function does this calculation:

For example, if my team has a 75% chance of winning, the odds in
their favor are three to one, because the chance of winning is three
times the chance of losing:



You can write odds in decimal form, but it is also common to write
them as a ratio of integers. So “three to one” is sometimes written 

.

When probabilities are low, it is more common to report the odds
against rather than the odds in favor. For example, if my horse has a
10% chance of winning, the odds in favor are :

But in that case it would be more common to say that the odds
against are :

Given the odds in favor, in decimal form, you can convert to
probability like this:

For example, if the odds are , the corresponding probability is 
:



Or if you represent odds with a numerator and denominator, you can
convert to probability like this:

Probabilities and odds are different representations of the same
information; given either one, you can compute the other. But some
computations are easier when we work with odds, as we’ll see in the
next section, and some computations are even easier with log odds,
which we’ll see later.

Bayes’s Rule
So far we have worked with Bayes’s theorem in the “probability
form”:

Writing  for odds in favor of , we can express Bayes’s
theorem in “odds form”:

This is Bayes’s rule, which says that the posterior odds are the prior
odds times the likelihood ratio. Bayes’s rule is convenient for
computing a Bayesian update on paper or in your head. For
example, let’s go back to the Cookie Problem:



Suppose there are two bowls of cookies. Bowl 1 contains 30
vanilla cookies and 10 chocolate cookies. Bowl 2 contains 20 of
each. Now suppose you choose one of the bowls at random and,
without looking, select a cookie at random. The cookie is vanilla.
What is the probability that it came from Bowl 1?

The prior probability is 50%, so the prior odds are 1. The likelihood
ratio is , or . So the posterior odds are , which
corresponds to probability .

If we draw another cookie and it’s chocolate, we can do another
update:

And convert back to probability:



Oliver’s Blood
I’ll use Bayes’s rule to solve another problem from MacKay’s
Information Theory, Inference, and Learning Algorithms:

Two people have left traces of their own blood at the scene of a
crime. A suspect, Oliver, is tested and found to have type ‘O’
blood. The blood groups of the two traces are found to be of type
‘O’ (a common type in the local population, having frequency 60%)
and of type ‘AB’ (a rare type, with frequency 1%). Do these data
[the traces found at the scene] give evidence in favor of the
proposition that Oliver was one of the people [who left blood at the
scene]?

To answer this question, we need to think about what it means for
data to give evidence in favor of (or against) a hypothesis. Intuitively,
we might say that data favor a hypothesis if the hypothesis is more
likely in light of the data than it was before.

In the Cookie Problem, the prior odds are 1, which corresponds to
probability 50%. The posterior odds are , or probability 60%. So
the vanilla cookie is evidence in favor of Bowl 1.

Bayes’s rule provides a way to make this intuition more precise.
Again:

Dividing through by , we get:

The term on the left is the ratio of the posterior and prior odds. The
term on the right is the likelihood ratio, also called the Bayes factor.



If the Bayes factor is greater than 1, that means that the data were
more likely under  than under . And that means that the odds are
greater, in light of the data, than they were before.

If the Bayes factor is less than 1, that means the data were less
likely under  than under , so the odds in favor of  go down.

Finally, if the Bayes factor is exactly 1, the data are equally likely
under either hypothesis, so the odds do not change.

Let’s apply that to the problem at hand. If Oliver is one of the people
who left blood at the crime scene, he accounts for the ‘O’ sample; in
that case, the probability of the data is the probability that a random
member of the population has type ‘AB’ blood, which is 1%.

If Oliver did not leave blood at the scene, we have two samples to
account for. If we choose two random people from the population,
what is the chance of finding one with type ‘O’ and one with type
‘AB’? Well, there are two ways it might happen:

The first person might have ‘O’ and the second ‘AB’,

Or the first person might have ‘AB’ and the second ‘O’.

The probability of either combination is (0.6)(0.01), which is 0.6%, so
the total probability is twice that, or 1.2%. So the data are a little
more likely if Oliver is not one of the people who left blood at the
scene.

We can use these probabilities to compute the likelihood ratio:



Since the likelihood ratio is less than 1, the blood tests are evidence
against the hypothesis that Oliver left blood at the scence.

But it is weak evidence. For example, if the prior odds were 1 (that
is, 50% probability), the posterior odds would be 0.83, which
corresponds to a probability of 45%:

So this evidence doesn’t “move the needle” very much.

This example is a little contrived, but it demonstrates the
counterintuitive result that data consistent with a hypothesis are not
necessarily in favor of the hypothesis.

If this result still bothers you, this way of thinking might help: the data
consist of a common event, type ‘O’ blood, and a rare event, type
‘AB’ blood. If Oliver accounts for the common event, that leaves the
rare event unexplained. If Oliver doesn’t account for the ‘O’ blood,
we have two chances to find someone in the population with ‘AB’
blood. And that factor of two makes the difference.

Example 6-1.

Suppose that based on other evidence, your prior belief in Oliver’s
guilt is 90%. How much would the blood evidence in this section
change your beliefs? What if you initially thought there was only a
10% chance of his guilt?

Addends
The second half of this chapter is about distributions of sums and
results of other operations. We’ll start with a Forward Problem,
where we are given the inputs and compute the distribution of the



output. Then we’ll work on Inverse Problems, where we are given
the outputs and we compute the distribution of the inputs.

As a first example, suppose you roll two dice and add them up. What
is the distribution of the sum? I’ll use the following function to create
a  that represents the possible outcomes of a die:

On a 6-sided die, the outcomes are 1 through 6, all equally likely.

If we roll two dice and add them up, there are 11 possible outcomes,
2 through 12, but they are not equally likely. To compute the
distribution of the sum, we have to enumerate the possible
outcomes.

And that’s how this function works:



The parameters are  objects representing distributions.

The loops iterate though the quantities and probabilities in the 
objects. Each time through the loop  gets the sum of a pair of
quantities, and  gets the probability of the pair. Because the same
sum might appear more than once, we have to add up the total
probability for each sum.

Notice a subtle element of this line:

I use parentheses on the right side of the assignment, which returns
0 if  does not appear yet in . I use brackets on the left side of the
assignment to create or update an element in ; using
parentheses on the left side would not work.

 provides , which does the same thing. You can call it as
a method, like this:

Or as a function, like this:

And here’s what the result looks like:



If we have a sequence of  objects that represent dice, we can
compute the distribution of the sum like this:

As an example, we can make a list of three dice like this:

And we can compute the distribution of their sum like this:

The following figure shows what these three distributions look like:

The distribution of a single die is uniform from 1 to 6.

The sum of two dice has a triangle distribution between 2
and 12.

The sum of three dice has a bell-shaped distribution between
3 and 18.



As an aside, this example demonstrates the Central Limit Theorem,
which says that the distribution of a sum converges on a bell-shaped
normal distribution, at least under some conditions.

Gluten Sensitivity
In 2015 I read a paper that tested whether people diagnosed with
gluten sensitivity (but not celiac disease) were able to distinguish
gluten flour from non-gluten flour in a blind challenge (you can read
the paper here).

Out of 35 subjects, 12 correctly identified the gluten flour based on
resumption of symptoms while they were eating it. Another 17
wrongly identified the gluten-free flour based on their symptoms, and
6 were unable to distinguish.

The authors conclude, “Double-blind gluten challenge induces
symptom recurrence in just one-third of patients.”

This conclusion seems odd to me, because if none of the patients
were sensitive to gluten, we would expect some of them to identify
the gluten flour by chance. So here’s the question: based on this
data, how many of the subjects are sensitive to gluten and how
many are guessing?

We can use Bayes’s theorem to answer this question, but first we
have to make some modeling decisions. I’ll assume:



People who are sensitive to gluten have a 95% chance of
correctly identifying gluten flour under the challenge
conditions, and

People who are not sensitive have a 40% chance of
identifying the gluten flour by chance (and a 60% chance of
either choosing the other flour or failing to distinguish).

These particular values are arbitrary, but the results are not sensitive
to these choices.

I will solve this problem in two steps. First, assuming that we know
how many subjects are sensitive, I will compute the distribution of
the data. Then, using the likelihood of the data, I will compute the
posterior distribution of the number of sensitive patients.

The first is the Forward Problem; the second is the Inverse
Problem.

The Forward Problem
Suppose we know that 10 of the 35 subjects are sensitive to gluten.
That means that 25 are not:

Each sensitive subject has a 95% chance of identifying the gluten
flour, so the number of correct identifications follows a binomial
distribution.

I’ll use , which we defined in “The Binomial
Distribution”, to make a  that represents the binomial distribution:



The results are the distributions for the number of correct
identifications in each group.

Now we can use  to compute the distribution of the total
number of correct identifications:

Here are the results:

We expect most of the sensitive subjects to identify the gluten flour
correctly. Of the 25 insensitive subjects, we expect about 10 to
identify the gluten flour by chance. So we expect about 20 correct
identifications in total.

This is the answer to the Forward Problem: given the number of
sensitive subjects, we can compute the distribution of the data.

The Inverse Problem
Now let’s solve the Inverse Problem: given the data, we’ll compute
the posterior distribution of the number of sensitive subjects.



Here’s how. I’ll loop through the possible values of 
and compute the distribution of the data for each:

The loop enumerates the possible values of . For
each value, it computes the distribution of the total number of correct
identifications, and stores the result as a column in a pandas

.

The following figure shows selected columns from the ,
corresponding to different hypothetical values of :

Now we can use this table to compute the likelihood of the data:

 selects a row from the . The row with index 12
contains the probability of 12 correct identifications for each



hypothetical value of . And that’s exactly the likelihood
we need to do a Bayesian update.

I’ll use a uniform prior, which implies that I would be equally
surprised by any value of :

And here’s the update:

For comparison, I also compute the posterior for another possible
outcome, 20 correct identifications:

The following figure shows posterior distributions of 
based on the actual data, 12 correct identifications, and the other
possible outcome, 20 correct identifications.

With 12 correct identifications, the most likely conclusion is that none
of the subjects are sensitive to gluten. If there had been 20 correct



identifications, the most likely conclusion would be that 11-12 of the
subjects were sensitive.

Summary
This chapter presents two topics that are almost unrelated except
that they make the title of the chapter catchy.

The first part of the chapter is about Bayes’s rule, evidence, and how
we can quantify the strength of evidence using a likelihood ratio or
Bayes factor.

The second part is about , which computes the distribution
of a sum. We can use this function to solve Forward and Inverse
Problems; that is, given the parameters of a system, we can
compute the distribution of the data or, given the data, we can
compute the distribution of the parameters.

In the next chapter, we’ll compute distributions for minimums and
maximums, and use them to solve more Bayesian problems. But first
you might want to work on these exercises.

More Exercises
Example 6-2.

Let’s use Bayes’s rule to solve the Elvis problem from Chapter 3:



Elvis Presley had a twin brother who died at birth. What is the
probability that Elvis was an identical twin?

In 1935, about 2/3 of twins were fraternal and 1/3 were identical. The
question contains two pieces of information we can use to update
this prior.

First, Elvis’s twin was also male, which is more likely if they
were identical twins, with a likelihood ratio of 2.

Also, Elvis’s twin died at birth, which is more likely if they
were identical twins, with a likelihood ratio of 1.25.

If you are curious about where those numbers come from, I wrote a
blog post about it.

Example 6-3.

The following is an interview question that appeared on
glassdoor.com, attributed to Facebook:

You’re about to get on a plane to Seattle. You want to know if you
should bring an umbrella. You call 3 random friends of yours who
live there and ask each independently if it’s raining. Each of your
friends has a 2/3 chance of telling you the truth and a 1/3 chance
of messing with you by lying. All 3 friends tell you that “Yes” it is
raining. What is the probability that it’s actually raining in Seattle?

Use Bayes’s rule to solve this problem. As a prior you can assume
that it rains in Seattle about 10% of the time.

This question causes some confusion about the differences between
Bayesian and frequentist interpretations of probability; if you are
curious about this point, I wrote a blog article about it.

Example 6-4.

According to the CDC, people who smoke are about 25 times more
likely to develop lung cancer than nonsmokers.



Also according to the CDC, about 14% of adults in the US are
smokers. If you learn that someone has lung cancer, what is the
probability they are a smoker?

Example 6-5.

In Dungeons & Dragons, the amount of damage a goblin can
withstand is the sum of two 6-sided dice. The amount of damage you
inflict with a short sword is determined by rolling one 6-sided die. A
goblin is defeated if the total damage you inflict is greater than or
equal to the amount it can withstand.

Suppose you are fighting a goblin and you have already inflicted 3
points of damage. What is your probability of defeating the goblin
with your next successful attack?

Hint: You can use  to add a constant amount, like 3, to
a  and  to compute the distribution of remaining
points.

Example 6-6.

Suppose I have a box with a 6-sided die, an 8-sided die, and a 12-
sided die. I choose one of the dice at random, roll it twice, multiply
the outcomes, and report that the product is 12. What is the
probability that I chose the 8-sided die?

Hint:  provides a function called  that takes two 
objects and returns a  that represents the distribution of the
product.

Example 6-7.

Betrayal at House on the Hill is a strategy game in which characters
with different attributes explore a haunted house. Depending on their
attributes, the characters roll different numbers of dice. For example,
if attempting a task that depends on knowledge, Professor
Longfellow rolls 5 dice, Madame Zostra rolls 4, and Ox Bellows rolls
3. Each die yields 0, 1, or 2 with equal probability.



If a randomly chosen character attempts a task three times and rolls
a total of 3 on the first attempt, 4 on the second, and 5 on the third,
which character do you think it was?

Example 6-8.

There are 538 members of the United States Congress.

Suppose we audit their investment portfolios and find that 312 of
them outperform the market. Let’s assume that an honest member of
Congress has only a 50% chance of outperforming the market, but a
dishonest member who trades on inside information has a 90%
chance. How many members of Congress are honest?



Chapter 7. Minimum, Maximum,
and Mixture

In the previous chapter we computed distributions of sums. In this
chapter, we’ll compute distributions of minimums and maximums,
and use them to solve both Forward and Inverse Problems.

Then we’ll look at distributions that are mixtures of other
distributions, which will turn out to be particularly useful for making
predictions.

But we’ll start with a powerful tool for working with distributions, the
cumulative distribution function.

Cumulative Distribution Functions
So far we have been using probability mass functions to represent
distributions. A useful alternative is the cumulative distribution
function, or CDF.

As an example, I’ll use the posterior distribution from the Euro
Problem, which we computed in “Bayesian Estimation”.

Here’s the uniform prior we started with:

And here’s the update:



The CDF is the cumulative sum of the PMF, so we can compute it
like this:

Here’s what it looks like, along with the PMF:

The range of the CDF is always from 0 to 1, in contrast with the PMF,
where the maximum can be any probability.

The result from  is a pandas , so we can use the
bracket operator to select an element:



The result is about 0.96, which means that the total probability of all
quantities less than or equal to 0.61 is 96%.

To go the other way—to look up a probability and get the
corresponding quantile—we can use interpolation:

The result is about 0.61, so that confirms that the 96th percentile of
this distribution is 0.61.

 provides a class called  that represents a
cumulative distribution function. Given a , you can compute a 
like this:

 uses  to compute the cumulative sum of the
probabilities.

You can use brackets to select an element from a :

But if you look up a quantity that’s not in the distribution, you get a
.

To avoid this problem, you can call a  as a function, using
parentheses. If the argument does not appear in the , it



interpolates between quantities.

Going the other way, you can use  to look up a cumulative
probability and get the corresponding quantity:

 also provides , which computes a credible
interval that contains the given probability:

CDFs and PMFs are equivalent in the sense that they contain the
same information about the distribution, and you can always convert
from one to the other. Given a , you can get the equivalent 
like this:

 uses  to compute differences between consecutive
cumulative probabilities.

One reason  objects are useful is that they compute quantiles
efficiently. Another is that they make it easy to compute the
distribution of a maximum or minimum, as we’ll see in the next
section.



Best Three of Four
In Dungeons & Dragons, each character has six attributes: strength,
intelligence, wisdom, dexterity, constitution, and charisma.

To generate a new character, players roll four 6-sided dice for each
attribute and add up the best three. For example, if I roll for strength
and get 1, 2, 3, 4 on the dice, my character’s strength would be the
sum of 2, 3, and 4, which is 9.

As an exercise, let’s figure out the distribution of these attributes.
Then, for each character, we’ll figure out the distribution of their best
attribute.

I’ll import two functions from the previous chapter: , which
makes a  that represents the outcome of rolling a die, and

, which takes a sequence of  objects and computes
the distribution of their sum.

Here’s a  that represents a 6-sided die and a sequence with three
references to it:

And here’s the distribution of the sum of three dice:

Here’s what it looks like:



If we roll four dice and add up the best three, computing the
distribution of the sum is a bit more complicated. I’ll estimate the
distribution by simulating 10,000 rolls.

First I’ll create an array of random values from 1 to 6, with 10,000
rows and 4 columns:

To find the best three outcomes in each row, I’ll use  with
, which sorts the rows in ascending order:

Finally, I’ll select the last three columns and add them up:

Now  is an array with a single column and 10,000 rows. We can
compute the PMF of the values in  like this:

The following figure shows the distribution of the sum of three dice,
, and the distribution of the best three out of four, :



As you might expect, choosing the best three out of four tends to
yield higher values.

Next we’ll find the distribution for the maximum of six attributes, each
the sum of the best three of four dice.

Maximum
To compute the distribution of a maximum or minimum, we can make
good use of the cumulative distribution function. First, I’ll compute
the  of the best three of four distribution:

Recall that  is the sum of probabilities for quantities less than
or equal to . Equivalently, it is the probability that a random value
chosen from the distribution is less than or equal to .

Now suppose I draw 6 values from this distribution. The probability
that all 6 of them are less than or equal to  is  raised to the
6th power, which we can compute like this:



If all 6 values are less than or equal to , that means that their
maximum is less than or equal to . So the result is the CDF of their
maximum. We can convert it to a  object, like this:

The following figure shows the CDFs for the three distributions we
have computed.

 provides , which does the same computation, so we
can also compute the  of the maximum like this:

In the next section we’ll find the distribution of the minimum. The
process is similar, but a little more complicated. See if you can figure
it out before you go on.

Minimum
In the previous section we computed the distribution of a character’s
best attribute. Now let’s compute the distribution of the worst.



To compute the distribution of the minimum, we’ll use the
complementary CDF, which we can compute like this:

As the variable name suggests, the complementary CDF is the
probability that a value from the distribution is greater than . If we
draw 6 values from the distribution, the probability that all 6 exceed 
is:

If all 6 exceed , that means their minimum exceeds , so 
is the complementary CDF of the minimum. And that means we can
compute the CDF of the minimum like this:

The result is a pandas  that represents the CDF of the
minimum of six attributes. We can put those values in a  object
like this:

Here’s what it looks like, along with the distribution of the maximum:



 provides , which does the same computation, so we
can also compute the  of the minimum like this:

And we can confirm that the differences are small:

In the exercises at the end of this chapter, you’ll use distributions of
the minimum and maximum to do Bayesian inference. But first we’ll
see what happens when we mix distributions.

Mixture
In this section I’ll show how we can compute a distribution that is a
mixture of other distributions. I’ll explain what that means with some
simple examples; then, more usefully, we’ll see how these mixtures
are used to make predictions.

Here’s another example inspired by Dungeons & Dragons:

Suppose your character is armed with a dagger in one hand
and a short sword in the other.

During each round, you attack a monster with one of your
two weapons, chosen at random.

The dagger causes one 4-sided die of damage; the short
sword causes one 6-sided die of damage.

What is the distribution of damage you inflict in each round?

To answer this question, I’ll make a  to represent the 4-sided and
6-sided dice:



Now, let’s compute the probability you inflict 1 point of damage.

If you attacked with the dagger, it’s 1/4.

If you attacked with the short sword, it’s 1/6.

Because the probability of choosing either weapon is 1/2, the total
probability is the average:

For the outcomes 2, 3, and 4, the probability is the same, but for 5
and 6, it’s different, because those outcomes are impossible with the
4-sided die.

To compute the distribution of the mixture, we could loop through the
possible outcomes and compute their probabilities.

But we can do the same computation using the  operator:

Here’s what the mixture of these distributions looks like:



Now suppose you are fighting three monsters:

One has a club, which causes one 4-sided die of damage.

One has a mace, which causes one 6-sided die.

And one has a quarterstaff, which also causes one 6-sided
die.

Because the melee is disorganized, you are attacked by one of
these monsters each round, chosen at random. To find the
distribution of the damage they inflict, we can compute a weighted
average of the distributions, like this:

This distribution is a mixture of one 4-sided die and two 6-sided dice.
Here’s what it looks like:



In this section we used the  operator, which adds the probabilities in
the distributions, not to be confused with , which
computes the distribution of the sum of the distributions.

To demonstrate the difference, I’ll use  to compute the
distribution of the total damage done per round, which is the sum of
the two mixtures:

And here’s what it looks like:

General Mixtures



In the previous section we computed mixtures in an ad hoc way.
Now we’ll see a more general solution. In future chapters, we’ll use
this solution to generate predictions for real-world problems, not just
role-playing games. But if you’ll bear with me, we’ll continue the
previous example for one more section.

Suppose three more monsters join the combat, each of them with a
battle axe that causes one 8-sided die of damage. Still, only one
monster attacks per round, chosen at random, so the damage they
inflict is a mixture of:

One 4-sided die,

Two 6-sided dice, and

Three 8-sided dice.

I’ll use a  to represent a randomly chosen monster:

probs
4 0.166667
6 0.333333
8 0.500000

This distribution represents the number of sides on the die we’ll roll
and the probability of rolling each one. For example, one of the six
monsters has a dagger, so the probability is  that we roll a 4-
sided die.

Next I’ll make a sequence of  objects to represent the dice:



To compute the distribution of the mixture, I’ll compute the weighted
average of the dice, using the probabilities in  as the
weights.

To express this computation concisely, it is convenient to put the
distributions into a pandas :

The result is a  with one row for each distribution and one
column for each possible outcome. Not all rows are the same length,
so pandas fills the extra spaces with the special value , which
stands for “not a number”. We can use  to replace the 
values with 0:

The next step is to multiply each row by the probabilities in ,
which turns out to be easier if we transpose the matrix so the
distributions run down the columns rather than across the rows:

1 2 3 4
0.250000 0.250000 0.250000 0.250000
0.166667 0.166667 0.166667 0.166667
0.125000 0.125000 0.125000 0.125000

1 2 3 4
0.250000 0.250000 0.250000 0.250000
0.166667 0.166667 0.166667 0.166667
0.125000 0.125000 0.125000 0.125000



Now we can multiply by the probabilities in :

1 0.041667 0.055556 0.0625
2 0.041667 0.055556 0.0625
3 0.041667 0.055556 0.0625
4 0.041667 0.055556 0.0625
5 0.000000 0.055556 0.0625
6 0.000000 0.055556 0.0625
7 0.000000 0.000000 0.0625
8 0.000000 0.000000 0.0625

And add up the weighted distributions:

The argument  means we want to sum across the rows. The
result is a pandas .

Putting it all together, here’s a function that makes a weighted
mixture of distributions:



The first parameter is a  that maps from each hypothesis to a
probability. The second parameter is a sequence of  objects, one
for each hypothesis. We can call it like this:

And here’s what it looks like:

In this section I used pandas so that  is concise,
efficient, and hopefully not too hard to understand. In the exercises
at the end of the chapter, you’ll have a chance to practice with
mixtures, and we will use  again in the next chapter.

Summary
This chapter introduces the  object, which represents the
cumulative distribution function (CDF).

A  and the corresponding  are equivalent in the sense that
they contain the same information, so you can convert from one to
the other. The primary difference between them is performance:
some operations are faster and easier with a ; others are faster
with a .



In this chapter we used  objects to compute distributions of
maximums and minimums; these distributions are useful for
inference if we are given a maximum or minimum as data. You will
see some examples in the exercises, and in future chapters. We also
computed mixtures of distributions, which we will use in the next
chapter to make predictions.

But first you might want to work on these exercises.

Exercises
Example 7-1.

When you generate a Dungeons & Dragons character, instead of
rolling dice, you can use the “standard array” of attributes, which is
15, 14, 13, 12, 10, and 8. Do you think you are better off using the
standard array or (literally) rolling the dice?

Compare the distribution of the values in the standard array to the
distribution we computed for the best three out of four:

Which distribution has higher mean? Use the  method.

Which distribution has higher standard deviation? Use the
 method.

The lowest value in the standard array is 8. For each
attribute, what is the probability of getting a value less than
8? If you roll the dice six times, what’s the probability that at
least one of your attributes is less than 8?

The highest value in the standard array is 15. For each
attribute, what is the probability of getting a value greater
than 15? If you roll the dice six times, what’s the probability
that at least one of your attributes is greater than 15?

Example 7-2.



Suppose you are fighting three monsters:

One is armed with a short sword that causes one 6-sided die
of damage,

One is armed with a battle axe that causes one 8-sided die
of damage, and

One is armed with a bastard sword that causes one 10-sided
die of damage.

One of the monsters, chosen at random, attacks you and does 1
point of damage.

Which monster do you think it was? Compute the posterior
probability that each monster was the attacker.

If the same monster attacks you again, what is the probability that
you suffer 6 points of damage?

Hint: Compute a posterior distribution as we have done before and
pass it as one of the arguments to .

Example 7-3.

Henri Poincaré was a French mathematician who taught at the
Sorbonne around 1900. The following anecdote about him is
probably fiction, but it makes an interesting probability problem.

Supposedly Poincaré suspected that his local bakery was selling
loaves of bread that were lighter than the advertised weight of 1 kg,
so every day for a year he bought a loaf of bread, brought it home
and weighed it. At the end of the year, he plotted the distribution of
his measurements and showed that it fit a normal distribution with
mean 950 g and standard deviation 50 g. He brought this evidence
to the bread police, who gave the baker a warning.

For the next year, Poincaré continued to weigh his bread every day.
At the end of the year, he found that the average weight was 1000 g,



just as it should be, but again he complained to the bread police, and
this time they fined the baker.

Why? Because the shape of the new distribution was asymmetric.
Unlike the normal distribution, it was skewed to the right, which is
consistent with the hypothesis that the baker was still making 950 g
loaves, but deliberately giving Poincaré the heavier ones.

To see whether this anecdote is plausible, let’s suppose that when
the baker sees Poincaré coming, he hefts n loaves of bread and
gives Poincaré the heaviest one. How many loaves would the baker
have to heft to make the average of the maximum 1000 g?



Chapter 8. Poisson Processes

This chapter introduces the Poisson process, which is a model used
to describe events that occur at random intervals. As an example of
a Poisson process, we’ll model goal-scoring in soccer, which is
American English for the game everyone else calls “football”. We’ll
use goals scored in a game to estimate the parameter of a Poisson
process; then we’ll use the posterior distribution to make predictions.

And we’ll solve the World Cup Problem.

The World Cup Problem
In the 2018 FIFA World Cup final, France defeated Croatia 4 goals to
2. Based on this outcome:

1. How confident should we be that France is the better team?

2. If the same teams played again, what is the chance France
would win again?

To answer these questions, we have to make some modeling
decisions.

First, I’ll assume that for any team against another team
there is some unknown goal-scoring rate, measured in goals
per game, which I’ll denote with the Python variable  or
the Greek letter , pronounced “lambda”.

Second, I’ll assume that a goal is equally likely during any
minute of a game. So, in a 90-minute game, the probability
of scoring during any minute is .

Third, I’ll assume that a team never scores twice during the
same minute.



Of course, none of these assumptions is completely true in the real
world, but I think they are reasonable simplifications. As George Box
said, “All models are wrong; some are useful”
(https://oreil.ly/oeTQU).

In this case, the model is useful because if these assumptions are
true, at least roughly, the number of goals scored in a game follows a
Poisson distribution, at least roughly.

The Poisson Distribution
If the number of goals scored in a game follows a Poisson
distribution with a goal-scoring rate, , the probability of scoring 
goals is

for any non-negative value of .

SciPy provides a  object that represents a Poisson
distribution. We can create one with λ = 1.4 like this:

The result is an object that represents a “frozen” random variable
and provides , which evaluates the probability mass function of
the Poisson distribution.



This result implies that if the average goal-scoring rate is 1.4 goals
per game, the probability of scoring 4 goals in a game is about 4%.

We’ll use the following function to make a  that represents a
Poisson distribution:

 takes as parameters the goal-scoring rate, ,
and an array of quantities, , where it should evaluate the Poisson
PMF. It returns a  object.

For example, here’s the distribution of goals scored for ,
computed for values of  from 0 to 9:

And here’s what it looks like:



The most likely outcomes are 0, 1, and 2; higher values are possible
but increasingly unlikely. Values above 7 are negligible. This
distribution shows that if we know the goal-scoring rate, we can
predict the number of goals.

Now let’s turn it around: given a number of goals, what can we say
about the goal-scoring rate?

To answer that, we need to think about the prior distribution of ,
which represents the range of possible values and their probabilities
before we see the score.

The Gamma Distribution
If you have ever seen a soccer game, you have some information
about . In most games, teams score a few goals each. In rare
cases, a team might score more than 5 goals, but they almost never
score more than 10.

Using data from previous World Cups, I estimate that each team
scores about 1.4 goals per game, on average. So I’ll set the mean of

 to be 1.4.

For a good team against a bad one, we expect  to be higher; for a
bad team against a good one, we expect it to be lower.



To model the distribution of goal-scoring rates, I’ll use a gamma
distribution, which I chose because:

1. The goal scoring rate is continuous and non-negative, and
the gamma distribution is appropriate for this kind of quantity.

2. The gamma distribution has only one parameter, ,
which is the mean. So it’s easy to construct a gamma
distribution with the mean we want.

3. As we’ll see, the shape of the gamma distribution is a
reasonable choice, given what we know about soccer.

And there’s one more reason, which I will reveal in Chapter 18.

SciPy provides , which creates an object that represents a
gamma distribution. And the  object provides provides ,
which evaluates the probability density function (PDF) of the
gamma distribution.

Here’s how we use it:

The parameter, , is the mean of the distribution. The  are
possible values of  between 0 and 10. The  are probability
densities, which we can think of as unnormalized probabilities.

To normalize them, we can put them in a  and call :



The result is a discrete approximation of a gamma distribution.
Here’s what it looks like:

This distribution represents our prior knowledge about goal scoring:
 is usually less than 2, occasionally as high as 6, and seldom

higher than that.

As usual, reasonable people could disagree about the details of the
prior, but this is good enough to get started. Let’s do an update.

The Update
Suppose you are given the goal-scoring rate, , and asked to
compute the probability of scoring a number of goals, . That is
precisely the question we answered by computing the Poisson PMF.

For example, if  is 1.4, the probability of scoring 4 goals in a game
is:



Now suppose we are have an array of possible values for ; we can
compute the likelihood of the data for each hypothetical value of ,
like this:

And that’s all we need to do the update. To get the posterior
distribution, we multiply the prior by the likelihoods we just computed
and normalize the result.

The following function encapsulates these steps:

The first parameter is the prior; the second is the number of goals.

In the example, France scored 4 goals, so I’ll make a copy of the
prior and update it with the data:

Here’s what the posterior distribution looks like, along with the prior:



The data, , makes us think higher values of  are more likely
and lower values are less likely. So the posterior distribution is
shifted to the right.

Let’s do the same for Croatia:

And here are the results:

Here are the posterior means for these distributions:



The mean of the prior distribution is about 1.4. After Croatia scores 2
goals, their posterior mean is 1.7, which is near the midpoint of the
prior and the data. Likewise after France scores 4 goals, their
posterior mean is 2.7.

These results are typical of a Bayesian update: the location of the
posterior distribution is a compromise between the prior and the
data.

Probability of Superiority
Now that we have a posterior distribution for each team, we can
answer the first question: How confident should we be that France is
the better team?

In the model, “better” means having a higher goal-scoring rate
against the opponent. We can use the posterior distributions to
compute the probability that a random value drawn from France’s
distribution exceeds a value drawn from Croatia’s.

One way to do that is to enumerate all pairs of values from the two
distributions, adding up the total probability that one value exceeds
the other:

This is similar to the method we use in “Addends” to compute the
distribution of a sum. Here’s how we use it:



 provides a function that does the same thing:

The results are slightly different because  uses array
operators rather than  loops.

Either way, the result is close to 75%. So, on the basis of one game,
we have moderate confidence that France is actually the better
team.

Of course, we should remember that this result is based on the
assumption that the goal-scoring rate is constant. In reality, if a team
is down by one goal, they might play more aggressively toward the
end of the game, making them more likely to score, but also more
likely to give up an additional goal.

As always, the results are only as good as the model.

Predicting the Rematch
Now we can take on the second question: If the same teams played
again, what is the chance Croatia would win? To answer this
question, we’ll generate the “posterior predictive distribution”, which
is the number of goals we expect a team to score.

If we knew the goal-scoring rate, , the distribution of goals would
be a Poisson distribution with parameter . Since we don’t know

, the distribution of goals is a mixture of a Poisson distributions
with different values of .

First I’ll generate a sequence of  objects, one for each value of
:



The following figure shows what these distributions look like for a few
values of .

The predictive distribution is a mixture of these  objects, weighted
with the posterior probabilities. We can use  from
“General Mixtures” to compute this mixture:

Here’s the predictive distribution for the number of goals France
would score in a rematch:



This distribution represents two sources of uncertainty: we don’t
know the actual value of , and even if we did, we would not know
the number of goals in the next game.

Here’s the predictive distribution for Croatia:

We can use these distributions to compute the probability that
France wins, loses, or ties the rematch:

Assuming that France wins half of the ties, their chance of winning
the rematch is about 65%:

This is a bit lower than their probability of superiority, which is 75%.
And that makes sense, because we are less certain about the
outcome of a single game than we are about the goal-scoring rates.
Even if France is the better team, they might lose the game.



The Exponential Distribution
As an exercise at the end of this notebook, you’ll have a chance to
work on the following variation on the World Cup Problem:

In the 2014 FIFA World Cup, Germany played Brazil in a semifinal
match. Germany scored after 11 minutes and again at the 23
minute mark. At that point in the match, how many goals would
you expect Germany to score after 90 minutes? What was the
probability that they would score 5 more goals (as, in fact, they
did)?

In this version, notice that the data is not the number of goals in a
fixed period of time, but the time between goals.

To compute the likelihood of data like this, we can take advantage of
the theory of Poisson processes again. If each team has a constant
goal-scoring rate, we expect the time between goals to follow an
exponential distribution.

If the goal-scoring rate is , the probability of seeing an interval
between goals of  is proportional to the PDF of the exponential
distribution:

Because  is a continuous quantity, the value of this expression is
not a probability; it is a probability density. However, it is proportional
to the probability of the data, so we can use it as a likelihood in a
Bayesian update.

SciPy provides , which creates an object that represents an
exponential distribution. However, it does not take  as a
parameter in the way you might expect, which makes it awkward to
work with. Since the PDF of the exponential distribution is so easy to
evaluate, I’ll use my own function:



To see what the exponential distribution looks like, let’s assume
again that  is 1.4; we can compute the distribution of  like this:

And here’s what it looks like:

It is counterintuitive, but true, that the most likely time to score a goal
is immediately. After that, the probability of each successive interval
is a little lower.

With a goal-scoring rate of 1.4, it is possible that a team will take
more than one game to score a goal, but it is unlikely that they will
take more than two games.

Summary



This chapter introduces three new distributions, so it can be hard to
keep them straight. Let’s review:

If a system satisfies the assumptions of a Poisson model, the
number of events in a period of time follows a Poisson
distribution, which is a discrete distribution with integer
quantities from 0 to infinity. In practice, we can usually ignore
low-probability quantities above a finite limit.

Also under the Poisson model, the interval between events
follows an exponential distribution, which is a continuous
distribution with quantities from 0 to infinity. Because it is
continuous, it is described by a probability density function
(PDF) rather than a probability mass function (PMF). But
when we use an exponential distribution to compute the
likelihood of the data, we can treat densities as unnormalized
probabilities.

The Poisson and exponential distributions are parameterized
by an event rate, denoted  or .

For the prior distribution of , I used a gamma distribution,
which is a continuous distribution with quantities from 0 to
infinity, but I approximated it with a discrete, bounded PMF.
The gamma distribution has one parameter, denoted  or

, which is also its mean.

I chose the gamma distribution because the shape is consistent with
our background knowledge about goal-scoring rates. There are other
distributions we could have used; however, we will see in Chapter 18
that the gamma distribution can be a particularly good choice.

But we have a few things to do before we get there, starting with
these exercises.

Exercises



Example 8-1.

Let’s finish the exercise we started:

In the 2014 FIFA World Cup, Germany played Brazil in a semifinal
match. Germany scored after 11 minutes and again at the 23
minute mark. At that point in the match, how many goals would
you expect Germany to score after 90 minutes? What was the
probability that they would score 5 more goals (as, in fact, they
did)?

Here are the steps I recommend:

1. Starting with the same gamma prior we used in the previous
problem, compute the likelihood of scoring a goal after 11
minutes for each possible value of . Don’t forget to
convert all times into games rather than minutes.

2. Compute the posterior distribution of  for Germany after
the first goal.

3. Compute the likelihood of scoring another goal after 12 more
minutes and do another update. Plot the prior, posterior after
one goal, and posterior after two goals.

4. Compute the posterior predictive distribution of goals
Germany might score during the remaining time in the game,

 minutes. Note: You will have to think about how to
generate predicted goals for a fraction of a game.

5. Compute the probability of scoring 5 or more goals during
the remaining time.

Example 8-2.

Returning to the first version of the World Cup Problem, suppose
France and Croatia play a rematch. What is the probability that
France scores first?



Example 8-3.

In the 2010-11 National Hockey League (NHL) Finals, my beloved
Boston Bruins played a best-of-seven championship series against
the despised Vancouver Canucks. Boston lost the first two games 0-
1 and 2-3, then won the next two games 8-1 and 4-0. At this point in
the series, what is the probability that Boston will win the next game,
and what is their probability of winning the championship?

To choose a prior distribution, I got some statistics from
http://www.nhl.com, specifically the average goals per game for each
team in the 2010-11 season. The distribution is well modeled by a
gamma distribution with mean 2.8.

In what ways do you think the outcome of these games might violate
the assumptions of the Poisson model? How would these violations
affect your predictions?



Chapter 9. Decision Analysis

This chapter presents a problem inspired by the game show The
Price is Right. It is a silly example, but it demonstrates a useful
process called Bayesian decision analysis.

As in previous examples, we’ll use data and prior distribution to
compute a posterior distribution; then we’ll use the posterior
distribution to choose an optimal strategy in a game that involves
bidding.

As part of the solution, we will use kernel density estimation (KDE) to
estimate the prior distribution, and a normal distribution to compute
the likelihood of the data.

And at the end of the chapter, I pose a related problem you can
solve as an exercise.

The Price Is Right Problem
On November 1, 2007, contestants named Letia and Nathaniel
appeared on The Price is Right, an American television game show.
They competed in a game called “The Showcase”, where the
objective is to guess the price of a collection of prizes. The
contestant who comes closest to the actual price, without going over,
wins the prizes.

Nathaniel went first. His showcase included a dishwasher, a wine
cabinet, a laptop computer, and a car. He bid $26,000.

Letia’s showcase included a pinball machine, a video arcade game,
a pool table, and a cruise of the Bahamas. She bid $21,500. The
actual price of Nathaniel’s showcase was $25,347. His bid was too
high, so he lost. The actual price of Letia’s showcase was $21,578.



She was only off by $78, so she won her showcase and, because
her bid was off by less than 250, she also won Nathaniel’s
showcase.

For a Bayesian thinker, this scenario suggests several questions:

1. Before seeing the prizes, what prior beliefs should the
contestants have about the price of the showcase?

2. After seeing the prizes, how should the contestants update
those beliefs?

3. Based on the posterior distribution, what should the
contestants bid?

The third question demonstrates a common use of Bayesian
methods: decision analysis.

This problem is inspired by an example in Cameron Davidson-Pilon’s
book, Probablistic Programming and Bayesian Methods for Hackers.

The Prior
To choose a prior distribution of prices, we can take advantage of
data from previous episodes. Fortunately, fans of the show keep
detailed records.

For this example, I downloaded files containing the price of each
showcase from the 2011 and 2012 seasons and the bids offered by
the contestants.

The following function reads the data and cleans it up a little:



I’ll read both files and concatenate them:

Here’s what the dataset looks like:

The first two columns,  and , are the values of
the showcases in dollars. The next two columns are the bids the
contestants made. The last two columns are the differences between
the actual values and the bids.

Kernel Density Estimation
This dataset contains the prices for 313 previous showcases, which
we can think of as a sample from the population of possible prices.

We can use this sample to estimate the prior distribution of
showcase prices. One way to do that is kernel density estimation
(KDE), which uses the sample to estimate a smooth distribution. If
you are not familiar with KDE, you can read about it online.

SciPy provides , which takes a sample and returns an
object that represents the estimated distribution.

Showcase 1 Showcase 2 Bid 1 Bid 2
0 50969.0 45429.0 42000.0 34000.0
1 21901.0 34061.0 14000.0 59900.0
2 32815.0 53186.0 32000.0 45000.0



The following function takes , makes a KDE, evaluates it at a
given sequence of quantities, , and returns the result as a
normalized PMF.

We can use it to estimate the distribution of values for Showcase 1:

Here’s what it looks like:

Example 9-1.

Use this function to make a  that represents the prior distribution
for Showcase 2, and plot it.



Distribution of Error
To update these priors, we have to answer these questions:

What data should we consider and how should we quantify
it?

Can we compute a likelihood function? That is, for each
hypothetical price, can we compute the conditional likelihood
of the data?

To answer these questions, I will model each contestant as a price-
guessing instrument with known error characteristics. In this model,
when the contestant sees the prizes, they guess the price of each
prize and add up the prices. Let’s call this total .

Now the question we have to answer is, “If the actual price is ,
what is the likelihood that the contestant’s guess would be ?”

Equivalently, if we define , we can ask, “What
is the likelihood that the contestant’s guess is off by ?”

To answer this question, I’ll use the historical data again. For each
showcase in the dataset, let’s look at the difference between the
contestant’s bid and the actual price:

To visualize the distribution of these differences, we can use KDE
again:

Here’s what these distributions look like:



It looks like the bids are too low more often than too high, which
makes sense. Remember that under the rules of the game, you lose
if you overbid, so contestants probably underbid to some degree
deliberately.

For example, if they guess that the value of the showcase is
$40,000, they might bid $36,000 to avoid going over.

It looks like these distributions are well modeled by a normal
distribution, so we can summarize them with their mean and
standard deviation.

For example, here is the mean and standard deviation of  for
Player 1:

Now we can use these differences to model the contestant’s
distribution of errors. This step is a little tricky because we don’t
actually know the contestant’s guesses; we only know what they bid.

So we have to make some assumptions:



I’ll assume that contestants underbid because they are being
strategic, and that on average their guesses are accurate. In
other words, the mean of their errors is 0.

But I’ll assume that the spread of the differences reflects the
actual spread of their errors. So, I’ll use the standard
deviation of the differences as the standard deviation of their
errors.

Based on these assumptions, I’ll make a normal distribution with
parameters 0 and . SciPy provides an object called 
that represents a normal distribution with the given mean and
standard deviation:

The result is an object that provides , which evaluates the
probability density function of the normal distribution.

For example, here is the probability density of , based on
the distribution of errors for Player 1:

By itself, this number doesn’t mean very much, because probability
densities are not probabilities. But they are proportional to
probabilities, so we can use them as likelihoods in a Bayesian
update, as we’ll see in the next section.

Update



Suppose you are Player 1. You see the prizes in your showcase and
your guess for the total price is $23,000.

From your guess I will subtract away each hypothetical price in the
prior distribution; the result is your error under each hypothesis.

Now suppose we know, based on past performance, that your
estimation error is well modeled by . Under that
assumption we can compute the likelihood of your error under each
hypothesis:

The result is an array of likelihoods, which we can use to update the
prior:

Here’s what the posterior distribution looks like:

Because your initial guess is in the lower end of the range, the
posterior distribution has shifted to the left. We can compute the



posterior mean to see by how much:

Before you saw the prizes, you expected to see a showcase with a
value close to $30,000. After making a guess of $23,000, you
updated the prior distribution. Based on the combination of the prior
and your guess, you now expect the actual price to be about
$26,000.

Example 9-2.

Now suppose you are Player 2. When you see your showcase, you
guess that the total price is $38,000.

Use  to construct a normal distribution that represents the
distribution of your estimation errors.

Compute the likelihood of your guess for each actual price and use it
to update .

Plot the posterior distribution and compute the posterior mean.
Based on the prior and your guess, what do you expect the actual
price of the showcase to be?

Probability of Winning
Now that we have a posterior distribution for each player, let’s think
about strategy.

First, from the point of view of Player 1, let’s compute the probability
that Player 2 overbids. To keep it simple, I’ll use only the
performance of past players, ignoring the value of the showcase.

The following function takes a sequence of past bids and returns the
fraction that overbid.



Here’s an estimate for the probability that Player 2 overbids:

Now suppose Player 1 underbids by $5,000. What is the probability
that Player 2 underbids by more?

The following function uses past performance to estimate the
probability that a player underbids by more than a given amount,

:

Here’s the probability that Player 2 underbids by more than $5,000:

And here’s the probability they underbid by more than $10,000:

We can combine these functions to compute the probability that
Player 1 wins, given the difference between their bid and the actual
price:



Here’s the probability that you win, given that you underbid by
$5,000:

Now let’s look at the probability of winning for a range of possible
differences:

Here’s what it looks like:



If you underbid by $30,000, the chance of winning is about 30%,
which is mostly the chance your opponent overbids.

As your bids gets closer to the actual price, your chance of winning
approaches 1.

And, of course, if you overbid, you lose (even if your opponent also
overbids).

Example 9-3.

Run the same analysis from the point of view of Player 2. Using the
sample of differences from Player 1, compute:

1. The probability that Player 1 overbids.

2. The probability that Player 1 underbids by more than $5,000.

3. The probability that Player 2 wins, given that they underbid
by $5,000.

Then plot the probability that Player 2 wins for a range of possible
differences between their bid and the actual price.

Decision Analysis
In the previous section we computed the probability of winning, given
that we have underbid by a particular amount.



In reality the contestants don’t know how much they have underbid
by, because they don’t know the actual price.

But they do have a posterior distribution that represents their beliefs
about the actual price, and they can use that to estimate their
probability of winning with a given bid.

The following function takes a possible bid, a posterior distribution of
actual prices, and a sample of differences for the opponent.

It loops through the hypothetical prices in the posterior distribution
and, for each price:

1. Computes the difference between the bid and the
hypothetical price,

2. Computes the probability that the player wins, given that
difference, and

3. Adds up the weighted sum of the probabilities, where the
weights are the probabilities in the posterior distribution.

This loop implements the law of total probability:



Here’s the probability that Player 1 wins, based on a bid of $25,000
and the posterior distribution :

Now we can loop through a series of possible bids and compute the
probability of winning for each one:

Here are the results:

And here’s the bid that maximizes Player 1’s chance of winning:



Recall that your guess was $23,000. Using your guess to compute
the posterior distribution, the posterior mean is about $26,000. But
the bid that maximizes your chance of winning is $21,000.

Example 9-4.

Do the same analysis for Player 2.

Maximizing Expected Gain
In the previous section we computed the bid that maximizes your
chance of winning. And if that’s your goal, the bid we computed is
optimal.

But winning isn’t everything. Remember that if your bid is off by $250
or less, you win both showcases. So it might be a good idea to
increase your bid a little: it increases the chance you overbid and
lose, but it also increases the chance of winning both showcases.

Let’s see how that works out. The following function computes how
much you will win, on average, given your bid, the actual price, and a
sample of errors for your opponent.

For example, if the actual price is $35,000 and you bid $30,000, you
will win about $23,600 worth of prizes on average, taking into
account your probability of losing, winning one showcase, or winning
both.



In reality we don’t know the actual price, but we have a posterior
distribution that represents what we know about it. By averaging over
the prices and probabilities in the posterior distribution, we can
compute the expected gain for a particular bid.

In this context, “expected” means the average over the possible
showcase values, weighted by their probabilities.

For the posterior we computed earlier, based on a guess of $23,000,
the expected gain for a bid of $21,000 is about $16,900:

But can we do any better?

To find out, we can loop through a range of bids and find the one that
maximizes expected gain:

Here are the results:



Here is the optimal bid:

With that bid, the expected gain is about $17,400:

Recall that your initial guess was $23,000. The bid that maximizes
the chance of winning is $21,000. And the bid that maximizes your
expected gain is $22,000.

Example 9-5.

Do the same analysis for Player 2.

Summary
There’s a lot going on this this chapter, so let’s review the steps:

1. First we used KDE and data from past shows to estimate
prior distributions for the values of the showcases.



2. Then we used bids from past shows to model the distribution
of errors as a normal distribution.

3. We did a Bayesian update using the distribution of errors to
compute the likelihood of the data.

4. We used the posterior distribution for the value of the
showcase to compute the probability of winning for each
possible bid, and identified the bid that maximizes the
chance of winning.

5. Finally, we used probability of winning to compute the
expected gain for each possible bid, and identified the bid
that maximizes expected gain.

Incidentally, this example demonstrates the hazard of using the word
“optimal” without specifying what you are optimizing. The bid that
maximizes the chance of winning is not generally the same as the
bid that maximizes expected gain.

Discussion
When people discuss the pros and cons of Bayesian estimation, as
contrasted with classical methods sometimes called “frequentist”,
they often claim that in many cases Bayesian methods and
frequentist methods produce the same results.

In my opinion, this claim is mistaken because Bayesian and
frequentist method produce different kinds of results:

The result of frequentist methods is usually a single value
that is considered to be the best estimate (by one of several
criteria) or an interval that quantifies the precision of the
estimate.

The result of Bayesian methods is a posterior distribution
that represents all possible outcomes and their probabilities.



Granted, you can use the posterior distribution to choose a “best”
estimate or compute an interval. And in that case the result might be
the same as the frequentist estimate.

But doing so discards useful information and, in my opinion,
eliminates the primary benefit of Bayesian methods: the posterior
distribution is more useful than a single estimate, or even an interval.

The example in this chapter demonstrates the point. Using the entire
posterior distribution, we can compute the bid that maximizes the
probability of winning, or the bid that maximizes expected gain, even
if the rules for computing the gain are complicated (and nonlinear).

With a single estimate or an interval, we can’t do that, even if they
are “optimal” in some sense. In general, frequentist estimation
provides little guidance for decision-making.

If you hear someone say that Bayesian and frequentist methods
produce the same results, you can be confident that they don’t
understand Bayesian methods.

More Exercises
Example 9-6.

When I worked in Cambridge, Massachusetts, I usually took the
subway to South Station and then a commuter train home to
Needham. Because the subway was unpredictable, I left the office
early enough that I could wait up to 15 minutes and still catch the
commuter train.

When I got to the subway stop, there were usually about 10 people
waiting on the platform. If there were fewer than that, I figured I just
missed a train, so I expected to wait a little longer than usual. And if
there there more than that, I expected another train soon.

But if there were a lot more than 10 passengers waiting, I inferred
that something was wrong, and I expected a long wait. In that case, I



might leave and take a taxi.

We can use Bayesian decision analysis to quantify the analysis I did
intuitively. Given the number of passengers on the platform, how
long should we expect to wait? And when should we give up and
take a taxi?

My analysis of this problem is in , which is in the
repository for this book. Click here to run this notebook on Colab.

Example 9-7.

This exercise is inspired by a true story. In 2001, I created Green Tea
Press to publish my books, starting with Think Python. I ordered 100
copies from a short-run printer and made the book available for sale
through a distributor.

After the first week, the distributor reported that 12 copies were sold.
Based on that report, I thought I would run out of copies in about 8
weeks, so I got ready to order more. My printer offered me a
discount if I ordered more than 1,000 copies, so I went a little crazy
and ordered 2,000.

A few days later, my mother called to tell me that her copies of the
book had arrived. Surprised, I asked how many. She said 10.

It turned out I had sold only two books to non-relatives. And it took a
lot longer than I expected to sell 2,000 copies.

The details of this story are unique, but the general problem is
something almost every retailer has to figure out. Based on past
sales, how do you predict future sales? And based on those
predictions, how do you decide how much to order and when?

Often the cost of a bad decision is complicated. If you place a lot of
small orders rather than one big one, your costs are likely to be
higher. If you run out of inventory, you might lose customers. And if
you order too much, you have to pay the various costs of holding
inventory.



So, let’s solve a version of the problem I faced. It will take some work
to set up the problem; the details are in the notebook for this chapter.



Chapter 10. Testing

In “The Euro Problem” I presented a problem from David MacKay’s
book, Information Theory, Inference, and Learning Algorithms:

A statistical statement appeared in The Guardian on Friday,
January 4, 2002:

When spun on edge 250 times, a Belgian one-euro coin came up
heads 140 times and tails 110. “It looks very suspicious to me,”
said Barry Blight, a statistics lecturer at the London School of
Economics. “If the coin were unbiased, the chance of getting a
result as extreme as that would be less than 7%.”

But do these data give evidence that the coin is biased rather than
fair?

We started to answer this question in Chapter 4; to review, our
answer was based on these modeling decisions:

If you spin a coin on edge, there is some probability, , that it
will land heads up.

The value of  varies from one coin to the next, depending
on how the coin is balanced and possibly other factors.

Starting with a uniform prior distribution for , we updated it with the
given data, 140 heads and 110 tails. Then we used the posterior
distribution to compute the most likely value of , the posterior
mean, and a credible interval.

But we never really answered MacKay’s question: “Do these data
give evidence that the coin is biased rather than fair?”

In this chapter, finally, we will.



Estimation
Let’s review the solution to the Euro Problem from “The Binomial
Likelihood Function”. We started with a uniform prior:

And we used the binomial distribution to compute the probability of
the data for each possible value of :

We computed the posterior distribution in the usual way:

And here’s what it looks like:

Again, the posterior mean is about 0.56, with a 90% credible interval
from 0.51 to 0.61:



The prior mean was 0.5, and the posterior mean is 0.56, so it seems
like the data is evidence that the coin is biased.

But, it turns out not to be that simple.

Evidence
In “Oliver’s Blood”, I said that data are considered evidence in favor
of a hypothesis, , if the data are more likely under  than under
the alternative, ; that is if

Furthermore, we can quantify the strength of the evidence by
computing the ratio of these likelihoods, which is known as the
Bayes factor and often denoted :

So, for the Euro Problem, let’s consider two hypotheses,  and
, and compute the likelihood of the data under each

hypothesis.

If the coin is fair, the probability of heads is 50%, and we can
compute the probability of the data (140 heads out of 250 spins)
using the binomial distribution:



That’s the probability of the data, given that the coin is fair.

But if the coin is biased, what’s the probability of the data? That
depends on what “biased” means. If we know ahead of time that
“biased” means the probability of heads is 56%, we can use the
binomial distribution again:

Now we can compute the likelihood ratio:

The data are about 6 times more likely if the coin is biased, by this
definition, than if it is fair.

But we used the data to define the hypothesis, which seems like
cheating. To be fair, we should define “biased” before we see the
data.

Uniformly Distributed Bias
Suppose “biased” means that the probability of heads is anything
except 50%, and all other values are equally likely.

We can represent that definition by making a uniform distribution and
removing 50%:



To compute the total probability of the data under this hypothesis, we
compute the conditional probability of the data for each value of :

Then multiply by the prior probabilities and add up the products:

So that’s the probability of the data under the “biased uniform”
hypothesis.

Now we can compute the likelihood ratio of the data under the 
and  hypotheses:

The data are about two times more likely if the coin is fair than if it is
biased, by this definition of “biased”.

To get a sense of how strong that evidence is, we can apply Bayes’s
rule. For example, if the prior probability is 50% that the coin is
biased, the prior odds are 1, so the posterior odds are about 2.1 to 1
and the posterior probability is about 68%.



Evidence that “moves the needle” from 50% to 68% is not very
strong.

Now suppose “biased” doesn’t mean every value of  is equally
likely. Maybe values near 50% are more likely and values near the
extremes are less likely. We could use a triangle-shaped distribution
to represent this alternative definition of “biased”:

As we did with the uniform distribution, we can remove 50% as a
possible value of  (but it doesn’t make much difference if we skip
this detail):

Here’s what the triangle prior looks like, compared to the uniform
prior:



Example 10-1.

Now compute the total probability of the data under this definition of
“biased” and compute the Bayes factor, compared with the fair
hypothesis. Is the data evidence that the coin is biased?

Bayesian Hypothesis Testing
What we’ve done so far in this chapter is sometimes called
“Bayesian hypothesis testing” in contrast with statistical hypothesis
testing.

In statistical hypothesis testing, we compute a p-value, which is hard
to define concisely, and use it to determine whether the results are
“statistically significant”, which is also hard to define concisely.

The Bayesian alternative is to report the Bayes factor, , which
summarizes the strength of the evidence in favor of one hypothesis
or the other.

Some people think it is better to report  than a posterior probability
because  does not depend on a prior probability. But as we saw in
this example,  often depends on a precise definition of the
hypotheses, which can be just as controversial as a prior probability.

In my opinion, Bayesian hypothesis testing is better because it
measures the strength of the evidence on a continuum, rather that



trying to make a binary determination. But it doesn’t solve what I
think is the fundamental problem, which is that hypothesis testing is
not asking the question we really care about.

To see why, suppose you test the coin and decide that it is biased
after all. What can you do with this answer? In my opinion, not much.
In contrast, there are two questions I think are more useful (and
therefore more meaningful):

Prediction: Based on what we know about the coin, what
should we expect to happen in the future?

Decision-making: Can we use those predictions to make
better decisions?

At this point, we’ve seen a few examples of prediction. For example,
in Chapter 8 we used the posterior distribution of goal-scoring rates
to predict the outcome of soccer games.

And we’ve seen one previous example of decision analysis: In
Chapter 9 we used the distribution of prices to choose an optimal bid
on The Price is Right.

So let’s finish this chapter with another example of Bayesian
decision analysis, the Bayesian Bandit strategy.

Bayesian Bandits
If you have ever been to a casino, you have probably seen a slot
machine, which is sometimes called a “one-armed bandit” because it
has a handle like an arm and the ability to take money like a bandit.

The Bayesian Bandit strategy is named after one-armed bandits
because it solves a problem based on a simplified version of a slot
machine.

Suppose that each time you play a slot machine, there is a fixed
probability that you win. And suppose that different machines give



you different probabilities of winning, but you don’t know what the
probabilities are.

Initially, you have the same prior belief about each of the machines,
so you have no reason to prefer one over the others. But if you play
each machine a few times, you can use the results to estimate the
probabilities. And you can use the estimated probabilities to decide
which machine to play next.

At a high level, that’s the Bayesian Bandit strategy. Now let’s see the
details.

Prior Beliefs
If we know nothing about the probability of winning, we can start with
a uniform prior:

Supposing we are choosing from four slot machines, I’ll make four
copies of the prior, one for each machine:

Here’s what the prior distributions look like for the four machines:



The Update
Each time we play a machine, we can use the outcome to update
our beliefs. The following function does the update.

This function updates the prior distribution in place.  is a  that
represents the prior distribution of , which is the probability of
winning.

 is a string, either  if the outcome is a win or  if the outcome is
a loss.

The likelihood of the data is either  or , depending on the
outcome.

Suppose we choose a machine, play 10 times, and win once. We
can compute the posterior distribution of , based on this outcome,



like this:

Here’s what the posterior looks like:

Multiple Bandits
Now suppose we have four machines with these probabilities:

Remember that as a player, we don’t know these probabilities.

The following function takes the index of a machine, simulates
playing the machine once, and returns the outcome,  or .



 is a , which is a kind of dictionary we’ll use to keep
track of how many times each machine is played.

Here’s a test that plays each machine 10 times:

Each time through the inner loop, we play one machine and update
our beliefs.

Here’s what our posterior beliefs look like:

Here are the actual probabilities, posterior means, and 90% credible
intervals:



Actual P(win) Posterior mean Credible interval
0 0.1 0.250 [0.08, 0.47]
1 0.2 0.250 [0.08, 0.47]
2 0.3 0.500 [0.27, 0.73]
3 0.4 0.417 [0.2, 0.65]

We expect the credible intervals to contain the actual probabilities
most of the time.

Explore and Exploit
Based on these posterior distributions, which machine do you think
we should play next? One option would be to choose the machine
with the highest posterior mean.

That would not be a bad idea, but it has a drawback: since we have
only played each machine a few times, the posterior distributions are
wide and overlapping, which means we are not sure which machine
is the best; if we focus on one machine too soon, we might choose
the wrong machine and play it more than we should.

To avoid that problem, we could go to the other extreme and play all
machines equally until we are confident we have identified the best
machine, and then play it exclusively.

That’s not a bad idea either, but it has a drawback: while we are
gathering data, we are not making good use of it; until we’re sure
which machine is the best, we are playing the others more than we
should.

The Bayesian Bandits strategy avoids both drawbacks by gathering
and using data at the same time. In other words, it balances
exploration and exploitation.

The kernel of the idea is called Thompson sampling: when we
choose a machine, we choose at random so that the probability of



choosing each machine is proportional to the probability that it is the
best.

Given the posterior distributions, we can compute the “probability of
superiority” for each machine.

Here’s one way to do it. We can draw a sample of 1,000 values from
each posterior distribution, like this:

The result has 4 rows and 1,000 columns. We can use  to find
the index of the largest value in each column:

The  of these indices is the fraction of times each machine
yielded the highest values:

probs
0 0.048
1 0.043
2 0.625
3 0.284



These fractions approximate the probability of superiority for each
machine. So we could choose the next machine by choosing a value
from this .

But that’s a lot of work to choose a single value, and it’s not really
necessary, because there’s a shortcut.

If we draw a single random value from each posterior distribution
and select the machine that yields the highest value, it turns out that
we’ll select each machine in proportion to its probability of
superiority.

That’s what the following function does.

This function chooses one value from the posterior distribution of
each machine and then uses  to find the index of the machine
that yielded the highest value.

Here’s an example:



The Strategy
Putting it all together, the following function chooses a machine,
plays once, and updates :

To test it out, let’s start again with a fresh set of beliefs and an empty
:

If we run the bandit algorithm 100 times, we can see how 
gets updated:



The following table summarizes the results:

Actual P(win) Posterior mean Credible interval
0 0.1 0.107 [0.0, 0.31]
1 0.2 0.269 [0.14, 0.42]
2 0.3 0.293 [0.18, 0.41]
3 0.4 0.438 [0.3, 0.58]

The credible intervals usually contain the actual probabilities of
winning. The estimates are still rough, especially for the lower-
probability machines. But that’s a feature, not a bug: the goal is to
play the high-probability machines most often. Making the estimates
more precise is a means to that end, but not an end itself.

More importantly, let’s see how many times each machine got
played:

Actual P(win) Times played
0 0.1 7
1 0.2 24
2 0.3 39
3 0.4 30



If things go according to plan, the machines with higher probabilities
should get played more often.

Summary
In this chapter we finally solved the Euro Problem, determining
whether the data support the hypothesis that the coin is fair or
biased. We found that the answer depends on how we define
“biased”. And we summarized the results using a Bayes factor, which
quantifies the strength of the evidence.

But the answer wasn’t satisfying because, in my opinion, the
question wasn’t interesting. Knowing whether the coin is biased is
not useful unless it helps us make better predictions and better
decisions.

As an example of a more interesting question, we looked at the One-
Armed Bandit problem and a strategy for solving it, the Bayesian
Bandit algorithm, which tries to balance exploration and exploitation,
that is, gathering more information and making the best use of the
information we have.

As an exercise, you’ll have a chance to explore adaptive strategies
for standardized testing.

Bayesian bandits and adaptive testing are examples of Bayesian
decision theory, which is the idea of using a posterior distribution as
part of a decision-making process, often by choosing an action that
minimizes the costs we expect on average (or maximizes a benefit).

The strategy we used in “Maximizing Expected Gain” to bid on The
Price is Right is another example.

These strategies demonstrate what I think is the biggest advantage
of Bayesian methods over classical statistics. When we represent
knowledge in the form of probability distributions, Bayes’s theorem
tells us how to change our beliefs as we get more data, and



Bayesian decision theory tells us how to make that knowledge
actionable.

More Exercises
Example 10-2.

Standardized tests like the SAT are often used as part of the
admission process at colleges and universities. The goal of the SAT
is to measure the academic preparation of the test-takers; if it is
accurate, their scores should reflect their actual ability in the domain
of the test.

Until recently, tests like the SAT were taken with paper and pencil,
but now students have the option of taking the test online. In the
online format, it is possible for the test to be “adaptive”, which means
that it can choose each question based on responses to previous
questions.

If a student gets the first few questions right, the test can challenge
them with harder questions. If they are struggling, it can give them
easier questions. Adaptive testing has the potential to be more
“efficient”, meaning that with the same number of questions an
adaptive test could measure the ability of a tester more precisely.

To see whether this is true, we will develop a model of an adaptive
test and quantify the precision of its measurements.

Details of this exercise are in the notebook.



Chapter 11. Comparison

This chapter introduces joint distributions, which are an essential tool
for working with distributions of more than one variable.

We’ll use them to solve a silly problem on our way to solving a real
problem. The silly problem is figuring out how tall two people are,
given only that one is taller than the other. The real problem is rating
chess players (or participants in other kinds of competition) based on
the outcome of a game.

To construct joint distributions and compute likelihoods for these
problems, we will use outer products and similar operations. And
that’s where we’ll start.

Outer Operations
Many useful operations can be expressed as the “outer product” of
two sequences, or another kind of “outer” operation. Suppose you
have sequences like  and :

The outer product of these sequences is an array that contains the
product of every pair of values, one from each sequence. There are
several ways to compute outer products, but the one I think is the
most versatile is a “mesh grid”.

NumPy provides a function called  that computes a mesh
grid. If we give it two sequences, it returns two arrays:



The first array contains copies of  arranged in rows, where the
number of rows is the length of :

The second array contains copies of  arranged in columns, where
the number of columns is the length of :

Because the two arrays are the same size, we can use them as
operands for arithmetic functions like multiplication:

This is result is the outer product of  and . We can see that more
clearly if we put it in a :

1 3 5
2 2 6 10
4 4 12 20



The values from  appear as column names; the values from 
appear as row labels. Each element is the product of a value from 
and a value from .

We can use mesh grids to compute other operations, like the outer
sum, which is an array that contains the sum of elements from  and
elements from :

We can also use comparison operators to compare elements from 
with elements from :

The result is an array of Boolean values.

It might not be obvious yet why these operations are useful, but we’ll
see examples soon. With that, we are ready to take on a new
Bayesian problem.

How Tall Is A?
Suppose I choose two people from the population of adult males in
the US; I’ll call them A and B. If we see that A is taller than B, how
tall is A?

To answer this question:

1. I’ll use background information about the height of men in
the US to form a prior distribution of height,



2. I’ll construct a joint prior distribution of height for A and B
(and I’ll explain what that is),

3. Then I’ll update the prior with the information that A is taller,
and

4. From the joint posterior distribution I’ll extract the posterior
distribution of height for A.

In the US the average height of male adults is 178 cm and the
standard deviation is 7.7 cm. The distribution is not exactly normal,
because nothing in the real world is, but the normal distribution is a
pretty good model of the actual distribution, so we can use it as a
prior distribution for A and B.

Here’s an array of equally-spaced values from 3 standard deviations
below the mean to 3 standard deviations above (rounded up a little):

SciPy provides a function called  that represents a normal
distribution with a given mean and standard deviation, and provides

, which evaluates the probability density function (PDF) of the
normal distribution:

Probability densities are not probabilities, but if we put them in a 
and normalize it, the result is a discrete approximation of the normal
distribution.



Here’s what it looks like:

This distribution represents what we believe about the heights of 
and  before we take into account the data that  is taller.

Joint Distribution
The next step is to construct a distribution that represents the
probability of every pair of heights, which is called a joint distribution.
The elements of the joint distribution are

which is the probability that  is  cm tall and  is  cm tall, for all
values of  and .

At this point all we know about  and  is that they are male
residents of the US, so their heights are independent; that is,
knowing the height of  provides no additional information about the
height of .

In that case, we can compute the joint probabilities like this:



Each joint probability is the product of one element from the
distribution of  and one element from the distribution of .

So if we have  objects that represent the distribution of height for
 and , we can compute the joint distribution by computing the outer

product of the probabilities in each .

The following function takes two  objects and returns a 
that represents the joint distribution.

The column names in the result are the quantities from ; the row
labels are the quantities from .

In this example, the prior distributions for  and  are the same, so
we can compute the joint prior distribution like this:

The result is a  with possible heights of  along the
columns, heights of  along the rows, and the joint probabilities as
elements.

If the prior is normalized, the joint prior is also normalized.



To add up all of the elements, we convert the  to a NumPy
array before calling . Otherwise,  would compute
the sums of the columns and return a .

Visualizing the Joint Distribution
The following function uses  to plot the joint distribution.

Here’s what the joint prior distribution looks like:

As you might expect, the probability is highest (darkest) near the
mean and drops off farther from the mean.

Another way to visualize the joint distribution is a contour plot:



Each line represents a level of equal probability.

Likelihood
Now that we have a joint prior distribution, we can update it with the
data, which is that  is taller than .

Each element in the joint distribution represents a hypothesis about
the heights of  and . To compute the likelihood of every pair of
quantities, we can extract the column names and row labels from the
prior, like this:

And use them to compute a mesh grid:



 contains copies of the quantities in , which are possible heights
for .  contains copies of the quantities in , which are possible
heights for . If we compare  and , the result is a Boolean array:

To compute likelihoods, I’ll use  to make an array with 
where  is  and 0 elsewhere:

To visualize this array of likelihoods, I’ll put in a  with the
values of  as column names and the values of  as row labels:

Here’s what it looks like:

The likelihood of the data is 1 where  and 0 elsewhere.

The Update



We have a prior, we have a likelihood, and we are ready for the
update. As usual, the unnormalized posterior is the product of the
prior and the likelihood.

I’ll use the following function to normalize the posterior:

And here’s what it looks like:

All pairs where  is taller than  have been eliminated. The rest of
the posterior looks the same as the prior, except that it has been
renormalized.

Marginal Distributions
The joint posterior distribution represents what we believe about the
heights of  and  given the prior distributions and the information



that  is taller.

From this joint distribution, we can compute the posterior
distributions for  and . To see how, let’s start with a simpler
problem.

Suppose we want to know the probability that  is 180 cm tall. We
can select the column from the joint distribution where :

This column contains posterior probabilities for all cases where
; if we add them up, we get the total probability that  is 180 cm

tall.

It’s about 3%.

Now, to get the posterior distribution of height for , we can add up
all of the columns, like this:



The argument  means we want to add up the columns.

The result is a  that contains every possible height for  and
its probability. In other words, it is the distribution of heights for .

We can put it in a  like this:

When we extract the distribution of a single variable from a joint
distribution, the result is called a marginal distribution. The name
comes from a common visualization that shows the joint distribution
in the middle and the marginal distributions in the margins.

Here’s what the marginal distribution for  looks like:

Similarly, we can get the posterior distribution of height for  by
adding up the rows and putting the result in a :

Here’s what it looks like:



Let’s put the code from this section in a function:

 takes as parameters a joint distribution and an axis
number:

If , it returns the marginal of the first variable (the one
on the x-axis);

If , it returns the marginal of the second variable (the
one on the y-axis).

So we can compute both marginals like this:

Here’s what they look like, along with the prior:



As you might expect, the posterior distribution for  is shifted to the
right and the posterior distribution for  is shifted to the left.

We can summarize the results by computing the posterior means:

Based on the observation that  is taller than , we are inclined to
believe that  is a little taller than average, and  is a little shorter.

Notice that the posterior distributions are a little narrower than the
prior. We can quantify that by computing their standard deviations:



The standard deviations of the posterior distributions are a little
smaller, which means we are more certain about the heights of  and
 after we compare them.

Conditional Posteriors
Now suppose we measure  and find that he is 170 cm tall. What
does that tell us about ?

In the joint distribution, each column corresponds to a possible
height for . We can select the column that corresponds to height
170 cm like this:

The result is a  that represents possible heights for  and their
relative likelihoods. These likelihoods are not normalized, but we can
normalize them like this:

Making a  copies the data by default, so we can normalize 
without affecting  or . The result is the
conditional distribution of height for  given that  is 170 cm tall.

Here’s what it looks like:



The conditional posterior distribution is cut off at 170 cm, because
we have established that  is shorter than , and  is 170 cm.

Dependence and Independence
When we constructed the joint prior distribution, I said that the
heights of  and  were independent, which means that knowing one
of them provides no information about the other. In other words, the
conditional probability  is the same as the unconditional
probability .

But in the posterior distribution,  and  are not independent. If we
know that  is taller than , and we know how tall  is, that gives us
information about .

The conditional distribution we just computed demonstrates this
dependence.

Summary
In this chapter we started with the “outer” operations, like outer
product, which we used to construct a joint distribution.

In general, you cannot construct a joint distribution from two marginal
distributions, but in the special case where the distributions are



independent, you can.

We extended the Bayesian update process and applied it to a joint
distribution. Then from the posterior joint distribution we extracted
marginal posterior distributions and conditional posterior
distributions.

As an exercise, you’ll have a chance to apply the same process to a
problem that’s a little more difficult and a lot more useful, updating a
chess player’s rating based on the outcome of a game.

Exercises
Example 11-1.

Based on the results of the previous example, compute the posterior
conditional distribution for  given that  is 180 cm.

Hint: Use  to select a row from a .

Example 11-2.

Suppose we have established that  is taller than , but we don’t
know how tall  is. Now we choose a random woman, , and find that
she is shorter than  by at least 15 cm. Compute posterior
distributions for the heights of  and .

The average height for women in the US is 163 cm; the standard
deviation is 7.3 cm.

Example 11-3.

The Elo rating system is a way to quantify the skill level of players for
games like chess.

It is based on a model of the relationship between the ratings of
players and the outcome of a game. Specifically, if  is the rating
of player  and  is the rating of player , the probability that 
beats  is given by the logistic function:



The parameters 10 and 400 are arbitrary choices that determine the
range of the ratings. In chess, the range is from 100 to 2,800.

Notice that the probability of winning depends only on the difference
in rankings. As an example, if  exceeds  by 100 points, the
probability that  wins is:

Suppose  has a current rating of 1,600, but we are not sure it is
accurate. We could describe their true rating with a normal
distribution with mean 1,600 and standard deviation 100, to indicate
our uncertainty.

And suppose  has a current rating of 1,800, with the same level of
uncertainty.

Then  and  play and  wins. How should we update their ratings?
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JLYHQ�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ�

)RU�H[DPSOH��KHUH¶V�WKH�GLFWLRQDU\�RI� �REMHFWV�IRU�IOLSSHU�OHQJWK�

1RZ�VXSSRVH�ZH�PHDVXUH�D�SHQJXLQ�DQG�ILQG�WKDW�LWV�IOLSSHU�LV����
FP��:KDW�LV�WKH�SUREDELOLW\�RI�WKDW�PHDVXUHPHQW�XQGHU�HDFK
K\SRWKHVLV"

7KH� �REMHFW�SURYLGHV� ��ZKLFK�FRPSXWHV�WKH�SUREDELOLW\�GHQVLW\
IXQFWLRQ��3')��RI�WKH�QRUPDO�GLVWULEXWLRQ��:H�FDQ�XVH�LW�WR�FRPSXWH
WKH�OLNHOLKRRG�RI�WKH�REVHUYHG�GDWD�LQ�D�JLYHQ�GLVWULEXWLRQ�



7KH�UHVXOW�LV�D�SUREDELOLW\�GHQVLW\��VR�ZH�FDQ¶W�LQWHUSUHW�LW�DV�D
SUREDELOLW\��%XW�LW�LV�SURSRUWLRQDO�WR�WKH�OLNHOLKRRG�RI�WKH�GDWD��VR�ZH
FDQ�XVH�LW�WR�XSGDWH�WKH�SULRU�

+HUH¶V�KRZ�ZH�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�LQ�HDFK
GLVWULEXWLRQ�

1RZ�ZH¶UH�UHDG\�WR�GR�WKH�XSGDWH�

7KH� 8SGDWH
$V�XVXDO�,¶OO�XVH�D� �WR�UHSUHVHQW�WKH�SULRU�GLVWULEXWLRQ��)RU
VLPSOLFLW\��OHW¶V�DVVXPH�WKDW�WKH�WKUHH�VSHFLHV�DUH�HTXDOO\�OLNHO\�

SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������

1RZ�ZH�FDQ�GR�WKH�XSGDWH�LQ�WKH�XVXDO�ZD\�



SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������

$�SHQJXLQ�ZLWK�D�����PP�IOLSSHU�LV�XQOLNHO\�WR�EH�D�*HQWRR��EXW�PLJKW
EH�HLWKHU�DQ�$GpOLH�RU�D�&KLQVWUDS��DVVXPLQJ�WKDW�WKH�WKUHH�VSHFLHV
ZHUH�HTXDOO\�OLNHO\�EHIRUH�WKH�PHDVXUHPHQW��

7KH�IROORZLQJ�IXQFWLRQ�HQFDSVXODWHV�WKH�VWHSV�ZH�MXVW�UDQ��,W�WDNHV�D
�UHSUHVHQWLQJ�WKH�SULRU�GLVWULEXWLRQ��WKH�REVHUYHG�GDWD��DQG�D�PDS

IURP�HDFK�K\SRWKHVLV�WR�WKH�GLVWULEXWLRQ�RI�WKH�IHDWXUH�

7KH�UHWXUQ�YDOXH�LV�WKH�SRVWHULRU�GLVWULEXWLRQ�

+HUH¶V�WKH�SUHYLRXV�H[DPSOH�DJDLQ��XVLQJ� �

SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������



$V�ZH�VDZ�LQ�WKH�&')V��IOLSSHU�OHQJWK�GRHV�QRW�GLVWLQJXLVK�VWURQJO\
EHWZHHQ�$GpOLH�DQG�&KLQVWUDS�SHQJXLQV�

%XW�FXOPHQ�OHQJWK�FDQ�PDNH�WKLV�GLVWLQFWLRQ��VR�OHW¶V�XVH�LW�WR�GR�D
VHFRQG�URXQG�RI�FODVVLILFDWLRQ��)LUVW�ZH�HVWLPDWH�GLVWULEXWLRQV�RI
FXOPHQ�OHQJWK�IRU�HDFK�VSHFLHV�OLNH�WKLV�

1RZ�VXSSRVH�ZH�VHH�D�SHQJXLQ�ZLWK�FXOPHQ�OHQJWK����PP��:H�FDQ
XVH�WKLV�GDWD�WR�XSGDWH�WKH�SULRU�

SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������

$�SHQJXLQ�ZLWK�FXOPHQ�OHQJWK����PP�LV�DERXW�HTXDOO\�OLNHO\�WR�EH�D
&KLQVWUDS�RU�D�*HQWRR�

8VLQJ�RQH�IHDWXUH�DW�D�WLPH��ZH�FDQ�RIWHQ�UXOH�RXW�RQH�VSHFLHV�RU
DQRWKHU��EXW�ZH�JHQHUDOO\�FDQ¶W�LGHQWLI\�VSHFLHV�ZLWK�FRQILGHQFH��:H
FDQ�GR�EHWWHU�XVLQJ�PXOWLSOH�IHDWXUHV�

1DLYH� %D\HVLDQ� &ODVVLILFDWLRQ
7R�PDNH�LW�HDVLHU�WR�GR�PXOWLSOH�XSGDWHV��,¶OO�XVH�WKH�IROORZLQJ
IXQFWLRQ��ZKLFK�WDNHV�D�SULRU� ��D�VHTXHQFH�RI�PHDVXUHPHQWV�DQG
D�FRUUHVSRQGLQJ�VHTXHQFH�RI�GLFWLRQDULHV�FRQWDLQLQJ�HVWLPDWHG
GLVWULEXWLRQV�



,W�SHUIRUPV�D�VHULHV�RI�XSGDWHV��XVLQJ�RQH�YDULDEOH�DW�D�WLPH��DQG
UHWXUQV�WKH�SRVWHULRU� ��7R�WHVW�LW��,¶OO�XVH�WKH�VDPH�IHDWXUHV�ZH
ORRNHG�DW�LQ�WKH�SUHYLRXV�VHFWLRQ��FXOPHQ�OHQJWK�DQG�IOLSSHU�OHQJWK�

1RZ�VXSSRVH�ZH�ILQG�D�SHQJXLQ�ZLWK�IOLSSHU�OHQJWK�����PP�DQG
FXOPHQ�OHQJWK�����+HUH¶V�WKH�XSGDWH�

SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������

,W�LV�DOPRVW�FHUWDLQ�WR�EH�D�&KLQVWUDS�



:H�FDQ�ORRS�WKURXJK�WKH�GDWDVHW�DQG�FODVVLI\�HDFK�SHQJXLQ�ZLWK
WKHVH�WZR�IHDWXUHV�

7KLV�ORRS�DGGV�D�FROXPQ�FDOOHG� �WR�WKH� ��LW
FRQWDLQV�WKH�VSHFLHV�ZLWK�WKH�PD[LPXP�SRVWHULRU�SUREDELOLW\�IRU�HDFK
SHQJXLQ�

6R�OHW¶V�VHH�KRZ�PDQ\�ZH�JRW�ULJKW�

7KHUH�DUH�����SHQJXLQV�LQ�WKH�GDWDVHW��EXW�WZR�RI�WKHP�DUH�PLVVLQJ
PHDVXUHPHQWV��VR�ZH�KDYH�����YDOLG�FDVHV��2I�WKRVH������DUH
FODVVLILHG�FRUUHFWO\��ZKLFK�LV�DOPRVW�����

7KH�IROORZLQJ�IXQFWLRQ�HQFDSVXODWHV�WKHVH�VWHSV�



7KH�FODVVLILHU�ZH�XVHG�LQ�WKLV�VHFWLRQ�LV�FDOOHG�³QDLYH´�EHFDXVH�LW
LJQRUHV�FRUUHODWLRQV�EHWZHHQ�WKH�IHDWXUHV��7R�VHH�ZK\�WKDW�PDWWHUV�
,¶OO�PDNH�D�OHVV�QDLYH�FODVVLILHU��RQH�WKDW�WDNHV�LQWR�DFFRXQW�WKH�MRLQW
GLVWULEXWLRQ�RI�WKH�IHDWXUHV�

-RLQW� 'LVWULEXWLRQV
,¶OO�VWDUW�E\�PDNLQJ�D�VFDWWHU�SORW�RI�WKH�GDWD�

+HUH¶V�D�VFDWWHU�SORW�RI�FXOPHQ�OHQJWK�DQG�IOLSSHU�OHQJWK�IRU�WKH�WKUHH
VSHFLHV�



:LWKLQ�HDFK�VSHFLHV��WKH�MRLQW�GLVWULEXWLRQ�RI�WKHVH�PHDVXUHPHQWV
IRUPV�DQ�RYDO�VKDSH��DW�OHDVW�URXJKO\��7KH�RULHQWDWLRQ�RI�WKH�RYDOV�LV
DORQJ�D�GLDJRQDO��ZKLFK�LQGLFDWHV�WKDW�WKHUH�LV�D�FRUUHODWLRQ�EHWZHHQ
FXOPHQ�OHQJWK�DQG�IOLSSHU�OHQJWK�

,I�ZH�LJQRUH�WKHVH�FRUUHODWLRQV��ZH�DUH�DVVXPLQJ�WKDW�WKH�IHDWXUHV
DUH�LQGHSHQGHQW��7R�VHH�ZKDW�WKDW�ORRNV�OLNH��,¶OO�PDNH�D�MRLQW
GLVWULEXWLRQ�IRU�HDFK�VSHFLHV�DVVXPLQJ�LQGHSHQGHQFH�

7KH�IROORZLQJ�IXQFWLRQ�PDNHV�D�GLVFUHWH� �WKDW�DSSUR[LPDWHV�D
QRUPDO�GLVWULEXWLRQ�

:H�FDQ�XVH�LW��DORQJ�ZLWK� ��WR�PDNH�D�MRLQW�GLVWULEXWLRQ�RI
FXOPHQ�OHQJWK�DQG�IOLSSHU�OHQJWK�IRU�HDFK�VSHFLHV�



7KH�IROORZLQJ�ILJXUH�FRPSDUHV�D�VFDWWHU�SORW�RI�WKH�GDWD�WR�WKH
FRQWRXUV�RI�WKH�MRLQW�GLVWULEXWLRQV��DVVXPLQJ�LQGHSHQGHQFH�

7KH�FRQWRXUV�RI�D�MRLQW�QRUPDO�GLVWULEXWLRQ�IRUP�HOOLSVHV��,Q�WKLV
H[DPSOH��EHFDXVH�WKH�IHDWXUHV�DUH�XQFRUUHODWHG��WKH�HOOLSVHV�DUH
DOLJQHG�ZLWK�WKH�D[HV��%XW�WKH\�DUH�QRW�ZHOO�DOLJQHG�ZLWK�WKH�GDWD�

:H�FDQ�PDNH�D�EHWWHU�PRGHO�RI�WKH�GDWD��DQG�XVH�LW�WR�FRPSXWH
EHWWHU�OLNHOLKRRGV��ZLWK�D�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�

0XOWLYDULDWH� 1RUPDO� 'LVWULEXWLRQ
$V�ZH�KDYH�VHHQ��D�XQLYDULDWH�QRUPDO�GLVWULEXWLRQ�LV�FKDUDFWHUL]HG�E\
LWV�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ�

$�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�LV�FKDUDFWHUL]HG�E\�WKH�PHDQV�RI
WKH�IHDWXUHV�DQG�WKH�FRYDULDQFH� PDWUL[��ZKLFK�FRQWDLQV�YDULDQFHV�
ZKLFK�TXDQWLI\�WKH�VSUHDG�RI�WKH�IHDWXUHV��DQG�WKH�FRYDULDQFHV�
ZKLFK�TXDQWLI\�WKH�UHODWLRQVKLSV�DPRQJ�WKHP�

:H�FDQ�XVH�WKH�GDWD�WR�HVWLPDWH�WKH�PHDQV�DQG�FRYDULDQFH�PDWUL[
IRU�WKH�SRSXODWLRQ�RI�SHQJXLQV��)LUVW�,¶OO�VHOHFW�WKH�FROXPQV�ZH�ZDQW�



$QG�FRPSXWH�WKH�PHDQV�

:H�FDQ�DOVR�FRPSXWH�WKH�FRYDULDQFH�PDWUL[�

)OLSSHU� /HQJWK� �PP� &XOPHQ� /HQJWK� �PP�
)OLSSHU�/HQJWK��PP� ���������� ���������
&XOPHQ�/HQJWK��PP� ��������� ���������

7KH�UHVXOW�LV�D� �ZLWK�RQH�URZ�DQG�RQH�FROXPQ�IRU�HDFK
IHDWXUH��7KH�HOHPHQWV�RQ�WKH�GLDJRQDO�DUH�WKH�YDULDQFHV��WKH
HOHPHQWV�RII�WKH�GLDJRQDO�DUH�FRYDULDQFHV�

%\�WKHPVHOYHV��YDULDQFHV�DQG�FRYDULDQFHV�DUH�KDUG�WR�LQWHUSUHW��:H
FDQ�XVH�WKHP�WR�FRPSXWH�VWDQGDUG�GHYLDWLRQV�DQG�FRUUHODWLRQ
FRHIILFLHQWV��ZKLFK�DUH�HDVLHU�WR�LQWHUSUHW��EXW�WKH�GHWDLOV�RI�WKDW
FDOFXODWLRQ�DUH�QRW�LPSRUWDQW�ULJKW�QRZ�

,QVWHDG��ZH¶OO�SDVV�WKH�FRYDULDQFH�PDWUL[�WR� �
ZKLFK�LV�D�6FL3\�IXQFWLRQ�WKDW�FUHDWHV�DQ�REMHFW�WKDW�UHSUHVHQWV�D
PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�

$V�DUJXPHQWV�LW�WDNHV�D�VHTXHQFH�RI�PHDQV�DQG�D�FRYDULDQFH
PDWUL[�



7KH�IROORZLQJ�IXQFWLRQ�PDNHV�D� �REMHFW�IRU�HDFK
VSHFLHV�

+HUH¶V�KRZ�ZH�PDNH�WKLV�PDS�IRU�WKH�ILUVW�WZR�IHDWXUHV��IOLSSHU�OHQJWK
DQG�FXOPHQ�OHQJWK�

7KH�IROORZLQJ�ILJXUH�VKRZV�D�VFDWWHU�SORW�RI�WKH�GDWD�DORQJ�ZLWK�WKH
FRQWRXUV�RI�WKH�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�IRU�HDFK�VSHFLHV�

%HFDXVH�WKH�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�WDNHV�LQWR�DFFRXQW�WKH
FRUUHODWLRQV�EHWZHHQ�IHDWXUHV��LW�LV�D�EHWWHU�PRGHO�IRU�WKH�GDWD��$QG
WKHUH�LV�OHVV�RYHUODS�LQ�WKH�FRQWRXUV�RI�WKH�WKUHH�GLVWULEXWLRQV��ZKLFK
VXJJHVWV�WKDW�WKH\�VKRXOG�\LHOG�EHWWHU�FODVVLILFDWLRQV�



$� /HVV� 1DLYH� &ODVVLILHU
,Q�D�SUHYLRXV�VHFWLRQ�ZH�XVHG� �WR�XSGDWH�D�SULRU�
EDVHG�RQ�REVHUYHG�GDWD�DQG�D�FROOHFWLRQ�RI� �REMHFWV�WKDW�PRGHO
WKH�GLVWULEXWLRQ�RI�REVHUYDWLRQV�XQGHU�HDFK�K\SRWKHVLV��+HUH�LW�LV
DJDLQ�

/DVW�WLPH�ZH�XVHG�WKLV�IXQFWLRQ��WKH�YDOXHV�LQ� �ZHUH�
REMHFWV��EXW�LW�DOVR�ZRUNV�LI�WKH\�DUH� �REMHFWV�

:H�FDQ�XVH�LW�WR�FODVVLI\�D�SHQJXLQ�ZLWK�IOLSSHU�OHQJWK�����DQG
FXOPHQ�OHQJWK����

SUREV
$GHOLH ��������
&KLQVWUDS ��������
*HQWRR ��������

$�SHQJXLQ�ZLWK�WKRVH�PHDVXUHPHQWV�LV�DOPRVW�FHUWDLQO\�D�&KLQVWUDS�

1RZ�OHW¶V�VHH�LI�WKLV�FODVVLILHU�GRHV�DQ\�EHWWHU�WKDQ�WKH�QDLYH
%D\HVLDQ�FODVVLILHU��,¶OO�DSSO\�LW�WR�HDFK�SHQJXLQ�LQ�WKH�GDWDVHW�



$QG�FRPSXWH�WKH�DFFXUDF\�

,W�WXUQV�RXW�WR�EH�RQO\�D�OLWWOH�EHWWHU��WKH�DFFXUDF\�LV��������FRPSDUHG
WR�������IRU�WKH�QDLYH�%D\HVLDQ�FODVVLILHU�

6XPPDU\
,Q�WKLV�FKDSWHU��ZH�LPSOHPHQWHG�D�QDLYH�%D\HVLDQ�FODVVLILHU��ZKLFK�LV
³QDLYH´�LQ�WKH�VHQVH�WKDW�LW�DVVXPHV�WKDW�WKH�IHDWXUHV�LW�XVHV�IRU
FODVVLILFDWLRQ�DUH�LQGHSHQGHQW�

7R�VHH�KRZ�EDG�WKDW�DVVXPSWLRQ�LV��ZH�DOVR�LPSOHPHQWHG�D�FODVVLILHU
WKDW�XVHV�WKH�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�WR�PRGHO�WKH�MRLQW
GLVWULEXWLRQ�RI�WKH�IHDWXUHV��ZKLFK�LQFOXGHV�WKHLU�GHSHQGHQFLHV�

,Q�WKLV�H[DPSOH��WKH�QRQ�QDLYH�FODVVLILHU�LV�RQO\�PDUJLQDOO\�EHWWHU��,Q
RQH�ZD\��WKDW¶V�GLVDSSRLQWLQJ��$IWHU�DOO�WKDW�ZRUN��LW�ZRXOG�KDYH�EHHQ
QLFH�WR�VHH�D�ELJJHU�LPSURYHPHQW��%XW�LQ�DQRWKHU�ZD\��LW¶V�JRRG
QHZV��,Q�JHQHUDO��D�QDLYH�%D\HVLDQ�FODVVLILHU�LV�HDVLHU�WR�LPSOHPHQW
DQG�UHTXLUHV�OHVV�FRPSXWDWLRQ��,I�LW�ZRUNV�QHDUO\�DV�ZHOO�DV�D�PRUH
FRPSOH[�DOJRULWKP��LW�PLJKW�EH�D�JRRG�FKRLFH�IRU�SUDFWLFDO�SXUSRVHV�

6SHDNLQJ�RI�SUDFWLFDO�SXUSRVHV��\RX�PLJKW�KDYH�QRWLFHG�WKDW�WKLV
H[DPSOH�LVQ¶W�YHU\�XVHIXO��,I�ZH�ZDQW�WR�LGHQWLI\�WKH�VSHFLHV�RI�D
SHQJXLQ��WKHUH�DUH�HDVLHU�ZD\V�WKDQ�PHDVXULQJ�LWV�IOLSSHUV�DQG�EHDN�

%XW�WKHUH�DUH�VFLHQWLILF�XVHV�IRU�WKLV�W\SH�RI�FODVVLILFDWLRQ��2QH�RI
WKHP�LV�WKH�VXEMHFW�RI�WKH�UHVHDUFK�SDSHU�ZH�VWDUWHG�ZLWK��VH[XDO
GLPRUSKLVP��WKDW�LV��GLIIHUHQFHV�LQ�VKDSH�EHWZHHQ�PDOH�DQG�IHPDOH
DQLPDOV�



,Q�VRPH�VSHFLHV��OLNH�DQJOHU�ILVK��PDOHV�DQG�IHPDOHV�ORRN�YHU\
GLIIHUHQW��,Q�RWKHU�VSHFLHV��OLNH�PRFNLQJELUGV��WKH\�DUH�GLIILFXOW�WR�WHOO
DSDUW��$QG�GLPRUSKLVP�LV�ZRUWK�VWXG\LQJ�EHFDXVH�LW�SURYLGHV�LQVLJKW
LQWR�VRFLDO�EHKDYLRU��VH[XDO�VHOHFWLRQ��DQG�HYROXWLRQ�

2QH�ZD\�WR�TXDQWLI\�WKH�GHJUHH�RI�VH[XDO�GLPRUSKLVP�LQ�D�VSHFLHV�LV
WR�XVH�D�FODVVLILFDWLRQ�DOJRULWKP�OLNH�WKH�RQH�LQ�WKLV�FKDSWHU��,I�\RX
FDQ�ILQG�D�VHW�RI�IHDWXUHV�WKDW�PDNHV�LW�SRVVLEOH�WR�FODVVLI\�LQGLYLGXDOV
E\�VH[�ZLWK�KLJK�DFFXUDF\��WKDW¶V�HYLGHQFH�RI�KLJK�GLPRUSKLVP�

$V�DQ�H[HUFLVH��\RX�FDQ�XVH�WKH�GDWDVHW�IURP�WKLV�FKDSWHU�WR�FODVVLI\
SHQJXLQV�E\�VH[�DQG�VHH�ZKLFK�RI�WKH�WKUHH�VSHFLHV�LV�WKH�PRVW
GLPRUSKLF�

([HUFLVHV
([DPSOH������

,Q�P\�H[DPSOH�,�XVHG�FXOPHQ�OHQJWK�DQG�IOLSSHU�OHQJWK�EHFDXVH�WKH\
VHHPHG�WR�SURYLGH�WKH�PRVW�SRZHU�WR�GLVWLQJXLVK�WKH�WKUHH�VSHFLHV�
%XW�PD\EH�ZH�FDQ�GR�EHWWHU�E\�XVLQJ�PRUH�IHDWXUHV�

0DNH�D�QDLYH�%D\HVLDQ�FODVVLILHU�WKDW�XVHV�DOO�IRXU�PHDVXUHPHQWV�LQ
WKH�GDWDVHW��FXOPHQ�OHQJWK�DQG�GHSWK��IOLSSHU�OHQJWK��DQG�ERG\�PDVV�
,V�LW�PRUH�DFFXUDWH�WKDQ�WKH�PRGHO�ZLWK�WZR�IHDWXUHV"

([DPSOH������

2QH�RI�WKH�UHDVRQV�WKH�SHQJXLQ�GDWDVHW�ZDV�FROOHFWHG�ZDV�WR
TXDQWLI\�VH[XDO�GLPRUSKLVP�LQ�GLIIHUHQW�SHQJXLQ�VSHFLHV��WKDW�LV�
SK\VLFDO�GLIIHUHQFHV�EHWZHHQ�PDOH�DQG�IHPDOH�SHQJXLQV��2QH�ZD\�WR
TXDQWLI\�GLPRUSKLVP�LV�WR�XVH�PHDVXUHPHQWV�WR�FODVVLI\�SHQJXLQV�E\
VH[��,I�D�VSHFLHV�LV�PRUH�GLPRUSKLF��ZH�H[SHFW�WR�EH�DEOH�WR�FODVVLI\
WKHP�PRUH�DFFXUDWHO\�

$V�DQ�H[HUFLVH��SLFN�D�VSHFLHV�DQG�XVH�D�%D\HVLDQ�FODVVLILHU��QDLYH
RU�QRW��WR�FODVVLI\�WKH�SHQJXLQV�E\�VH[��:KLFK�IHDWXUHV�DUH�PRVW
XVHIXO"�:KDW�DFFXUDF\�FDQ�\RX�DFKLHYH"



&KDSWHU� ���� ,QIHUHQFH

:KHQHYHU�SHRSOH�FRPSDUH�%D\HVLDQ�LQIHUHQFH�ZLWK�FRQYHQWLRQDO
DSSURDFKHV��RQH�RI�WKH�TXHVWLRQV�WKDW�FRPHV�XS�PRVW�RIWHQ�LV
VRPHWKLQJ�OLNH��³:KDW�DERXW�S�YDOXHV"´�$QG�RQH�RI�WKH�PRVW
FRPPRQ�H[DPSOHV�LV�WKH�FRPSDULVRQ�RI�WZR�JURXSV�WR�VHH�LI�WKHUH�LV
D�GLIIHUHQFH�LQ�WKHLU�PHDQV�

,Q�FODVVLFDO�VWDWLVWLFDO�LQIHUHQFH��WKH�XVXDO�WRRO�IRU�WKLV�VFHQDULR�LV�D
6WXGHQW¶V�W�WHVW��DQG�WKH�UHVXOW�LV�D�S�YDOXH��7KLV�SURFHVV�LV�DQ
H[DPSOH�RI�QXOO�K\SRWKHVLV�VLJQLILFDQFH�WHVWLQJ�

$�%D\HVLDQ�DOWHUQDWLYH�LV�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�RI�WKH
GLIIHUHQFH�EHWZHHQ�WKH�JURXSV��7KHQ�ZH�FDQ�XVH�WKDW�GLVWULEXWLRQ�WR
DQVZHU�ZKDWHYHU�TXHVWLRQV�ZH�DUH�LQWHUHVWHG�LQ��LQFOXGLQJ�WKH�PRVW
OLNHO\�VL]H�RI�WKH�GLIIHUHQFH��D�FUHGLEOH�LQWHUYDO�WKDW¶V�OLNHO\�WR�FRQWDLQ
WKH�WUXH�GLIIHUHQFH��WKH�SUREDELOLW\�RI�VXSHULRULW\��RU�WKH�SUREDELOLW\
WKDW�WKH�GLIIHUHQFH�H[FHHGV�VRPH�WKUHVKROG�

7R�GHPRQVWUDWH�WKLV�SURFHVV��,¶OO�VROYH�D�SUREOHP�ERUURZHG�IURP�D
VWDWLVWLFDO�WH[WERRN��HYDOXDWLQJ�WKH�HIIHFW�RI�DQ�HGXFDWLRQDO
³WUHDWPHQW´�FRPSDUHG�WR�D�FRQWURO�

,PSURYLQJ� 5HDGLQJ� $ELOLW\
:H¶OO�XVH�GDWD�IURP�D�3K'�GLVVHUWDWLRQ�LQ�HGXFDWLRQDO�SV\FKRORJ\
ZULWWHQ�LQ�������ZKLFK�ZDV�XVHG�DV�DQ�H[DPSOH�LQ�D�VWDWLVWLFV
WH[WERRN�IURP������DQG�SXEOLVKHG�RQ�'$6/��D�ZHE�SDJH�WKDW
FROOHFWV�GDWD�VWRULHV�

+HUH¶V�WKH�GHVFULSWLRQ�IURP�'$6/�



$Q�HGXFDWRU�FRQGXFWHG�DQ�H[SHULPHQW�WR�WHVW�ZKHWKHU�QHZ
GLUHFWHG�UHDGLQJ�DFWLYLWLHV�LQ�WKH�FODVVURRP�ZLOO�KHOS�HOHPHQWDU\
VFKRRO�SXSLOV�LPSURYH�VRPH�DVSHFWV�RI�WKHLU�UHDGLQJ�DELOLW\��6KH
DUUDQJHG�IRU�D�WKLUG�JUDGH�FODVV�RI����VWXGHQWV�WR�IROORZ�WKHVH
DFWLYLWLHV�IRU�DQ���ZHHN�SHULRG��$�FRQWURO�FODVVURRP�RI����WKLUG
JUDGHUV�IROORZHG�WKH�VDPH�FXUULFXOXP�ZLWKRXW�WKH�DFWLYLWLHV��$W�WKH
HQG�RI�WKH���ZHHNV��DOO�VWXGHQWV�WRRN�D�'HJUHH�RI�5HDGLQJ�3RZHU
�'53��WHVW��ZKLFK�PHDVXUHV�WKH�DVSHFWV�RI�UHDGLQJ�DELOLW\�WKDW�WKH
WUHDWPHQW�LV�GHVLJQHG�WR�LPSURYH�

7KH�GDWDVHW�LV�DYDLODEOH�KHUH��,¶OO�XVH�SDQGDV�WR�ORDG�WKH�GDWD�LQWR�D
�

7UHDWPHQW 5HVSRQVH
� 7UHDWHG ��
� 7UHDWHG ��
� 7UHDWHG ��

7KH� �FROXPQ�LQGLFDWHV�ZKHWKHU�HDFK�VWXGHQW�ZDV�LQ�WKH
WUHDWHG�RU�FRQWURO�JURXS��7KH� �LV�WKHLU�VFRUH�RQ�WKH�WHVW�

,¶OO�XVH� �WR�VHSDUDWH�WKH�GDWD�IRU�WKH� �DQG�
JURXSV�

+HUH�DUH�&')V�RI�WKH�VFRUHV�IRU�WKH�WZR�JURXSV�DQG�VXPPDU\
VWDWLVWLFV�



7KHUH�LV�RYHUODS�EHWZHHQ�WKH�GLVWULEXWLRQV��EXW�LW�ORRNV�OLNH�WKH�VFRUHV
DUH�KLJKHU�LQ�WKH�WUHDWHG�JURXS��7KH�GLVWULEXWLRQ�RI�VFRUHV�LV�QRW
H[DFWO\�QRUPDO�IRU�HLWKHU�JURXS��EXW�LW�LV�FORVH�HQRXJK�WKDW�WKH�QRUPDO
PRGHO�LV�D�UHDVRQDEOH�FKRLFH�

6R�,¶OO�DVVXPH�WKDW�LQ�WKH�HQWLUH�SRSXODWLRQ�RI�VWXGHQWV��QRW�MXVW�WKH
RQHV�LQ�WKH�H[SHULPHQW���WKH�GLVWULEXWLRQ�RI�VFRUHV�LV�ZHOO�PRGHOHG�E\
D�QRUPDO�GLVWULEXWLRQ�ZLWK�XQNQRZQ�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ��,¶OO
XVH� �DQG� �WR�GHQRWH�WKHVH�XQNQRZQ�SDUDPHWHUV��DQG�ZH¶OO�GR
D�%D\HVLDQ�XSGDWH�WR�HVWLPDWH�ZKDW�WKH\�DUH�

(VWLPDWLQJ� 3DUDPHWHUV
$V�DOZD\V��ZH�QHHG�D�SULRU�GLVWULEXWLRQ�IRU�WKH�SDUDPHWHUV��6LQFH
WKHUH�DUH�WZR�SDUDPHWHUV��LW�ZLOO�EH�D�MRLQW�GLVWULEXWLRQ��,¶OO�FRQVWUXFW�LW
E\�FKRRVLQJ�PDUJLQDO�GLVWULEXWLRQV�IRU�HDFK�SDUDPHWHU�DQG
FRPSXWLQJ�WKHLU�RXWHU�SURGXFW�

$V�D�VLPSOH�VWDUWLQJ�SODFH��,¶OO�DVVXPH�WKDW�WKH�SULRU�GLVWULEXWLRQV�IRU
�DQG� �DUH�XQLIRUP��7KH�IROORZLQJ�IXQFWLRQ�PDNHV�D� �REMHFW

WKDW�UHSUHVHQWV�D�XQLIRUP�GLVWULEXWLRQ�



�WDNHV�DV�SDUDPHWHUV�

$Q�DUUD\�RI�TXDQWLWLHV�� ��DQG

$�VWULQJ�� ��ZKLFK�LV�DVVLJQHG�WR�WKH�LQGH[�VR�LW�DSSHDUV
ZKHQ�ZH�GLVSOD\�WKH� �

+HUH¶V�WKH�SULRU�GLVWULEXWLRQ�IRU� �

,�FKRVH�WKH�ORZHU�DQG�XSSHU�ERXQGV�E\�WULDO�DQG�HUURU��,¶OO�H[SODLQ�KRZ
ZKHQ�ZH�ORRN�DW�WKH�SRVWHULRU�GLVWULEXWLRQ�

+HUH¶V�WKH�SULRU�GLVWULEXWLRQ�IRU� �

1RZ�ZH�FDQ�XVH� �WR�PDNH�WKH�MRLQW�SULRU�GLVWULEXWLRQ�

$QG�ZH¶OO�VWDUW�E\�ZRUNLQJ�ZLWK�WKH�GDWD�IURP�WKH�FRQWURO�JURXS�



,Q�WKH�QH[W�VHFWLRQ�ZH¶OO�FRPSXWH�WKH�OLNHOLKRRG�RI�WKLV�GDWD�IRU�HDFK
SDLU�RI�SDUDPHWHUV�LQ�WKH�SULRU�GLVWULEXWLRQ�

/LNHOLKRRG
:H�ZRXOG�OLNH�WR�NQRZ�WKH�SUREDELOLW\�RI�HDFK�VFRUH�LQ�WKH�GDWDVHW�IRU
HDFK�K\SRWKHWLFDO�SDLU�RI�YDOXHV�� �DQG� ��,¶OO�GR�WKDW�E\�PDNLQJ
D���GLPHQVLRQDO�JULG�ZLWK�YDOXHV�RI� �RQ�WKH�ILUVW�D[LV��YDOXHV�RI

�RQ�WKH�VHFRQG�D[LV��DQG�WKH�VFRUHV�IURP�WKH�GDWDVHW�RQ�WKH
WKLUG�D[LV�

1RZ�ZH�FDQ�XVH� �WR�FRPSXWH�WKH�SUREDELOLW\�GHQVLW\�RI�HDFK
VFRUH�IRU�HDFK�K\SRWKHWLFDO�SDLU�RI�SDUDPHWHUV�

7KH�UHVXOW�LV�D���'�DUUD\��7R�FRPSXWH�OLNHOLKRRGV��,¶OO�PXOWLSO\�WKHVH
GHQVLWLHV�DORQJ� ��ZKLFK�LV�WKH�D[LV�RI�WKH�GDWD�



7KH�UHVXOW�LV�D���'�DUUD\�WKDW�FRQWDLQV�WKH�OLNHOLKRRG�RI�WKH�HQWLUH
GDWDVHW�IRU�HDFK�K\SRWKHWLFDO�SDLU�RI�SDUDPHWHUV�

:H�FDQ�XVH�WKLV�DUUD\�WR�XSGDWH�WKH�SULRU��OLNH�WKLV�

7KH�UHVXOW�LV�D� �WKDW�UHSUHVHQWV�WKH�MRLQW�SRVWHULRU
GLVWULEXWLRQ�

7KH�IROORZLQJ�IXQFWLRQ�HQFDSVXODWHV�WKHVH�VWHSV�

+HUH�DUH�WKH�XSGDWHV�IRU�WKH�FRQWURO�DQG�WUHDWPHQW�JURXSV�

$QG�KHUH¶V�ZKDW�WKH\�ORRN�OLNH�



$ORQJ�WKH�[�D[LV��LW�ORRNV�OLNH�WKH�PHDQ�VFRUH�IRU�WKH�WUHDWHG�JURXS�LV
KLJKHU��$ORQJ�WKH�\�D[LV��LW�ORRNV�OLNH�WKH�VWDQGDUG�GHYLDWLRQ�IRU�WKH
WUHDWHG�JURXS�LV�ORZHU�

,I�ZH�WKLQN�WKH�WUHDWPHQW�FDXVHV�WKHVH�GLIIHUHQFHV��WKH�GDWD�VXJJHVW
WKDW�WKH�WUHDWPHQW�LQFUHDVHV�WKH�PHDQ�RI�WKH�VFRUHV�DQG�GHFUHDVHV
WKHLU�VSUHDG��:H�FDQ�VHH�WKHVH�GLIIHUHQFHV�PRUH�FOHDUO\�E\�ORRNLQJ
DW�WKH�PDUJLQDO�GLVWULEXWLRQV�IRU� �DQG� �

3RVWHULRU� 0DUJLQDO� 'LVWULEXWLRQV
,¶OO�XVH� ��ZKLFK�ZH�VDZ�LQ�³0DUJLQDO�'LVWULEXWLRQV´��WR�H[WUDFW
WKH�SRVWHULRU�PDUJLQDO�GLVWULEXWLRQV�IRU�WKH�SRSXODWLRQ�PHDQV�

+HUH¶V�ZKDW�WKH\�ORRN�OLNH�



,Q�ERWK�FDVHV�WKH�SRVWHULRU�SUREDELOLWLHV�DW�WKH�HQGV�RI�WKH�UDQJH�DUH
QHDU�]HUR��ZKLFK�PHDQV�WKDW�WKH�ERXQGV�ZH�FKRVH�IRU�WKH�SULRU
GLVWULEXWLRQ�DUH�ZLGH�HQRXJK�

&RPSDULQJ�WKH�PDUJLQDO�GLVWULEXWLRQV�IRU�WKH�WZR�JURXSV��LW�ORRNV�OLNH
WKH�SRSXODWLRQ�PHDQ�LQ�WKH�WUHDWHG�JURXS�LV�KLJKHU��:H�FDQ�XVH

�WR�FRPSXWH�WKH�SUREDELOLW\�RI�VXSHULRULW\�

7KHUH�LV�D�����FKDQFH�WKDW�WKH�PHDQ�LQ�WKH�WUHDWHG�JURXS�LV�KLJKHU�

'LVWULEXWLRQ� RI� 'LIIHUHQFHV
7R�TXDQWLI\�WKH�PDJQLWXGH�RI�WKH�GLIIHUHQFH�EHWZHHQ�JURXSV��ZH�FDQ
XVH� �WR�FRPSXWH�WKH�GLVWULEXWLRQ�RI�WKH�GLIIHUHQFH�

7KHUH�DUH�WZR�WKLQJV�WR�EH�FDUHIXO�DERXW�ZKHQ�\RX�XVH�PHWKRGV�OLNH
��7KH�ILUVW�LV�WKDW�WKH�UHVXOW�XVXDOO\�FRQWDLQV�PRUH�HOHPHQWV

WKDQ�WKH�RULJLQDO� ��,Q�WKLV�H[DPSOH��WKH�RULJLQDO�GLVWULEXWLRQV�KDYH
WKH�VDPH�TXDQWLWLHV��VR�WKH�VL]H�LQFUHDVH�LV�PRGHUDWH�



,Q�WKH�ZRUVW�FDVH��WKH�VL]H�RI�WKH�UHVXOW�FDQ�EH�WKH�SURGXFW�RI�WKH
VL]HV�RI�WKH�RULJLQDOV�

7KH�RWKHU�WKLQJ�WR�EH�FDUHIXO�DERXW�LV�SORWWLQJ�WKH� ��,Q�WKLV
H[DPSOH��LI�ZH�SORW�WKH�GLVWULEXWLRQ�RI�GLIIHUHQFHV��WKH�UHVXOW�LV�SUHWW\
QRLV\�

7KHUH�DUH�WZR�ZD\V�WR�ZRUN�DURXQG�WKDW�OLPLWDWLRQ��2QH�LV�WR�SORW�WKH
&')��ZKLFK�VPRRWKV�RXW�WKH�QRLVH�



7KH�RWKHU�RSWLRQ�LV�WR�XVH�NHUQHO�GHQVLW\�HVWLPDWLRQ��.'(��WR�PDNH�D
VPRRWK�DSSUR[LPDWLRQ�RI�WKH�3')�RQ�DQ�HTXDOO\�VSDFHG�JULG��ZKLFK
LV�ZKDW�WKLV�IXQFWLRQ�GRHV�

�WDNHV�DV�SDUDPHWHUV�D� �DQG�WKH�QXPEHU�RI�SODFHV
WR�HYDOXDWH�WKH�.'(�

,W�XVHV� ��ZKLFK�ZH�VDZ�LQ�³.HUQHO�'HQVLW\�(VWLPDWLRQ´�
SDVVLQJ�WKH�SUREDELOLWLHV�IURP�WKH� �DV�ZHLJKWV��7KLV�PDNHV�WKH
HVWLPDWHG�GHQVLWLHV�KLJKHU�ZKHUH�WKH�SUREDELOLWLHV�LQ�WKH� �DUH
KLJKHU�

+HUH¶V�ZKDW�WKH�NHUQHO�GHQVLW\�HVWLPDWH�ORRNV�OLNH�IRU�WKH� �RI
GLIIHUHQFHV�EHWZHHQ�WKH�JURXSV�



7KH�PHDQ�RI�WKLV�GLVWULEXWLRQ�LV�DOPRVW����SRLQWV�RQ�D�WHVW�ZKHUH�WKH
PHDQ�LV�DURXQG�����VR�WKH�HIIHFW�RI�WKH�WUHDWPHQW�VHHPV�WR�EH
VXEVWDQWLDO�

:H�FDQ�XVH� �WR�FRPSXWH�D�����FUHGLEOH�LQWHUYDO�

%DVHG�RQ�WKLV�LQWHUYDO��ZH�DUH�SUHWW\�VXUH�WKH�WUHDWPHQW�LPSURYHV�WHVW
VFRUHV�E\���WR����SRLQWV�

8VLQJ� 6XPPDU\� 6WDWLVWLFV
,Q�WKLV�H[DPSOH�WKH�GDWDVHW�LV�QRW�YHU\�ELJ��VR�LW�GRHVQ¶W�WDNH�WRR�ORQJ
WR�FRPSXWH�WKH�SUREDELOLW\�RI�HYHU\�VFRUH�XQGHU�HYHU\�K\SRWKHVLV�
%XW�WKH�UHVXOW�LV�D���'�DUUD\��IRU�ODUJHU�GDWDVHWV��LW�PLJKW�EH�WRR�ELJ�WR
FRPSXWH�SUDFWLFDOO\�

$OVR��ZLWK�ODUJHU�GDWDVHWV�WKH�OLNHOLKRRGV�JHW�YHU\�VPDOO��VRPHWLPHV
VR�VPDOO�WKDW�ZH�FDQ¶W�FRPSXWH�WKHP�ZLWK�IORDWLQJ�SRLQW�DULWKPHWLF�
7KDW¶V�EHFDXVH�ZH�DUH�FRPSXWLQJ�WKH�SUREDELOLW\�RI�D�SDUWLFXODU
GDWDVHW��WKH�QXPEHU�RI�SRVVLEOH�GDWDVHWV�LV�DVWURQRPLFDOO\�ELJ��VR
WKH�SUREDELOLW\�RI�DQ\�RI�WKHP�LV�YHU\�VPDOO�

$Q�DOWHUQDWLYH�LV�WR�FRPSXWH�D�VXPPDU\�RI�WKH�GDWDVHW�DQG�FRPSXWH
WKH�OLNHOLKRRG�RI�WKH�VXPPDU\��)RU�H[DPSOH��LI�ZH�FRPSXWH�WKH�PHDQ
DQG�VWDQGDUG�GHYLDWLRQ�RI�WKH�GDWD��ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI
WKRVH�VXPPDU\�VWDWLVWLFV�XQGHU�HDFK�K\SRWKHVLV�

$V�DQ�H[DPSOH��VXSSRVH�ZH�NQRZ�WKDW�WKH�DFWXDO�PHDQ�RI�WKH
SRSXODWLRQ�� ��LV����DQG�WKH�DFWXDO�VWDQGDUG�GHYLDWLRQ�� ��LV����



1RZ�VXSSRVH�ZH�GUDZ�D�VDPSOH�IURP�WKLV�GLVWULEXWLRQ�ZLWK�VDPSOH
VL]H� ��DQG�FRPSXWH�WKH�PHDQ�RI�WKH�VDPSOH��ZKLFK�,¶OO�FDOO� ��DQG
WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH�VDPSOH��ZKLFK�,¶OO�FDOO� �

$QG�VXSSRVH�LW�WXUQV�RXW�WKDW�

7KH�VXPPDU\�VWDWLVWLFV�� �DQG� ��DUH�QRW�WRR�IDU�IURP�WKH�SDUDPHWHUV�
�DQG� ��VR�LW�VHHPV�OLNH�WKH\�DUH�QRW�WRR�XQOLNHO\�

7R�FRPSXWH�WKHLU�OLNHOLKRRG��ZH�ZLOO�WDNH�DGYDQWDJH�RI�WKUHH�UHVXOWV
IURP�PDWKHPDWLFDO�VWDWLVWLFV�

*LYHQ� �DQG� ��WKH�GLVWULEXWLRQ�RI� �LV�QRUPDO�ZLWK
SDUDPHWHUV� �DQG� �

7KH�GLVWULEXWLRQ�RI� �LV�PRUH�FRPSOLFDWHG��EXW�LI�ZH�FRPSXWH
WKH�WUDQVIRUP� ��WKH�GLVWULEXWLRQ�RI� �LV�FKL�VTXDUHG
ZLWK�SDUDPHWHU� ��DQG

$FFRUGLQJ�WR�%DVX¶V�WKHRUHP�� �DQG� �DUH�LQGHSHQGHQW�

6R�OHW¶V�FRPSXWH�WKH�OLNHOLKRRG�RI� �DQG� �JLYHQ� �DQG� �

)LUVW�,¶OO�FUHDWH�D� �REMHFW�WKDW�UHSUHVHQWV�WKH�GLVWULEXWLRQ�RI� �

7KLV�LV�WKH�³VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�PHDQ´��:H�FDQ�XVH�LW�WR
FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�REVHUYHG�YDOXH�RI� ��ZKLFK�LV����



1RZ�OHW¶V�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�REVHUYHG�YDOXH�RI� ��ZKLFK�LV
����)LUVW��ZH�FRPSXWH�WKH�WUDQVIRUPHG�YDOXH� �

7KHQ�ZH�FUHDWH�D� �REMHFW�WR�UHSUHVHQW�WKH�GLVWULEXWLRQ�RI� �

1RZ�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI� �

)LQDOO\��EHFDXVH� �DQG� �DUH�LQGHSHQGHQW��WKHLU�MRLQW�OLNHOLKRRG�LV�WKH
SURGXFW�RI�WKHLU�OLNHOLKRRGV�

1RZ�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU�DQ\�YDOXHV�RI�
DQG� ��ZKLFK�ZH¶OO�XVH�LQ�WKH�QH[W�VHFWLRQ�WR�GR�WKH�XSGDWH�

8SGDWH� ZLWK� 6XPPDU\� 6WDWLVWLFV



1RZ�ZH¶UH�UHDG\�WR�GR�DQ�XSGDWH��,¶OO�FRPSXWH�VXPPDU\�VWDWLVWLFV�IRU
WKH�WZR�JURXSV�

7KH�UHVXOW�LV�D�GLFWLRQDU\�WKDW�PDSV�IURP�JURXS�QDPH�WR�D�WXSOH�WKDW
FRQWDLQV�WKH�VDPSOH�VL]H�� ��WKH�VDPSOH�PHDQ�� ��DQG�WKH�VDPSOH
VWDQGDUG�GHYLDWLRQ� ��IRU�HDFK�JURXS�

,¶OO�GHPRQVWUDWH�WKH�XSGDWH�ZLWK�WKH�VXPPDU\�VWDWLVWLFV�IURP�WKH
FRQWURO�JURXS�

,¶OO�PDNH�D�PHVK�ZLWK�K\SRWKHWLFDO�YDOXHV�RI� �RQ�WKH�[�D[LV�DQG
YDOXHV�RI� �RQ�WKH�\�D[LV�

1RZ�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI�VHHLQJ�WKH�VDPSOH�PHDQ�� �
IRU�HDFK�SDLU�RI�SDUDPHWHUV�



$QG�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�VDPSOH�VWDQGDUG�GHYLDWLRQ�
��IRU�HDFK�SDLU�RI�SDUDPHWHUV�

)LQDOO\��ZH�FDQ�GR�WKH�XSGDWH�ZLWK�ERWK�OLNHOLKRRGV�

7R�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU�WKH�WUHDWPHQW�JURXS��,¶OO�SXW
WKH�SUHYLRXV�VWHSV�LQ�D�IXQFWLRQ�

+HUH¶V�WKH�XSGDWH�IRU�WKH�WUHDWPHQW�JURXS�

$QG�KHUH�DUH�WKH�UHVXOWV�



9LVXDOO\��WKHVH�SRVWHULRU�MRLQW�GLVWULEXWLRQV�DUH�VLPLODU�WR�WKH�RQHV�ZH
FRPSXWHG�XVLQJ�WKH�HQWLUH�GDWDVHW��QRW�MXVW�WKH�VXPPDU\�VWDWLVWLFV�
%XW�WKH\�DUH�QRW�H[DFWO\�WKH�VDPH��DV�ZH�FDQ�VHH�E\�FRPSDULQJ�WKH
PDUJLQDO�GLVWULEXWLRQV�

&RPSDULQJ� 0DUJLQDOV
$JDLQ��OHW¶V�H[WUDFW�WKH�PDUJLQDO�SRVWHULRU�GLVWULEXWLRQV�

$QG�FRPSDUH�WKHP�WR�UHVXOWV�ZH�JRW�XVLQJ�WKH�HQWLUH�GDWDVHW��WKH
GDVKHG�OLQHV��



7KH�SRVWHULRU�GLVWULEXWLRQV�EDVHG�RQ�VXPPDU\�VWDWLVWLFV�DUH�VLPLODU�WR
WKH�SRVWHULRUV�ZH�FRPSXWHG�XVLQJ�WKH�HQWLUH�GDWDVHW��EXW�LQ�ERWK
FDVHV�WKH\�DUH�VKRUWHU�DQG�D�OLWWOH�ZLGHU�

7KDW¶V�EHFDXVH�WKH�XSGDWH�ZLWK�VXPPDU\�VWDWLVWLFV�LV�EDVHG�RQ�WKH
LPSOLFLW�DVVXPSWLRQ�WKDW�WKH�GLVWULEXWLRQ�RI�WKH�GDWD�LV�QRUPDO��%XW�LW¶V
QRW��DV�D�UHVXOW��ZKHQ�ZH�UHSODFH�WKH�GDWDVHW�ZLWK�WKH�VXPPDU\
VWDWLVWLFV��ZH�ORVH�VRPH�LQIRUPDWLRQ�DERXW�WKH�WUXH�GLVWULEXWLRQ�RI�WKH
GDWD��:LWK�OHVV�LQIRUPDWLRQ��ZH�DUH�OHVV�FHUWDLQ�DERXW�WKH
SDUDPHWHUV�

6XPPDU\
,Q�WKLV�FKDSWHU�ZH�XVHG�D�MRLQW�GLVWULEXWLRQ�WR�UHSUHVHQW�SULRU
SUREDELOLWLHV�IRU�WKH�SDUDPHWHUV�RI�D�QRUPDO�GLVWULEXWLRQ�� �DQG

��$QG�ZH�XSGDWHG�WKDW�GLVWULEXWLRQ�WZR�ZD\V��ILUVW�XVLQJ�WKH
HQWLUH�GDWDVHW�DQG�WKH�QRUPDO�3')��WKHQ�XVLQJ�VXPPDU\�VWDWLVWLFV�
WKH�QRUPDO�3')��DQG�WKH�FKL�VTXDUH�3')��8VLQJ�VXPPDU\�VWDWLVWLFV�LV
FRPSXWDWLRQDOO\�PRUH�HIILFLHQW��EXW�LW�ORVHV�VRPH�LQIRUPDWLRQ�LQ�WKH
SURFHVV�

1RUPDO�GLVWULEXWLRQV�DSSHDU�LQ�PDQ\�GRPDLQV��VR�WKH�PHWKRGV�LQ�WKLV
FKDSWHU�DUH�EURDGO\�DSSOLFDEOH��7KH�H[HUFLVHV�DW�WKH�HQG�RI�WKH
FKDSWHU�ZLOO�JLYH�\RX�D�FKDQFH�WR�DSSO\�WKHP�



([HUFLVHV
([DPSOH������

/RRNLQJ�DJDLQ�DW�WKH�SRVWHULRU�MRLQW�GLVWULEXWLRQ�RI� �DQG� ��LW
VHHPV�OLNH�WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH�WUHDWHG�JURXS�PLJKW�EH
ORZHU��LI�VR��WKDW�ZRXOG�VXJJHVW�WKDW�WKH�WUHDWPHQW�LV�PRUH�HIIHFWLYH
IRU�VWXGHQWV�ZLWK�ORZHU�VFRUHV�

%XW�EHIRUH�ZH�VSHFXODWH�WRR�PXFK��ZH�VKRXOG�HVWLPDWH�WKH�VL]H�RI
WKH�GLIIHUHQFH�DQG�VHH�ZKHWKHU�LW�PLJKW�DFWXDOO\�EH���

([WUDFW�WKH�PDUJLQDO�SRVWHULRU�GLVWULEXWLRQV�RI� �IRU�WKH�WZR
JURXSV��:KDW�LV�WKH�SUREDELOLW\�WKDW�WKH�VWDQGDUG�GHYLDWLRQ�LV�KLJKHU
LQ�WKH�FRQWURO�JURXS"

&RPSXWH�WKH�GLVWULEXWLRQ�RI�WKH�GLIIHUHQFH�LQ� �EHWZHHQ�WKH�WZR
JURXSV��:KDW�LV�WKH�PHDQ�RI�WKLV�GLIIHUHQFH"�:KDW�LV�WKH����
FUHGLEOH�LQWHUYDO"

([DPSOH������

$Q�HIIHFW�VL]H�LV�D�VWDWLVWLF�LQWHQGHG�WR�TXDQWLI\�WKH�PDJQLWXGH�RI�D
SKHQRPHQRQ��,I�WKH�SKHQRPHQRQ�LV�D�GLIIHUHQFH�LQ�PHDQV�EHWZHHQ
WZR�JURXSV��D�FRPPRQ�ZD\�WR�TXDQWLI\�LW�LV�&RKHQ¶V�HIIHFW�VL]H�
GHQRWHG� �

,I�WKH�SDUDPHWHUV�IRU�*URXS���DUH� ��DQG�WKH�SDUDPHWHUV�IRU
*URXS���DUH� ��&RKHQ¶V�HIIHFW�VL]H�LV

8VH�WKH�MRLQW�SRVWHULRU�GLVWULEXWLRQV�IRU�WKH�WZR�JURXSV�WR�FRPSXWH�WKH
SRVWHULRU�GLVWULEXWLRQ�IRU�&RKHQ¶V�HIIHFW�VL]H�

([DPSOH������

7KLV�H[HUFLVH�LV�LQVSLUHG�E\�D�TXHVWLRQ�WKDW�DSSHDUHG�RQ�5HGGLW�



$Q�LQVWUXFWRU�DQQRXQFHV�WKH�UHVXOWV�RI�DQ�H[DP�OLNH�WKLV��³7KH
DYHUDJH�VFRUH�RQ�WKLV�H[DP�ZDV�����2XW�RI����VWXGHQWV����JRW�PRUH
WKDQ�����DQG�,�DP�KDSS\�WR�UHSRUW�WKDW�QR�RQH�IDLOHG��JRW�OHVV�WKDQ
����´

%DVHG�RQ�WKLV�LQIRUPDWLRQ��ZKDW�GR�\RX�WKLQN�WKH�VWDQGDUG�GHYLDWLRQ
RI�VFRUHV�ZDV"

<RX�FDQ�DVVXPH�WKDW�WKH�GLVWULEXWLRQ�RI�VFRUHV�LV�DSSUR[LPDWHO\
QRUPDO��$QG�OHW¶V�DVVXPH�WKDW�WKH�VDPSOH�PHDQ������LV�DFWXDOO\�WKH
SRSXODWLRQ�PHDQ��VR�ZH�RQO\�KDYH�WR�HVWLPDWH� �

+LQW��7R�FRPSXWH�WKH�SUREDELOLW\�RI�D�VFRUH�JUHDWHU�WKDQ�����\RX�FDQ
XVH� ��ZKLFK�FRPSXWHV�WKH�VXUYLYDO�IXQFWLRQ��DOVR�NQRZQ�DV
WKH�FRPSOHPHQWDU\�&')��RU� �

([DPSOH������

7KH�9DULDELOLW\�+\SRWKHVLV�LV�WKH�REVHUYDWLRQ�WKDW�PDQ\�SK\VLFDO
WUDLWV�DUH�PRUH�YDULDEOH�DPRQJ�PDOHV�WKDQ�DPRQJ�IHPDOHV��LQ�PDQ\
VSHFLHV�

,W�KDV�EHHQ�D�VXEMHFW�RI�FRQWURYHUV\�VLQFH�WKH�HDUO\�����V��ZKLFK
VXJJHVWV�DQ�H[HUFLVH�ZH�FDQ�XVH�WR�SUDFWLFH�WKH�PHWKRGV�LQ�WKLV
FKDSWHU��/HW¶V�ORRN�DW�WKH�GLVWULEXWLRQ�RI�KHLJKWV�IRU�PHQ�DQG�ZRPHQ
LQ�WKH�8�6��DQG�VHH�ZKR�LV�PRUH�YDULDEOH�

,�XVHG������GDWD�IURP�WKH�&'&¶V�%HKDYLRUDO�5LVN�)DFWRU
6XUYHLOODQFH�6\VWHP��%5)66���ZKLFK�LQFOXGHV�VHOI�UHSRUWHG�KHLJKWV
IURP���������PHQ�DQG���������ZRPHQ�

+HUH¶V�ZKDW�,�IRXQG�

7KH�DYHUDJH�KHLJKW�IRU�PHQ�LV�����FP��WKH�DYHUDJH�KHLJKW
IRU�ZRPHQ�LV�����FP��6R�PHQ�DUH�WDOOHU�RQ�DYHUDJH��QR
VXUSULVH�WKHUH�

)RU�PHQ�WKH�VWDQGDUG�GHYLDWLRQ�LV������FP��IRU�ZRPHQ�LW�LV
�����FP��6R�LQ�DEVROXWH�WHUPV��PHQ¶V�KHLJKWV�DUH�PRUH



YDULDEOH�

%XW�WR�FRPSDUH�YDULDELOLW\�EHWZHHQ�JURXSV��LW�LV�PRUH�PHDQLQJIXO�WR
XVH�WKH�FRHIILFLHQW�RI�YDULDWLRQ��&9���ZKLFK�LV�WKH�VWDQGDUG�GHYLDWLRQ
GLYLGHG�E\�WKH�PHDQ��,W�LV�D�GLPHQVLRQOHVV�PHDVXUH�RI�YDULDELOLW\
UHODWLYH�WR�VFDOH�

)RU�PHQ�&9�LV���������IRU�ZRPHQ�LW�LV���������7KH�FRHIILFLHQW�RI
YDULDWLRQ�LV�KLJKHU�IRU�ZRPHQ��VR�WKLV�GDWDVHW�SURYLGHV�HYLGHQFH
DJDLQVW�WKH�9DULDELOLW\�+\SRWKHVLV��%XW�ZH�FDQ�XVH�%D\HVLDQ
PHWKRGV�WR�PDNH�WKDW�FRQFOXVLRQ�PRUH�SUHFLVH�

8VH�WKHVH�VXPPDU\�VWDWLVWLFV�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�RI
�DQG� �IRU�WKH�GLVWULEXWLRQV�RI�PDOH�DQG�IHPDOH�KHLJKW��8VH

�WR�FRPSXWH�SRVWHULRU�GLVWULEXWLRQV�RI�&9��%DVHG�RQ�WKLV
GDWDVHW�DQG�WKH�DVVXPSWLRQ�WKDW�WKH�GLVWULEXWLRQ�RI�KHLJKW�LV�QRUPDO�
ZKDW�LV�WKH�SUREDELOLW\�WKDW�WKH�FRHIILFLHQW�RI�YDULDWLRQ�LV�KLJKHU�IRU
PHQ"�:KDW�LV�WKH�PRVW�OLNHO\�UDWLR�RI�WKH�&9V�DQG�ZKDW�LV�WKH����
FUHGLEOH�LQWHUYDO�IRU�WKDW�UDWLR"



&KDSWHU� ���� 6XUYLYDO� $QDO\VLV

7KLV�FKDSWHU�LQWURGXFHV�³VXUYLYDO�DQDO\VLV´��ZKLFK�LV�D�VHW�RI
VWDWLVWLFDO�PHWKRGV�XVHG�WR�DQVZHU�TXHVWLRQV�DERXW�WKH�WLPH�XQWLO�DQ
HYHQW��,Q�WKH�FRQWH[W�RI�PHGLFLQH�LW�LV�OLWHUDOO\�DERXW�VXUYLYDO��EXW�LW
FDQ�EH�DSSOLHG�WR�WKH�WLPH�XQWLO�DQ\�NLQG�RI�HYHQW��RU�LQVWHDG�RI�WLPH�LW
FDQ�EH�DERXW�VSDFH�RU�RWKHU�GLPHQVLRQV�

6XUYLYDO�DQDO\VLV�LV�FKDOOHQJLQJ�EHFDXVH�WKH�GDWD�ZH�KDYH�DUH�RIWHQ
LQFRPSOHWH��%XW�DV�ZH¶OO�VHH��%D\HVLDQ�PHWKRGV�DUH�SDUWLFXODUO\�JRRG
DW�ZRUNLQJ�ZLWK�LQFRPSOHWH�GDWD�

$V�H[DPSOHV��ZH¶OO�FRQVLGHU�WZR�DSSOLFDWLRQV�WKDW�DUH�D�OLWWOH�OHVV
VHULRXV�WKDQ�OLIH�DQG�GHDWK��WKH�WLPH�XQWLO�OLJKW�EXOEV�IDLO�DQG�WKH�WLPH
XQWLO�GRJV�LQ�D�VKHOWHU�DUH�DGRSWHG��7R�GHVFULEH�WKHVH�³VXUYLYDO
WLPHV´��ZH¶OO�XVH�WKH�:HLEXOO�GLVWULEXWLRQ�

7KH� :HLEXOO� 'LVWULEXWLRQ
7KH�:HLEXOO�GLVWULEXWLRQ�LV�RIWHQ�XVHG�LQ�VXUYLYDO�DQDO\VLV�EHFDXVH�LW
LV�D�JRRG�PRGHO�IRU�WKH�GLVWULEXWLRQ�RI�OLIHWLPHV�IRU�PDQXIDFWXUHG
SURGXFWV��DW�OHDVW�RYHU�VRPH�SDUWV�RI�WKH�UDQJH�

6FL3\�SURYLGHV�VHYHUDO�YHUVLRQV�RI�WKH�:HLEXOO�GLVWULEXWLRQ��WKH�RQH
ZH¶OO�XVH�LV�FDOOHG� ��7R�PDNH�WKH�LQWHUIDFH�FRQVLVWHQW�ZLWK
RXU�QRWDWLRQ��,¶OO�ZUDS�LW�LQ�D�IXQFWLRQ�WKDW�WDNHV�DV�SDUDPHWHUV� �
ZKLFK�PRVWO\�DIIHFWV�WKH�ORFDWLRQ�RU�³FHQWUDO�WHQGHQF\´�RI�WKH
GLVWULEXWLRQ��DQG� ��ZKLFK�DIIHFWV�WKH�VKDSH�



$V�DQ�H[DPSOH��KHUH¶V�D�:HLEXOO�GLVWULEXWLRQ�ZLWK�SDUDPHWHUV�
DQG�N� �����

7KH�UHVXOW�LV�DQ�REMHFW�WKDW�UHSUHVHQWV�WKH�GLVWULEXWLRQ��+HUH¶V�ZKDW
WKH�:HLEXOO�&')�ORRNV�OLNH�ZLWK�WKRVH�SDUDPHWHUV�

�SURYLGHV� ��ZKLFK�ZH�FDQ�XVH�WR�JHQHUDWH�D�UDQGRP
VDPSOH�IURP�WKLV�GLVWULEXWLRQ�

6R��JLYHQ�WKH�SDUDPHWHUV�RI�WKH�GLVWULEXWLRQ��ZH�FDQ�JHQHUDWH�D
VDPSOH��1RZ�OHW¶V�VHH�LI�ZH�FDQ�JR�WKH�RWKHU�ZD\��JLYHQ�WKH�VDPSOH�
ZH¶OO�HVWLPDWH�WKH�SDUDPHWHUV�

+HUH¶V�D�XQLIRUP�SULRU�GLVWULEXWLRQ�IRU� �



$QG�D�XQLIRUP�SULRU�IRU� �

,¶OO�XVH� �WR�PDNH�D�MRLQW�SULRU�GLVWULEXWLRQ�IRU�WKH�WZR
SDUDPHWHUV�

7KH�UHVXOW�LV�D� �WKDW�UHSUHVHQWV�WKH�MRLQW�SULRU��ZLWK�SRVVLEOH
YDOXHV�RI� �DFURVV�WKH�FROXPQV�DQG�YDOXHV�RI� �GRZQ�WKH�URZV�

1RZ�,¶OO�XVH� �WR�PDNH�D���'�PHVK�ZLWK� �RQ�WKH�ILUVW�D[LV
� ��� �RQ�WKH�VHFRQG�D[LV�� ���DQG�WKH�GDWD�RQ�WKH�WKLUG
D[LV�� ��

1RZ�ZH�FDQ�XVH� �WR�FRPSXWH�WKH�3')�RI�WKH�:HLEXOO
GLVWULEXWLRQ�IRU�HDFK�SDLU�RI�SDUDPHWHUV�DQG�HDFK�GDWD�SRLQW�

7KH�OLNHOLKRRG�RI�WKH�GDWD�LV�WKH�SURGXFW�RI�WKH�SUREDELOLW\�GHQVLWLHV
DORQJ� �



1RZ�ZH�FDQ�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�LQ�WKH�XVXDO�ZD\�

7KH�IROORZLQJ�IXQFWLRQ�HQFDSVXODWHV�WKHVH�VWHSV��,W�WDNHV�D�MRLQW�SULRU
GLVWULEXWLRQ�DQG�WKH�GDWD��DQG�UHWXUQV�D�MRLQW�SRVWHULRU�GLVWULEXWLRQ�

+HUH¶V�KRZ�ZH�XVH�LW�

$QG�KHUH¶V�D�FRQWRXU�SORW�RI�WKH�MRLQW�SRVWHULRU�GLVWULEXWLRQ�



,W�ORRNV�OLNH�WKH�UDQJH�RI�OLNHO\�YDOXHV�IRU� �LV�DERXW���WR����ZKLFK
FRQWDLQV�WKH�DFWXDO�YDOXH�ZH�XVHG�WR�JHQHUDWH�WKH�GDWD�����$QG�WKH
UDQJH�IRU� �LV�DERXW�����WR������ZKLFK�FRQWDLQV�WKH�DFWXDO�YDOXH������

,QFRPSOHWH� 'DWD
,Q�WKH�SUHYLRXV�H[DPSOH�ZH�ZHUH�JLYHQ����UDQGRP�YDOXHV�IURP�D
:HLEXOO�GLVWULEXWLRQ��DQG�ZH�XVHG�WKHP�WR�HVWLPDWH�WKH�SDUDPHWHUV
�ZKLFK�ZH�SUHWHQGHG�ZH�GLGQ¶W�NQRZ��

%XW�LQ�PDQ\�UHDO�ZRUOG�VFHQDULRV��ZH�GRQ¶W�KDYH�FRPSOHWH�GDWD��LQ
SDUWLFXODU��ZKHQ�ZH�REVHUYH�D�V\VWHP�DW�D�SRLQW�LQ�WLPH��ZH�JHQHUDOO\
KDYH�LQIRUPDWLRQ�DERXW�WKH�SDVW��EXW�QRW�WKH�IXWXUH�

$V�DQ�H[DPSOH��VXSSRVH�\RX�ZRUN�DW�D�GRJ�VKHOWHU�DQG�\RX�DUH
LQWHUHVWHG�LQ�WKH�WLPH�EHWZHHQ�WKH�DUULYDO�RI�D�QHZ�GRJ�DQG�ZKHQ�LW�LV
DGRSWHG��6RPH�GRJV�PLJKW�EH�VQDSSHG�XS�LPPHGLDWHO\��RWKHUV�PLJKW
KDYH�WR�ZDLW�ORQJHU��7KH�SHRSOH�ZKR�RSHUDWH�WKH�VKHOWHU�PLJKW�ZDQW
WR�PDNH�LQIHUHQFHV�DERXW�WKH�GLVWULEXWLRQ�RI�WKHVH�UHVLGHQFH�WLPHV�

6XSSRVH�\RX�PRQLWRU�DUULYDOV�DQG�GHSDUWXUHV�RYHU���ZHHNV��DQG���
GRJV�DUULYH�GXULQJ�WKDW�LQWHUYDO��,¶OO�DVVXPH�WKDW�WKHLU�DUULYDO�WLPHV�DUH
GLVWULEXWHG�XQLIRUPO\��VR�,¶OO�JHQHUDWH�UDQGRP�YDOXHV�OLNH�WKLV�



1RZ�OHW¶V�VXSSRVH�WKDW�WKH�UHVLGHQFH�WLPHV�IROORZ�WKH�:HLEXOO
GLVWULEXWLRQ�ZH�XVHG�LQ�WKH�SUHYLRXV�H[DPSOH��:H�FDQ�JHQHUDWH�D
VDPSOH�IURP�WKDW�GLVWULEXWLRQ�OLNH�WKLV�

,¶OO�XVH�WKHVH�YDOXHV�WR�FRQVWUXFW�D� �WKDW�FRQWDLQV�WKH�DUULYDO
DQG�GHSDUWXUH�WLPHV�IRU�HDFK�GRJ��FDOOHG� �DQG� �

)RU�GLVSOD\�SXUSRVHV��,¶OO�VRUW�WKH�URZV�RI�WKH� �E\�DUULYDO
WLPH�



VWDUW HQG
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1RWLFH�WKDW�VHYHUDO�RI�WKH�OLIHOLQHV�H[WHQG�SDVW�WKH�REVHUYDWLRQ
ZLQGRZ�RI���ZHHNV��6R�LI�ZH�REVHUYHG�WKLV�V\VWHP�DW�WKH�EHJLQQLQJ
RI�:HHN����ZH�ZRXOG�KDYH�LQFRPSOHWH�LQIRUPDWLRQ��6SHFLILFDOO\��ZH
ZRXOG�QRW�NQRZ�WKH�IXWXUH�DGRSWLRQ�WLPHV�IRU�'RJV�������DQG���

,¶OO�VLPXODWH�WKLV�LQFRPSOHWH�GDWD�E\�LGHQWLI\LQJ�WKH�OLIHOLQHV�WKDW
H[WHQG�SDVW�WKH�REVHUYDWLRQ�ZLQGRZ�

�LV�D�%RROHDQ� �WKDW�LV� �IRU�OLIHOLQHV�WKDW�H[WHQG
SDVW�:HHN���

'DWD�WKDW�LV�QRW�DYDLODEOH�LV�VRPHWLPHV�FDOOHG�³FHQVRUHG´�LQ�WKH
VHQVH�WKDW�LW�LV�KLGGHQ�IURP�XV��%XW�LQ�WKLV�FDVH�LW�LV�KLGGHQ�EHFDXVH
ZH�GRQ¶W�NQRZ�WKH�IXWXUH��QRW�EHFDXVH�VRPHRQH�LV�FHQVRULQJ�LW�

)RU�WKH�OLIHOLQHV�WKDW�DUH�FHQVRUHG��,¶OO�PRGLI\� �WR�LQGLFDWH�ZKHQ
WKH\�DUH�ODVW�REVHUYHG�DQG� �WR�LQGLFDWH�WKDW�WKH�REVHUYDWLRQ�LV
LQFRPSOHWH�



1RZ�ZH�FDQ�SORW�D�³OLIHOLQH´�IRU�HDFK�GRJ��VKRZLQJ�WKH�DUULYDO�DQG
GHSDUWXUH�WLPHV�RQ�D�WLPH�OLQH�

$QG�,¶OO�DGG�RQH�PRUH�FROXPQ�WR�WKH�WDEOH��ZKLFK�FRQWDLQV�WKH
GXUDWLRQ�RI�WKH�REVHUYHG�SDUWV�RI�WKH�OLIHOLQHV�

:KDW�ZH�KDYH�VLPXODWHG�LV�WKH�GDWD�WKDW�ZRXOG�EH�DYDLODEOH�DW�WKH
EHJLQQLQJ�RI�:HHN���

8VLQJ� ,QFRPSOHWH� 'DWD
1RZ��OHW¶V�VHH�KRZ�ZH�FDQ�XVH�ERWK�NLQGV�RI�GDWD��FRPSOHWH�DQG
LQFRPSOHWH��WR�LQIHU�WKH�SDUDPHWHUV�RI�WKH�GLVWULEXWLRQ�RI�UHVLGHQFH
WLPHV�

)LUVW�,¶OO�VSOLW�WKH�GDWD�LQWR�WZR�VHWV�� �FRQWDLQV�UHVLGHQFH�WLPHV
IRU�GRJV�ZKRVH�DUULYDO�DQG�GHSDUWXUH�WLPHV�DUH�NQRZQ��
FRQWDLQV�LQFRPSOHWH�UHVLGHQFH�WLPHV�IRU�GRJV�ZKR�ZHUH�QRW�DGRSWHG
GXULQJ�WKH�REVHUYDWLRQ�LQWHUYDO�



)RU�WKH�FRPSOHWH�GDWD��ZH�FDQ�XVH� ��ZKLFK�XVHV�WKH
3')�RI�WKH�:HLEXOO�GLVWULEXWLRQ�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�

)RU�WKH�LQFRPSOHWH�GDWD��ZH�KDYH�WR�WKLQN�D�OLWWOH�KDUGHU��$W�WKH�HQG�RI
WKH�REVHUYDWLRQ�LQWHUYDO��ZH�GRQ¶W�NQRZ�ZKDW�WKH�UHVLGHQFH�WLPH�ZLOO
EH��EXW�ZH�FDQ�SXW�D�ORZHU�ERXQG�RQ�LW��WKDW�LV��ZH�FDQ�VD\�WKDW�WKH
UHVLGHQFH�WLPH�ZLOO�EH�JUHDWHU�WKDQ� �

$QG�WKDW�PHDQV�WKDW�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�XVLQJ
WKH�VXUYLYDO�IXQFWLRQ��ZKLFK�LV�WKH�SUREDELOLW\�WKDW�D�YDOXH�IURP�WKH
GLVWULEXWLRQ�H[FHHGV� �

7KH�IROORZLQJ�IXQFWLRQ�LV�LGHQWLFDO�WR� �H[FHSW�WKDW�LW
XVHV� ��ZKLFK�FRPSXWHV�WKH�VXUYLYDO�IXQFWLRQ��UDWKHU�WKDQ� �

+HUH¶V�WKH�XSGDWH�ZLWK�WKH�LQFRPSOHWH�GDWD�

$QG�KHUH¶V�ZKDW�WKH�MRLQW�SRVWHULRU�GLVWULEXWLRQ�ORRNV�OLNH�DIWHU�ERWK
XSGDWHV�



&RPSDUHG�WR�WKH�SUHYLRXV�FRQWRXU�SORW��LW�ORRNV�OLNH�WKH�UDQJH�RI
OLNHO\�YDOXHV�IRU� �LV�VXEVWDQWLDOO\�ZLGHU��:H�FDQ�VHH�WKDW�PRUH
FOHDUO\�E\�ORRNLQJ�DW�WKH�PDUJLQDO�GLVWULEXWLRQV�

+HUH¶V�WKH�SRVWHULRU�PDUJLQDO�GLVWULEXWLRQ�IRU� �FRPSDUHG�WR�WKH
GLVWULEXWLRQ�ZH�JRW�XVLQJ�DOO�FRPSOHWH�GDWD�

7KH�GLVWULEXWLRQ�ZLWK�VRPH�LQFRPSOHWH�GDWD�LV�VXEVWDQWLDOO\�ZLGHU�

$V�DQ�DVLGH��QRWLFH�WKDW�WKH�SRVWHULRU�GLVWULEXWLRQ�GRHV�QRW�FRPH�DOO
WKH�ZD\�WR���RQ�WKH�ULJKW�VLGH��7KDW�VXJJHVWV�WKDW�WKH�UDQJH�RI�WKH
SULRU�GLVWULEXWLRQ�LV�QRW�ZLGH�HQRXJK�WR�FRYHU�WKH�PRVW�OLNHO\�YDOXHV
IRU�WKLV�SDUDPHWHU��,I�,�ZHUH�FRQFHUQHG�DERXW�PDNLQJ�WKLV�GLVWULEXWLRQ



PRUH�DFFXUDWH��,�ZRXOG�JR�EDFN�DQG�UXQ�WKH�XSGDWH�DJDLQ�ZLWK�D
ZLGHU�SULRU�

+HUH¶V�WKH�SRVWHULRU�PDUJLQDO�GLVWULEXWLRQ�IRU� �

,Q�WKLV�H[DPSOH��WKH�PDUJLQDO�GLVWULEXWLRQ�LV�VKLIWHG�WR�WKH�OHIW�ZKHQ
ZH�KDYH�LQFRPSOHWH�GDWD��EXW�LW�LV�QRW�VXEVWDQWLDOO\�ZLGHU�

,Q�VXPPDU\��ZH�KDYH�VHHQ�KRZ�WR�FRPELQH�FRPSOHWH�DQG
LQFRPSOHWH�GDWD�WR�HVWLPDWH�WKH�SDUDPHWHUV�RI�D�:HLEXOO�GLVWULEXWLRQ�
ZKLFK�LV�XVHIXO�LQ�PDQ\�UHDO�ZRUOG�VFHQDULRV�ZKHUH�VRPH�RI�WKH�GDWD
DUH�FHQVRUHG�

,Q�JHQHUDO��WKH�SRVWHULRU�GLVWULEXWLRQV�DUH�ZLGHU�ZKHQ�ZH�KDYH
LQFRPSOHWH�GDWD��EHFDXVH�OHVV�LQIRUPDWLRQ�OHDGV�WR�PRUH�XQFHUWDLQW\�

7KLV�H[DPSOH�LV�EDVHG�RQ�GDWD�,�JHQHUDWHG��LQ�WKH�QH[W�VHFWLRQ�ZH¶OO
GR�D�VLPLODU�DQDO\VLV�ZLWK�UHDO�GDWD�

/LJKW� %XOEV
,Q������UHVHDUFKHUV�UDQ�DQ�H[SHULPHQW�WR�FKDUDFWHUL]H�WKH
GLVWULEXWLRQ�RI�OLIHWLPHV�IRU�OLJKW�EXOEV��+HUH�LV�WKHLU�GHVFULSWLRQ�RI�WKH
H[SHULPHQW�



$Q�DVVHPEO\�RI����QHZ�3KLOLSV��,QGLD��ODPSV�ZLWK�WKH�UDWLQJ����:�
����9��$&��ZDV�WDNHQ�DQG�LQVWDOOHG�LQ�WKH�KRUL]RQWDO�RULHQWDWLRQ
DQG�XQLIRUPO\�GLVWULEXWHG�RYHU�D�ODE�DUHD����P�[���P�

7KH�DVVHPEO\�ZDV�PRQLWRUHG�DW�UHJXODU�LQWHUYDOV�RI����K�WR�ORRN�IRU
IDLOXUHV��7KH�LQVWDQWV�RI�UHFRUGHG�IDLOXUHV�ZHUH�>UHFRUGHG@�DQG�D
WRWDO�RI����GDWD�SRLQWV�ZHUH�REWDLQHG�VXFK�WKDW�HYHQ�WKH�ODVW�EXOE
IDLOHG�

:H�FDQ�ORDG�WKH�GDWD�LQWR�D� �OLNH�WKLV�
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&ROXPQ� �FRQWDLQV�WKH�WLPHV�ZKHQ�EXOEV�IDLOHG�LQ�KRXUV��&ROXPQ�
FRQWDLQV�WKH�QXPEHU�RI�EXOEV�WKDW�IDLOHG�DW�HDFK�WLPH��:H�FDQ
UHSUHVHQW�WKHVH�YDOXHV�DQG�IUHTXHQFLHV�XVLQJ�D� ��OLNH�WKLV�

%HFDXVH�RI�WKH�GHVLJQ�RI�WKLV�H[SHULPHQW��ZH�FDQ�FRQVLGHU�WKH�GDWD
WR�EH�D�UHSUHVHQWDWLYH�VDPSOH�IURP�WKH�GLVWULEXWLRQ�RI�OLIHWLPHV��DW
OHDVW�IRU�OLJKW�EXOEV�WKDW�DUH�OLW�FRQWLQXRXVO\�



$VVXPLQJ�WKDW�WKHVH�GDWD�DUH�ZHOO�PRGHOHG�E\�D�:HLEXOO�GLVWULEXWLRQ�
OHW¶V�HVWLPDWH�WKH�SDUDPHWHUV�WKDW�ILW�WKH�GDWD��$JDLQ��,¶OO�VWDUW�ZLWK
XQLIRUP�SULRUV�IRU� �DQG� �

)RU�WKLV�H[DPSOH��WKHUH�DUH����YDOXHV�LQ�WKH�SULRU�GLVWULEXWLRQ��UDWKHU
WKDQ�WKH�XVXDO������7KDW¶V�EHFDXVH�ZH�DUH�JRLQJ�WR�XVH�WKH�SRVWHULRU
GLVWULEXWLRQV�WR�GR�VRPH�FRPSXWDWLRQDOO\�LQWHQVLYH�FDOFXODWLRQV��7KH\
ZLOO�UXQ�IDVWHU�ZLWK�IHZHU�YDOXHV��EXW�WKH�UHVXOWV�ZLOO�EH�OHVV�SUHFLVH�

$V�XVXDO��ZH�FDQ�XVH� �WR�PDNH�WKH�SULRU�MRLQW�GLVWULEXWLRQ�

$OWKRXJK�ZH�KDYH�GDWD�IRU����OLJKW�EXOEV��WKHUH�DUH�RQO\����XQLTXH
OLIHWLPHV�LQ�WKH�GDWDVHW��)RU�WKH�XSGDWH��LW�LV�FRQYHQLHQW�WR�H[SUHVV
WKH�GDWD�LQ�WKH�IRUP�RI����OLIHWLPHV��ZLWK�HDFK�OLIHWLPH�UHSHDWHG�WKH
JLYHQ�QXPEHU�RI�WLPHV��:H�FDQ�XVH� �WR�WUDQVIRUP�WKH�GDWD�

1RZ�ZH�FDQ�XVH� �WR�GR�WKH�XSGDWH�

+HUH¶V�ZKDW�WKH�SRVWHULRU�MRLQW�GLVWULEXWLRQ�ORRNV�OLNH�



7R�VXPPDUL]H�WKLV�MRLQW�SRVWHULRU�GLVWULEXWLRQ��ZH¶OO�FRPSXWH�WKH
SRVWHULRU�PHDQ�OLIHWLPH�

3RVWHULRU� 0HDQV
7R�FRPSXWH�WKH�SRVWHULRU�PHDQ�RI�D�MRLQW�GLVWULEXWLRQ��ZH¶OO�PDNH�D
PHVK�WKDW�FRQWDLQV�WKH�YDOXHV�RI� �DQG� �

1RZ�IRU�HDFK�SDLU�RI�SDUDPHWHUV�ZH¶OO�XVH� �WR�FRPSXWH
WKH�PHDQ�

7KH�UHVXOW�LV�DQ�DUUD\�ZLWK�WKH�VDPH�GLPHQVLRQV�DV�WKH�MRLQW
GLVWULEXWLRQ�

1RZ�ZH�QHHG�WR�ZHLJKW�HDFK�PHDQ�ZLWK�WKH�FRUUHVSRQGLQJ
SUREDELOLW\�IURP�WKH�MRLQW�SRVWHULRU�



)LQDOO\�ZH�FRPSXWH�WKH�VXP�RI�WKH�ZHLJKWHG�PHDQV�

%DVHG�RQ�WKH�SRVWHULRU�GLVWULEXWLRQ��ZH�WKLQN�WKH�PHDQ�OLIHWLPH�LV
DERXW�������KRXUV�

7KH�IROORZLQJ�IXQFWLRQ�HQFDSVXODWHV�WKHVH�VWHSV�

3RVWHULRU� 3UHGLFWLYH� 'LVWULEXWLRQ
6XSSRVH�\RX�LQVWDOO�����OLJKW�EXOEV�RI�WKH�NLQG�LQ�WKH�SUHYLRXV
VHFWLRQ��DQG�\RX�FRPH�EDFN�WR�FKHFN�RQ�WKHP�DIWHU�������KRXUV�
%DVHG�RQ�WKH�SRVWHULRU�GLVWULEXWLRQ�ZH�MXVW�FRPSXWHG��ZKDW�LV�WKH
GLVWULEXWLRQ�RI�WKH�QXPEHU�RI�EXOEV�\RX�ILQG�GHDG"

,I�ZH�NQHZ�WKH�SDUDPHWHUV�RI�WKH�:HLEXOO�GLVWULEXWLRQ�IRU�VXUH��WKH
DQVZHU�ZRXOG�EH�D�ELQRPLDO�GLVWULEXWLRQ�

)RU�H[DPSOH��LI�ZH�NQRZ�WKDW� �DQG�N� �������ZH�FDQ�XVH
�WR�FRPSXWH�WKH�SUREDELOLW\�WKDW�D�EXOE�GLHV�EHIRUH�\RX

UHWXUQ�



,I�WKHUH�DUH�����EXOEV�DQG�HDFK�KDV�WKLV�SUREDELOLW\�RI�G\LQJ��WKH
QXPEHU�RI�GHDG�EXOEV�IROORZV�D�ELQRPLDO�GLVWULEXWLRQ�

%XW�WKDW¶V�EDVHG�RQ�WKH�DVVXPSWLRQ�WKDW�ZH�NQRZ� �DQG� ��DQG�ZH
GRQ¶W��,QVWHDG��ZH�KDYH�D�SRVWHULRU�GLVWULEXWLRQ�WKDW�FRQWDLQV�SRVVLEOH
YDOXHV�RI�WKHVH�SDUDPHWHUV�DQG�WKHLU�SUREDELOLWLHV�

6R�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�LV�QRW�D�VLQJOH�ELQRPLDO�
LQVWHDG�LW�LV�D�PL[WXUH�RI�ELQRPLDOV��ZHLJKWHG�ZLWK�WKH�SRVWHULRU
SUREDELOLWLHV�

:H�FDQ�XVH� �WR�FRPSXWH�WKH�SRVWHULRU�SUHGLFWLYH
GLVWULEXWLRQ��
,W�GRHVQ¶W�ZRUN�ZLWK�MRLQW�GLVWULEXWLRQV��EXW�ZH�FDQ�FRQYHUW�WKH

�WKDW�UHSUHVHQWV�D�MRLQW�GLVWULEXWLRQ�WR�D� ��OLNH�WKLV�

7KH�UHVXOW�LV�D� �ZLWK�D� �WKDW�FRQWDLQV�WZR�³OHYHOV´�
WKH�ILUVW�OHYHO�FRQWDLQV�WKH�YDOXHV�RI� ��WKH�VHFRQG�FRQWDLQV�WKH
YDOXHV�RI� �



:LWK�WKH�SRVWHULRU�LQ�WKLV�IRUP��ZH�FDQ�LWHUDWH�WKURXJK�WKH�SRVVLEOH
SDUDPHWHUV�DQG�FRPSXWH�D�SUHGLFWLYH�GLVWULEXWLRQ�IRU�HDFK�SDLU�

1RZ�ZH�FDQ�XVH� ��SDVVLQJ�DV�SDUDPHWHUV�WKH�SRVWHULRU
SUREDELOLWLHV�LQ� �DQG�WKH�VHTXHQFH�RI�ELQRPLDO
GLVWULEXWLRQV�LQ� �

+HUH¶V�ZKDW�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�ORRNV�OLNH��FRPSDUHG
WR�WKH�ELQRPLDO�GLVWULEXWLRQ�ZH�FRPSXWHG�ZLWK�NQRZQ�SDUDPHWHUV�

7KH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�LV�ZLGHU�EHFDXVH�LW�UHSUHVHQWV
RXU�XQFHUWDLQW\�DERXW�WKH�SDUDPHWHUV�DV�ZHOO�DV�RXU�XQFHUWDLQW\
DERXW�WKH�QXPEHU�RI�GHDG�EXOEV�

6XPPDU\



7KLV�FKDSWHU�LQWURGXFHV�VXUYLYDO�DQDO\VLV��ZKLFK�LV�XVHG�WR�DQVZHU
TXHVWLRQV�DERXW�WKH�WLPH�XQWLO�DQ�HYHQW��DQG�WKH�:HLEXOO�GLVWULEXWLRQ�
ZKLFK�LV�D�JRRG�PRGHO�IRU�³OLIHWLPHV´��EURDGO\�LQWHUSUHWHG��LQ�D
QXPEHU�RI�GRPDLQV�

:H�XVHG�MRLQW�GLVWULEXWLRQV�WR�UHSUHVHQW�SULRU�SUREDELOLWLHV�IRU�WKH
SDUDPHWHUV�RI�WKH�:HLEXOO�GLVWULEXWLRQ��DQG�ZH�XSGDWHG�WKHP�WKUHH
ZD\V��NQRZLQJ�WKH�H[DFW�GXUDWLRQ�RI�D�OLIHWLPH��NQRZLQJ�D�ORZHU
ERXQG��DQG�NQRZLQJ�WKDW�D�OLIHWLPH�IHOO�LQ�D�JLYHQ�LQWHUYDO�

7KHVH�H[DPSOHV�GHPRQVWUDWH�D�IHDWXUH�RI�%D\HVLDQ�PHWKRGV��WKH\
FDQ�EH�DGDSWHG�WR�KDQGOH�LQFRPSOHWH��RU�³FHQVRUHG´��GDWD�ZLWK�RQO\
VPDOO�FKDQJHV��$V�DQ�H[HUFLVH��\RX¶OO�KDYH�D�FKDQFH�WR�ZRUN�ZLWK
RQH�PRUH�W\SH�RI�FHQVRUHG�GDWD��ZKHQ�ZH�DUH�JLYHQ�DQ�XSSHU�ERXQG
RQ�D�OLIHWLPH�

7KH�PHWKRGV�LQ�WKLV�FKDSWHU�ZRUN�ZLWK�DQ\�GLVWULEXWLRQ�ZLWK�WZR
SDUDPHWHUV��,Q�WKH�H[HUFLVHV��\RX¶OO�KDYH�D�FKDQFH�WR�HVWLPDWH�WKH
SDUDPHWHUV�RI�D�WZR�SDUDPHWHU�JDPPD�GLVWULEXWLRQ��ZKLFK�LV�XVHG�WR
GHVFULEH�D�YDULHW\�RI�QDWXUDO�SKHQRPHQD�

$QG�LQ�WKH�QH[W�FKDSWHU�ZH¶OO�PRYH�RQ�WR�PRGHOV�ZLWK�WKUHH
SDUDPHWHUV�

([HUFLVHV
([DPSOH������

8VLQJ�GDWD�DERXW�WKH�OLIHWLPHV�RI�OLJKW�EXOEV��ZH�FRPSXWHG�WKH
SRVWHULRU�GLVWULEXWLRQ�IURP�WKH�SDUDPHWHUV�RI�D�:HLEXOO�GLVWULEXWLRQ��
DQG� ��DQG�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�IRU�WKH�QXPEHU�RI
GHDG�EXOEV��RXW�RI������DIWHU�������KRXUV�

1RZ�VXSSRVH�\RX�GR�WKH�H[SHULPHQW��<RX�LQVWDOO�����OLJKW�EXOEV�
FRPH�EDFN�DIWHU�������KRXUV��DQG�ILQG����GHDG�OLJKW�EXOEV��8SGDWH
WKH�SRVWHULRU�GLVWULEXWLRQ�EDVHG�RQ�WKLV�GDWD��+RZ�PXFK�GRHV�LW
FKDQJH�WKH�SRVWHULRU�PHDQ"



([DPSOH������

,Q�WKLV�H[HUFLVH��ZH¶OO�XVH�RQH�PRQWK�RI�GDWD�WR�HVWLPDWH�WKH
SDUDPHWHUV�RI�D�GLVWULEXWLRQ�WKDW�GHVFULEHV�GDLO\�UDLQIDOO�LQ�6HDWWOH�
7KHQ�ZH¶OO�FRPSXWH�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�IRU�GDLO\
UDLQIDOO�DQG�XVH�LW�WR�HVWLPDWH�WKH�SUREDELOLW\�RI�D�UDUH�HYHQW��OLNH
PRUH�WKDQ�����LQFKHV�RI�UDLQ�LQ�D�GD\�

$FFRUGLQJ�WR�K\GURORJLVWV��WKH�GLVWULEXWLRQ�RI�WRWDO�GDLO\�UDLQIDOO��IRU
GD\V�ZLWK�UDLQ��LV�ZHOO�PRGHOHG�E\�D�WZR�SDUDPHWHU�JDPPD
GLVWULEXWLRQ�

:KHQ�ZH�ZRUNHG�ZLWK�WKH�RQH�SDUDPHWHU�JDPPD�GLVWULEXWLRQ�LQ�³7KH
*DPPD�'LVWULEXWLRQ´��ZH�XVHG�WKH�*UHHN�OHWWHU� �IRU�WKH�SDUDPHWHU�

)RU�WKH�WZR�SDUDPHWHU�JDPPD�GLVWULEXWLRQ��ZH�ZLOO�XVH� �IRU�WKH
³VKDSH�SDUDPHWHU´��ZKLFK�GHWHUPLQHV�WKH�VKDSH�RI�WKH�GLVWULEXWLRQ�
DQG�WKH�*UHHN�OHWWHU� �RU� �IRU�WKH�³VFDOH�SDUDPHWHU´�

,�VXJJHVW�\RX�SURFHHG�LQ�WKH�IROORZLQJ�VWHSV�

���&RQVWUXFW�D�SULRU�GLVWULEXWLRQ�IRU�WKH�SDUDPHWHUV�RI�WKH
JDPPD�GLVWULEXWLRQ��1RWH�WKDW� �DQG� �PXVW�EH�JUHDWHU�WKDQ
��

���8VH�WKH�REVHUYHG�UDLQIDOOV�WR�XSGDWH�WKH�GLVWULEXWLRQ�RI
SDUDPHWHUV�

���&RPSXWH�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�RI�UDLQIDOO��DQG
XVH�LW�WR�HVWLPDWH�WKH�SUREDELOLW\�RI�JHWWLQJ�PRUH�WKDQ����
LQFKHV�RI�UDLQ�LQ�RQH�GD\�



&KDSWHU� ���� 0DUN� DQG
5HFDSWXUH

7KLV�FKDSWHU�LQWURGXFHV�³PDUN�DQG�UHFDSWXUH´�H[SHULPHQWV��LQ�ZKLFK
ZH�VDPSOH�LQGLYLGXDOV�IURP�D�SRSXODWLRQ��PDUN�WKHP�VRPHKRZ��DQG
WKHQ�WDNH�D�VHFRQG�VDPSOH�IURP�WKH�VDPH�SRSXODWLRQ��6HHLQJ�KRZ
PDQ\�LQGLYLGXDOV�LQ�WKH�VHFRQG�VDPSOH�DUH�PDUNHG��ZH�FDQ�HVWLPDWH
WKH�VL]H�RI�WKH�SRSXODWLRQ�

([SHULPHQWV�OLNH�WKLV�ZHUH�RULJLQDOO\�XVHG�LQ�HFRORJ\��EXW�WXUQ�RXW�WR
EH�XVHIXO�LQ�PDQ\�RWKHU�ILHOGV��([DPSOHV�LQ�WKLV�FKDSWHU�LQFOXGH
VRIWZDUH�HQJLQHHULQJ�DQG�HSLGHPLRORJ\�

$OVR��LQ�WKLV�FKDSWHU�ZH¶OO�ZRUN�ZLWK�PRGHOV�WKDW�KDYH�WKUHH
SDUDPHWHUV��VR�ZH¶OO�H[WHQG�WKH�MRLQW�GLVWULEXWLRQV�ZH¶YH�EHHQ�XVLQJ
WR�WKUHH�GLPHQVLRQV�

%XW�ILUVW��JUL]]O\�EHDUV�

7KH� *UL]]O\� %HDU� 3UREOHP
,Q������DQG������UHVHDUFKHUV�GHSOR\HG�EHDU�WUDSV�LQ�ORFDWLRQV�LQ
%ULWLVK�&ROXPELD�DQG�$OEHUWD��&DQDGD��LQ�DQ�HIIRUW�WR�HVWLPDWH�WKH
SRSXODWLRQ�RI�JUL]]O\�EHDUV��7KH\�GHVFULEH�WKH�H[SHULPHQW�LQ�WKLV
DUWLFOH�

7KH�³WUDS´�FRQVLVWV�RI�D�OXUH�DQG�VHYHUDO�VWUDQGV�RI�EDUEHG�ZLUH
LQWHQGHG�WR�FDSWXUH�VDPSOHV�RI�KDLU�IURP�EHDUV�WKDW�YLVLW�WKH�OXUH�
8VLQJ�WKH�KDLU�VDPSOHV��WKH�UHVHDUFKHUV�XVH�'1$�DQDO\VLV�WR�LGHQWLI\
LQGLYLGXDO�EHDUV�

'XULQJ�WKH�ILUVW�VHVVLRQ��WKH�UHVHDUFKHUV�GHSOR\HG�WUDSV�DW����VLWHV�
5HWXUQLQJ����GD\V�ODWHU��WKH\�REWDLQHG�������KDLU�VDPSOHV�DQG
LGHQWLILHG����GLIIHUHQW�EHDUV��'XULQJ�D�VHFRQG����GD\�VHVVLRQ�WKH\



REWDLQHG�������VDPSOHV�IURP����GLIIHUHQW�EHDUV��ZKHUH���RI�WKH���
ZHUH�IURP�EHDUV�WKH\�KDG�LGHQWLILHG�LQ�WKH�ILUVW�EDWFK�

7R�HVWLPDWH�WKH�SRSXODWLRQ�RI�EHDUV�IURP�WKLV�GDWD��ZH�QHHG�D�PRGHO
IRU�WKH�SUREDELOLW\�WKDW�HDFK�EHDU�ZLOO�EH�REVHUYHG�GXULQJ�HDFK
VHVVLRQ��$V�D�VWDUWLQJ�SODFH��ZH¶OO�PDNH�WKH�VLPSOHVW�DVVXPSWLRQ�
WKDW�HYHU\�EHDU�LQ�WKH�SRSXODWLRQ�KDV�WKH�VDPH��XQNQRZQ��SUREDELOLW\
RI�EHLQJ�VDPSOHG�GXULQJ�HDFK�VHVVLRQ�

:LWK�WKHVH�DVVXPSWLRQV�ZH�FDQ�FRPSXWH�WKH�SUREDELOLW\�RI�WKH�GDWD
IRU�D�UDQJH�RI�SRVVLEOH�SRSXODWLRQV�

$V�DQ�H[DPSOH��OHW¶V�VXSSRVH�WKDW�WKH�DFWXDO�SRSXODWLRQ�RI�EHDUV�LV
����

$IWHU�WKH�ILUVW�VHVVLRQ�����RI�WKH�����EHDUV�KDYH�EHHQ�LGHQWLILHG�
'XULQJ�WKH�VHFRQG�VHVVLRQ��LI�ZH�FKRRVH����EHDUV�DW�UDQGRP��ZKDW�LV
WKH�SUREDELOLW\�WKDW���RI�WKHP�ZHUH�SUHYLRXVO\�LGHQWLILHG"

,¶OO�GHILQH�

��DFWXDO�SRSXODWLRQ�VL]H������

��QXPEHU�RI�EHDUV�LGHQWLILHG�LQ�WKH�ILUVW�VHVVLRQ�����

��QXPEHU�RI�EHDUV�REVHUYHG�LQ�WKH�VHFRQG�VHVVLRQ�����LQ
WKH�H[DPSOH�

��QXPEHU�RI�EHDUV�LQ�WKH�VHFRQG�VHVVLRQ�WKDW�ZHUH
SUHYLRXVO\�LGHQWLILHG����

)RU�JLYHQ�YDOXHV�RI� �� ��DQG� ��WKH�SUREDELOLW\�RI�ILQGLQJ�
SUHYLRXVO\�LGHQWLILHG�EHDUV�LV�JLYHQ�E\�WKH�K\SHUJHRPHWULF
GLVWULEXWLRQ�



ZKHUH�WKH�ELQRPLDO�FRHIILFLHQW�� ��LV�WKH�QXPEHU�RI�VXEVHWV�RI

VL]H� �ZH�FDQ�FKRRVH�IURP�D�SRSXODWLRQ�RI�VL]H� �

7R�XQGHUVWDQG�ZK\��FRQVLGHU�

7KH�GHQRPLQDWRU�� ��LV�WKH�QXPEHU�RI�VXEVHWV�RI� �ZH

FRXOG�FKRRVH�IURP�D�SRSXODWLRQ�RI� �EHDUV�

7KH�QXPHUDWRU�LV�WKH�QXPEHU�RI�VXEVHWV�WKDW�FRQWDLQ� �EHDUV
IURP�WKH�SUHYLRXVO\�LGHQWLILHG� �DQG� �IURP�WKH
SUHYLRXVO\�XQVHHQ� �

6FL3\�SURYLGHV� ��ZKLFK�ZH�FDQ�XVH�WR�FRPSXWH�WKLV
SUREDELOLW\�IRU�D�UDQJH�RI�YDOXHV�RI� �

7KH�UHVXOW�LV�WKH�GLVWULEXWLRQ�RI� �ZLWK�JLYHQ�SDUDPHWHUV� �� ��DQG�
��+HUH¶V�ZKDW�LW�ORRNV�OLNH�



7KH�PRVW�OLNHO\�YDOXH�RI� �LV����ZKLFK�LV�WKH�YDOXH�DFWXDOO\�REVHUYHG
LQ�WKH�H[SHULPHQW��
7KDW�VXJJHVWV�WKDW� �LV�D�UHDVRQDEOH�HVWLPDWH�RI�WKH
SRSXODWLRQ��JLYHQ�WKLV�GDWD�

:H¶YH�FRPSXWHG�WKH�GLVWULEXWLRQ�RI� �JLYHQ� �� ��DQG� ��1RZ�OHW¶V
JR�WKH�RWKHU�ZD\��JLYHQ� �� ��DQG� ��KRZ�FDQ�ZH�HVWLPDWH�WKH�WRWDO
SRSXODWLRQ�� "

7KH� 8SGDWH
$V�D�VWDUWLQJ�SODFH��OHW¶V�VXSSRVH�WKDW��SULRU�WR�WKLV�VWXG\��DQ�H[SHUW
HVWLPDWHV�WKDW�WKH�ORFDO�EHDU�SRSXODWLRQ�LV�EHWZHHQ����DQG������DQG
HTXDOO\�OLNHO\�WR�EH�DQ\�YDOXH�LQ�WKDW�UDQJH�

,¶OO�XVH� �WR�PDNH�D�XQLIRUP�GLVWULEXWLRQ�RI�LQWHJHUV�LQ�WKLV
UDQJH�

6R�WKDW¶V�RXU�SULRU�

7R�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD��ZH�FDQ�XVH� �ZLWK
FRQVWDQWV� �DQG� ��DQG�D�UDQJH�RI�YDOXHV�RI� �



:H�FDQ�FRPSXWH�WKH�SRVWHULRU�LQ�WKH�XVXDO�ZD\�

$QG�KHUH¶V�ZKDW�LW�ORRNV�OLNH�

7KH�PRVW�OLNHO\�YDOXH�LV�����

%XW�WKH�GLVWULEXWLRQ�LV�VNHZHG�WR�WKH�ULJKW��VR�WKH�SRVWHULRU�PHDQ�LV
VXEVWDQWLDOO\�KLJKHU�

$QG�WKH�FUHGLEOH�LQWHUYDO�LV�TXLWH�ZLGH�



7KLV�VROXWLRQ�LV�UHODWLYHO\�VLPSOH��EXW�LW�WXUQV�RXW�ZH�FDQ�GR�D�OLWWOH
EHWWHU�LI�ZH�PRGHO�WKH�XQNQRZQ�SUREDELOLW\�RI�REVHUYLQJ�D�EHDU
H[SOLFLWO\�

7ZR�3DUDPHWHU� 0RGHO
1H[W�ZH¶OO�WU\�D�PRGHO�ZLWK�WZR�SDUDPHWHUV��WKH�QXPEHU�RI�EHDUV�� �
DQG�WKH�SUREDELOLW\�RI�REVHUYLQJ�D�EHDU�� �

:H¶OO�DVVXPH�WKDW�WKH�SUREDELOLW\�LV�WKH�VDPH�LQ�ERWK�URXQGV��ZKLFK�LV
SUREDEO\�UHDVRQDEOH�LQ�WKLV�FDVH�EHFDXVH�LW�LV�WKH�VDPH�NLQG�RI�WUDS
LQ�WKH�VDPH�SODFH�

:H¶OO�DOVR�DVVXPH�WKDW�WKH�SUREDELOLWLHV�DUH�LQGHSHQGHQW��WKDW�LV��WKH
SUREDELOLW\�D�EHDU�LV�REVHUYHG�LQ�WKH�VHFRQG�URXQG�GRHV�QRW�GHSHQG
RQ�ZKHWKHU�LW�ZDV�REVHUYHG�LQ�WKH�ILUVW�URXQG��7KLV�DVVXPSWLRQ�PLJKW
EH�OHVV�UHDVRQDEOH��EXW�IRU�QRZ�LW�LV�D�QHFHVVDU\�VLPSOLILFDWLRQ�

+HUH�DUH�WKH�FRXQWV�DJDLQ�

)RU�WKLV�PRGHO��,¶OO�H[SUHVV�WKH�GDWD�LQ�D�QRWDWLRQ�WKDW�ZLOO�PDNH�LW
HDVLHU�WR�JHQHUDOL]H�WR�PRUH�WKDQ�WZR�URXQGV�

�LV�WKH�QXPEHU�RI�EHDUV�REVHUYHG�LQ�WKH�ILUVW�URXQG�EXW�QRW
WKH�VHFRQG�

�LV�WKH�QXPEHU�RI�EHDUV�REVHUYHG�LQ�WKH�VHFRQG�URXQG�EXW
QRW�WKH�ILUVW��DQG

�LV�WKH�QXPEHU�RI�EHDUV�REVHUYHG�LQ�ERWK�URXQGV�

+HUH�DUH�WKHLU�YDOXHV�



6XSSRVH�ZH�NQRZ�WKH�DFWXDO�YDOXHV�RI� �DQG� ��:H�FDQ�XVH�WKHP�WR
FRPSXWH�WKH�OLNHOLKRRG�RI�WKLV�GDWD�

)RU�H[DPSOH��VXSSRVH�ZH�NQRZ�WKDW� �DQG� ��:H�FDQ�XVH�
WR�FRPSXWH� ��ZKLFK�LV�WKH�QXPEHU�RI�XQREVHUYHG�EHDUV�

)RU�WKH�XSGDWH��LW�ZLOO�EH�FRQYHQLHQW�WR�VWRUH�WKH�GDWD�DV�D�OLVW�WKDW
UHSUHVHQWV�WKH�QXPEHU�RI�EHDUV�LQ�HDFK�FDWHJRU\�

1RZ��LI�ZH�NQRZ� ��ZH�FDQ�FRPSXWH�WKH�SUREDELOLW\�D�EHDU�IDOOV�LQ
HDFK�FDWHJRU\��)RU�H[DPSOH��WKH�SUREDELOLW\�RI�EHLQJ�REVHUYHG�LQ
ERWK�URXQGV�LV� ��DQG�WKH�SUREDELOLW\�RI�EHLQJ�XQREVHUYHG�LQ�ERWK
URXQGV�LV� ��ZKHUH� ��



1RZ�WKH�SUREDELOLW\�RI�WKH�GDWD�LV�JLYHQ�E\�WKH�PXOWLQRPLDO
GLVWULEXWLRQ�

ZKHUH� �LV�DFWXDO�SRSXODWLRQ�� �LV�D�VHTXHQFH�ZLWK�WKH�FRXQWV�LQ
HDFK�FDWHJRU\��DQG� �LV�D�VHTXHQFH�RI�SUREDELOLWLHV�IRU�HDFK
FDWHJRU\�

6FL3\�SURYLGHV� ��ZKLFK�SURYLGHV� ��ZKLFK�FRPSXWHV
WKLV�SUREDELOLW\��+HUH�LV�WKH�SUREDELOLW\�RI�WKH�GDWD�IRU�WKHVH�YDOXHV�RI
�DQG� �

7KDW¶V�WKH�OLNHOLKRRG�LI�ZH�NQRZ� �DQG� ��EXW�RI�FRXUVH�ZH�GRQ¶W��6R
ZH¶OO�FKRRVH�SULRU�GLVWULEXWLRQV�IRU� �DQG� ��DQG�XVH�WKH�OLNHOLKRRGV�WR
XSGDWH�LW�

7KH� 3ULRU
:H¶OO�XVH� �DJDLQ�IRU�WKH�SULRU�GLVWULEXWLRQ�RI� ��DQG�D�XQLIRUP
SULRU�IRU�WKH�SUREDELOLW\�RI�REVHUYLQJ�D�EHDU�� �



:H�FDQ�PDNH�D�MRLQW�GLVWULEXWLRQ�LQ�WKH�XVXDO�ZD\�

7KH�UHVXOW�LV�D�SDQGDV� �ZLWK�YDOXHV�RI� �GRZQ�WKH�URZV�DQG
YDOXHV�RI� �DFURVV�WKH�FROXPQV��+RZHYHU��IRU�WKLV�SUREOHP�LW�ZLOO�EH
FRQYHQLHQW�WR�UHSUHVHQW�WKH�SULRU�GLVWULEXWLRQ�DV�D���'� �UDWKHU
WKDQ�D���'� ��:H�FDQ�FRQYHUW�IURP�RQH�IRUPDW�WR�WKH�RWKHU
XVLQJ� �
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7KH�UHVXOW�LV�D� �ZKRVH�LQGH[�LV�D� ��$� �FDQ
KDYH�PRUH�WKDQ�RQH�FROXPQ��LQ�WKLV�H[DPSOH��WKH�ILUVW�FROXPQ
FRQWDLQV�YDOXHV�RI� �DQG�WKH�VHFRQG�FROXPQ�FRQWDLQV�YDOXHV�RI� �

7KH� �KDV�RQH�URZ��DQG�RQH�SULRU�SUREDELOLW\��IRU�HDFK�SRVVLEOH
SDLU�RI�SDUDPHWHUV� �DQG� ��6R�WKH�WRWDO�QXPEHU�RI�URZV�LV�WKH
SURGXFW�RI�WKH�OHQJWKV�RI� �DQG� �

1RZ�ZH�KDYH�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU�HDFK�SDLU�RI
SDUDPHWHUV�



7KH� 8SGDWH
7R�DOORFDWH�VSDFH�IRU�WKH�OLNHOLKRRGV��LW�LV�FRQYHQLHQW�WR�PDNH�D�FRS\
RI� �

$V�ZH�ORRS�WKURXJK�WKH�SDLUV�RI�SDUDPHWHUV��ZH�FRPSXWH�WKH
OLNHOLKRRG�RI�WKH�GDWD�DV�LQ�WKH�SUHYLRXV�VHFWLRQ��DQG�WKHQ�VWRUH�WKH
UHVXOW�DV�DQ�HOHPHQW�RI� �

1RZ�ZH�FDQ�FRPSXWH�WKH�SRVWHULRU�LQ�WKH�XVXDO�ZD\�

:H¶OO�XVH� �DJDLQ�WR�YLVXDOL]H�WKH�MRLQW�SRVWHULRU
GLVWULEXWLRQ��%XW�UHPHPEHU�WKDW�WKH�SRVWHULRU�GLVWULEXWLRQ�ZH�MXVW
FRPSXWHG�LV�UHSUHVHQWHG�DV�D� ��ZKLFK�LV�D� ��DQG

�H[SHFWV�D� �

6LQFH�ZH�XVHG� �WR�FRQYHUW�IURP�D� �WR�D� ��ZH
FDQ�XVH� �WR�JR�WKH�RWKHU�ZD\�

$QG�KHUH¶V�ZKDW�WKH�UHVXOW�ORRNV�OLNH�



7KH�PRVW�OLNHO\�YDOXHV�RI� �DUH�QHDU������DV�LQ�WKH�SUHYLRXV�PRGHO�
7KH�PRVW�OLNHO\�YDOXHV�RI� �DUH�QHDU�����

7KH�VKDSH�RI�WKLV�FRQWRXU�LQGLFDWHV�WKDW�WKHVH�SDUDPHWHUV�DUH
FRUUHODWHG��,I� �LV�QHDU�WKH�ORZ�HQG�RI�WKH�UDQJH��WKH�PRVW�OLNHO\
YDOXHV�RI� �DUH�KLJKHU��LI� �LV�QHDU�WKH�KLJK�HQG�RI�WKH�UDQJH�� �LV
ORZHU�

1RZ�WKDW�ZH�KDYH�D�SRVWHULRU� ��ZH�FDQ�H[WUDFW�WKH�PDUJLQDO
GLVWULEXWLRQV�LQ�WKH�XVXDO�ZD\�

+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU� �EDVHG�RQ�WKH�WZR�SDUDPHWHU
PRGHO��DORQJ�ZLWK�WKH�SRVWHULRU�ZH�JRW�XVLQJ�WKH�RQH�SDUDPHWHU
�K\SHUJHRPHWULF��PRGHO�



:LWK�WKH�WZR�SDUDPHWHU�PRGHO��WKH�PHDQ�LV�D�OLWWOH�ORZHU�DQG�WKH
����FUHGLEOH�LQWHUYDO�LV�D�OLWWOH�QDUURZHU�

7KH� /LQFROQ� ,QGH[� 3UREOHP
,Q�DQ�H[FHOOHQW�EORJ�SRVW��-RKQ�'��&RRN�ZURWH�DERXW�WKH�/LQFROQ
LQGH[��ZKLFK�LV�D�ZD\�WR�HVWLPDWH�WKH�QXPEHU�RI�HUURUV�LQ�D�GRFXPHQW
�RU�SURJUDP��E\�FRPSDULQJ�UHVXOWV�IURP�WZR�LQGHSHQGHQW�WHVWHUV�
+HUH¶V�KLV�SUHVHQWDWLRQ�RI�WKH�SUREOHP�

6XSSRVH�\RX�KDYH�D�WHVWHU�ZKR�ILQGV����EXJV�LQ�\RXU�SURJUDP�
<RX�ZDQW�WR�HVWLPDWH�KRZ�PDQ\�EXJV�DUH�UHDOO\�LQ�WKH�SURJUDP�
<RX�NQRZ�WKHUH�DUH�DW�OHDVW����EXJV��DQG�LI�\RX�KDYH�VXSUHPH
FRQILGHQFH�LQ�\RXU�WHVWHU��\RX�PD\�VXSSRVH�WKHUH�DUH�DURXQG���
EXJV��%XW�PD\EH�\RXU�WHVWHU�LVQ¶W�YHU\�JRRG��0D\EH�WKHUH�DUH
KXQGUHGV�RI�EXJV��+RZ�FDQ�\RX�KDYH�DQ\�LGHD�KRZ�PDQ\�EXJV
WKHUH�DUH"�7KHUH¶V�QR�ZD\�WR�NQRZ�ZLWK�RQH�WHVWHU��%XW�LI�\RX�KDYH
WZR�WHVWHUV��\RX�FDQ�JHW�D�JRRG�LGHD��HYHQ�LI�\RX�GRQ¶W�NQRZ�KRZ
VNLOOHG�WKH�WHVWHUV�DUH�

6XSSRVH�WKH�ILUVW�WHVWHU�ILQGV����EXJV��WKH�VHFRQG�ILQGV�����DQG�WKH\
ILQG���LQ�FRPPRQ��KRZ�FDQ�ZH�HVWLPDWH�WKH�QXPEHU�RI�EXJV"

7KLV�SUREOHP�LV�VLPLODU�WR�WKH�*UL]]O\�%HDU�3UREOHP��VR�,¶OO�UHSUHVHQW
WKH�GDWD�LQ�WKH�VDPH�ZD\�



%XW�LQ�WKLV�FDVH�LW�LV�SUREDEO\�QRW�UHDVRQDEOH�WR�DVVXPH�WKDW�WKH
WHVWHUV�KDYH�WKH�VDPH�SUREDELOLW\�RI�ILQGLQJ�D�EXJ��6R�,¶OO�GHILQH�WZR
SDUDPHWHUV�� �IRU�WKH�SUREDELOLW\�WKDW�WKH�ILUVW�WHVWHU�ILQGV�D�EXJ��DQG
�IRU�WKH�SUREDELOLW\�WKDW�WKH�VHFRQG�WHVWHU�ILQGV�D�EXJ�

,�ZLOO�FRQWLQXH�WR�DVVXPH�WKDW�WKH�SUREDELOLWLHV�DUH�LQGHSHQGHQW�
ZKLFK�LV�OLNH�DVVXPLQJ�WKDW�DOO�EXJV�DUH�HTXDOO\�HDV\�WR�ILQG��7KDW
PLJKW�QRW�EH�D�JRRG�DVVXPSWLRQ��EXW�OHW¶V�VWLFN�ZLWK�LW�IRU�QRZ�

$V�DQ�H[DPSOH��VXSSRVH�ZH�NQRZ�WKDW�WKH�SUREDELOLWLHV�DUH�����DQG
�����

:H�FDQ�FRPSXWH�WKH�DUUD\�RI�SUREDELOLWLHV�� ��OLNH�WKLV�

:LWK�WKHVH�SUREDELOLWLHV��WKHUH�LV�D�����FKDQFH�WKDW�QHLWKHU�WHVWHU
ILQGV�WKH�EXJ�DQG�D����FKDQFH�WKDW�ERWK�GR�

3UHWHQGLQJ�WKDW�WKHVH�SUREDELOLWLHV�DUH�NQRZQ��ZH�FDQ�FRPSXWH�WKH
SRVWHULRU�GLVWULEXWLRQ�IRU� ��+HUH¶V�D�SULRU�GLVWULEXWLRQ�WKDW¶V�XQLIRUP
IURP����WR�����EXJV�
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,¶OO�SXW�WKH�GDWD�LQ�DQ�DUUD\��ZLWK���DV�D�SODFH�NHHSHU�IRU�WKH�XQNQRZQ
YDOXH� �

$QG�KHUH�DUH�WKH�OLNHOLKRRGV�IRU�HDFK�YDOXH�RI� ��ZLWK� �DV�D
FRQVWDQW�

:H�FDQ�FRPSXWH�WKH�SRVWHULRU�LQ�WKH�XVXDO�ZD\�

$QG�KHUH¶V�ZKDW�LW�ORRNV�OLNH�



:LWK�WKH�DVVXPSWLRQ�WKDW� �DQG� �DUH�NQRZQ�WR�EH� �DQG� �
WKH�SRVWHULRU�PHDQ�LV�����ZLWK�����FUHGLEOH�LQWHUYDO������������%XW
WKLV�UHVXOW�LV�EDVHG�RQ�WKH�DVVXPSWLRQ�WKDW�ZH�NQRZ�WKH�SUREDELOLWLHV�
DQG�ZH�GRQ¶W�

7KUHH�3DUDPHWHU� 0RGHO
:KDW�ZH�QHHG�LV�D�PRGHO�ZLWK�WKUHH�SDUDPHWHUV�� �� ��DQG� ��:H¶OO
XVH� �DJDLQ�IRU�WKH�SULRU�GLVWULEXWLRQ�RI� ��DQG�KHUH�DUH�WKH
SULRUV�IRU� �DQG� �

1RZ�ZH�KDYH�WR�DVVHPEOH�WKHP�LQWR�D�MRLQW�SULRU�ZLWK�WKUHH
GLPHQVLRQV��,¶OO�VWDUW�E\�SXWWLQJ�WKH�ILUVW�WZR�LQWR�D� �

1RZ�,¶OO�VWDFN�WKHP��DV�LQ�WKH�SUHYLRXV�H[DPSOH��DQG�SXW�WKH�UHVXOW�LQ
D� �
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:H�FDQ�XVH� �DJDLQ�WR�DGG�LQ�WKH�WKLUG�SDUDPHWHU�

7KH�UHVXOW�LV�D� �ZLWK�YDOXHV�RI� �DQG� �LQ�D� �WKDW
JRHV�GRZQ�WKH�URZV�DQG�YDOXHV�RI� �LQ�DQ�LQGH[�WKDW�JRHV�DFURVV
WKH�FROXPQV�

1RZ�,¶OO�DSSO\� �DJDLQ�
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7KH�UHVXOW�LV�D� �ZLWK�D�WKUHH�FROXPQ� �FRQWDLQLQJ�DOO
SRVVLEOH�WULSOHWV�RI�SDUDPHWHUV�



7KH�QXPEHU�RI�URZV�LV�WKH�SURGXFW�RI�WKH�QXPEHU�RI�YDOXHV�LQ�DOO
WKUHH�SULRUV��ZKLFK�LV�DOPRVW���������

7KDW¶V�VWLOO�VPDOO�HQRXJK�WR�EH�SUDFWLFDO��EXW�LW�ZLOO�WDNH�ORQJHU�WR
FRPSXWH�WKH�OLNHOLKRRGV�WKDQ�LQ�WKH�SUHYLRXV�H[DPSOHV�

+HUH¶V�WKH�ORRS�WKDW�FRPSXWHV�WKH�OLNHOLKRRGV��LW¶V�VLPLODU�WR�WKH�RQH
LQ�WKH�SUHYLRXV�VHFWLRQ�

:H�FDQ�FRPSXWH�WKH�SRVWHULRU�LQ�WKH�XVXDO�ZD\�

1RZ��WR�H[WUDFW�WKH�PDUJLQDO�GLVWULEXWLRQV��ZH�FRXOG�XQVWDFN�WKH�MRLQW
SRVWHULRU�DV�ZH�GLG�LQ�WKH�SUHYLRXV�VHFWLRQ��%XW� �SURYLGHV�D
YHUVLRQ�RI� �WKDW�ZRUNV�ZLWK�D� �UDWKHU�WKDQ�D� �
+HUH¶V�KRZ�ZH�XVH�LW�WR�JHW�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU� �

$QG�KHUH¶V�ZKDW�LW�ORRNV�OLNH�



7KH�SRVWHULRU�PHDQ�LV�����EXJV��ZKLFK�VXJJHVWV�WKDW�WKHUH�DUH�VWLOO
PDQ\�EXJV�WKH�WHVWHUV�KDYH�QRW�IRXQG�

+HUH�DUH�WKH�SRVWHULRUV�IRU� �DQG� �

&RPSDULQJ�WKH�SRVWHULRU�GLVWULEXWLRQV��WKH�WHVWHU�ZKR�IRXQG�PRUH
EXJV�SUREDEO\�KDV�D�KLJKHU�SUREDELOLW\�RI�ILQGLQJ�EXJV��7KH�SRVWHULRU
PHDQV�DUH�DERXW�����DQG������%XW�WKH�GLVWULEXWLRQV�RYHUODS��VR�ZH
VKRXOG�QRW�EH�WRR�VXUH�

7KLV�LV�WKH�ILUVW�H[DPSOH�ZH¶YH�VHHQ�ZLWK�WKUHH�SDUDPHWHUV��$V�WKH
QXPEHU�RI�SDUDPHWHUV�LQFUHDVHV��WKH�QXPEHU�RI�FRPELQDWLRQV
LQFUHDVHV�TXLFNO\��7KH�PHWKRG�ZH¶YH�EHHQ�XVLQJ�VR�IDU��HQXPHUDWLQJ



DOO�SRVVLEOH�FRPELQDWLRQV��EHFRPHV�LPSUDFWLFDO�LI�WKH�QXPEHU�RI
SDUDPHWHUV�LV�PRUH�WKDQ���RU���

+RZHYHU��WKHUH�DUH�RWKHU�PHWKRGV�WKDW�FDQ�KDQGOH�PRGHOV�ZLWK�PDQ\
PRUH�SDUDPHWHUV��DV�ZH¶OO�VHH�LQ�&KDSWHU����

6XPPDU\
7KH�SUREOHPV�LQ�WKLV�FKDSWHU�DUH�H[DPSOHV�RI�PDUN�DQG�UHFDSWXUH
H[SHULPHQWV��ZKLFK�DUH�XVHG�LQ�HFRORJ\�WR�HVWLPDWH�DQLPDO
SRSXODWLRQV��7KH\�DOVR�KDYH�DSSOLFDWLRQV�LQ�HQJLQHHULQJ��DV�LQ�WKH
/LQFROQ�,QGH[�3UREOHP��$QG�LQ�WKH�H[HUFLVHV�\RX¶OO�VHH�WKDW�WKH\�DUH
XVHG�LQ�HSLGHPLRORJ\��WRR�

7KLV�FKDSWHU�LQWURGXFHV�WZR�QHZ�SUREDELOLW\�GLVWULEXWLRQV�

7KH�K\SHUJHRPHWULF�GLVWULEXWLRQ�LV�D�YDULDWLRQ�RI�WKH�ELQRPLDO
GLVWULEXWLRQ�LQ�ZKLFK�VDPSOHV�DUH�GUDZQ�IURP�WKH�SRSXODWLRQ
ZLWKRXW�UHSODFHPHQW�

7KH�PXOWLQRPLDO�GLVWULEXWLRQ�LV�D�JHQHUDOL]DWLRQ�RI�WKH
ELQRPLDO�GLVWULEXWLRQ�ZKHUH�WKHUH�DUH�PRUH�WKDQ�WZR�SRVVLEOH
RXWFRPHV�

$OVR�LQ�WKLV�FKDSWHU��ZH�VDZ�WKH�ILUVW�H[DPSOH�RI�D�PRGHO�ZLWK�WKUHH
SDUDPHWHUV��:H¶OO�VHH�PRUH�LQ�VXEVHTXHQW�FKDSWHUV�

([HUFLVHV
([DPSOH������

,Q�DQ�H[FHOOHQW�SDSHU��$QQH�&KDR�H[SODLQV�KRZ�PDUN�DQG�UHFDSWXUH
H[SHULPHQWV�DUH�XVHG�LQ�HSLGHPLRORJ\�WR�HVWLPDWH�WKH�SUHYDOHQFH�RI
D�GLVHDVH�LQ�D�KXPDQ�SRSXODWLRQ�EDVHG�RQ�PXOWLSOH�LQFRPSOHWH�OLVWV
RI�FDVHV�



2QH�RI�WKH�H[DPSOHV�LQ�WKDW�SDSHU�LV�D�VWXG\�³WR�HVWLPDWH�WKH�QXPEHU
RI�SHRSOH�ZKR�ZHUH�LQIHFWHG�E\�KHSDWLWLV�LQ�DQ�RXWEUHDN�WKDW�RFFXUUHG
LQ�DQG�DURXQG�D�FROOHJH�LQ�QRUWKHUQ�7DLZDQ�IURP�$SULO�WR�-XO\������´

7KUHH�OLVWV�RI�FDVHV�ZHUH�DYDLODEOH�

�������FDVHV�LGHQWLILHG�XVLQJ�D�VHUXP�WHVW�

�������FDVHV�UHSRUWHG�E\�ORFDO�KRVSLWDOV�

�������FDVHV�UHSRUWHG�RQ�TXHVWLRQQDLUHV�FROOHFWHG�E\
HSLGHPLRORJLVWV�

,Q�WKLV�H[HUFLVH��ZH¶OO�XVH�RQO\�WKH�ILUVW�WZR�OLVWV��LQ�WKH�QH[W�H[HUFLVH
ZH¶OO�EULQJ�LQ�WKH�WKLUG�OLVW�

0DNH�D�MRLQW�SULRU�DQG�XSGDWH�LW�XVLQJ�WKLV�GDWD��WKHQ�FRPSXWH�WKH
SRVWHULRU�PHDQ�RI� �DQG�D�����FUHGLEOH�LQWHUYDO�

([DPSOH������

1RZ�OHW¶V�GR�WKH�YHUVLRQ�RI�WKH�SUREOHP�ZLWK�DOO�WKUHH�OLVWV��+HUH¶V�WKH
GDWD�IURP�&KRX¶V�SDSHU�

:ULWH�D�ORRS�WKDW�FRPSXWHV�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU�HDFK�SDLU�RI
SDUDPHWHUV��WKHQ�XSGDWH�WKH�SULRU�DQG�FRPSXWH�WKH�SRVWHULRU�PHDQ
RI� ��+RZ�GRHV�LW�FRPSDUH�WR�WKH�UHVXOWV�XVLQJ�RQO\�WKH�ILUVW�WZR�OLVWV"



&KDSWHU� ���� /RJLVWLF
5HJUHVVLRQ

7KLV�FKDSWHU�LQWURGXFHV�WZR�UHODWHG�WRSLFV��ORJ�RGGV�DQG�ORJLVWLF
UHJUHVVLRQ�

,Q�³%D\HV¶V�5XOH´��ZH�UHZURWH�%D\HV¶V�WKHRUHP�LQ�WHUPV�RI�RGGV�DQG
GHULYHG�%D\HV¶V�UXOH��ZKLFK�FDQ�EH�D�FRQYHQLHQW�ZD\�WR�GR�D
%D\HVLDQ�XSGDWH�RQ�SDSHU�RU�LQ�\RXU�KHDG��,Q�WKLV�FKDSWHU��ZH¶OO�ORRN
DW�%D\HV¶V�UXOH�RQ�D�ORJDULWKPLF�VFDOH��ZKLFK�SURYLGHV�LQVLJKW�LQWR
KRZ�ZH�DFFXPXODWH�HYLGHQFH�WKURXJK�VXFFHVVLYH�XSGDWHV�

7KDW�OHDGV�GLUHFWO\�WR�ORJLVWLF�UHJUHVVLRQ��ZKLFK�LV�EDVHG�RQ�D�OLQHDU
PRGHO�RI�WKH�UHODWLRQVKLS�EHWZHHQ�HYLGHQFH�DQG�WKH�ORJ�RGGV�RI�D
K\SRWKHVLV��$V�DQ�H[DPSOH��ZH¶OO�XVH�GDWD�IURP�WKH�6SDFH�6KXWWOH�WR
H[SORUH�WKH�UHODWLRQVKLS�EHWZHHQ�WHPSHUDWXUH�DQG�WKH�SUREDELOLW\�RI
GDPDJH�WR�WKH�2�ULQJV�

$V�DQ�H[HUFLVH��\RX¶OO�KDYH�D�FKDQFH�WR�PRGHO�WKH�UHODWLRQVKLS
EHWZHHQ�D�FKLOG¶V�DJH�ZKHQ�WKH\�VWDUW�VFKRRO�DQG�WKHLU�SUREDELOLW\�RI
EHLQJ�GLDJQRVHG�ZLWK�DWWHQWLRQ�GHILFLW�K\SHUDFWLYLW\�GLVRUGHU��$'+'��

/RJ� 2GGV
:KHQ�,�ZDV�LQ�JUDG�VFKRRO��,�VLJQHG�XS�IRU�D�FODVV�RQ�WKH�7KHRU\�RI
&RPSXWDWLRQ��2Q�WKH�ILUVW�GD\�RI�FODVV��,�ZDV�WKH�ILUVW�WR�DUULYH��$�IHZ
PLQXWHV�ODWHU��DQRWKHU�VWXGHQW�DUULYHG�

$W�WKH�WLPH��DERXW�����RI�WKH�VWXGHQWV�LQ�WKH�FRPSXWHU�VFLHQFH
SURJUDP�ZHUH�PDOH��VR�,�ZDV�PLOGO\�VXUSULVHG�WR�QRWH�WKDW�WKH�RWKHU
VWXGHQW�ZDV�IHPDOH�

:KHQ�DQRWKHU�IHPDOH�VWXGHQW�DUULYHG�D�IHZ�PLQXWHV�ODWHU��,�VWDUWHG�WR
WKLQN�,�ZDV�LQ�WKH�ZURQJ�URRP��:KHQ�D�WKLUG�IHPDOH�VWXGHQW�DUULYHG��,



ZDV�FRQILGHQW�,�ZDV�LQ�WKH�ZURQJ�URRP��$QG�DV�LW�WXUQHG�RXW��,�ZDV�

,¶OO�XVH�WKLV�DQHFGRWH�WR�GHPRQVWUDWH�%D\HV¶V�UXOH�RQ�D�ORJDULWKPLF
VFDOH�DQG�VKRZ�KRZ�LW�UHODWHV�WR�ORJLVWLF�UHJUHVVLRQ�

8VLQJ� �WR�UHSUHVHQW�WKH�K\SRWKHVLV�WKDW�,�ZDV�LQ�WKH�ULJKW�URRP��DQG
�WR�UHSUHVHQW�WKH�REVHUYDWLRQ�WKDW�WKH�ILUVW�RWKHU�VWXGHQW�ZDV

IHPDOH��ZH�FDQ�ZULWH�%D\HV¶V�UXOH�OLNH�WKLV�

%HIRUH�,�VDZ�WKH�RWKHU�VWXGHQWV��,�ZDV�FRQILGHQW�,�ZDV�LQ�WKH�ULJKW
URRP��VR�,�PLJKW�DVVLJQ�SULRU�RGGV�RI������LQ�IDYRU�

,I�,�ZDV�LQ�WKH�ULJKW�URRP��WKH�OLNHOLKRRG�RI�WKH�ILUVW�IHPDOH�VWXGHQW
ZDV�DERXW������,I�,�ZDV�QRW�LQ�WKH�ULJKW�URRP��WKH�OLNHOLKRRG�RI�WKH
ILUVW�IHPDOH�VWXGHQW�ZDV�PRUH�OLNH�����

6R�WKH�OLNHOLKRRG�UDWLR�LV�FORVH�WR������$SSO\LQJ�%D\HV¶V�UXOH��WKH
SRVWHULRU�RGGV�ZHUH

$IWHU�WZR�VWXGHQWV��WKH�SRVWHULRU�RGGV�ZHUH

$QG�DIWHU�WKUHH�VWXGHQWV�



$W�WKDW�SRLQW��,�ZDV�ULJKW�WR�VXVSHFW�,�ZDV�LQ�WKH�ZURQJ�URRP�

7KH�IROORZLQJ�WDEOH�VKRZV�WKH�RGGV�DIWHU�HDFK�XSGDWH��WKH
FRUUHVSRQGLQJ�SUREDELOLWLHV��DQG�WKH�FKDQJH�LQ�SUREDELOLW\�DIWHU�HDFK
VWHS��H[SUHVVHG�LQ�SHUFHQWDJH�SRLQWV�

RGGV SURE SURE� GLII
SULRU ��������� �������� ��
��VWXGHQW �������� �������� ����������
��VWXGHQWV �������� �������� ����������
��VWXGHQWV �������� �������� ����������

(DFK�XSGDWH�XVHV�WKH�VDPH�OLNHOLKRRG��EXW�WKH�FKDQJHV�LQ�SUREDELOLW\
DUH�QRW�WKH�VDPH��7KH�ILUVW�XSGDWH�GHFUHDVHV�WKH�SUREDELOLW\�E\�DERXW
���SHUFHQWDJH�SRLQWV��WKH�VHFRQG�E\�����DQG�WKH�WKLUG�E\�����7KDW¶V
QRUPDO�IRU�WKLV�NLQG�RI�XSGDWH��DQG�LQ�IDFW�LW¶V�QHFHVVDU\��LI�WKH
FKDQJHV�ZHUH�WKH�VDPH�VL]H��ZH�ZRXOG�TXLFNO\�JHW�LQWR�QHJDWLYH
SUREDELOLWLHV�

7KH�RGGV�IROORZ�D�PRUH�REYLRXV�SDWWHUQ��%HFDXVH�HDFK�XSGDWH
PXOWLSOLHV�WKH�RGGV�E\�WKH�VDPH�OLNHOLKRRG�UDWLR��WKH�RGGV�IRUP�D
JHRPHWULF�VHTXHQFH��$QG�WKDW�EULQJV�XV�WR�FRQVLGHU�DQRWKHU�ZD\�WR
UHSUHVHQW�XQFHUWDLQW\��ORJ� RGGV��ZKLFK�LV�WKH�ORJDULWKP�RI�RGGV�
XVXDOO\�H[SUHVVHG�XVLQJ�WKH�QDWXUDO�ORJ��EDVH� ��

$GGLQJ�ORJ�RGGV�WR�WKH�WDEOH�

<RX�PLJKW�QRWLFH�

RGGV SURE SURE� GLII ORJ� RGGV
SULRU ��������� �������� �� ��������
��VWXGHQW �������� �������� ���������� ��������
��VWXGHQWV �������� �������� ���������� ��������
��VWXGHQWV �������� �������� ���������� ���������



:KHQ�SUREDELOLW\�LV�JUHDWHU�WKDQ������RGGV�DUH�JUHDWHU�WKDQ���
DQG�ORJ�RGGV�DUH�SRVLWLYH�

:KHQ�SUREDELOLW\�LV�OHVV�WKDQ������RGGV�DUH�OHVV�WKDQ����DQG
ORJ�RGGV�DUH�QHJDWLYH�

<RX�PLJKW�DOVR�QRWLFH�WKDW�WKH�ORJ�RGGV�DUH�HTXDOO\�VSDFHG��7KH
FKDQJH�LQ�ORJ�RGGV�DIWHU�HDFK�XSGDWH�LV�WKH�ORJDULWKP�RI�WKH
OLNHOLKRRG�UDWLR�

7KDW¶V�WUXH�LQ�WKLV�H[DPSOH��DQG�ZH�FDQ�VKRZ�WKDW�LW¶V�WUXH�LQ�JHQHUDO
E\�WDNLQJ�WKH�ORJ�RI�ERWK�VLGHV�RI�%D\HV¶V�UXOH�

2Q�D�ORJ�RGGV�VFDOH��D�%D\HVLDQ�XSGDWH�LV�DGGLWLYH��6R�LI� �PHDQV
WKDW� �IHPDOH�VWXGHQWV�DUULYH�ZKLOH�,�DP�ZDLWLQJ��WKH�SRVWHULRU�ORJ
RGGV�WKDW�,�DP�LQ�WKH�ULJKW�URRP�DUH�

7KLV�HTXDWLRQ�UHSUHVHQWV�D�OLQHDU�UHODWLRQVKLS�EHWZHHQ�WKH�ORJ
OLNHOLKRRG�UDWLR�DQG�WKH�SRVWHULRU�ORJ�RGGV�

,Q�WKLV�H[DPSOH�WKH�OLQHDU�HTXDWLRQ�LV�H[DFW��EXW�HYHQ�ZKHQ�LW¶V�QRW��LW
LV�FRPPRQ�WR�XVH�D�OLQHDU�IXQFWLRQ�WR�PRGHO�WKH�UHODWLRQVKLS�EHWZHHQ
DQ�H[SODQDWRU\�YDULDEOH�� ��DQG�D�GHSHQGHQW�YDULDEOH�H[SUHVVHG�LQ
ORJ�RGGV��OLNH�WKLV�



ZKHUH� �DQG� �DUH�XQNQRZQ�SDUDPHWHUV�

7KH�LQWHUFHSW�� ��LV�WKH�ORJ�RGGV�RI�WKH�K\SRWKHVLV�ZKHQ� �LV
��

7KH�VORSH�� ��LV�WKH�ORJ�RI�WKH�OLNHOLKRRG�UDWLR�

7KLV�HTXDWLRQ�LV�WKH�EDVLV�RI�ORJLVWLF�UHJUHVVLRQ�

7KH� 6SDFH� 6KXWWOH� 3UREOHP
$V�DQ�H[DPSOH�RI�ORJLVWLF�UHJUHVVLRQ��,¶OO�VROYH�D�SUREOHP�IURP
&DPHURQ�'DYLGVRQ�3LORQ¶V�ERRN��%D\HVLDQ�0HWKRGV�IRU�+DFNHUV��+H
ZULWHV�

2Q�-DQXDU\�����������WKH�WZHQW\�ILIWK�IOLJKW�RI�WKH�86�VSDFH�VKXWWOH
SURJUDP�HQGHG�LQ�GLVDVWHU�ZKHQ�RQH�RI�WKH�URFNHW�ERRVWHUV�RI�WKH
VKXWWOH�&KDOOHQJHU�H[SORGHG�VKRUWO\�DIWHU�OLIW�RII��NLOOLQJ�DOO���FUHZ
PHPEHUV��7KH�SUHVLGHQWLDO�FRPPLVVLRQ�RQ�WKH�DFFLGHQW�FRQFOXGHG
WKDW�LW�ZDV�FDXVHG�E\�WKH�IDLOXUH�RI�DQ�2�ULQJ�LQ�D�ILHOG�MRLQW�RQ�WKH
URFNHW�ERRVWHU��DQG�WKDW�WKLV�IDLOXUH�ZDV�GXH�WR�D�IDXOW\�GHVLJQ�WKDW
PDGH�WKH�2�ULQJ�XQDFFHSWDEO\�VHQVLWLYH�WR�D�QXPEHU�RI�IDFWRUV
LQFOXGLQJ�RXWVLGH�WHPSHUDWXUH��2I�WKH�SUHYLRXV����IOLJKWV��GDWD
ZHUH�DYDLODEOH�RQ�IDLOXUHV�RI�2�ULQJV�RQ�����RQH�ZDV�ORVW�DW�VHD��
DQG�WKHVH�GDWD�ZHUH�GLVFXVVHG�RQ�WKH�HYHQLQJ�SUHFHGLQJ�WKH
&KDOOHQJHU�ODXQFK��EXW�XQIRUWXQDWHO\�RQO\�WKH�GDWD�FRUUHVSRQGLQJ
WR�WKH���IOLJKWV�RQ�ZKLFK�WKHUH�ZDV�D�GDPDJH�LQFLGHQW�ZHUH
FRQVLGHUHG�LPSRUWDQW�DQG�WKHVH�ZHUH�WKRXJKW�WR�VKRZ�QR�REYLRXV
WUHQG�

7KH�GDWDVHW�LV�RULJLQDOO\�IURP�WKLV�SDSHU��EXW�DOVR�DYDLODEOH�IURP
'DYLGVRQ�3LORQ�

+HUH�DUH�WKH�ILUVW�IHZ�URZV�



'DWH 7HPSHUDWXUH 'DPDJH
� ���������� �� �
� ���������� �� �
� ���������� �� �
� ���������� �� �
� ���������� �� �

7KH�FROXPQV�DUH�

��7KH�GDWH�RI�ODXQFK�

��2XWVLGH�WHPSHUDWXUH�LQ�)DKUHQKHLW��)���DQG

�� �LI�WKHUH�ZDV�D�GDPDJH�LQFLGHQW�DQG� �RWKHUZLVH�

7KHUH�DUH����ODXQFKHV�LQ�WKH�GDWDVHW����ZLWK�GDPDJH�LQFLGHQWV�

7KH�IROORZLQJ�ILJXUH�VKRZV�WKH�UHODWLRQVKLS�EHWZHHQ�GDPDJH�DQG
WHPSHUDWXUH�

:KHQ�WKH�RXWVLGH�WHPSHUDWXUH�ZDV�EHORZ����GHJUHHV�)��WKHUH�ZDV
DOZD\V�GDPDJH�WR�WKH�2�ULQJV��:KHQ�WKH�WHPSHUDWXUH�ZDV�DERYH���
GHJUHHV�)��WKHUH�ZDV�XVXDOO\�QR�GDPDJH�

%DVHG�RQ�WKLV�ILJXUH��LW�VHHPV�SODXVLEOH�WKDW�WKH�SUREDELOLW\�RI
GDPDJH�LV�UHODWHG�WR�WHPSHUDWXUH��,I�ZH�DVVXPH�WKLV�SUREDELOLW\



IROORZV�D�ORJLVWLF�PRGHO��ZH�FDQ�ZULWH

ZKHUH� �LV�WKH�K\SRWKHVLV�WKDW�WKH�2�ULQJV�ZLOO�EH�GDPDJHG�� �LV
WHPSHUDWXUH��DQG� �DQG� �DUH�WKH�SDUDPHWHUV�ZH�ZLOO�HVWLPDWH��)RU
UHDVRQV�,¶OO�H[SODLQ�VRRQ��,¶OO�GHILQH� �WR�EH�WHPSHUDWXUH�VKLIWHG�E\�DQ
RIIVHW�VR�LWV�PHDQ�LV���

$QG�IRU�FRQVLVWHQF\�,¶OO�FUHDWH�D�FRS\�RI�WKH� �FROXPQV�FDOOHG� �

%HIRUH�GRLQJ�D�%D\HVLDQ�XSGDWH��,¶OO�XVH� �WR�UXQ�D
FRQYHQWLRQDO��QRQ�%D\HVLDQ��ORJLVWLF�UHJUHVVLRQ�

�FRQWDLQV�D�³SRLQW�HVWLPDWH´�IRU�HDFK�SDUDPHWHU��WKDW�LV��D
VLQJOH�YDOXH�UDWKHU�WKDQ�D�SRVWHULRU�GLVWULEXWLRQ�

7KH�LQWHUFHSW�LV�DERXW�������DQG�WKH�HVWLPDWHG�VORSH�LV�DERXW�������
7R�VHH�ZKDW�WKHVH�SDUDPHWHUV�PHDQ��,¶OO�XVH�WKHP�WR�FRPSXWH
SUREDELOLWLHV�IRU�D�UDQJH�RI�WHPSHUDWXUHV��+HUH¶V�WKH�UDQJH�



:H�FDQ�XVH�WKH�ORJLVWLF�UHJUHVVLRQ�HTXDWLRQ�WR�FRPSXWH�ORJ�RGGV�

$QG�WKHQ�FRQYHUW�WR�SUREDELOLWLHV�

&RQYHUWLQJ�ORJ�RGGV�WR�SUREDELOLWLHV�LV�D�FRPPRQ�HQRXJK�RSHUDWLRQ
WKDW�LW�KDV�D�QDPH�� ��DQG�6FL3\�SURYLGHV�D�IXQFWLRQ�WKDW
FRPSXWHV�LW�

+HUH¶V�ZKDW�WKH�ORJLVWLF�PRGHO�ORRNV�OLNH�ZLWK�WKHVH�HVWLPDWHG
SDUDPHWHUV�

$W�ORZ�WHPSHUDWXUHV��WKH�SUREDELOLW\�RI�GDPDJH�LV�KLJK��DW�KLJK
WHPSHUDWXUHV��LW�GURSV�RII�WR�QHDU���



%XW�WKDW¶V�EDVHG�RQ�FRQYHQWLRQDO�ORJLVWLF�UHJUHVVLRQ��1RZ�ZH¶OO�GR
WKH�%D\HVLDQ�YHUVLRQ�

3ULRU� 'LVWULEXWLRQ
,¶OO�XVH�XQLIRUP�GLVWULEXWLRQV�IRU�ERWK�SDUDPHWHUV��XVLQJ�WKH�SRLQW
HVWLPDWHV�IURP�WKH�SUHYLRXV�VHFWLRQ�WR�KHOS�PH�FKRRVH�WKH�XSSHU
DQG�ORZHU�ERXQGV�

:H�FDQ�XVH� �WR�FRQVWUXFW�WKH�MRLQW�SULRU�GLVWULEXWLRQ�

7KH�YDOXHV�RI� �UXQ�DFURVV�WKH�FROXPQV��DQG�WKH�YDOXHV�RI
�UXQ�GRZQ�WKH�URZV�

)RU�WKLV�SUREOHP��LW�ZLOO�EH�FRQYHQLHQW�WR�³VWDFN´�WKH�SULRU�VR�WKH
SDUDPHWHUV�DUH�OHYHOV�LQ�D� �



SUREV
6ORSH ,QWHUFHSW

����

����� ��������
����� ��������
����� ��������

�LV�D� �ZLWK�WZR�OHYHOV�LQ�WKH�LQGH[��RQH�IRU�HDFK
SDUDPHWHU��7KDW�PDNHV�LW�HDV\�WR�ORRS�WKURXJK�SRVVLEOH�SDLUV�RI
SDUDPHWHUV��DV�ZH¶OO�VHH�LQ�WKH�QH[W�VHFWLRQ�

/LNHOLKRRG
7R�GR�WKH�XSGDWH��ZH�KDYH�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU
HDFK�SRVVLEOH�SDLU�RI�SDUDPHWHUV�

7R�PDNH�WKDW�HDVLHU��,¶P�JRLQJ�WR�JURXS�WKH�GDWD�E\�WHPSHUDWXUH�� �
DQG�FRXQW�WKH�QXPEHU�RI�ODXQFKHV�DQG�GDPDJH�LQFLGHQWV�DW�HDFK
WHPSHUDWXUH�

FRXQW VXP
[
����� � �
����� � �
����� � �
���� � �
���� � �

7KH�UHVXOW�LV�D� �ZLWK�WZR�FROXPQV�� �LV�WKH�QXPEHU�RI
ODXQFKHV�DW�HDFK�WHPSHUDWXUH�� �LV�WKH�QXPEHU�RI�GDPDJH



LQFLGHQWV��7R�EH�FRQVLVWHQW�ZLWK�WKH�SDUDPHWHUV�RI�WKH�ELQRPLDO
GLVWULEXWLRQV��,¶OO�DVVLJQ�WKHP�WR�YDULDEOHV�QDPHG� �DQG� �

7R�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD��OHW¶V�DVVXPH�WHPSRUDULO\�WKDW
WKH�SDUDPHWHUV�ZH�MXVW�HVWLPDWHG�� �DQG� ��DUH�FRUUHFW�

:H�FDQ�XVH�WKHP�WR�FRPSXWH�WKH�SUREDELOLW\�RI�GDPDJH�DW�HDFK
ODXQFK�WHPSHUDWXUH��OLNH�WKLV�

�FRQWDLQV�WKH�SUREDELOLW\�RI�GDPDJH�IRU�HDFK�ODXQFK�WHPSHUDWXUH�
DFFRUGLQJ�WR�WKH�PRGHO�

1RZ��IRU�HDFK�WHPSHUDWXUH�ZH�KDYH� �� ��DQG� ��ZH�FDQ�XVH�WKH
ELQRPLDO�GLVWULEXWLRQ�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�

(DFK�HOHPHQW�RI� �LV�WKH�SUREDELOLW\�RI�VHHLQJ� �GDPDJH
LQFLGHQWV�LQ� �ODXQFKHV�LI�WKH�SUREDELOLW\�RI�GDPDJH�LV� ��7KH
OLNHOLKRRG�RI�WKH�ZKROH�GDWDVHW�LV�WKH�SURGXFW�RI�WKLV�DUUD\�



7KDW¶V�KRZ�ZH�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU�D�SDUWLFXODU�SDLU
RI�SDUDPHWHUV��1RZ�ZH�FDQ�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�IRU�DOO
SRVVLEOH�SDLUV�

7R�LQLWLDOL]H� ��ZH�PDNH�D�FRS\�RI� ��ZKLFK�LV�D
FRQYHQLHQW�ZD\�WR�PDNH�VXUH�WKDW� �KDV�WKH�VDPH�W\SH�
LQGH[��DQG�GDWD�W\SH�DV� �

7KH�ORRS�LWHUDWHV�WKURXJK�WKH�SDUDPHWHUV��)RU�HDFK�SRVVLEOH�SDLU��LW
XVHV�WKH�ORJLVWLF�PRGHO�WR�FRPSXWH� ��FRPSXWHV�WKH�OLNHOLKRRG�RI�WKH
GDWD��DQG�DVVLJQV�WKH�UHVXOW�WR�D�URZ�LQ� �

7KH� 8SGDWH
1RZ�ZH�FDQ�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�LQ�WKH�XVXDO�ZD\�

,I�ZH�XQVWDFN�WKH�SRVWHULRU� �ZH�FDQ�PDNH�D�FRQWRXU�SORW�RI�WKH
MRLQW�SRVWHULRU�GLVWULEXWLRQ�



7KH�RYDOV�LQ�WKH�FRQWRXU�SORW�DUH�DOLJQHG�DORQJ�D�GLDJRQDO��ZKLFK
LQGLFDWHV�WKDW�WKHUH�LV�VRPH�FRUUHODWLRQ�EHWZHHQ� �DQG� �LQ
WKH�SRVWHULRU�GLVWULEXWLRQ�

%XW�WKH�FRUUHODWLRQ�LV�ZHDN��ZKLFK�LV�RQH�RI�WKH�UHDVRQV�ZH
VXEWUDFWHG�RII�WKH�PHDQ�ODXQFK�WHPSHUDWXUH�ZKHQ�ZH�FRPSXWHG� �
FHQWHULQJ�WKH�GDWD�PLQLPL]HV�WKH�FRUUHODWLRQ�EHWZHHQ�WKH
SDUDPHWHUV�

([DPSOH������

7R�VHH�ZK\�WKLV�PDWWHUV��JR�EDFN�DQG�VHW� �DQG�UXQ�WKH
DQDO\VLV�DJDLQ��7KH�VORSH�VKRXOG�EH�WKH�VDPH��EXW�WKH�LQWHUFHSW�ZLOO
EH�GLIIHUHQW��$QG�LI�\RX�SORW�WKH�MRLQW�GLVWULEXWLRQ��WKH�FRQWRXUV�\RX�JHW
ZLOO�EH�HORQJDWHG��LQGLFDWLQJ�VWURQJHU�FRUUHODWLRQ�EHWZHHQ�WKH
HVWLPDWHG�SDUDPHWHUV�

,Q�WKHRU\��WKLV�FRUUHODWLRQ�LV�QRW�D�SUREOHP��EXW�LQ�SUDFWLFH�LW�LV��:LWK
XQFHQWHUHG�GDWD��WKH�SRVWHULRU�GLVWULEXWLRQ�LV�PRUH�VSUHDG�RXW��VR�LW¶V
KDUGHU�WR�FRYHU�ZLWK�WKH�MRLQW�SULRU�GLVWULEXWLRQ��&HQWHULQJ�WKH�GDWD
PD[LPL]HV�WKH�SUHFLVLRQ�RI�WKH�HVWLPDWHV��ZLWK�XQFHQWHUHG�GDWD��ZH
KDYH�WR�GR�PRUH�FRPSXWDWLRQ�WR�JHW�WKH�VDPH�SUHFLVLRQ�

0DUJLQDO� 'LVWULEXWLRQV
)LQDOO\��ZH�FDQ�H[WUDFW�WKH�PDUJLQDO�GLVWULEXWLRQV�



+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

$QG�KHUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

7UDQVIRUPLQJ� 'LVWULEXWLRQV
/HW¶V�LQWHUSUHW�WKHVH�SDUDPHWHUV��5HFDOO�WKDW�WKH�LQWHUFHSW�LV�WKH�ORJ
RGGV�RI�WKH�K\SRWKHVLV�ZKHQ� �LV����ZKLFK�LV�ZKHQ�WHPSHUDWXUH�LV
DERXW����GHJUHHV�)��WKH�YDOXH�RI� ���6R�ZH�FDQ�LQWHUSUHW�WKH
TXDQWLWLHV�LQ� �DV�ORJ�RGGV�



7R�FRQYHUW�WKHP�WR�SUREDELOLWLHV��,¶OO�XVH�WKH�IROORZLQJ�IXQFWLRQ��ZKLFK
WUDQVIRUPV�WKH�TXDQWLWLHV�LQ�D� �E\�DSSO\LQJ�D�JLYHQ�IXQFWLRQ�

,I�ZH�FDOO� �DQG�SDVV� �DV�D�SDUDPHWHU��LW�WUDQVIRUPV�WKH
ORJ�RGGV�LQ� �LQWR�SUREDELOLWLHV�DQG�UHWXUQV�WKH
SRVWHULRU�GLVWULEXWLRQ�RI� �H[SUHVVHG�LQ�WHUPV�RI�SUREDELOLWLHV�

�SURYLGHV�D� �PHWKRG�WKDW�GRHV�WKH�VDPH�WKLQJ�

+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU�WKH�SUREDELOLW\�RI�GDPDJH�DW���
GHJUHHV�)�

7KH�PHDQ�RI�WKLV�GLVWULEXWLRQ�LV�DERXW������ZKLFK�LV�WKH�SUREDELOLW\�RI
GDPDJH�DW����GHJUHHV�)��DFFRUGLQJ�WR�WKH�PRGHO�



7KLV�UHVXOW�VKRZV�WKH�VHFRQG�UHDVRQ�,�GHILQHG� �WR�EH�]HUR�ZKHQ
WHPSHUDWXUH�LV����GHJUHHV�)��WKLV�ZD\��WKH�LQWHUFHSW�FRUUHVSRQGV�WR
WKH�SUREDELOLW\�RI�GDPDJH�DW�D�UHOHYDQW�WHPSHUDWXUH��UDWKHU�WKDQ��
GHJUHHV�)�

1RZ�OHW¶V�ORRN�PRUH�FORVHO\�DW�WKH�HVWLPDWHG�VORSH��,Q�WKH�ORJLVWLF
PRGHO��WKH�SDUDPHWHU� �LV�WKH�ORJ�RI�WKH�OLNHOLKRRG�UDWLR�

6R�ZH�FDQ�LQWHUSUHW�WKH�TXDQWLWLHV�LQ� �DV�ORJ
OLNHOLKRRG�UDWLRV��DQG�ZH�FDQ�XVH� �WR�WUDQVIRUP�WKHP�WR�OLNHOLKRRG
UDWLRV��DOVR�NQRZQ�DV�%D\HV�IDFWRUV��

7KH�UHVXOW�LV�WKH�SRVWHULRU�GLVWULEXWLRQ�RI�OLNHOLKRRG�UDWLRV��KHUH¶V�ZKDW
LW�ORRNV�OLNH�

7KH�PHDQ�RI�WKLV�GLVWULEXWLRQ�LV�DERXW�������ZKLFK�PHDQV�WKDW�HDFK
DGGLWLRQDO�GHJUHH�)DKUHQKHLW�SURYLGHV�HYLGHQFH�DJDLQVW�WKH
SRVVLELOLW\�RI�GDPDJH��ZLWK�D�OLNHOLKRRG�UDWLR��%D\HV�IDFWRU��RI������

1RWLFH�

,�FRPSXWHG�WKH�SRVWHULRU�PHDQ�RI�WKH�SUREDELOLW\�RI�GDPDJH
DW����GHJUHHV�)�E\�WUDQVIRUPLQJ�WKH�PDUJLQDO�GLVWULEXWLRQ�RI
WKH�LQWHUFHSW�WR�WKH�PDUJLQDO�GLVWULEXWLRQ�RI�SUREDELOLW\��DQG
WKHQ�FRPSXWLQJ�WKH�PHDQ�



,�FRPSXWHG�WKH�SRVWHULRU�PHDQ�RI�WKH�OLNHOLKRRG�UDWLR�E\
WUDQVIRUPLQJ�WKH�PDUJLQDO�GLVWULEXWLRQ�RI�VORSH�WR�WKH
PDUJLQDO�GLVWULEXWLRQ�RI�OLNHOLKRRG�UDWLRV��DQG�WKHQ�FRPSXWLQJ
WKH�PHDQ�

7KLV�LV�WKH�FRUUHFW�RUGHU�RI�RSHUDWLRQV��DV�RSSRVHG�WR�FRPSXWLQJ�WKH
SRVWHULRU�PHDQV�ILUVW�DQG�WKHQ�WUDQVIRUPLQJ�WKHP�

3UHGLFWLYH� 'LVWULEXWLRQV
,Q�WKH�ORJLVWLF�PRGHO��WKH�SDUDPHWHUV�DUH�LQWHUSUHWDEOH��DW�OHDVW�DIWHU
WUDQVIRUPDWLRQ��%XW�RIWHQ�ZKDW�ZH�FDUH�DERXW�DUH�SUHGLFWLRQV��QRW
SDUDPHWHUV��,Q�WKH�6SDFH�6KXWWOH�3UREOHP��WKH�PRVW�LPSRUWDQW
SUHGLFWLRQ�LV��³:KDW�LV�WKH�SUREDELOLW\�RI�2�ULQJ�GDPDJH�LI�WKH�RXWVLGH
WHPSHUDWXUH�LV����GHJUHHV�)"´

7R�PDNH�WKDW�SUHGLFWLRQ��,¶OO�GUDZ�D�VDPSOH�RI�SDUDPHWHU�SDLUV�IURP
WKH�SRVWHULRU�GLVWULEXWLRQ�

7KH�UHVXOW�LV�DQ�DUUD\�RI�����WXSOHV��HDFK�UHSUHVHQWLQJ�D�SRVVLEOH
SDLU�RI�SDUDPHWHUV��,�FKRVH�WKLV�VDPSOH�VL]H�WR�PDNH�WKH�FRPSXWDWLRQ
IDVW��,QFUHDVLQJ�LW�ZRXOG�QRW�FKDQJH�WKH�UHVXOWV�PXFK��EXW�WKH\�ZRXOG
EH�D�OLWWOH�PRUH�SUHFLVH�

7R�JHQHUDWH�SUHGLFWLRQV��,¶OO�XVH�D�UDQJH�RI�WHPSHUDWXUHV�IURP���
GHJUHHV�)��WKH�WHPSHUDWXUH�ZKHQ�WKH�&KDOOHQJHU�ODXQFKHG��WR���
GHJUHHV�)��WKH�KLJKHVW�REVHUYHG�WHPSHUDWXUH��

7KH�IROORZLQJ�ORRS�XVHV� �DQG�WKH�VDPSOH�RI�SDUDPHWHUV�WR
FRQVWUXFW�DQ�DUUD\�RI�SUHGLFWHG�SUREDELOLWLHV�



7KH�UHVXOW�KDV�RQH�FROXPQ�IRU�HDFK�YDOXH�LQ� �DQG�RQH�URZ�IRU�HDFK
HOHPHQW�RI� �

,Q�HDFK�FROXPQ��,¶OO�FRPSXWH�WKH�PHGLDQ�WR�TXDQWLI\�WKH�FHQWUDO
WHQGHQF\�DQG�D�����FUHGLEOH�LQWHUYDO�WR�TXDQWLI\�WKH�XQFHUWDLQW\�

�FRPSXWHV�WKH�JLYHQ�SHUFHQWLOHV��ZLWK�WKH�DUJXPHQW
��LW�FRPSXWHV�WKHP�IRU�HDFK�FROXPQ�

7KH�UHVXOWV�DUH�DUUD\V�FRQWDLQLQJ�SUHGLFWHG�SUREDELOLWLHV�IRU�WKH�ORZHU
ERXQG�RI�WKH�����&,��WKH�PHGLDQ��DQG�WKH�XSSHU�ERXQG�RI�WKH�&,�

+HUH¶V�ZKDW�WKH\�ORRN�OLNH�

$FFRUGLQJ�WR�WKHVH�UHVXOWV��WKH�SUREDELOLW\�RI�GDPDJH�WR�WKH�2�ULQJV
DW����GHJUHHV�)�LV�QHDU�����EXW�WKHUH�LV�VRPH�XQFHUWDLQW\�DERXW�WKDW
SUHGLFWLRQ��WKH�XSSHU�ERXQG�RI�WKH�&,�LV�DURXQG�����

$W����GHJUHHV�)��WKH�SUREDELOLW\�RI�GDPDJH�LV�QHDU������EXW�WKH�&,�LV
HYHQ�ZLGHU��IURP�����WR�����



%XW�WKH�SULPDU\�JRDO�RI�WKH�PRGHO�LV�WR�SUHGLFW�WKH�SUREDELOLW\�RI
GDPDJH�DW����GHJUHHV�)��DQG�WKH�DQVZHU�LV�DW�OHDVW������DQG�PRUH
OLNHO\�WR�EH�PRUH�WKDQ�������

2QH�FRQFOXVLRQ�ZH�PLJKW�GUDZ�LV�WKLV��LI�WKH�SHRSOH�UHVSRQVLEOH�IRU
WKH�&KDOOHQJHU�ODXQFK�KDG�WDNHQ�LQWR�DFFRXQW�DOO�RI�WKH�GDWD��DQG�QRW
MXVW�WKH�VHYHQ�GDPDJH�LQFLGHQWV��WKH\�FRXOG�KDYH�SUHGLFWHG�WKDW�WKH
SUREDELOLW\�RI�GDPDJH�DW����GHJUHHV�)�ZDV�QHDUO\�FHUWDLQ��,I�WKH\
KDG��LW�VHHPV�OLNHO\�WKH\�ZRXOG�KDYH�SRVWSRQHG�WKH�ODXQFK�

$W�WKH�VDPH�WLPH��LI�WKH\�FRQVLGHUHG�WKH�SUHYLRXV�ILJXUH��WKH\�PLJKW
KDYH�UHDOL]HG�WKDW�WKH�PRGHO�PDNHV�SUHGLFWLRQV�WKDW�H[WHQG�IDU
EH\RQG�WKH�GDWD��:KHQ�ZH�H[WUDSRODWH�OLNH�WKDW��ZH�KDYH�WR
UHPHPEHU�QRW�MXVW�WKH�XQFHUWDLQW\�TXDQWLILHG�E\�WKH�PRGHO��ZKLFK�ZH
H[SUHVVHG�DV�D�FUHGLEOH�LQWHUYDO��ZH�DOVR�KDYH�WR�FRQVLGHU�WKH
SRVVLELOLW\�WKDW�WKH�PRGHO�LWVHOI�LV�XQUHOLDEOH�

7KLV�H[DPSOH�LV�EDVHG�RQ�D�ORJLVWLF�PRGHO��ZKLFK�DVVXPHV�WKDW�HDFK
DGGLWLRQDO�GHJUHH�RI�WHPSHUDWXUH�FRQWULEXWHV�WKH�VDPH�DPRXQW�RI
HYLGHQFH�LQ�IDYRU�RI��RU�DJDLQVW��WKH�SRVVLELOLW\�RI�GDPDJH��:LWKLQ�D
QDUURZ�UDQJH�RI�WHPSHUDWXUHV��WKDW�PLJKW�EH�D�UHDVRQDEOH
DVVXPSWLRQ��HVSHFLDOO\�LI�LW�LV�VXSSRUWHG�E\�GDWD��%XW�RYHU�D�ZLGHU
UDQJH��DQG�EH\RQG�WKH�ERXQGV�RI�WKH�GDWD��UHDOLW\�KDV�QR�REOLJDWLRQ
WR�VWLFN�WR�WKH�PRGHO�

(PSLULFDO� %D\HV
,Q�WKLV�FKDSWHU�,�XVHG� �WR�FRPSXWH�WKH�SDUDPHWHUV�WKDW
PD[LPL]H�WKH�SUREDELOLW\�RI�WKH�GDWD��DQG�WKHQ�XVHG�WKRVH�HVWLPDWHV
WR�FKRRVH�WKH�ERXQGV�RI�WKH�XQLIRUP�SULRU�GLVWULEXWLRQV��,W�PLJKW�KDYH
RFFXUUHG�WR�\RX�WKDW�WKLV�SURFHVV�XVHV�WKH�GDWD�WZLFH��RQFH�WR
FKRRVH�WKH�SULRUV�DQG�DJDLQ�WR�GR�WKH�XSGDWH��,I�WKDW�ERWKHUV�\RX�
\RX�DUH�QRW�DORQH��7KH�SURFHVV�,�XVHG�LV�DQ�H[DPSOH�RI�ZKDW¶V�FDOOHG
WKH�(PSLULFDO�%D\HV�PHWKRG��DOWKRXJK�,�GRQ¶W�WKLQN�WKDW¶V�D
SDUWLFXODUO\�JRRG�QDPH�IRU�LW�



$OWKRXJK�LW�PLJKW�VHHP�SUREOHPDWLF�WR�XVH�WKH�GDWD�WZLFH��LQ�WKHVH
H[DPSOHV��LW�LV�QRW��7R�VHH�ZK\��FRQVLGHU�DQ�DOWHUQDWLYH��LQVWHDG�RI
XVLQJ�WKH�HVWLPDWHG�SDUDPHWHUV�WR�FKRRVH�WKH�ERXQGV�RI�WKH�SULRU
GLVWULEXWLRQ��,�FRXOG�KDYH�XVHG�XQLIRUP�GLVWULEXWLRQV�ZLWK�PXFK�ZLGHU
UDQJHV��,Q�WKDW�FDVH��WKH�UHVXOWV�ZRXOG�EH�WKH�VDPH��WKH�RQO\
GLIIHUHQFH�LV�WKDW�,�ZRXOG�VSHQG�PRUH�WLPH�FRPSXWLQJ�OLNHOLKRRGV�IRU
SDUDPHWHUV�ZKHUH�WKH�SRVWHULRU�SUREDELOLWLHV�DUH�QHJOLJLEO\�VPDOO�

6R�\RX�FDQ�WKLQN�RI�WKLV�YHUVLRQ�RI�(PSLULFDO�%D\HV�DV�DQ
RSWLPL]DWLRQ�WKDW�PLQLPL]HV�FRPSXWDWLRQ�E\�SXWWLQJ�WKH�SULRU
GLVWULEXWLRQV�ZKHUH�WKH�OLNHOLKRRG�RI�WKH�GDWD�LV�ZRUWK�FRPSXWLQJ��7KLV
RSWLPL]DWLRQ�GRHVQ¶W�DIIHFW�WKH�UHVXOWV��VR�LW�GRHVQ¶W�³GRXEOH�FRXQW´
WKH�GDWD�

6XPPDU\
6R�IDU�ZH�KDYH�VHHQ�WKUHH�ZD\V�WR�UHSUHVHQW�GHJUHHV�RI�FRQILGHQFH
LQ�D�K\SRWKHVLV��SUREDELOLW\��RGGV��DQG�ORJ�RGGV��:KHQ�ZH�ZULWH
%D\HV¶V�UXOH�LQ�WHUPV�RI�ORJ�RGGV��D�%D\HVLDQ�XSGDWH�LV�WKH�VXP�RI
WKH�SULRU�DQG�WKH�OLNHOLKRRG��LQ�WKLV�VHQVH��%D\HVLDQ�VWDWLVWLFV�LV�WKH
DULWKPHWLF�RI�K\SRWKHVHV�DQG�HYLGHQFH�

7KLV�IRUP�RI�%D\HV¶V�WKHRUHP�LV�DOVR�WKH�IRXQGDWLRQ�RI�ORJLVWLF
UHJUHVVLRQ��ZKLFK�ZH�XVHG�WR�LQIHU�SDUDPHWHUV�DQG�PDNH�SUHGLFWLRQV�
,Q�WKH�6SDFH�6KXWWOH�3UREOHP��ZH�PRGHOHG�WKH�UHODWLRQVKLS�EHWZHHQ
WHPSHUDWXUH�DQG�WKH�SUREDELOLW\�RI�GDPDJH��DQG�VKRZHG�WKDW�WKH
&KDOOHQJHU�GLVDVWHU�PLJKW�KDYH�EHHQ�SUHGLFWDEOH��%XW�WKLV�H[DPSOH�LV
DOVR�D�ZDUQLQJ�DERXW�WKH�KD]DUGV�RI�XVLQJ�D�PRGHO�WR�H[WUDSRODWH�IDU
EH\RQG�WKH�GDWD�

,Q�WKH�H[HUFLVHV�EHORZ�\RX¶OO�KDYH�D�FKDQFH�WR�SUDFWLFH�WKH�PDWHULDO
LQ�WKLV�FKDSWHU��XVLQJ�ORJ�RGGV�WR�HYDOXDWH�D�SROLWLFDO�SXQGLW�DQG�XVLQJ
ORJLVWLF�UHJUHVVLRQ�WR�PRGHO�GLDJQRVLV�UDWHV�IRU�DWWHQWLRQ�GHILFLW
K\SHUDFWLYLW\�GLVRUGHU��$'+'��



,Q�WKH�QH[W�FKDSWHU�ZH¶OO�PRYH�IURP�ORJLVWLF�UHJUHVVLRQ�WR�OLQHDU
UHJUHVVLRQ��ZKLFK�ZH�ZLOO�XVH�WR�PRGHO�FKDQJHV�RYHU�WLPH�LQ
WHPSHUDWXUH��VQRZIDOO��DQG�WKH�PDUDWKRQ�ZRUOG�UHFRUG�

0RUH� ([HUFLVHV
([DPSOH������

6XSSRVH�D�SROLWLFDO�SXQGLW�FODLPV�WR�EH�DEOH�WR�SUHGLFW�WKH�RXWFRPH�RI
HOHFWLRQV��EXW�LQVWHDG�RI�SLFNLQJ�D�ZLQQHU��WKH\�JLYH�HDFK�FDQGLGDWH�D
SUREDELOLW\�RI�ZLQQLQJ��:LWK�WKDW�NLQG�RI�SUHGLFWLRQ��LW�FDQ�EH�KDUG�WR
VD\�ZKHWKHU�LW�LV�ULJKW�RU�ZURQJ�

)RU�H[DPSOH��VXSSRVH�WKH�SXQGLW�VD\V�WKDW�$OLFH�KDV�D�����FKDQFH
RI�EHDWLQJ�%RE��DQG�WKHQ�%RE�ZLQV�WKH�HOHFWLRQ��'RHV�WKDW�PHDQ�WKH
SXQGLW�ZDV�ZURQJ"

2QH�ZD\�WR�DQVZHU�WKLV�TXHVWLRQ�LV�WR�FRQVLGHU�WZR�K\SRWKHVHV�

��7KH�SXQGLW¶V�DOJRULWKP�LV�OHJLWLPDWH��WKH�SUREDELOLWLHV�LW
SURGXFHV�DUH�FRUUHFW�LQ�WKH�VHQVH�WKDW�WKH\�DFFXUDWHO\�UHIOHFW
WKH�FDQGLGDWHV¶�SUREDELOLWLHV�RI�ZLQQLQJ�

��7KH�SXQGLW¶V�DOJRULWKP�LV�ERJXV��WKH�SUREDELOLWLHV�LW
SURGXFHV�DUH�UDQGRP�YDOXHV�ZLWK�D�PHDQ�RI�����

,I�WKH�SXQGLW�VD\V�$OLFH�KDV�D�����FKDQFH�RI�ZLQQLQJ��DQG�VKH�GRHV�
WKDW�SURYLGHV�HYLGHQFH�LQ�IDYRU�RI� �ZLWK�OLNHOLKRRG�UDWLR�������

,I�WKH�SXQGLW�VD\V�$OLFH�KDV�D�����FKDQFH�RI�ZLQQLQJ��DQG�VKH�ORVHV�
WKDW¶V�HYLGHQFH�DJDLQVW� �ZLWK�D�OLNHOLKRRG�UDWLR�RI�������

6XSSRVH�ZH�VWDUW�ZLWK�VRPH�FRQILGHQFH�LQ�WKH�DOJRULWKP��VR�WKH�SULRU
RGGV�DUH���WR����$QG�VXSSRVH�WKH�SXQGLW�JHQHUDWHV�SUHGLFWLRQV�IRU
WKUHH�HOHFWLRQV�

,Q�WKH�ILUVW�HOHFWLRQ��WKH�SXQGLW�VD\V�$OLFH�KDV�D�����FKDQFH
RI�ZLQQLQJ�DQG�VKH�GRHV�



,Q�WKH�VHFRQG�HOHFWLRQ��WKH�SXQGLW�VD\V�%RE�KDV�D����
FKDQFH�RI�ZLQQLQJ�DQG�KH�GRHV�

,Q�WKH�WKLUG�HOHFWLRQ��WKH�SXQGLW�VD\V�&DURO�KDV�D�����FKDQFH
RI�ZLQQLQJ�DQG�VKH�GRHV�

:KDW�LV�WKH�ORJ�OLNHOLKRRG�UDWLR�IRU�HDFK�RI�WKHVH�RXWFRPHV"�8VH�WKH
ORJ�RGGV�IRUP�RI�%D\HV¶V�UXOH�WR�FRPSXWH�WKH�SRVWHULRU�ORJ�RGGV�IRU�
DIWHU�WKHVH�RXWFRPHV��,Q�WRWDO��GR�WKHVH�RXWFRPHV�LQFUHDVH�RU
GHFUHDVH�\RXU�FRQILGHQFH�LQ�WKH�SXQGLW"

,I�\RX�DUH�LQWHUHVWHG�LQ�WKLV�WRSLF��\RX�FDQ�UHDG�PRUH�DERXW�LW�LQ�WKLV
EORJ�SRVW�

([DPSOH������

$Q�DUWLFOH�LQ�WKH�1HZ�(QJODQG�-RXUQDO�RI�0HGLFLQH�UHSRUWV�UHVXOWV
IURP�D�VWXG\�WKDW�ORRNHG�DW�WKH�GLDJQRVLV�UDWH�RI�DWWHQWLRQ�GHILFLW
K\SHUDFWLYLW\�GLVRUGHU��$'+'��DV�D�IXQFWLRQ�RI�ELUWK�PRQWK��³$WWHQWLRQ
'HILFLW±+\SHUDFWLYLW\�'LVRUGHU�DQG�0RQWK�RI�6FKRRO�(QUROOPHQW´�

7KH\�IRXQG�WKDW�FKLOGUHQ�ERUQ�LQ�-XQH��-XO\��DQG�$XJXVW�ZHUH
VXEVWDQWLDOO\�PRUH�OLNHO\�WR�EH�GLDJQRVHG�ZLWK�$'+'��FRPSDUHG�WR
FKLOGUHQ�ERUQ�LQ�6HSWHPEHU��EXW�RQO\�LQ�VWDWHV�WKDW�XVH�D�6HSWHPEHU
FXWRII�IRU�FKLOGUHQ�WR�HQWHU�NLQGHUJDUWHQ��,Q�WKHVH�VWDWHV��FKLOGUHQ
ERUQ�LQ�$XJXVW�VWDUW�VFKRRO�DOPRVW�D�\HDU�\RXQJHU�WKDQ�FKLOGUHQ�ERUQ
LQ�6HSWHPEHU��7KH�DXWKRUV�RI�WKH�VWXG\�VXJJHVW�WKDW�WKH�FDXVH�LV
³DJH�EDVHG�YDULDWLRQ�LQ�EHKDYLRU�WKDW�PD\�EH�DWWULEXWHG�WR�$'+'
UDWKHU�WKDQ�WR�WKH�\RXQJHU�DJH�RI�WKH�FKLOGUHQ´�

8VH�WKH�PHWKRGV�LQ�WKLV�FKDSWHU�WR�HVWLPDWH�WKH�SUREDELOLW\�RI
GLDJQRVLV�DV�D�IXQFWLRQ�RI�ELUWK�PRQWK��7KH�QRWHERRN�IRU�WKLV�FKDSWHU
SURYLGHV�WKH�GDWD�DQG�VRPH�VXJJHVWLRQV�IRU�JHWWLQJ�VWDUWHG�



&KDSWHU� ���� 5HJUHVVLRQ

,Q�WKH�SUHYLRXV�FKDSWHU�ZH�VDZ�VHYHUDO�H[DPSOHV�RI�ORJLVWLF
UHJUHVVLRQ��ZKLFK�LV�EDVHG�RQ�WKH�DVVXPSWLRQ�WKDW�WKH�OLNHOLKRRG�RI
DQ�RXWFRPH��H[SUHVVHG�LQ�WKH�IRUP�RI�ORJ�RGGV��LV�D�OLQHDU�IXQFWLRQ�RI
VRPH�TXDQWLW\��FRQWLQXRXV�RU�GLVFUHWH��

,Q�WKLV�FKDSWHU�ZH¶OO�ZRUN�RQ�H[DPSOHV�RI�VLPSOH�OLQHDU�UHJUHVVLRQ�
ZKLFK�PRGHOV�WKH�UHODWLRQVKLS�EHWZHHQ�WZR�TXDQWLWLHV��6SHFLILFDOO\�
ZH¶OO�ORRN�DW�FKDQJHV�RYHU�WLPH�LQ�VQRZIDOO�DQG�WKH�PDUDWKRQ�ZRUOG
UHFRUG�

7KH�PRGHOV�ZH¶OO�XVH�KDYH�WKUHH�SDUDPHWHUV��VR�\RX�PLJKW�ZDQW�WR
UHYLHZ�WKH�WRROV�ZH�XVHG�IRU�WKH�WKUHH�SDUDPHWHU�PRGHO�LQ
&KDSWHU����

0RUH� 6QRZ"
,�DP�XQGHU�WKH�LPSUHVVLRQ�WKDW�ZH�GRQ¶W�JHW�DV�PXFK�VQRZ�DURXQG
KHUH�DV�ZH�XVHG�WR��%\�³DURXQG�KHUH´�,�PHDQ�1RUIRON�&RXQW\�
0DVVDFKXVHWWV��ZKHUH�,�ZDV�ERUQ��JUHZ�XS��DQG�FXUUHQWO\�OLYH��$QG
E\�³XVHG�WR´�,�PHDQ�FRPSDUHG�WR�ZKHQ�,�ZDV�\RXQJ��OLNH�LQ�����
ZKHQ�ZH�JRW����LQFKHV�RI�VQRZ�DQG�,�GLGQ¶W�KDYH�WR�JR�WR�VFKRRO�IRU
D�FRXSOH�RI�ZHHNV�

)RUWXQDWHO\��ZH�FDQ�WHVW�P\�FRQMHFWXUH�ZLWK�GDWD��1RUIRON�&RXQW\
KDSSHQV�WR�EH�WKH�ORFDWLRQ�RI�WKH�%OXH�+LOO�0HWHRURORJLFDO
2EVHUYDWRU\��ZKLFK�NHHSV�WKH�ROGHVW�FRQWLQXRXV�ZHDWKHU�UHFRUG�LQ
1RUWK�$PHULFD�

'DWD�IURP�WKLV�DQG�PDQ\�RWKHU�ZHDWKHU�VWDWLRQV�LV�DYDLODEOH�IURP�WKH
1DWLRQDO�2FHDQLF�DQG�$WPRVSKHULF�$GPLQLVWUDWLRQ��12$$���,
FROOHFWHG�GDWD�IURP�WKH�%OXH�+LOO�2EVHUYDWRU\�IURP�0D\����������WR
0D\����������



:H�FDQ�XVH�SDQGDV�WR�UHDG�WKH�GDWD�LQWR� �

7KH�FROXPQV�ZH¶OO�XVH�DUH�

��ZKLFK�LV�WKH�GDWH�RI�HDFK�REVHUYDWLRQ�

��ZKLFK�LV�WKH�WRWDO�VQRZIDOO�LQ�LQFKHV�

,¶OO�DGG�D�FROXPQ�WKDW�FRQWDLQV�MXVW�WKH�\HDU�SDUW�RI�WKH�GDWHV�

$QG�XVH� �WR�DGG�XS�WKH�WRWDO�VQRZIDOO�LQ�HDFK�\HDU�

7KH�IROORZLQJ�ILJXUH�VKRZV�WRWDO�VQRZIDOO�GXULQJ�HDFK�RI�WKH�FRPSOHWH
\HDUV�LQ�P\�OLIHWLPH�

/RRNLQJ�DW�WKLV�SORW��LW¶V�KDUG�WR�VD\�ZKHWKHU�VQRZIDOO�LV�LQFUHDVLQJ�
GHFUHDVLQJ��RU�XQFKDQJHG��,Q�WKH�ODVW�GHFDGH��ZH¶YH�KDG�VHYHUDO
\HDUV�ZLWK�PRUH�VQRZ�WKDQ�������LQFOXGLQJ�������ZKLFK�ZDV�WKH



VQRZLHVW�ZLQWHU�LQ�WKH�%RVWRQ�DUHD�LQ�PRGHUQ�KLVWRU\��ZLWK�D�WRWDO�RI
����LQFKHV�

7KLV�NLQG�RI�TXHVWLRQ²ORRNLQJ�DW�QRLV\�GDWD�DQG�ZRQGHULQJ�ZKHWKHU
LW�LV�JRLQJ�XS�RU�GRZQ²LV�SUHFLVHO\�WKH�TXHVWLRQ�ZH�FDQ�DQVZHU�ZLWK
%D\HVLDQ�UHJUHVVLRQ�

5HJUHVVLRQ� 0RGHO
7KH�IRXQGDWLRQ�RI�UHJUHVVLRQ��%D\HVLDQ�RU�QRW��LV�WKH�DVVXPSWLRQ
WKDW�D�WLPH�VHULHV�OLNH�WKLV�LV�WKH�VXP�RI�WZR�SDUWV�

���$�OLQHDU�IXQFWLRQ�RI�WLPH��DQG

���$�VHULHV�RI�UDQGRP�YDOXHV�GUDZQ�IURP�D�GLVWULEXWLRQ�WKDW�LV
QRW�FKDQJLQJ�RYHU�WLPH�

0DWKHPDWLFDOO\��WKH�UHJUHVVLRQ�PRGHO�LV

ZKHUH� �LV�WKH�VHULHV�RI�PHDVXUHPHQWV��VQRZIDOO�LQ�WKLV�H[DPSOH���
LV�WKH�VHULHV�RI�WLPHV��\HDUV��DQG� �LV�WKH�VHULHV�RI�UDQGRP�YDOXHV�

�DQG� �DUH�WKH�VORSH�DQG�LQWHUFHSW�RI�WKH�OLQH�WKURXJK�WKH�GDWD��7KH\
DUH�XQNQRZQ�SDUDPHWHUV��VR�ZH�ZLOO�XVH�WKH�GDWD�WR�HVWLPDWH�WKHP�

:H�GRQ¶W�NQRZ�WKH�GLVWULEXWLRQ�RI� ��VR�ZH¶OO�PDNH�WKH�DGGLWLRQDO
DVVXPSWLRQ�WKDW�LW�LV�D�QRUPDO�GLVWULEXWLRQ�ZLWK�PHDQ���DQG�XQNQRZQ
VWDQGDUG�GHYLDWLRQ�� ��
7R�VHH�ZKHWKHU�WKLV�DVVXPSWLRQ�LV�UHDVRQDEOH��,¶OO�SORW�WKH�GLVWULEXWLRQ
RI�WRWDO�VQRZIDOO�DQG�D�QRUPDO�PRGHO�ZLWK�WKH�VDPH�PHDQ�DQG
VWDQGDUG�GHYLDWLRQ�

+HUH¶V�D� �REMHFW�WKDW�UHSUHVHQWV�WKH�GLVWULEXWLRQ�RI�VQRZIDOO�



$QG�KHUH�DUH�WKH�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ�RI�WKH�GDWD�

,¶OO�XVH�WKH� �REMHFW�IURP�6FL3\�WR�FRPSXWH�WKH�&')�RI�D�QRUPDO
GLVWULEXWLRQ�ZLWK�WKH�VDPH�PHDQ�DQG�VWDQGDUG�GHYLDWLRQ�

+HUH¶V�ZKDW�WKH�GLVWULEXWLRQ�RI�WKH�GDWD�ORRNV�OLNH�FRPSDUHG�WR�WKH
QRUPDO�PRGHO�

:H¶YH�KDG�PRUH�ZLQWHUV�EHORZ�WKH�PHDQ�WKDQ�H[SHFWHG��EXW�RYHUDOO
WKLV�ORRNV�OLNH�D�UHDVRQDEOH�PRGHO�

/HDVW� 6TXDUHV� 5HJUHVVLRQ



2XU�UHJUHVVLRQ�PRGHO�KDV�WKUHH�SDUDPHWHUV��VORSH��LQWHUFHSW��DQG
VWDQGDUG�GHYLDWLRQ�RI� ��%HIRUH�ZH�FDQ�HVWLPDWH�WKHP��ZH�KDYH�WR
FKRRVH�SULRUV��7R�KHOS�ZLWK�WKDW��,¶OO�XVH� �WR�ILW�D�OLQH�WR
WKH�GDWD�E\�OHDVW�VTXDUHV�UHJUHVVLRQ�

)LUVW��,¶OO�XVH� �WR�FRQYHUW� ��ZKLFK�LV�D� ��WR�D
�

<($5 612:
� ���� ����
� ���� ����
� ���� ����

7KH�UHVXOW�LV�D� �ZLWK�WZR�FROXPQV�� �DQG� ��LQ�D
IRUPDW�ZH�FDQ�XVH�ZLWK� �

$V�ZH�GLG�LQ�WKH�SUHYLRXV�FKDSWHU��,¶OO�FHQWHU�WKH�GDWD�E\�VXEWUDFWLQJ
RII�WKH�PHDQ�

$QG�,¶OO�DGG�D�FROXPQ�WR� �VR�WKH�GHSHQGHQW�YDULDEOH�KDV�D
VWDQGDUG�QDPH�

1RZ��ZH�FDQ�XVH� �WR�FRPSXWH�WKH�OHDVW�VTXDUHV�ILW�WR�WKH
GDWD�DQG�HVWLPDWH� �DQG� �



7KH�LQWHUFHSW��DERXW����LQFKHV��LV�WKH�H[SHFWHG�VQRZIDOO�ZKHQ� �
ZKLFK�LV�WKH�EHJLQQLQJ�RI�������7KH�HVWLPDWHG�VORSH�LQGLFDWHV�WKDW
WRWDO�VQRZIDOO�LV�LQFUHDVLQJ�DW�D�UDWH�RI�DERXW�����LQFKHV�SHU�\HDU�

�DOVR�SURYLGHV� ��ZKLFK�LV�DQ�DUUD\�RI�UHVLGXDOV��WKDW�LV�
WKH�GLIIHUHQFHV�EHWZHHQ�WKH�GDWD�DQG�WKH�ILWWHG�OLQH��7KH�VWDQGDUG
GHYLDWLRQ�RI�WKH�UHVLGXDOV�LV�DQ�HVWLPDWH�RI� �

:H¶OO�XVH�WKHVH�HVWLPDWHV�WR�FKRRVH�SULRU�GLVWULEXWLRQV�IRU�WKH
SDUDPHWHUV�

3ULRUV
,¶OO�XVH�XQLIRUP�GLVWULEXWLRQV�IRU�DOO�WKUHH�SDUDPHWHUV�



,�PDGH�WKH�SULRU�GLVWULEXWLRQV�GLIIHUHQW�OHQJWKV�IRU�WZR�UHDVRQV��)LUVW�
LI�ZH�PDNH�D�PLVWDNH�DQG�XVH�WKH�ZURQJ�GLVWULEXWLRQ��LW�ZLOO�EH�HDVLHU
WR�FDWFK�WKH�HUURU�LI�WKH\�DUH�DOO�GLIIHUHQW�OHQJWKV�

6HFRQG��LW�SURYLGHV�PRUH�SUHFLVLRQ�IRU�WKH�PRVW�LPSRUWDQW�SDUDPHWHU�
��DQG�VSHQGV�OHVV�FRPSXWDWLRQDO�HIIRUW�RQ�WKH�OHDVW�LPSRUWDQW�
�

,Q�³7KUHH�3DUDPHWHU�0RGHO´�ZH�PDGH�D�MRLQW�GLVWULEXWLRQ�ZLWK�WKUHH
SDUDPHWHUV��,¶OO�ZUDS�WKDW�SURFHVV�LQ�D�IXQFWLRQ�

$QG�XVH�LW�WR�PDNH�D� �WKDW�UHSUHVHQWV�WKH�MRLQW�GLVWULEXWLRQ�RI�WKH
WKUHH�SDUDPHWHUV�

SUREV
6ORSH ,QWHUFHSW 6LJPD

���� ����

���� ��������
���� ��������
���� ��������

7KH�LQGH[�RI� �KDV�WKUHH�FROXPQV��FRQWDLQLQJ�YDOXHV�RI� �
��DQG� ��LQ�WKDW�RUGHU�



:LWK�WKUHH�SDUDPHWHUV��WKH�VL]H�RI�WKH�MRLQW�GLVWULEXWLRQ�VWDUWV�WR�JHW
ELJ��6SHFLILFDOO\��LW�LV�WKH�SURGXFW�RI�WKH�OHQJWKV�RI�WKH�SULRU
GLVWULEXWLRQV��,Q�WKLV�H[DPSOH��WKH�SULRU�GLVWULEXWLRQV�KDYH���������DQG
���YDOXHV��VR�WKH�OHQJWK�RI�WKH�MRLQW�SULRU�LV��������

/LNHOLKRRG
1RZ�ZH¶OO�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD��7R�GHPRQVWUDWH�WKH
SURFHVV��OHW¶V�DVVXPH�WHPSRUDULO\�WKDW�WKH�SDUDPHWHUV�DUH�NQRZQ�

,¶OO�H[WUDFW�WKH� �DQG� �IURP� �DV� �REMHFWV�

$QG�FRPSXWH�WKH�³UHVLGXDOV´��ZKLFK�DUH�WKH�GLIIHUHQFHV�EHWZHHQ�WKH
DFWXDO�YDOXHV�� ��DQG�WKH�YDOXHV�ZH�H[SHFW�EDVHG�RQ� �DQG

�

$FFRUGLQJ�WR�WKH�PRGHO��WKH�UHVLGXDOV�VKRXOG�IROORZ�D�QRUPDO
GLVWULEXWLRQ�ZLWK�PHDQ���DQG�VWDQGDUG�GHYLDWLRQ� ��6R�ZH�FDQ
FRPSXWH�WKH�OLNHOLKRRG�RI�HDFK�UHVLGXDO�YDOXH�XVLQJ� �IURP�6FL3\�

7KH�UHVXOW�LV�DQ�DUUD\�RI�SUREDELOLW\�GHQVLWLHV��RQH�IRU�HDFK�HOHPHQW
RI�WKH�GDWDVHW��WKHLU�SURGXFW�LV�WKH�OLNHOLKRRG�RI�WKH�GDWD�



$V�ZH�VDZ�LQ�WKH�SUHYLRXV�FKDSWHU��WKH�OLNHOLKRRG�RI�DQ\�SDUWLFXODU
GDWDVHW�WHQGV�WR�EH�VPDOO��,I�LW¶V�WRR�VPDOO��ZH�PLJKW�H[FHHG�WKH�OLPLWV
RI�IORDWLQJ�SRLQW�DULWKPHWLF��:KHQ�WKDW�KDSSHQV��ZH�FDQ�DYRLG�WKH
SUREOHP�E\�FRPSXWLQJ�OLNHOLKRRGV�XQGHU�D�ORJ�WUDQVIRUP��%XW�LQ�WKLV
H[DPSOH�WKDW¶V�QRW�QHFHVVDU\�

7KH� 8SGDWH
1RZ�ZH¶UH�UHDG\�WR�GR�WKH�XSGDWH��)LUVW��ZH�QHHG�WR�FRPSXWH�WKH
OLNHOLKRRG�RI�WKH�GDWD�IRU�HDFK�SRVVLEOH�VHW�RI�SDUDPHWHUV�

7KLV�FRPSXWDWLRQ�WDNHV�ORQJHU�WKDQ�PDQ\�RI�WKH�SUHYLRXV�H[DPSOHV�
:H�DUH�DSSURDFKLQJ�WKH�OLPLW�RI�ZKDW�ZH�FDQ�GR�ZLWK�JULG
DSSUR[LPDWLRQV�

1HYHUWKHOHVV��ZH�FDQ�GR�WKH�XSGDWH�LQ�WKH�XVXDO�ZD\�

7KH�UHVXOW�LV�D� �ZLWK�D�WKUHH�OHYHO�LQGH[�FRQWDLQLQJ�YDOXHV�RI
�� ��DQG� ��7R�JHW�WKH�PDUJLQDO�GLVWULEXWLRQV�IURP�WKH

MRLQW�SRVWHULRU��ZH�FDQ�XVH� ��ZKLFK�ZH�VDZ�LQ�³7KUHH�
3DUDPHWHU�0RGHO´�



+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU� �

7KH�PRVW�OLNHO\�YDOXHV�IRU� �DUH�QHDU����LQFKHV��ZKLFK�LV
FRQVLVWHQW�ZLWK�RXU�HVWLPDWH�EDVHG�RQ�WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH
GDWD�

+RZHYHU��WR�VD\�ZKHWKHU�VQRZIDOO�LV�LQFUHDVLQJ�RU�GHFUHDVLQJ��ZH
GRQ¶W�UHDOO\�FDUH�DERXW� ��,W�LV�D�³QXLVDQFH�SDUDPHWHU´��VR�FDOOHG
EHFDXVH�ZH�KDYH�WR�HVWLPDWH�LW�DV�SDUW�RI�WKH�PRGHO��EXW�ZH�GRQ¶W
QHHG�LW�WR�DQVZHU�WKH�TXHVWLRQV�ZH�DUH�LQWHUHVWHG�LQ�

1HYHUWKHOHVV��LW�LV�JRRG�WR�FKHFN�WKH�PDUJLQDO�GLVWULEXWLRQV�WR�PDNH
VXUH

7KH�ORFDWLRQ�LV�FRQVLVWHQW�ZLWK�RXU�H[SHFWDWLRQV��DQG

7KH�SRVWHULRU�SUREDELOLWLHV�DUH�QHDU���DW�WKH�H[WUHPHV�RI�WKH
UDQJH��ZKLFK�LQGLFDWHV�WKDW�WKH�SULRU�GLVWULEXWLRQ�FRYHUV�DOO
SDUDPHWHUV�ZLWK�QRQ�QHJOLJLEOH�SUREDELOLW\�

,Q�WKLV�H[DPSOH��WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �ORRNV�ILQH�

+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �



7KH�SRVWHULRU�PHDQ�LV�DERXW����LQFKHV��ZKLFK�LV�WKH�H[SHFWHG
DPRXQW�RI�VQRZ�GXULQJ�WKH�\HDU�DW�WKH�PLGSRLQW�RI�WKH�UDQJH�������

$QG�ILQDOO\��KHUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

7KH�SRVWHULRU�PHDQ�LV�DERXW������LQFKHV��ZKLFK�LV�FRQVLVWHQW�ZLWK�WKH
HVWLPDWH�ZH�JRW�IURP�OHDVW�VTXDUHG�UHJUHVVLRQ�

7KH�����FUHGLEOH�LQWHUYDO�LV�IURP�����WR������ZKLFK�LQGLFDWHV�WKDW�RXU
XQFHUWDLQW\�DERXW�WKLV�HVWLPDWH�LV�SUHWW\�KLJK��,Q�IDFW��WKHUH�LV�VWLOO�D
VPDOO�SRVWHULRU�SUREDELOLW\��DERXW�����WKDW�WKH�VORSH�LV�QHJDWLYH�

+RZHYHU��LW�LV�PRUH�OLNHO\�WKDW�P\�FRQMHFWXUH�ZDV�ZURQJ��ZH�DUH
DFWXDOO\�JHWWLQJ�PRUH�VQRZ�DURXQG�KHUH�WKDQ�ZH�XVHG�WR��LQFUHDVLQJ
DW�D�UDWH�RI�DERXW�D�KDOI�LQFK�SHU�\HDU��ZKLFK�LV�VXEVWDQWLDO��2Q
DYHUDJH��ZH�JHW�DQ�DGGLWLRQDO����LQFKHV�RI�VQRZ�SHU�\HDU�WKDQ�ZH
GLG�ZKHQ�,�ZDV�\RXQJ�



7KLV�H[DPSOH�VKRZV�WKDW�ZLWK�VORZ�PRYLQJ�WUHQGV�DQG�QRLV\�GDWD�
\RXU�LQVWLQFWV�FDQ�EH�PLVOHDGLQJ�

1RZ��\RX�PLJKW�VXVSHFW�WKDW�,�RYHUHVWLPDWH�WKH�DPRXQW�RI�VQRZ
ZKHQ�,�ZDV�\RXQJ�EHFDXVH�,�HQMR\HG�LW��DQG�XQGHUHVWLPDWH�LW�QRZ
EHFDXVH�,�GRQ¶W��%XW�\RX�ZRXOG�EH�PLVWDNHQ�

'XULQJ�WKH�%OL]]DUG�RI�������ZH�GLG�QRW�KDYH�D�VQRZEORZHU�DQG�P\
EURWKHU�DQG�,�KDG�WR�VKRYHO��0\�VLVWHU�JRW�D�SDVV�IRU�QR�JRRG�UHDVRQ�
2XU�GULYHZD\�ZDV�DERXW����IHHW�ORQJ�DQG�WKUHH�FDUV�ZLGH�QHDU�WKH
JDUDJH��$QG�ZH�KDG�WR�VKRYHO�0U��&URFNHU¶V�GULYHZD\��WRR��IRU�ZKLFK
ZH�ZHUH�QRW�DOORZHG�WR�DFFHSW�SD\PHQW��)XUWKHUPRUH��DV�,�UHFDOO�LW
ZDV�GXULQJ�WKLV�H[FDYDWLRQ�WKDW�,�DFFLGHQWDOO\�KLW�P\�EURWKHU�ZLWK�D
VKRYHO�RQ�WKH�KHDG��DQG�LW�EOHG�D�ORW�EHFDXVH��\RX�NQRZ��VFDOS
ZRXQGV�

$Q\ZD\��WKH�SRLQW�LV�WKDW�,�GRQ¶W�WKLQN�,�RYHUHVWLPDWH�WKH�DPRXQW�RI
VQRZ�ZKHQ�,�ZDV�\RXQJ�EHFDXVH�,�KDYH�IRQG�PHPRULHV�RI�LW�

0DUDWKRQ� :RUOG� 5HFRUG
)RU�PDQ\�UXQQLQJ�HYHQWV��LI�\RX�SORW�WKH�ZRUOG�UHFRUG�SDFH�RYHU�WLPH�
WKH�UHVXOW�LV�D�UHPDUNDEO\�VWUDLJKW�OLQH��3HRSOH��LQFOXGLQJ�PH��KDYH
VSHFXODWHG�DERXW�SRVVLEOH�UHDVRQV�IRU�WKLV�SKHQRPHQRQ�

3HRSOH�KDYH�DOVR�VSHFXODWHG�DERXW�ZKHQ��LI�HYHU��WKH�ZRUOG�UHFRUG
WLPH�IRU�WKH�PDUDWKRQ�ZLOO�EH�OHVV�WKDQ�WZR�KRXUV���1RWH��,Q������
(OLXG�.LSFKRJH�UDQ�WKH�PDUDWKRQ�GLVWDQFH�LQ�XQGHU�WZR�KRXUV��ZKLFK
LV�DQ�DVWRQLVKLQJ�DFKLHYHPHQW�WKDW�,�IXOO\�DSSUHFLDWH��EXW�IRU�VHYHUDO
UHDVRQV�LW�GLG�QRW�FRXQW�DV�D�ZRUOG�UHFRUG��

6R��DV�D�VHFRQG�H[DPSOH�RI�%D\HVLDQ�UHJUHVVLRQ��ZH¶OO�FRQVLGHU�WKH
ZRUOG�UHFRUG�SURJUHVVLRQ�IRU�WKH�PDUDWKRQ��IRU�PDOH�UXQQHUV��
HVWLPDWH�WKH�SDUDPHWHUV�RI�D�OLQHDU�PRGHO��DQG�XVH�WKH�PRGHO�WR
SUHGLFW�ZKHQ�D�UXQQHU�ZLOO�EUHDN�WKH�WZR�KRXU�EDUULHU�



,Q�WKH�QRWHERRN�IRU�WKLV�FKDSWHU��\RX�FDQ�VHH�KRZ�,�ORDGHG�DQG
FOHDQHG�WKH�GDWD��7KH�UHVXOW�LV�D� �WKDW�FRQWDLQV�WKH
IROORZLQJ�FROXPQV��DQG�DGGLWLRQDO�LQIRUPDWLRQ�ZH�ZRQ¶W�XVH��

��ZKLFK�LV�D�SDQGDV� �UHSUHVHQWLQJ�WKH�GDWH
ZKHQ�WKH�ZRUOG�UHFRUG�ZDV�EURNHQ��DQG

��ZKLFK�UHFRUGV�WKH�UHFRUG�EUHDNLQJ�SDFH�LQ�PSK�

+HUH¶V�ZKDW�WKH�UHVXOWV�ORRN�OLNH��VWDUWLQJ�LQ������

7KH�GDWD�SRLQWV�IDOO�DSSUR[LPDWHO\�RQ�D�OLQH��DOWKRXJK�LW¶V�SRVVLEOH
WKDW�WKH�VORSH�LV�LQFUHDVLQJ�

7R�SUHSDUH�WKH�GDWD�IRU�UHJUHVVLRQ��,¶OO�VXEWUDFW�DZD\�WKH�DSSUR[LPDWH
PLGSRLQW�RI�WKH�WLPH�LQWHUYDO�������

:KHQ�ZH�VXEWUDFW�WZR� �REMHFWV��WKH�UHVXOW�LV�D�³WLPH�GHOWD´�
ZKLFK�ZH�FDQ�FRQYHUW�WR�VHFRQGV�DQG�WKHQ�WR�\HDUV�

$V�LQ�WKH�SUHYLRXV�H[DPSOH��,¶OO�XVH�OHDVW�VTXDUHV�UHJUHVVLRQ�WR
FRPSXWH�SRLQW�HVWLPDWHV�IRU�WKH�SDUDPHWHUV��ZKLFK�ZLOO�KHOS�ZLWK



FKRRVLQJ�SULRUV�

7KH�HVWLPDWHG�LQWHUFHSW�LV�DERXW������PSK��ZKLFK�LV�WKH�LQWHUSRODWHG
ZRUOG�UHFRUG�SDFH�IRU�������7KH�HVWLPDWHG�VORSH�LV�DERXW�������PSK
SHU�\HDU��ZKLFK�LV�WKH�UDWH�WKH�ZRUOG�UHFRUG�SDFH�LV�LQFUHDVLQJ�
DFFRUGLQJ�WR�WKH�PRGHO�

$JDLQ��ZH�FDQ�XVH�WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH�UHVLGXDOV�DV�D�SRLQW
HVWLPDWH�IRU� �

7KHVH�SDUDPHWHUV�JLYH�XV�D�JRRG�LGHD�ZKHUH�ZH�VKRXOG�SXW�WKH�SULRU
GLVWULEXWLRQV�

7KH� 3ULRUV
+HUH�DUH�WKH�SULRU�GLVWULEXWLRQV�,�FKRVH�IRU� �� ��DQG

�



$QG�KHUH¶V�WKH�MRLQW�SULRU�GLVWULEXWLRQ�

SUREV
6ORSH ,QWHUFHSW 6LJPD

����� ����

�������� ��������
�������� ��������
�������� ��������

1RZ�ZH�FDQ�FRPSXWH�OLNHOLKRRGV�DV�LQ�WKH�SUHYLRXV�H[DPSOH�

1RZ�ZH�FDQ�GR�WKH�XSGDWH�LQ�WKH�XVXDO�ZD\�

$QG�XQSDFN�WKH�PDUJLQDOV�



+HUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

7KH�SRVWHULRU�PHDQ�LV�DERXW������PSK��ZKLFK�LV�WKH�ZRUOG�UHFRUG
PDUDWKRQ�SDFH�WKH�PRGHO�SUHGLFWV�IRU�WKH�PLGSRLQW�RI�WKH�GDWH�UDQJH�
�����

$QG�KHUH¶V�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

7KH�SRVWHULRU�PHDQ�LV�DERXW�������PSK�SHU�\HDU��RU������PSK�SHU
GHFDGH�

7KDW¶V�LQWHUHVWLQJ��EXW�LW�GRHVQ¶W�DQVZHU�WKH�TXHVWLRQ�ZH¶UH�LQWHUHVWHG
LQ��ZKHQ�ZLOO�WKHUH�EH�D�WZR�KRXU�PDUDWKRQ"�7R�DQVZHU�WKDW��ZH�KDYH
WR�PDNH�SUHGLFWLRQV�

3UHGLFWLRQ



7R�JHQHUDWH�SUHGLFWLRQV��,¶OO�GUDZ�D�VDPSOH�IURP�WKH�SRVWHULRU
GLVWULEXWLRQ�RI�SDUDPHWHUV��WKHQ�XVH�WKH�UHJUHVVLRQ�HTXDWLRQ�WR
FRPELQH�WKH�SDUDPHWHUV�ZLWK�WKH�GDWD�

�SURYLGHV� ��ZKLFK�ZH�FDQ�XVH�WR�GUDZ�D�UDQGRP�VDPSOH
ZLWK�UHSODFHPHQW��XVLQJ�WKH�SRVWHULRU�SUREDELOLWLHV�DV�ZHLJKWV�

7KH�UHVXOW�LV�DQ�DUUD\�RI�WXSOHV��/RRSLQJ�WKURXJK�WKH�VDPSOH��ZH�FDQ
XVH�WKH�UHJUHVVLRQ�HTXDWLRQ�WR�JHQHUDWH�SUHGLFWLRQV�IRU�D�UDQJH�RI
�

(DFK�SUHGLFWLRQ�LV�DQ�DUUD\�ZLWK�WKH�VDPH�OHQJWK�DV� ��ZKLFK�,�VWRUH
DV�D�URZ�LQ� ��6R�WKH�UHVXOW�KDV�RQH�URZ�IRU�HDFK�VDPSOH�DQG�RQH
FROXPQ�IRU�HDFK�YDOXH�RI� �

:H�FDQ�XVH� �WR�FRPSXWH�WKH��WK����WK��DQG���WK
SHUFHQWLOHV�LQ�HDFK�FROXPQ�

7R�VKRZ�WKH�UHVXOWV��,¶OO�SORW�WKH�PHGLDQ�RI�WKH�SUHGLFWLRQV�DV�D�OLQH
DQG�WKH�����FUHGLEOH�LQWHUYDO�DV�D�VKDGHG�DUHD�



7KH�GDVKHG�OLQH�VKRZV�WKH�WZR�KRXU�PDUDWKRQ�SDFH��ZKLFK�LV�����
PLOHV�SHU�KRXU��9LVXDOO\�ZH�FDQ�HVWLPDWH�WKDW�WKH�SUHGLFWLRQ�OLQH�KLWV
WKH�WDUJHW�SDFH�EHWZHHQ������DQG������

7R�PDNH�WKLV�PRUH�SUHFLVH��ZH�FDQ�XVH�LQWHUSRODWLRQ�WR�VHH�ZKHQ�WKH
SUHGLFWLRQV�FURVV�WKH�ILQLVK�OLQH��6FL3\�SURYLGHV� ��ZKLFK
GRHV�OLQHDU�LQWHUSRODWLRQ�E\�GHIDXOW�

7KH�PHGLDQ�SUHGLFWLRQ�LV�������ZLWK�D�����FUHGLEOH�LQWHUYDO�IURP
�����WR�������6R�WKHUH�LV�DERXW�D����FKDQFH�ZH¶OO�VHH�D�WZR�KRXU
PDUDWKRQ�EHIRUH������

6XPPDU\
7KLV�FKDSWHU�LQWURGXFHV�%D\HVLDQ�UHJUHVVLRQ��ZKLFK�LV�EDVHG�RQ�WKH
VDPH�PRGHO�DV�OHDVW�VTXDUHV�UHJUHVVLRQ��WKH�GLIIHUHQFH�LV�WKDW�LW
SURGXFHV�D�SRVWHULRU�GLVWULEXWLRQ�IRU�WKH�SDUDPHWHUV�UDWKHU�WKDQ�SRLQW
HVWLPDWHV�



,Q�WKH�ILUVW�H[DPSOH��ZH�ORRNHG�DW�FKDQJHV�LQ�VQRZIDOO�LQ�1RUIRON
&RXQW\��0DVVDFKXVHWWV��DQG�FRQFOXGHG�WKDW�ZH�JHW�PRUH�VQRZIDOO
QRZ�WKDQ�ZKHQ�,�ZDV�\RXQJ��FRQWUDU\�WR�P\�H[SHFWDWLRQ�

,Q�WKH�VHFRQG�H[DPSOH��ZH�ORRNHG�DW�WKH�SURJUHVVLRQ�RI�ZRUOG�UHFRUG
SDFH�IRU�WKH�PHQ¶V�PDUDWKRQ��FRPSXWHG�WKH�MRLQW�SRVWHULRU
GLVWULEXWLRQ�RI�WKH�UHJUHVVLRQ�SDUDPHWHUV��DQG�XVHG�LW�WR�JHQHUDWH
SUHGLFWLRQV�IRU�WKH�QH[W����\HDUV�

7KHVH�H[DPSOHV�KDYH�WKUHH�SDUDPHWHUV��VR�LW�WDNHV�D�OLWWOH�ORQJHU�WR
FRPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD��:LWK�PRUH�WKDQ�WKUHH�SDUDPHWHUV�
LW�EHFRPHV�LPSUDFWLFDO�WR�XVH�JULG�DOJRULWKPV�

,Q�WKH�QH[W�IHZ�FKDSWHUV��ZH¶OO�H[SORUH�RWKHU�DOJRULWKPV�WKDW�UHGXFH
WKH�DPRXQW�RI�FRPSXWDWLRQ�ZH�QHHG�WR�GR�D�%D\HVLDQ�XSGDWH��ZKLFK
PDNHV�LW�SRVVLEOH�WR�XVH�PRGHOV�ZLWK�PRUH�SDUDPHWHUV�

%XW�ILUVW��\RX�PLJKW�ZDQW�WR�ZRUN�RQ�WKHVH�H[HUFLVHV�

([HUFLVHV
([DPSOH������

,�DP�XQGHU�WKH�LPSUHVVLRQ�WKDW�LW�LV�ZDUPHU�DURXQG�KHUH�WKDQ�LW�XVHG
WR�EH��,Q�WKLV�H[HUFLVH��\RX�FDQ�SXW�P\�FRQMHFWXUH�WR�WKH�WHVW�

:H¶OO�XVH�WKH�VDPH�GDWDVHW�ZH�XVHG�WR�PRGHO�VQRZIDOO��LW�DOVR
LQFOXGHV�GDLO\�ORZ�DQG�KLJK�WHPSHUDWXUHV�LQ�1RUIRON�&RXQW\�
0DVVDFKXVHWWV��GXULQJ�P\�OLIHWLPH��7KH�GHWDLOV�DUH�LQ�WKH�QRWHERRN
IRU�WKLV�FKDSWHU�

���8VH� �WR�JHQHUDWH�SRLQW�HVWLPDWHV�IRU�WKH
UHJUHVVLRQ�SDUDPHWHUV�

���&KRRVH�SULRUV�IRU� �� ��DQG� �EDVHG�RQ
WKHVH�HVWLPDWHV��DQG�XVH� �WR�PDNH�D�MRLQW�SULRU
GLVWULEXWLRQ�



���&RPSXWH�WKH�OLNHOLKRRG�RI�WKH�GDWD�DQG�FRPSXWH�WKH
SRVWHULRU�GLVWULEXWLRQ�RI�WKH�SDUDPHWHUV�

���([WUDFW�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� ��+RZ�FRQILGHQW�DUH
ZH�WKDW�WHPSHUDWXUH�LV�LQFUHDVLQJ"

���'UDZ�D�VDPSOH�RI�SDUDPHWHUV�IURP�WKH�SRVWHULRU�GLVWULEXWLRQ
DQG�XVH�LW�WR�JHQHUDWH�SUHGLFWLRQV�XS�WR������

���3ORW�WKH�PHGLDQ�RI�WKH�SUHGLFWLRQV�DQG�D�����FUHGLEOH
LQWHUYDO�DORQJ�ZLWK�WKH�REVHUYHG�GDWD�

'RHV�WKH�PRGHO�ILW�WKH�GDWD�ZHOO"�+RZ�PXFK�GR�ZH�H[SHFW�DQQXDO
DYHUDJH�WHPSHUDWXUHV�WR�LQFUHDVH�RYHU�P\��H[SHFWHG��OLIHWLPH"



&KDSWHU� ���� &RQMXJDWH� 3ULRUV

,Q�WKH�SUHYLRXV�FKDSWHUV�ZH�KDYH�XVHG�JULG�DSSUR[LPDWLRQV�WR�VROYH
D�YDULHW\�RI�SUREOHPV��2QH�RI�P\�JRDOV�KDV�EHHQ�WR�VKRZ�WKDW�WKLV
DSSURDFK�LV�VXIILFLHQW�WR�VROYH�PDQ\�UHDO�ZRUOG�SUREOHPV��$QG�,�WKLQN
LW¶V�D�JRRG�SODFH�WR�VWDUW�EHFDXVH�LW�VKRZV�FOHDUO\�KRZ�WKH�PHWKRGV
ZRUN�

+RZHYHU��DV�ZH�VDZ�LQ�WKH�SUHYLRXV�FKDSWHU��JULG�PHWKRGV�ZLOO�RQO\
JHW�\RX�VR�IDU��$V�ZH�LQFUHDVH�WKH�QXPEHU�RI�SDUDPHWHUV��WKH
QXPEHU�RI�SRLQWV�LQ�WKH�JULG�JURZV��OLWHUDOO\��H[SRQHQWLDOO\��:LWK�PRUH
WKDQ�����SDUDPHWHUV��JULG�PHWKRGV�EHFRPH�LPSUDFWLFDO�

6R��LQ�WKH�UHPDLQLQJ�WKUHH�FKDSWHUV��,�ZLOO�SUHVHQW�WKUHH�DOWHUQDWLYHV�

���,Q�WKLV�FKDSWHU��ZH¶OO�XVH�FRQMXJDWH� SULRUV�WR�VSHHG�XS�VRPH
RI�WKH�FRPSXWDWLRQV�ZH¶YH�DOUHDG\�GRQH�

���,Q�WKH�QH[W�FKDSWHU��,¶OO�SUHVHQW�0DUNRY�FKDLQ�0RQWH�&DUOR
�0&0&��PHWKRGV��ZKLFK�FDQ�VROYH�SUREOHPV�ZLWK�WHQV�RI
SDUDPHWHUV��RU�HYHQ�KXQGUHGV��LQ�D�UHDVRQDEOH�DPRXQW�RI
WLPH�

���$QG�LQ�WKH�ODVW�FKDSWHU��ZH¶OO�XVH�$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ��$%&��IRU�SUREOHPV�WKDW�DUH�KDUG�WR�PRGHO�ZLWK
VLPSOH�GLVWULEXWLRQV�

:H¶OO�VWDUW�ZLWK�WKH�:RUOG�&XS�3UREOHP�

7KH� :RUOG� &XS� 3UREOHP� 5HYLVLWHG
,Q�&KDSWHU����ZH�VROYHG�WKH�:RUOG�&XS�3UREOHP�XVLQJ�D�3RLVVRQ
SURFHVV�WR�PRGHO�JRDOV�LQ�D�VRFFHU�JDPH�DV�UDQGRP�HYHQWV�WKDW�DUH
HTXDOO\�OLNHO\�WR�RFFXU�DW�DQ\�SRLQW�GXULQJ�D�JDPH�



:H�XVHG�D�JDPPD�GLVWULEXWLRQ�WR�UHSUHVHQW�WKH�SULRU�GLVWULEXWLRQ�RI� �
WKH�JRDO�VFRULQJ�UDWH��$QG�ZH�XVHG�D�3RLVVRQ�GLVWULEXWLRQ�WR�FRPSXWH
WKH�SUREDELOLW\�RI� ��WKH�QXPEHU�RI�JRDOV�VFRUHG�

+HUH¶V�D�JDPPD�REMHFW�WKDW�UHSUHVHQWV�WKH�SULRU�GLVWULEXWLRQ�

$QG�KHUH¶V�D�JULG�DSSUR[LPDWLRQ�

+HUH¶V�WKH�OLNHOLKRRG�RI�VFRULQJ���JRDOV�IRU�HDFK�SRVVLEOH�YDOXH�RI
�

$QG�KHUH¶V�WKH�XSGDWH�

6R�IDU��WKLV�VKRXOG�EH�IDPLOLDU��1RZ�ZH¶OO�VROYH�WKH�VDPH�SUREOHP
XVLQJ�WKH�FRQMXJDWH�SULRU�

7KH� &RQMXJDWH� 3ULRU



,Q�³7KH�*DPPD�'LVWULEXWLRQ´��,�SUHVHQWHG�WKUHH�UHDVRQV�WR�XVH�D
JDPPD�GLVWULEXWLRQ�IRU�WKH�SULRU�DQG�VDLG�WKHUH�ZDV�D�IRXUWK�UHDVRQ�,
ZRXOG�UHYHDO�ODWHU��:HOO��QRZ�LV�WKH�WLPH�

7KH�RWKHU�UHDVRQ�,�FKRVH�WKH�JDPPD�GLVWULEXWLRQ�LV�WKDW�LW�LV�WKH
³FRQMXJDWH�SULRU´�RI�WKH�3RLVVRQ�GLVWULEXWLRQ��VR�FDOOHG�EHFDXVH�WKH
WZR�GLVWULEXWLRQV�DUH�FRQQHFWHG�RU�FRXSOHG��ZKLFK�LV�ZKDW�³FRQMXJDWH´
PHDQV�

,Q�WKH�QH[W�VHFWLRQ�,¶OO�H[SODLQ�KRZ�WKH\�DUH�FRQQHFWHG��EXW�ILUVW�,¶OO
VKRZ�\RX�WKH�FRQVHTXHQFH�RI�WKLV�FRQQHFWLRQ��ZKLFK�LV�WKDW�WKHUH�LV
D�UHPDUNDEO\�VLPSOH�ZD\�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�

+RZHYHU��WR�GHPRQVWUDWH�LW��ZH�KDYH�WR�VZLWFK�IURP�WKH�RQH�
SDUDPHWHU�YHUVLRQ�RI�WKH�JDPPD�GLVWULEXWLRQ�WR�WKH�WZR�SDUDPHWHU
YHUVLRQ��6LQFH�WKH�ILUVW�SDUDPHWHU�LV�FDOOHG� ��\RX�PLJKW�JXHVV
WKDW�WKH�VHFRQG�SDUDPHWHU�LV�FDOOHG� �

7KH�IROORZLQJ�IXQFWLRQ�WDNHV� �DQG� �DQG�PDNHV�DQ�REMHFW
WKDW�UHSUHVHQWV�D�JDPPD�GLVWULEXWLRQ�ZLWK�WKRVH�SDUDPHWHUV�

+HUH¶V�WKH�SULRU�GLVWULEXWLRQ�ZLWK� �DJDLQ�DQG� �



1RZ�,�FODLP�ZLWKRXW�SURRI�WKDW�ZH�FDQ�GR�D�%D\HVLDQ�XSGDWH�ZLWK�
JRDOV�MXVW�E\�PDNLQJ�D�JDPPD�GLVWULEXWLRQ�ZLWK�SDUDPHWHUV�
DQG� �

+HUH¶V�KRZ�ZH�XSGDWH�LW�ZLWK� �JRDOV�LQ� �JDPH�

$IWHU�DOO�WKH�ZRUN�ZH�GLG�ZLWK�WKH�JULG��LW�PLJKW�VHHP�DEVXUG�WKDW�ZH
FDQ�GR�D�%D\HVLDQ�XSGDWH�E\�DGGLQJ�WZR�SDLUV�RI�QXPEHUV��6R�OHW¶V
FRQILUP�WKDW�LW�ZRUNV�

,¶OO�PDNH�D� �ZLWK�D�GLVFUHWH�DSSUR[LPDWLRQ�RI�WKH�SRVWHULRU
GLVWULEXWLRQ�

7KH�IROORZLQJ�ILJXUH�VKRZV�WKH�UHVXOW�DORQJ�ZLWK�WKH�SRVWHULRU�ZH
FRPSXWHG�XVLQJ�WKH�JULG�DOJRULWKP�



7KH\�DUH�WKH�VDPH�RWKHU�WKDQ�VPDOO�GLIIHUHQFHV�GXH�WR�IORDWLQJ�SRLQW
DSSUR[LPDWLRQV�

:KDW� WKH� $FWXDO"
7R�XQGHUVWDQG�KRZ�WKDW�ZRUNV��ZH¶OO�ZULWH�WKH�3')�RI�WKH�JDPPD
SULRU�DQG�WKH�30)�RI�WKH�3RLVVRQ�OLNHOLKRRG��WKHQ�PXOWLSO\�WKHP
WRJHWKHU��EHFDXVH�WKDW¶V�ZKDW�WKH�%D\HVLDQ�XSGDWH�GRHV��:H¶OO�VHH
WKDW�WKH�UHVXOW�LV�D�JDPPD�GLVWULEXWLRQ��DQG�ZH¶OO�GHULYH�LWV
SDUDPHWHUV�

+HUH¶V�WKH�3')�RI�WKH�JDPPD�SULRU��ZKLFK�LV�WKH�SUREDELOLW\�GHQVLW\
IRU�HDFK�YDOXH�RI� ��JLYHQ�SDUDPHWHUV� �DQG� �

,�KDYH�RPLWWHG�WKH�QRUPDOL]LQJ�IDFWRU��VLQFH�ZH�DUH�SODQQLQJ�WR
QRUPDOL]H�WKH�SRVWHULRU�GLVWULEXWLRQ�DQ\ZD\��ZH�GRQ¶W�UHDOO\�QHHG�LW�

1RZ�VXSSRVH�D�WHDP�VFRUHV� �JRDOV�LQ� �JDPHV��7KH�SUREDELOLW\�RI
WKLV�GDWD�LV�JLYHQ�E\�WKH�30)�RI�WKH�3RLVVRQ�GLVWULEXWLRQ��ZKLFK�LV�D
IXQFWLRQ�RI� �ZLWK� �DQG� �DV�SDUDPHWHUV�

$JDLQ��,�KDYH�RPLWWHG�WKH�QRUPDOL]LQJ�IDFWRU��ZKLFK�PDNHV�LW�FOHDUHU
WKDW�WKH�JDPPD�DQG�3RLVVRQ�GLVWULEXWLRQV�KDYH�WKH�VDPH�IXQFWLRQDO
IRUP��:KHQ�ZH�PXOWLSO\�WKHP�WRJHWKHU��ZH�FDQ�SDLU�XS�WKH�IDFWRUV
DQG�DGG�XS�WKH�H[SRQHQWV��7KH�UHVXOW�LV�WKH�XQQRUPDOL]HG�SRVWHULRU
GLVWULEXWLRQ�

ZKLFK�ZH�FDQ�UHFRJQL]H�DV�DQ�XQQRUPDOL]HG�JDPPD�GLVWULEXWLRQ�ZLWK
SDUDPHWHUV� �DQG� �



7KLV�GHULYDWLRQ�SURYLGHV�LQVLJKW�LQWR�ZKDW�WKH�SDUDPHWHUV�RI�WKH
SRVWHULRU�GLVWULEXWLRQ�PHDQ�� �UHIOHFWV�WKH�QXPEHU�RI�HYHQWV�WKDW
KDYH�RFFXUUHG�� �UHIOHFWV�WKH�HODSVHG�WLPH�

%LQRPLDO� /LNHOLKRRG
$V�D�VHFRQG�H[DPSOH��OHW¶V�ORRN�DJDLQ�DW�WKH�(XUR�3UREOHP��:KHQ
ZH�VROYHG�LW�ZLWK�D�JULG�DOJRULWKP��ZH�VWDUWHG�ZLWK�D�XQLIRUP�SULRU�

:H�XVHG�WKH�ELQRPLDO�GLVWULEXWLRQ�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH
GDWD��ZKLFK�ZDV�����KHDGV�RXW�RI�����DWWHPSWV�

7KHQ�ZH�FRPSXWHG�WKH�SRVWHULRU�GLVWULEXWLRQ�LQ�WKH�XVXDO�ZD\�

:H�FDQ�VROYH�WKLV�SUREOHP�PRUH�HIILFLHQWO\�XVLQJ�WKH�FRQMXJDWH�SULRU
RI�WKH�ELQRPLDO�GLVWULEXWLRQ��ZKLFK�LV�WKH�EHWD�GLVWULEXWLRQ�

7KH�EHWD�GLVWULEXWLRQ�LV�ERXQGHG�EHWZHHQ���DQG����VR�LW�ZRUNV�ZHOO
IRU�UHSUHVHQWLQJ�WKH�GLVWULEXWLRQ�RI�D�SUREDELOLW\�OLNH� ��,W�KDV�WZR
SDUDPHWHUV��FDOOHG� �DQG� ��WKDW�GHWHUPLQH�WKH�VKDSH�RI�WKH
GLVWULEXWLRQ�



6FL3\�SURYLGHV�DQ�REMHFW�FDOOHG� �WKDW�UHSUHVHQWV�D�EHWD
GLVWULEXWLRQ��7KH�IROORZLQJ�IXQFWLRQ�WDNHV� �DQG� �DQG�UHWXUQV
D�QHZ� �REMHFW�

,W�WXUQV�RXW�WKDW�WKH�XQLIRUP�GLVWULEXWLRQ��ZKLFK�ZH�XVHG�DV�D�SULRU��LV
WKH�EHWD�GLVWULEXWLRQ�ZLWK�SDUDPHWHUV� �DQG� ��6R�ZH�FDQ
PDNH�D� �REMHFW�WKDW�UHSUHVHQWV�D�XQLIRUP�GLVWULEXWLRQ��OLNH�WKLV�

1RZ�OHW¶V�ILJXUH�RXW�KRZ�WR�GR�WKH�XSGDWH��$V�LQ�WKH�SUHYLRXV
H[DPSOH��ZH¶OO�ZULWH�WKH�3')�RI�WKH�SULRU�GLVWULEXWLRQ�DQG�WKH�30)�RI
WKH�OLNHOLKRRG�IXQFWLRQ��DQG�PXOWLSO\�WKHP�WRJHWKHU��:H¶OO�VHH�WKDW�WKH
SURGXFW�KDV�WKH�VDPH�IRUP�DV�WKH�SULRU��DQG�ZH¶OO�GHULYH�LWV
SDUDPHWHUV�

+HUH�LV�WKH�3')�RI�WKH�EHWD�GLVWULEXWLRQ��ZKLFK�LV�D�IXQFWLRQ�RI� �ZLWK�
�DQG� �DV�SDUDPHWHUV�

$JDLQ��,�KDYH�RPLWWHG�WKH�QRUPDOL]LQJ�IDFWRU��ZKLFK�ZH�GRQ¶W�QHHG
EHFDXVH�ZH�DUH�JRLQJ�WR�QRUPDOL]H�WKH�GLVWULEXWLRQ�DIWHU�WKH�XSGDWH�

$QG�KHUH¶V�WKH�30)�RI�WKH�ELQRPLDO�GLVWULEXWLRQ��ZKLFK�LV�D�IXQFWLRQ
RI� �ZLWK� �DQG� �DV�SDUDPHWHUV�



$JDLQ��,�KDYH�RPLWWHG�WKH�QRUPDOL]LQJ�IDFWRU��1RZ�ZKHQ�ZH�PXOWLSO\
WKH�EHWD�SULRU�DQG�WKH�ELQRPLDO�OLNHOLKRRG��WKH�UHVXOW�LV

ZKLFK�ZH�UHFRJQL]H�DV�DQ�XQQRUPDOL]HG�EHWD�GLVWULEXWLRQ�ZLWK
SDUDPHWHUV� �DQG� �

6R�LI�ZH�REVHUYH� �VXFFHVVHV�LQ� �WULDOV��ZH�FDQ�GR�WKH�XSGDWH�E\
PDNLQJ�D�EHWD�GLVWULEXWLRQ�ZLWK�SDUDPHWHUV� �DQG� �
7KDW¶V�ZKDW�WKLV�IXQFWLRQ�GRHV�

$JDLQ��WKH�FRQMXJDWH�SULRU�JLYHV�XV�LQVLJKW�LQWR�WKH�PHDQLQJ�RI�WKH
SDUDPHWHUV�� �LV�UHODWHG�WR�WKH�QXPEHU�RI�REVHUYHG�VXFFHVVHV�� �LV
UHODWHG�WR�WKH�QXPEHU�RI�IDLOXUHV�

+HUH¶V�KRZ�ZH�GR�WKH�XSGDWH�ZLWK�WKH�REVHUYHG�GDWD�

7R�FRQILUP�WKDW�LW�ZRUNV��,¶OO�HYDOXDWH�WKH�SRVWHULRU�GLVWULEXWLRQ�IRU�WKH
SRVVLEOH�YDOXHV�RI� �DQG�SXW�WKH�UHVXOWV�LQ�D� �

$QG�ZH�FDQ�FRPSDUH�WKH�SRVWHULRU�GLVWULEXWLRQ�ZH�MXVW�FRPSXWHG�ZLWK
WKH�UHVXOWV�IURP�WKH�JULG�DOJRULWKP�



7KH\�DUH�WKH�VDPH�RWKHU�WKDQ�VPDOO�GLIIHUHQFHV�GXH�WR�IORDWLQJ�SRLQW
DSSUR[LPDWLRQV�

7KH�H[DPSOHV�VR�IDU�DUH�SUREOHPV�ZH�KDYH�DOUHDG\�VROYHG��VR�OHW¶V
WU\�VRPHWKLQJ�QHZ�

/LRQV� DQG� 7LJHUV� DQG� %HDUV
6XSSRVH�ZH�YLVLW�D�ZLOG�DQLPDO�SUHVHUYH�ZKHUH�ZH�NQRZ�WKDW�WKH
RQO\�DQLPDOV�DUH�OLRQV�DQG�WLJHUV�DQG�EHDUV��EXW�ZH�GRQ¶W�NQRZ�KRZ
PDQ\�RI�HDFK�WKHUH�DUH��'XULQJ�WKH�WRXU��ZH�VHH�WKUHH�OLRQV��WZR
WLJHUV��DQG�RQH�EHDU��$VVXPLQJ�WKDW�HYHU\�DQLPDO�KDG�DQ�HTXDO
FKDQFH�WR�DSSHDU�LQ�RXU�VDPSOH��ZKDW�LV�WKH�SUREDELOLW\�WKDW�WKH�QH[W
DQLPDO�ZH�VHH�LV�D�EHDU"

7R�DQVZHU�WKLV�TXHVWLRQ��ZH¶OO�XVH�WKH�GDWD�WR�HVWLPDWH�WKH
SUHYDOHQFH�RI�HDFK�VSHFLHV��WKDW�LV��ZKDW�IUDFWLRQ�RI�WKH�DQLPDOV
EHORQJ�WR�HDFK�VSHFLHV��,I�ZH�NQRZ�WKH�SUHYDOHQFHV��ZH�FDQ�XVH�WKH
PXOWLQRPLDO�GLVWULEXWLRQ�WR�FRPSXWH�WKH�SUREDELOLW\�RI�WKH�GDWD��)RU
H[DPSOH��VXSSRVH�ZH�NQRZ�WKDW�WKH�IUDFWLRQ�RI�OLRQV��WLJHUV��DQG
EHDUV�LV�����������DQG������UHVSHFWLYHO\�

,Q�WKDW�FDVH�WKH�SUREDELOLW\�RI�WKH�GDWD�LV�



1RZ��ZH�FRXOG�FKRRVH�D�SULRU�IRU�WKH�SUHYDOHQFHV�DQG�GR�D�%D\HVLDQ
XSGDWH�XVLQJ�WKH�PXOWLQRPLDO�GLVWULEXWLRQ�WR�FRPSXWH�WKH�SUREDELOLW\
RI�WKH�GDWD�

%XW�WKHUH¶V�DQ�HDVLHU�ZD\��EHFDXVH�WKH�PXOWLQRPLDO�GLVWULEXWLRQ�KDV�D
FRQMXJDWH�SULRU��WKH�'LULFKOHW�GLVWULEXWLRQ�

7KH� 'LULFKOHW� 'LVWULEXWLRQ
7KH�'LULFKOHW�GLVWULEXWLRQ�LV�D�PXOWLYDULDWH�GLVWULEXWLRQ��OLNH�WKH
PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ�ZH�XVHG�LQ�³0XOWLYDULDWH�1RUPDO
'LVWULEXWLRQ´�WR�GHVFULEH�WKH�GLVWULEXWLRQ�RI�SHQJXLQ�PHDVXUHPHQWV�

,Q�WKDW�H[DPSOH��WKH�TXDQWLWLHV�LQ�WKH�GLVWULEXWLRQ�DUH�SDLUV�RI�IOLSSHU
OHQJWK�DQG�FXOPHQ�OHQJWK��DQG�WKH�SDUDPHWHUV�RI�WKH�GLVWULEXWLRQ�DUH
D�YHFWRU�RI�PHDQV�DQG�D�PDWUL[�RI�FRYDULDQFHV�

,Q�D�'LULFKOHW�GLVWULEXWLRQ��WKH�TXDQWLWLHV�DUH�YHFWRUV�RI�SUREDELOLWLHV��
��DQG�WKH�SDUDPHWHU�LV�D�YHFWRU�� �

$Q�H[DPSOH�ZLOO�PDNH�WKDW�FOHDUHU��6FL3\�SURYLGHV�D�
REMHFW�WKDW�UHSUHVHQWV�D�'LULFKOHW�GLVWULEXWLRQ��+HUH¶V�DQ�LQVWDQFH�ZLWK

�

6LQFH�ZH�SURYLGHG�WKUHH�SDUDPHWHUV��WKH�UHVXOW�LV�D�GLVWULEXWLRQ�RI
WKUHH�YDULDEOHV��6XSSRVH�ZH�GUDZ�D�UDQGRP�YDOXH�IURP�WKLV



GLVWULEXWLRQ��OLNH�WKLV�

7KH�UHVXOW�LV�DQ�DUUD\�RI�WKUHH�YDOXHV��7KH\�DUH�ERXQGHG�EHWZHHQ��
DQG����DQG�WKH\�DOZD\V�DGG�XS�WR����VR�WKH\�FDQ�EH�LQWHUSUHWHG�DV
WKH�SUREDELOLWLHV�RI�D�VHW�RI�RXWFRPHV�WKDW�DUH�PXWXDOO\�H[FOXVLYH�DQG
FROOHFWLYHO\�H[KDXVWLYH�

/HW¶V�VHH�ZKDW�WKH�GLVWULEXWLRQV�RI�WKHVH�YDOXHV�ORRN�OLNH��,¶OO�GUDZ
������UDQGRP�YHFWRUV�IURP�WKLV�GLVWULEXWLRQ��OLNH�WKLV�

7KH�UHVXOW�LV�DQ�DUUD\�ZLWK�������URZV�DQG�WKUHH�FROXPQV��,¶OO
FRPSXWH�WKH� �RI�WKH�YDOXHV�LQ�HDFK�FROXPQ�

7KH�UHVXOW�LV�D�OLVW�RI� �REMHFWV�WKDW�UHSUHVHQW�WKH�PDUJLQDO
GLVWULEXWLRQV�RI�WKH�WKUHH�YDULDEOHV��+HUH¶V�ZKDW�WKH\�ORRN�OLNH�



&ROXPQ����ZKLFK�FRUUHVSRQGV�WR�WKH�ORZHVW�SDUDPHWHU��FRQWDLQV�WKH
ORZHVW�SUREDELOLWLHV��&ROXPQ����ZKLFK�FRUUHVSRQGV�WR�WKH�KLJKHVW
SDUDPHWHU��FRQWDLQV�WKH�KLJKHVW�SUREDELOLWLHV�

$V�LW�WXUQV�RXW��WKHVH�PDUJLQDO�GLVWULEXWLRQV�DUH�EHWD�GLVWULEXWLRQV�
7KH�IROORZLQJ�IXQFWLRQ�WDNHV�D�VHTXHQFH�RI�SDUDPHWHUV�� ��DQG
FRPSXWHV�WKH�PDUJLQDO�GLVWULEXWLRQ�RI�YDULDEOH� �

:H�FDQ�XVH�LW�WR�FRPSXWH�WKH�PDUJLQDO�GLVWULEXWLRQ�IRU�WKH�WKUHH
YDULDEOHV�

7KH�IROORZLQJ�SORW�VKRZV�WKH�&')�RI�WKHVH�GLVWULEXWLRQV�DV�JUD\�OLQHV
DQG�FRPSDUHV�WKHP�WR�WKH�&')V�RI�WKH�VDPSOHV�

7KLV�FRQILUPV�WKDW�WKH�PDUJLQDOV�RI�WKH�'LULFKOHW�GLVWULEXWLRQ�DUH�EHWD
GLVWULEXWLRQV��$QG�WKDW¶V�XVHIXO�EHFDXVH�WKH�'LULFKOHW�GLVWULEXWLRQ�LV
WKH�FRQMXJDWH�SULRU�IRU�WKH�PXOWLQRPLDO�OLNHOLKRRG�IXQFWLRQ�



,I�WKH�SULRU�GLVWULEXWLRQ�LV�'LULFKOHW�ZLWK�SDUDPHWHU�YHFWRU� �DQG
WKH�GDWD�LV�D�YHFWRU�RI�REVHUYDWLRQV�� ��WKH�SRVWHULRU�GLVWULEXWLRQ�LV
'LULFKOHW�ZLWK�SDUDPHWHU�YHFWRU� �

$V�DQ�H[HUFLVH�DW�WKH�HQG�RI�WKLV�FKDSWHU��\RX�FDQ�XVH�WKLV�PHWKRG�WR
VROYH�WKH�/LRQV�DQG�7LJHUV�DQG�%HDUV�SUREOHP�

6XPPDU\
$IWHU�UHDGLQJ�WKLV�FKDSWHU��LI�\RX�IHHO�OLNH�\RX¶YH�EHHQ�WULFNHG��,
XQGHUVWDQG��,W�WXUQV�RXW�WKDW�PDQ\�RI�WKH�SUREOHPV�LQ�WKLV�ERRN�FDQ
EH�VROYHG�ZLWK�MXVW�D�IHZ�DULWKPHWLF�RSHUDWLRQV��6R�ZK\�GLG�ZH�JR�WR
DOO�WKH�WURXEOH�RI�XVLQJ�JULG�DOJRULWKPV"

6DGO\��WKHUH�DUH�RQO\�D�IHZ�SUREOHPV�ZH�FDQ�VROYH�ZLWK�FRQMXJDWH
SULRUV��LQ�IDFW��WKLV�FKDSWHU�LQFOXGHV�PRVW�RI�WKH�RQHV�WKDW�DUH�XVHIXO
LQ�SUDFWLFH�

)RU�WKH�YDVW�PDMRULW\�RI�SUREOHPV��WKHUH�LV�QR�FRQMXJDWH�SULRU�DQG�QR
VKRUWFXW�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ��7KDW¶V�ZK\�ZH�QHHG
JULG�DOJRULWKPV�DQG�WKH�PHWKRGV�LQ�WKH�QH[W�WZR�FKDSWHUV�
$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��$%&��DQG�0DUNRY�FKDLQ�0RQWH
&DUOR�PHWKRGV��0&0&��

([HUFLVHV
([DPSOH������

,Q�WKH�VHFRQG�YHUVLRQ�RI�WKH�:RUOG�&XS�3UREOHP��WKH�GDWD�ZH�XVH�IRU
WKH�XSGDWH�LV�QRW�WKH�QXPEHU�RI�JRDOV�LQ�D�JDPH��EXW�WKH�WLPH�XQWLO
WKH�ILUVW�JRDO��6R�WKH�SUREDELOLW\�RI�WKH�GDWD�LV�JLYHQ�E\�WKH
H[SRQHQWLDO�GLVWULEXWLRQ�UDWKHU�WKDQ�WKH�3RLVVRQ�GLVWULEXWLRQ�

%XW�LW�WXUQV�RXW�WKDW�WKH�JDPPD�GLVWULEXWLRQ�LV�DOVR�WKH�FRQMXJDWH�SULRU
RI�WKH�H[SRQHQWLDO�GLVWULEXWLRQ��VR�WKHUH�LV�D�VLPSOH�ZD\�WR�FRPSXWH



WKLV�XSGDWH��WRR��7KH�3')�RI�WKH�H[SRQHQWLDO�GLVWULEXWLRQ�LV�D�IXQFWLRQ
RI� �ZLWK� �DV�D�SDUDPHWHU�

0XOWLSO\�WKH�3')�RI�WKH�JDPPD�SULRU�E\�WKLV�OLNHOLKRRG��FRQILUP�WKDW
WKH�UHVXOW�LV�DQ�XQQRUPDOL]HG�JDPPD�GLVWULEXWLRQ��DQG�VHH�LI�\RX�FDQ
GHULYH�LWV�SDUDPHWHUV�

:ULWH�D�IHZ�OLQHV�RI�FRGH�WR�XSGDWH� �ZLWK�WKH�GDWD�IURP
WKLV�YHUVLRQ�RI�WKH�SUREOHP��ZKLFK�ZDV�D�ILUVW�JRDO�DIWHU����PLQXWHV
DQG�D�VHFRQG�JRDO�DIWHU�DQ�DGGLWLRQDO����PLQXWHV�

([DPSOH������

)RU�SUREOHPV�OLNH�WKH�(XUR�3UREOHP�ZKHUH�WKH�OLNHOLKRRG�IXQFWLRQ�LV
ELQRPLDO��ZH�FDQ�GR�D�%D\HVLDQ�XSGDWH�ZLWK�MXVW�D�IHZ�DULWKPHWLF
RSHUDWLRQV��EXW�RQO\�LI�WKH�SULRU�LV�D�EHWD�GLVWULEXWLRQ�

,I�ZH�ZDQW�D�XQLIRUP�SULRU��ZH�FDQ�XVH�D�EHWD�GLVWULEXWLRQ�ZLWK
�DQG� ��%XW�ZKDW�FDQ�ZH�GR�LI�WKH�SULRU�GLVWULEXWLRQ�ZH

ZDQW�LV�QRW�D�EHWD�GLVWULEXWLRQ"�)RU�H[DPSOH��LQ�³7ULDQJOH�3ULRU´�ZH
DOVR�VROYHG�WKH�(XUR�3UREOHP�ZLWK�D�WULDQJOH�SULRU��ZKLFK�LV�QRW�D
EHWD�GLVWULEXWLRQ�

,Q�WKHVH�FDVHV��ZH�FDQ�RIWHQ�ILQG�D�EHWD�GLVWULEXWLRQ�WKDW�LV�D�JRRG�
HQRXJK�DSSUR[LPDWLRQ�IRU�WKH�SULRU�ZH�ZDQW��6HH�LI�\RX�FDQ�ILQG�D
EHWD�GLVWULEXWLRQ�WKDW�ILWV�WKH�WULDQJOH�SULRU��WKHQ�XSGDWH�LW�XVLQJ

�

8VH� �WR�PDNH�D� �WKDW�DSSUR[LPDWHV�WKH�SRVWHULRU
GLVWULEXWLRQ�DQG�FRPSDUH�LW�WR�WKH�SRVWHULRU�ZH�MXVW�FRPSXWHG�XVLQJ�D
JULG�DOJRULWKP��+RZ�ELJ�LV�WKH�ODUJHVW�GLIIHUHQFH�EHWZHHQ�WKHP"

([DPSOH������

�%OXH�%URZQ�LV�D�<RX7XEH�FKDQQHO�DERXW�PDWK��LI�\RX�DUH�QRW
DOUHDG\�DZDUH�RI�LW��,�UHFRPPHQG�LW�KLJKO\��,Q�WKLV�YLGHR�WKH�QDUUDWRU



SUHVHQWV�WKLV�SUREOHP�

<RX�DUH�EX\LQJ�D�SURGXFW�RQOLQH�DQG�\RX�VHH�WKUHH�VHOOHUV�RIIHULQJ
WKH�VDPH�SURGXFW�DW�WKH�VDPH�SULFH��2QH�RI�WKHP�KDV�D�����
SRVLWLYH�UDWLQJ��EXW�ZLWK�RQO\����UHYLHZV��$QRWKHU�KDV�D����
SRVLWLYH�UDWLQJ�ZLWK����WRWDO�UHYLHZV��$QG�\HW�DQRWKHU�KDV�D����
SRVLWLYH�UDWLQJ��EXW�ZLWK�����WRWDO�UHYLHZV�

:KLFK�RQH�VKRXOG�\RX�EX\�IURP"

/HW¶V�WKLQN�DERXW�KRZ�WR�PRGHO�WKLV�VFHQDULR��6XSSRVH�HDFK�VHOOHU
KDV�VRPH�XQNQRZQ�SUREDELOLW\�� ��RI�SURYLGLQJ�VDWLVIDFWRU\�VHUYLFH
DQG�JHWWLQJ�D�SRVLWLYH�UDWLQJ��DQG�ZH�ZDQW�WR�FKRRVH�WKH�VHOOHU�ZLWK
WKH�KLJKHVW�YDOXH�RI� �

7KLV�LV�QRW�WKH�RQO\�PRGHO�IRU�WKLV�VFHQDULR��DQG�LW�LV�QRW�QHFHVVDULO\
WKH�EHVW��$Q�DOWHUQDWLYH�ZRXOG�EH�VRPHWKLQJ�OLNH�LWHP�UHVSRQVH
WKHRU\��ZKHUH�VHOOHUV�KDYH�YDU\LQJ�DELOLW\�WR�SURYLGH�VDWLVIDFWRU\
VHUYLFH�DQG�FXVWRPHUV�KDYH�YDU\LQJ�GLIILFXOW\�RI�EHLQJ�VDWLVILHG�

%XW�WKH�ILUVW�PRGHO�KDV�WKH�YLUWXH�RI�VLPSOLFLW\��VR�OHW¶V�VHH�ZKHUH�LW
JHWV�XV�

���$V�D�SULRU��,�VXJJHVW�D�EHWD�GLVWULEXWLRQ�ZLWK� �DQG
��:KDW�GRHV�WKLV�SULRU�ORRN�OLNH�DQG�ZKDW�GRHV�LW�LPSO\

DERXW�VHOOHUV"

���8VH�WKH�GDWD�WR�XSGDWH�WKH�SULRU�IRU�WKH�WKUHH�VHOOHUV�DQG�SORW
WKH�SRVWHULRU�GLVWULEXWLRQV��:KLFK�VHOOHU�KDV�WKH�KLJKHVW
SRVWHULRU�PHDQ"

���+RZ�FRQILGHQW�VKRXOG�ZH�EH�DERXW�RXU�FKRLFH"�7KDW�LV��ZKDW
LV�WKH�SUREDELOLW\�WKDW�WKH�VHOOHU�ZLWK�WKH�KLJKHVW�SRVWHULRU
PHDQ�DFWXDOO\�KDV�WKH�KLJKHVW�YDOXH�RI� "

���&RQVLGHU�D�EHWD�SULRU�ZLWK� �DQG� ��:KDW
GRHV�WKLV�SULRU�ORRN�OLNH�DQG�ZKDW�GRHV�LW�LPSO\�DERXW�VHOOHUV"



���5XQ�WKH�DQDO\VLV�DJDLQ�ZLWK�WKLV�SULRU�DQG�VHH�ZKDW�HIIHFW�LW
KDV�RQ�WKH�UHVXOWV�

([DPSOH������

8VH�D�'LULFKOHW�SULRU�ZLWK�SDUDPHWHU�YHFWRU� �WR
VROYH�WKH�/LRQV�DQG�7LJHUV�DQG�%HDUV�SUREOHP�

6XSSRVH�ZH�YLVLW�D�ZLOG�DQLPDO�SUHVHUYH�ZKHUH�ZH�NQRZ�WKDW�WKH
RQO\�DQLPDOV�DUH�OLRQV�DQG�WLJHUV�DQG�EHDUV��EXW�ZH�GRQ¶W�NQRZ
KRZ�PDQ\�RI�HDFK�WKHUH�DUH�

'XULQJ�WKH�WRXU��ZH�VHH�WKUHH�OLRQV��WZR�WLJHUV��DQG�RQH�EHDU�
$VVXPLQJ�WKDW�HYHU\�DQLPDO�KDG�DQ�HTXDO�FKDQFH�WR�DSSHDU�LQ�RXU
VDPSOH��HVWLPDWH�WKH�SUHYDOHQFH�RI�HDFK�VSHFLHV�

:KDW�LV�WKH�SUREDELOLW\�WKDW�WKH�QH[W�DQLPDO�ZH�VHH�LV�D�EHDU"



&KDSWHU� ���� 0&0&

)RU�PRVW�RI�WKLV�ERRN�ZH¶YH�EHHQ�XVLQJ�JULG�PHWKRGV�WR�DSSUR[LPDWH
SRVWHULRU�GLVWULEXWLRQV��)RU�PRGHOV�ZLWK�RQH�RU�WZR�SDUDPHWHUV��JULG
DOJRULWKPV�DUH�IDVW�DQG�WKH�UHVXOWV�DUH�SUHFLVH�HQRXJK�IRU�PRVW
SUDFWLFDO�SXUSRVHV��:LWK�WKUHH�SDUDPHWHUV��WKH\�VWDUW�WR�EH�VORZ��DQG
ZLWK�PRUH�WKDQ�WKUHH�WKH\�DUH�XVXDOO\�QRW�SUDFWLFDO�

,Q�WKH�SUHYLRXV�FKDSWHU�ZH�VDZ�WKDW�ZH�FDQ�VROYH�VRPH�SUREOHPV
XVLQJ�FRQMXJDWH�SULRUV��%XW�WKH�SUREOHPV�ZH�FDQ�VROYH�WKLV�ZD\�WHQG
WR�EH�WKH�VDPH�RQHV�ZH�FDQ�VROYH�ZLWK�JULG�DOJRULWKPV�

)RU�SUREOHPV�ZLWK�PRUH�WKDQ�D�IHZ�SDUDPHWHUV��WKH�PRVW�SRZHUIXO
WRRO�ZH�KDYH�LV�0&0&��ZKLFK�VWDQGV�IRU�³0DUNRY�FKDLQ�0RQWH
&DUOR´��,Q�WKLV�FRQWH[W��³0RQWH�&DUOR´�UHIHUV�WR�PHWKRGV�WKDW�JHQHUDWH
UDQGRP�VDPSOHV�IURP�D�GLVWULEXWLRQ��8QOLNH�JULG�PHWKRGV��0&0&
PHWKRGV�GRQ¶W�WU\�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ��WKH\�VDPSOH
IURP�LW�LQVWHDG�

,W�PLJKW�VHHP�VWUDQJH�WKDW�\RX�FDQ�JHQHUDWH�D�VDPSOH�ZLWKRXW�HYHU
FRPSXWLQJ�WKH�GLVWULEXWLRQ��EXW�WKDW¶V�WKH�PDJLF�RI�0&0&�

7R�GHPRQVWUDWH��ZH¶OO�VWDUW�E\�VROYLQJ�WKH�:RUOG�&XS�3UREOHP��<HV�
DJDLQ�

7KH� :RUOG� &XS� 3UREOHP
,Q�&KDSWHU���ZH�PRGHOHG�JRDO�VFRULQJ�LQ�IRRWEDOO��VRFFHU��DV�D
3RLVVRQ�SURFHVV�FKDUDFWHUL]HG�E\�D�JRDO�VFRULQJ�UDWH��GHQRWHG� �

:H�XVHG�D�JDPPD�GLVWULEXWLRQ�WR�UHSUHVHQW�WKH�SULRU�GLVWULEXWLRQ�RI� �
WKHQ�ZH�XVHG�WKH�RXWFRPH�RI�WKH�JDPH�WR�FRPSXWH�WKH�SRVWHULRU
GLVWULEXWLRQ�IRU�ERWK�WHDPV�



7R�DQVZHU�WKH�ILUVW�TXHVWLRQ��ZH�XVHG�WKH�SRVWHULRU�GLVWULEXWLRQV�WR
FRPSXWH�WKH�³SUREDELOLW\�RI�VXSHULRULW\´�IRU�)UDQFH�

7R�DQVZHU�WKH�VHFRQG�TXHVWLRQ��ZH�FRPSXWHG�WKH�SRVWHULRU
SUHGLFWLYH�GLVWULEXWLRQV�IRU�HDFK�WHDP��WKDW�LV��WKH�GLVWULEXWLRQ�RI�JRDOV
ZH�H[SHFW�LQ�D�UHPDWFK�

,Q�WKLV�FKDSWHU�ZH¶OO�VROYH�WKLV�SUREOHP�DJDLQ�XVLQJ�3\0&���ZKLFK�LV
D�OLEUDU\�WKDW�SURYLGH�LPSOHPHQWDWLRQV�RI�VHYHUDO�0&0&�PHWKRGV�
%XW�ZH¶OO�VWDUW�E\�UHYLHZLQJ�WKH�JULG�DSSUR[LPDWLRQ�RI�WKH�SULRU�DQG
WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�

*ULG� $SSUR[LPDWLRQ
$V�ZH�GLG�LQ�³7KH�*DPPD�'LVWULEXWLRQ´�ZH¶OO�XVH�D�JDPPD
GLVWULEXWLRQ�ZLWK�SDUDPHWHU�Į� �����WR�UHSUHVHQW�WKH�SULRU�

,¶OO�XVH� �WR�JHQHUDWH�SRVVLEOH�YDOXHV�IRU� ��DQG
�WR�FRPSXWH�D�GLVFUHWH�DSSUR[LPDWLRQ�RI�WKH�SULRU�

:H�FDQ�XVH�WKH�3RLVVRQ�GLVWULEXWLRQ�WR�FRPSXWH�WKH�OLNHOLKRRG�RI�WKH
GDWD��DV�DQ�H[DPSOH��ZH¶OO�XVH���JRDOV�



1RZ�ZH�FDQ�GR�WKH�XSGDWH�LQ�WKH�XVXDO�ZD\�

6RRQ�ZH�ZLOO�VROYH�WKH�VDPH�SUREOHP�ZLWK�3\0&���EXW�ILUVW�LW�ZLOO�EH
XVHIXO�WR�LQWURGXFH�VRPHWKLQJ�QHZ��WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�

3ULRU� 3UHGLFWLYH� 'LVWULEXWLRQ
:H�KDYH�VHHQ�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�LQ�SUHYLRXV
FKDSWHUV��WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�LV�VLPLODU�H[FHSW�WKDW��DV
\RX�PLJKW�KDYH�JXHVVHG��LW�LV�EDVHG�RQ�WKH�SULRU�

7R�HVWLPDWH�WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ��ZH¶OO�VWDUW�E\�GUDZLQJ�D
VDPSOH�IURP�WKH�SULRU�

7KH�UHVXOW�LV�DQ�DUUD\�RI�SRVVLEOH�YDOXHV�IRU�WKH�JRDO�VFRULQJ�UDWH�� �
)RU�HDFK�YDOXH�LQ� ��,¶OO�JHQHUDWH�RQH�YDOXH�IURP�D
3RLVVRQ�GLVWULEXWLRQ�

�LV�D�VDPSOH�IURP�WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�
7R�VHH�ZKDW�LW�ORRNV�OLNH��ZH¶OO�FRPSXWH�WKH�30)�RI�WKH�VDPSOH�

$QG�KHUH¶V�ZKDW�LW�ORRNV�OLNH�



2QH�UHDVRQ�WR�FRPSXWH�WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�LV�WR�FKHFN
ZKHWKHU�RXU�PRGHO�RI�WKH�V\VWHP�VHHPV�UHDVRQDEOH��,Q�WKLV�FDVH��WKH
GLVWULEXWLRQ�RI�JRDOV�VHHPV�FRQVLVWHQW�ZLWK�ZKDW�ZH�NQRZ�DERXW
:RUOG�&XS�IRRWEDOO�

%XW�LQ�WKLV�FKDSWHU�ZH�KDYH�DQRWKHU�UHDVRQ��FRPSXWLQJ�WKH�SULRU
SUHGLFWLYH�GLVWULEXWLRQ�LV�D�ILUVW�VWHS�WRZDUG�XVLQJ�0&0&�

,QWURGXFLQJ� 3\0&�
3\0&��LV�D�3\WKRQ�OLEUDU\�WKDW�SURYLGHV�VHYHUDO�0&0&�PHWKRGV��7R
XVH�3\0&���ZH�KDYH�WR�VSHFLI\�D�PRGHO�RI�WKH�SURFHVV�WKDW
JHQHUDWHV�WKH�GDWD��,Q�WKLV�H[DPSOH��WKH�PRGHO�KDV�WZR�VWHSV�

)LUVW�ZH�GUDZ�D�JRDO�VFRULQJ�UDWH�IURP�WKH�SULRU�GLVWULEXWLRQ�

7KHQ�ZH�GUDZ�D�QXPEHU�RI�JRDOV�IURP�D�3RLVVRQ�GLVWULEXWLRQ�

+HUH¶V�KRZ�ZH�VSHFLI\�WKLV�PRGHO�LQ�3\0&��

$IWHU�LPSRUWLQJ� ��ZH�FUHDWH�D� �REMHFW�QDPHG� �



,I�\RX�DUH�QRW�IDPLOLDU�ZLWK�WKH� �VWDWHPHQW�LQ�3\WKRQ��LW�LV�D�ZD\�WR
DVVRFLDWH�D�EORFN�RI�VWDWHPHQWV�ZLWK�DQ�REMHFW��,Q�WKLV�H[DPSOH��WKH
WZR�LQGHQWHG�VWDWHPHQWV�DUH�DVVRFLDWHG�ZLWK�WKH�QHZ� �REMHFW�
$V�D�UHVXOW��ZKHQ�ZH�FUHDWH�WKH�GLVWULEXWLRQ�REMHFWV�� �DQG

��WKH\�DUH�DGGHG�WR�WKH� �

,QVLGH�WKH� �VWDWHPHQW�

7KH�ILUVW�OLQH�FUHDWHV�WKH�SULRU��ZKLFK�LV�D�JDPPD�GLVWULEXWLRQ
ZLWK�WKH�JLYHQ�SDUDPHWHUV�

7KH�VHFRQG�OLQH�FUHDWHV�WKH�SULRU�SUHGLFWLYH��ZKLFK�LV�D
3RLVVRQ�GLVWULEXWLRQ�ZLWK�WKH�SDUDPHWHU� �

7KH�ILUVW�SDUDPHWHU�RI� �DQG� �LV�D�VWULQJ�YDULDEOH�QDPH�

6DPSOLQJ� WKH� 3ULRU
3\0&��SURYLGHV�D�IXQFWLRQ�WKDW�JHQHUDWHV�VDPSOHV�IURP�WKH�SULRU
DQG�SULRU�SUHGLFWLYH�GLVWULEXWLRQV��:H�FDQ�XVH�D� �VWDWHPHQW�WR
UXQ�WKLV�IXQFWLRQ�LQ�WKH�FRQWH[W�RI�WKH�PRGHO�

7KH�UHVXOW�LV�D�GLFWLRQDU\�OLNH�REMHFW�WKDW�PDSV�IURP�WKH�YDULDEOHV�
�DQG� ��WR�WKH�VDPSOHV��:H�FDQ�H[WUDFW�WKH�VDPSOH�RI� �OLNH

WKLV�

7KH�IROORZLQJ�ILJXUH�FRPSDUHV�WKH�&')�RI�WKLV�VDPSOH�WR�WKH�&')�RI
WKH�VDPSOH�ZH�JHQHUDWHG�XVLQJ�WKH� �REMHFW�IURP�6FL3\�



7KH�UHVXOWV�DUH�VLPLODU��ZKLFK�FRQILUPV�WKDW�WKH�VSHFLILFDWLRQ�RI�WKH
PRGHO�LV�FRUUHFW�DQG�WKH�VDPSOHU�ZRUNV�DV�DGYHUWLVHG�

)URP�WKH�WUDFH�ZH�FDQ�DOVR�H[WUDFW� ��ZKLFK�LV�D�VDPSOH�IURP�WKH
SULRU�SUHGLFWLYH�GLVWULEXWLRQ�

$QG�ZH�FDQ�FRPSDUH�LW�WR�WKH�VDPSOH�ZH�JHQHUDWHG�XVLQJ�WKH
�REMHFW�IURP�6FL3\�

%HFDXVH�WKH�TXDQWLWLHV�LQ�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ�DUH
GLVFUHWH��QXPEHU�RI�JRDOV��,¶OO�SORW�WKH�&')V�DV�VWHS�IXQFWLRQV�



$JDLQ��WKH�UHVXOWV�DUH�VLPLODU��VR�ZH�KDYH�VRPH�FRQILGHQFH�ZH�DUH
XVLQJ�3\0&��ULJKW�

:KHQ� 'R� :H� *HW� WR� ,QIHUHQFH"
)LQDOO\��ZH�DUH�UHDG\�IRU�DFWXDO�LQIHUHQFH��:H�MXVW�KDYH�WR�PDNH�RQH
VPDOO�FKDQJH��+HUH�LV�WKH�PRGHO�ZH�XVHG�WR�JHQHUDWH�WKH�SULRU
SUHGLFWLYH�GLVWULEXWLRQ�

$QG�KHUH�LV�WKH�PRGHO�ZH¶OO�XVH�WR�FRPSXWH�WKH�SRVWHULRU�GLVWULEXWLRQ�

7KH�GLIIHUHQFH�LV�WKDW�ZH�PDUN�JRDOV�DV� �DQG�SURYLGH�WKH
REVHUYHG�GDWD�� �

$QG�LQVWHDG�RI�FDOOLQJ� ��ZH¶OO�FDOO� �
ZKLFK�LV�XQGHUVWRRG�WR�VDPSOH�IURP�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� �

$OWKRXJK�WKH�VSHFLILFDWLRQ�RI�WKHVH�PRGHOV�LV�VLPLODU��WKH�VDPSOLQJ
SURFHVV�LV�YHU\�GLIIHUHQW��,�ZRQ¶W�JR�LQWR�WKH�GHWDLOV�RI�KRZ�3\0&�
ZRUNV��EXW�KHUH�DUH�D�IHZ�WKLQJV�\RX�VKRXOG�EH�DZDUH�RI�

'HSHQGLQJ�RQ�WKH�PRGHO��3\0&��XVHV�RQH�RI�VHYHUDO
0&0&�PHWKRGV��LQ�WKLV�H[DPSOH��LW�XVHV�WKH�1R�8�7XUQ



6DPSOHU��1876���ZKLFK�LV�RQH�RI�WKH�PRVW�HIILFLHQW�DQG
UHOLDEOH�PHWKRGV�ZH�KDYH�

:KHQ�WKH�VDPSOHU�VWDUWV��WKH�ILUVW�YDOXHV�LW�JHQHUDWHV�DUH
XVXDOO\�QRW�D�UHSUHVHQWDWLYH�VDPSOH�IURP�WKH�SRVWHULRU
GLVWULEXWLRQ��VR�WKHVH�YDOXHV�DUH�GLVFDUGHG��7KLV�SURFHVV�LV
FDOOHG�³WXQLQJ´�

,QVWHDG�RI�XVLQJ�D�VLQJOH�0DUNRY�FKDLQ��3\0&��XVHV�PXOWLSOH
FKDLQV��7KHQ�ZH�FDQ�FRPSDUH�UHVXOWV�IURP�PXOWLSOH�FKDLQV�WR
PDNH�VXUH�WKH\�DUH�FRQVLVWHQW�

$OWKRXJK�ZH�DVNHG�IRU�D�VDPSOH�RI������3\0&��JHQHUDWHG�WZR
VDPSOHV�RI��������GLVFDUGHG�KDOI�RI�HDFK��DQG�UHWXUQHG�WKH�UHPDLQLQJ
�������)URP� �ZH�FDQ�H[WUDFW�D�VDPSOH�IURP�WKH�SRVWHULRU
GLVWULEXWLRQ��OLNH�WKLV�

$QG�ZH�FDQ�FRPSDUH�WKH�&')�RI�WKLV�VDPSOH�WR�WKH�SRVWHULRU�ZH
FRPSXWHG�E\�JULG�DSSUR[LPDWLRQ�

7KH�UHVXOWV�IURP�3\0&��DUH�FRQVLVWHQW�ZLWK�WKH�UHVXOWV�IURP�WKH�JULG
DSSUR[LPDWLRQ�



3RVWHULRU� 3UHGLFWLYH� 'LVWULEXWLRQ
)LQDOO\��WR�VDPSOH�IURP�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ��ZH�FDQ
XVH� �

7KH�UHVXOW�LV�D�GLFWLRQDU\�WKDW�FRQWDLQV�D�VDPSOH�RI� �

,¶OO�DOVR�JHQHUDWH�D�VDPSOH�IURP�WKH�SRVWHULRU�GLVWULEXWLRQ�ZH
FRPSXWHG�E\�JULG�DSSUR[LPDWLRQ�

$QG�ZH�FDQ�FRPSDUH�WKH�WZR�VDPSOHV�

$JDLQ��WKH�UHVXOWV�DUH�FRQVLVWHQW��6R�ZH¶YH�HVWDEOLVKHG�WKDW�ZH�FDQ
FRPSXWH�WKH�VDPH�UHVXOWV�XVLQJ�D�JULG�DSSUR[LPDWLRQ�RU�3\0&��

%XW�LW�PLJKW�QRW�EH�FOHDU�ZK\��,Q�WKLV�H[DPSOH��WKH�JULG�DOJRULWKP
UHTXLUHV�OHVV�FRPSXWDWLRQ�WKDQ�0&0&��DQG�WKH�UHVXOW�LV�D�SUHWW\
JRRG�DSSUR[LPDWLRQ�RI�WKH�SRVWHULRU�GLVWULEXWLRQ��UDWKHU�WKDQ�D
VDPSOH�



+RZHYHU��WKLV�LV�D�VLPSOH�PRGHO�ZLWK�MXVW�RQH�SDUDPHWHU��,Q�IDFW��ZH
FRXOG�KDYH�VROYHG�LW�ZLWK�HYHQ�OHVV�FRPSXWDWLRQ��XVLQJ�D�FRQMXJDWH
SULRU��7KH�SRZHU�RI�3\0&��ZLOO�EH�FOHDUHU�ZLWK�D�PRUH�FRPSOH[
PRGHO�

+DSSLQHVV
5HFHQWO\�,�UHDG�³+DSSLQHVV�DQG�/LIH�6DWLVIDFWLRQ´�E\�(VWHEDQ�2UWL]�
2VSLQD�DQG�0D[�5RVHU��ZKLFK�GLVFXVVHV��DPRQJ�PDQ\�RWKHU�WKLQJV�
WKH�UHODWLRQVKLS�EHWZHHQ�LQFRPH�DQG�KDSSLQHVV��ERWK�EHWZHHQ
FRXQWULHV��ZLWKLQ�FRXQWULHV��DQG�RYHU�WLPH��,W�FLWHV�WKH�³:RUOG
+DSSLQHVV�5HSRUW´��ZKLFK�LQFOXGHV�UHVXOWV�RI�D�PXOWLSOH�UHJUHVVLRQ
DQDO\VLV�WKDW�H[SORUHV�WKH�UHODWLRQVKLS�EHWZHHQ�KDSSLQHVV�DQG�VL[
SRWHQWLDOO\�SUHGLFWLYH�IDFWRUV�

,QFRPH�DV�UHSUHVHQWHG�E\�SHU�FDSLWD�*'3

6RFLDO�VXSSRUW

+HDOWK\�OLIH�H[SHFWDQF\�DW�ELUWK

)UHHGRP�WR�PDNH�OLIH�FKRLFHV

*HQHURVLW\

3HUFHSWLRQV�RI�FRUUXSWLRQ

7KH�GHSHQGHQW�YDULDEOH�LV�WKH�QDWLRQDO�DYHUDJH�RI�UHVSRQVHV�WR�WKH
³&DQWULO�ODGGHU�TXHVWLRQ´�XVHG�E\�WKH�*DOOXS�:RUOG�3ROO�

3OHDVH�LPDJLQH�D�ODGGHU�ZLWK�VWHSV�QXPEHUHG�IURP�]HUR�DW�WKH
ERWWRP�WR����DW�WKH�WRS��7KH�WRS�RI�WKH�ODGGHU�UHSUHVHQWV�WKH�EHVW
SRVVLEOH�OLIH�IRU�\RX�DQG�WKH�ERWWRP�RI�WKH�ODGGHU�UHSUHVHQWV�WKH
ZRUVW�SRVVLEOH�OLIH�IRU�\RX��2Q�ZKLFK�VWHS�RI�WKH�ODGGHU�ZRXOG�\RX
VD\�\RX�SHUVRQDOO\�IHHO�\RX�VWDQG�DW�WKLV�WLPH"

,¶OO�UHIHU�WR�WKH�UHVSRQVHV�DV�³KDSSLQHVV´��EXW�LW�PLJKW�EH�PRUH
SUHFLVH�WR�WKLQN�RI�WKHP�DV�D�PHDVXUH�RI�VDWLVIDFWLRQ�ZLWK�TXDOLW\�RI



OLIH�

,Q�WKH�QH[W�IHZ�VHFWLRQV�ZH¶OO�UHSOLFDWH�WKH�DQDO\VLV�LQ�WKLV�UHSRUW
XVLQJ�%D\HVLDQ�UHJUHVVLRQ�

:H�FDQ�XVH�SDQGDV�WR�UHDG�WKH�GDWD�LQWR�D� �

7KH� �KDV�RQH�URZ�IRU�HDFK�RI�����FRXQWULHV�DQG�RQH
FROXPQ�IRU�HDFK�RI����YDULDEOHV�

7KH�FROXPQ�FDOOHG� �FRQWDLQV�WKH�PHDVXUHPHQWV�RI
KDSSLQHVV�ZH�ZLOO�WU\�WR�SUHGLFW�

6LPSOH� 5HJUHVVLRQ
7R�JHW�VWDUWHG��OHW¶V�ORRN�DW�WKH�UHODWLRQVKLS�EHWZHHQ�KDSSLQHVV�DQG
LQFRPH�DV�UHSUHVHQWHG�E\�JURVV�GRPHVWLF�SURGXFW��*'3��SHU
SHUVRQ�

7KH�FROXPQ�QDPHG� �UHSUHVHQWV�WKH�QDWXUDO
ORJDULWKP�RI�*'3�IRU�HDFK�FRXQWU\��GLYLGHG�E\�SRSXODWLRQ��FRUUHFWHG
IRU�SXUFKDVLQJ�SRZHU�SDULW\��333��

7KH�IROORZLQJ�ILJXUH�LV�D�VFDWWHU�SORW�RI� �YHUVXV� ��ZLWK
RQH�PDUNHU�IRU�HDFK�FRXQWU\�



,W¶V�FOHDU�WKDW�WKHUH�LV�D�UHODWLRQVKLS�EHWZHHQ�WKHVH�YDULDEOHV��SHRSOH
LQ�FRXQWULHV�ZLWK�KLJKHU�*'3�JHQHUDOO\�UHSRUW�KLJKHU�OHYHOV�RI
KDSSLQHVV�

:H�FDQ�XVH� �IURP�6FL3\�WR�FRPSXWH�D�VLPSOH�UHJUHVVLRQ
RI�WKHVH�YDULDEOHV�

$QG�KHUH�DUH�WKH�UHVXOWV�

6ORSH ��������
,QWHUFHSW ���������

7KH�HVWLPDWHG�VORSH�LV�DERXW�������ZKLFK�VXJJHVWV�WKDW�DQ�LQFUHDVH
RI�RQH�XQLW�LQ�ORJ�*'3��ZKLFK�LV�D�IDFWRU�RI�H�§�����LQ�*'3��LV
DVVRFLDWHG�ZLWK�DQ�LQFUHDVH�RI������XQLWV�RQ�WKH�KDSSLQHVV�ODGGHU�

1RZ�OHW¶V�HVWLPDWH�WKH�VDPH�SDUDPHWHUV�XVLQJ�3\0&���:H¶OO�XVH�WKH
VDPH�UHJUHVVLRQ�PRGHO�DV�LQ�³5HJUHVVLRQ�0RGHO´�



ZKHUH� �LV�WKH�GHSHQGHQW�YDULDEOH��ODGGHU�VFRUH��� �LV�WKH�SUHGLFWLYH
YDULDEOH��ORJ�*'3��DQG� �LV�D�VHULHV�RI�YDOXHV�IURP�D�QRUPDO
GLVWULEXWLRQ�ZLWK�VWDQGDUG�GHYLDWLRQ� �

�DQG� �DUH�WKH�VORSH�DQG�LQWHUFHSW�RI�WKH�UHJUHVVLRQ�OLQH��7KH\�DUH
XQNQRZQ�SDUDPHWHUV��VR�ZH�ZLOO�XVH�WKH�GDWD�WR�HVWLPDWH�WKHP�

7KH�IROORZLQJ�LV�WKH�3\0&��VSHFLILFDWLRQ�RI�WKLV�PRGHO�

7KH�SULRU�GLVWULEXWLRQV�IRU�WKH�SDUDPHWHUV� �� ��DQG� �DUH�XQLIRUP
ZLWK�UDQJHV�WKDW�DUH�ZLGH�HQRXJK�WR�FRYHU�WKH�SRVWHULRU�GLVWULEXWLRQV�

�LV�WKH�HVWLPDWHG�YDOXH�RI�WKH�GHSHQGHQW�YDULDEOH��EDVHG�RQ�WKH
UHJUHVVLRQ�HTXDWLRQ��$QG� �LV�D�QRUPDO�GLVWULEXWLRQ�ZLWK�PHDQ�
DQG�VWDQGDUG�GHYLDWLRQ� �

1RWLFH�KRZ�WKH�GDWD�DUH�LQFOXGHG�LQ�WKH�PRGHO�

7KH�YDOXHV�RI�WKH�SUHGLFWLYH�YDULDEOH�� ��DUH�XVHG�WR
FRPSXWH� �

7KH�YDOXHV�RI�WKH�GHSHQGHQW�YDULDEOH�� ��DUH�SURYLGHG
DV�WKH�REVHUYHG�YDOXHV�RI� �

1RZ�ZH�FDQ�XVH�WKLV�PRGHO�WR�JHQHUDWH�D�VDPSOH�IURP�WKH�SRVWHULRU
GLVWULEXWLRQ�



:KHQ�\RX�UXQ�WKH�VDPSOHU��\RX�PLJKW�JHW�ZDUQLQJ�PHVVDJHV�DERXW
³GLYHUJHQFHV´�DQG�WKH�³DFFHSWDQFH�SUREDELOLW\´��<RX�FDQ�LJQRUH�WKHP
IRU�QRZ�

7KH�UHVXOW�LV�DQ�REMHFW�WKDW�FRQWDLQV�VDPSOHV�IURP�WKH�MRLQW�SRVWHULRU
GLVWULEXWLRQ�RI� �� ��DQG� �

$UYL=�SURYLGHV� ��ZKLFK�ZH�FDQ�XVH�WR�SORW�WKH
SRVWHULRU�GLVWULEXWLRQV�RI�WKH�SDUDPHWHUV��+HUH�DUH�WKH�SRVWHULRU
GLVWULEXWLRQV�RI�VORSH�� ��DQG�LQWHUFHSW�� �

7KH�JUDSKV�VKRZ�WKH�GLVWULEXWLRQV�RI�WKH�VDPSOHV��HVWLPDWHG�E\
.'(��DQG�����FUHGLEOH�LQWHUYDOV��,Q�WKH�ILJXUH��³+',´�VWDQGV�IRU
³KLJKHVW�GHQVLW\�LQWHUYDO´�

7KH�PHDQV�RI�WKHVH�VDPSOHV�DUH�FRQVLVWHQW�ZLWK�WKH�SDUDPHWHUV�ZH
HVWLPDWHG�ZLWK� �

7KH�VLPSOH�UHJUHVVLRQ�PRGHO�KDV�RQO\�WKUHH�SDUDPHWHUV��VR�ZH
FRXOG�KDYH�XVHG�D�JULG�DOJRULWKP��%XW�WKH�UHJUHVVLRQ�PRGHO�LQ�WKH



KDSSLQHVV�UHSRUW�KDV�VL[�SUHGLFWLYH�YDULDEOHV��VR�LW�KDV�HLJKW
SDUDPHWHUV�LQ�WRWDO��LQFOXGLQJ�WKH�LQWHUFHSW�DQG� �

,W�LV�QRW�SUDFWLFDO�WR�FRPSXWH�D�JULG�DSSUR[LPDWLRQ�IRU�D�PRGHO�ZLWK
HLJKW�SDUDPHWHUV��(YHQ�D�FRDUVH�JULG��ZLWK����SRLQWV�DORQJ�HDFK
GLPHQVLRQ��ZRXOG�KDYH�PRUH�WKDQ����ELOOLRQ�SRLQWV��$QG�ZLWK����
FRXQWULHV��ZH�ZRXOG�KDYH�WR�FRPSXWH�DOPRVW���WULOOLRQ�OLNHOLKRRGV�

%XW�3\0&��FDQ�KDQGOH�D�PRGHO�ZLWK�HLJKW�SDUDPHWHUV�FRPIRUWDEO\�
DV�ZH¶OO�VHH�LQ�WKH�QH[W�VHFWLRQ�

0XOWLSOH� 5HJUHVVLRQ
%HIRUH�ZH�LPSOHPHQW�WKH�PXOWLSOH�UHJUHVVLRQ�PRGHO��,¶OO�VHOHFW�WKH
FROXPQV�ZH�QHHG�IURP�WKH� �

7KH�SUHGLFWLYH�YDULDEOHV�KDYH�GLIIHUHQW�XQLWV��ORJ�*'3�LV�LQ�ORJ�
GROODUV��OLIH�H[SHFWDQF\�LV�LQ�\HDUV��DQG�WKH�RWKHU�YDULDEOHV�DUH�RQ
DUELWUDU\�VFDOHV��7R�PDNH�WKHVH�IDFWRUV�FRPSDUDEOH��,¶OO�VWDQGDUGL]H
WKH�GDWD�VR�WKDW�HDFK�YDULDEOH�KDV�PHDQ���DQG�VWDQGDUG�GHYLDWLRQ���

1RZ�OHW¶V�EXLOG�WKH�PRGHO��,¶OO�H[WUDFW�WKH�GHSHQGHQW�YDULDEOH�

$QG�WKH�GHSHQGHQW�YDULDEOHV�



$QG�KHUH¶V�WKH�PRGHO�� �LV�WKH�LQWHUFHSW�� �WKURXJK� �DUH�WKH
SDUDPHWHUV�DVVRFLDWHG�ZLWK�WKH�SUHGLFWLYH�YDULDEOHV�

:H�FRXOG�H[SUHVV�WKLV�PRGHO�PRUH�FRQFLVHO\�XVLQJ�D�YHFWRU�RI
SUHGLFWLYH�YDULDEOHV�DQG�D�YHFWRU�RI�SDUDPHWHUV��EXW�,�GHFLGHG�WR
NHHS�LW�VLPSOH�

1RZ�ZH�FDQ�VDPSOH�IURP�WKH�MRLQW�SRVWHULRU�GLVWULEXWLRQ�

)URP� �ZH�FDQ�H[WUDFW�VDPSOHV�IURP�WKH�SRVWHULRU�GLVWULEXWLRQV
RI�WKH�SDUDPHWHUV�DQG�FRPSXWH�WKHLU�PHDQV�



:H�FDQ�DOVR�FRPSXWH�����FUHGLEOH�LQWHUYDOV��EHWZHHQ�WKH��UG�DQG
��WK�SHUFHQWLOHV��

7KH�IROORZLQJ�WDEOH�VXPPDUL]HV�WKH�UHVXOWV�

3RVWHULRU� PHDQ ���� &,
/RJJHG�*'3�SHU�FDSLWD ����� >������������@
6RFLDO�VXSSRUW ����� >������������@
+HDOWK\�OLIH�H[SHFWDQF\ ����� >������������@
)UHHGRP�WR�PDNH�OLIH�FKRLFHV ����� >������������@
*HQHURVLW\ ����� >�������������@
3HUFHSWLRQV�RI�FRUUXSWLRQ ������ >��������������@

,W�ORRNV�OLNH�*'3�KDV�WKH�VWURQJHVW�DVVRFLDWLRQ�ZLWK�KDSSLQHVV��RU
VDWLVIDFWLRQ���IROORZHG�E\�VRFLDO�VXSSRUW��OLIH�H[SHFWDQF\��DQG
IUHHGRP�

$IWHU�FRQWUROOLQJ�IRU�WKRVH�RWKHU�IDFWRUV��WKH�SDUDPHWHUV�RI�WKH�RWKHU
IDFWRUV�DUH�VXEVWDQWLDOO\�VPDOOHU��DQG�VLQFH�WKH�&,�IRU�JHQHURVLW\
LQFOXGHV����LW�LV�SODXVLEOH�WKDW�JHQHURVLW\�LV�QRW�VXEVWDQWLDOO\�UHODWHG�WR
KDSSLQHVV��DW�OHDVW�DV�WKH\�ZHUH�PHDVXUHG�LQ�WKLV�VWXG\�

7KLV�H[DPSOH�GHPRQVWUDWHV�WKH�SRZHU�RI�0&0&�WR�KDQGOH�PRGHOV
ZLWK�PRUH�WKDQ�D�IHZ�SDUDPHWHUV��%XW�LW�GRHV�QRW�UHDOO\�GHPRQVWUDWH
WKH�SRZHU�RI�%D\HVLDQ�UHJUHVVLRQ�

,I�WKH�JRDO�RI�D�UHJUHVVLRQ�PRGHO�LV�WR�HVWLPDWH�SDUDPHWHUV��WKHUH�LV
QR�JUHDW�DGYDQWDJH�WR�%D\HVLDQ�UHJUHVVLRQ�FRPSDUHG�WR
FRQYHQWLRQDO�OHDVW�VTXDUHV�UHJUHVVLRQ�



%D\HVLDQ�PHWKRGV�DUH�PRUH�XVHIXO�LI�ZH�SODQ�WR�XVH�WKH�SRVWHULRU
GLVWULEXWLRQ�RI�WKH�SDUDPHWHUV�DV�SDUW�RI�D�GHFLVLRQ�DQDO\VLV�SURFHVV�

6XPPDU\
,Q�WKLV�FKDSWHU�ZH�XVHG�3\0&��WR�LPSOHPHQW�WZR�PRGHOV�ZH¶YH�VHHQ
EHIRUH��D�3RLVVRQ�PRGHO�RI�JRDO�VFRULQJ�LQ�VRFFHU�DQG�D�VLPSOH
UHJUHVVLRQ�PRGHO��7KHQ�ZH�LPSOHPHQWHG�D�PXOWLSOH�UHJUHVVLRQ
PRGHO�WKDW�ZRXOG�QRW�KDYH�EHHQ�SRVVLEOH�WR�FRPSXWH�ZLWK�D�JULG
DSSUR[LPDWLRQ�

0&0&�LV�PRUH�SRZHUIXO�WKDQ�JULG�PHWKRGV��EXW�WKDW�SRZHU�FRPHV
ZLWK�VRPH�GLVDGYDQWDJHV�

0&0&�DOJRULWKPV�DUH�ILGGO\��7KH�VDPH�PRGHO�PLJKW�EHKDYH
ZHOO�ZLWK�VRPH�SULRUV�DQG�OHVV�ZHOO�ZLWK�RWKHUV��$QG�WKH
VDPSOLQJ�SURFHVV�RIWHQ�SURGXFHV�ZDUQLQJV�DERXW�WXQLQJ
VWHSV��GLYHUJHQFHV��³U�KDW�VWDWLVWLFV´��DFFHSWDQFH�UDWHV��DQG
HIIHFWLYH�VDPSOHV��,W�WDNHV�VRPH�H[SHUWLVH�WR�GLDJQRVH�DQG
FRUUHFW�WKHVH�LVVXHV�

,�ILQG�LW�HDVLHU�WR�GHYHORS�PRGHOV�LQFUHPHQWDOO\�XVLQJ�JULG
DOJRULWKPV��FKHFNLQJ�LQWHUPHGLDWH�UHVXOWV�DORQJ�WKH�ZD\�
:LWK�3\0&���LW�LV�QRW�DV�HDV\�WR�EH�FRQILGHQW�WKDW�\RX�KDYH
VSHFLILHG�D�PRGHO�FRUUHFWO\�

)RU�WKHVH�UHDVRQV��,�UHFRPPHQG�D�PRGHO�GHYHORSPHQW�SURFHVV�WKDW
VWDUWV�ZLWK�JULG�DOJRULWKPV�DQG�UHVRUWV�WR�0&0&�LI�QHFHVVDU\��$V�ZH
VDZ�LQ�WKH�SUHYLRXV�FKDSWHUV��\RX�FDQ�VROYH�D�ORW�RI�UHDO�ZRUOG
SUREOHPV�ZLWK�JULG�PHWKRGV��%XW�ZKHQ�\RX�QHHG�0&0&��LW�LV�XVHIXO
WR�KDYH�D�JULG�DOJRULWKP�WR�FRPSDUH�WR��HYHQ�LI�LW�LV�EDVHG�RQ�D
VLPSOHU�PRGHO��

$OO�RI�WKH�PRGHOV�LQ�WKLV�ERRN�FDQ�EH�LPSOHPHQWHG�LQ�3\0&���EXW
VRPH�RI�WKHP�DUH�HDVLHU�WR�WUDQVODWH�WKDQ�RWKHUV��,Q�WKH�H[HUFLVHV�
\RX�ZLOO�KDYH�D�FKDQFH�WR�SUDFWLFH�



([HUFLVHV
([DPSOH������

$V�D�ZDUP�XS��OHW¶V�XVH�3\0&��WR�VROYH�WKH�(XUR�3UREOHP��6XSSRVH
ZH�VSLQ�D�FRLQ�����WLPHV�DQG�LW�FRPHV�XS�KHDGV�����WLPHV��:KDW�LV
WKH�SRVWHULRU�GLVWULEXWLRQ�RI� ��WKH�SUREDELOLW\�RI�KHDGV"

)RU�WKH�SULRU��XVH�D�EHWD�GLVWULEXWLRQ�ZLWK�SDUDPHWHUV� �DQG�
�

6HH�WKH�3\0&��GRFXPHQWDWLRQ�IRU�WKH�OLVW�RI�FRQWLQXRXV
GLVWULEXWLRQV�

([DPSOH������

1RZ�OHW¶V�XVH�3\0&��WR�UHSOLFDWH�WKH�VROXWLRQ�WR�WKH�*UL]]O\�%HDU
3UREOHP�LQ�³7KH�*UL]]O\�%HDU�3UREOHP´��ZKLFK�LV�EDVHG�RQ�WKH
K\SHUJHRPHWULF�GLVWULEXWLRQ�

,¶OO�SUHVHQW�WKH�SUREOHP�ZLWK�VOLJKWO\�GLIIHUHQW�QRWDWLRQ��WR�PDNH�LW
FRQVLVWHQW�ZLWK�3\0&��

6XSSRVH�WKDW�GXULQJ�WKH�ILUVW�VHVVLRQ�� �EHDUV�DUH�WDJJHG��'XULQJ
WKH�VHFRQG�VHVVLRQ�� �EHDUV�DUH�LGHQWLILHG��RI�ZKLFK� �KDG�EHHQ
WDJJHG�

(VWLPDWH�WKH�SRVWHULRU�GLVWULEXWLRQ�RI� ��WKH�QXPEHU�RI�EHDUV�LQ�WKH
HQYLURQPHQW�

)RU�WKH�SULRU��XVH�D�GLVFUHWH�XQLIRUP�GLVWULEXWLRQ�IURP����WR�����

6HH�WKH�3\0&��GRFXPHQWDWLRQ�IRU�WKH�OLVW�RI�GLVFUHWH�GLVWULEXWLRQV�

1RWH�� �ZDV�DGGHG�WR�3\0&��DIWHU�YHUVLRQ������VR�\RX
PLJKW�QHHG�WR�XSGDWH�\RXU�LQVWDOODWLRQ�WR�GR�WKLV�H[HUFLVH�

([DPSOH������

,Q�³7KH�:HLEXOO�'LVWULEXWLRQ´�ZH�JHQHUDWHG�D�VDPSOH�IURP�D�:HLEXOO
GLVWULEXWLRQ�ZLWK� �DQG�N� ������7KHQ�ZH�XVHG�WKH�GDWD�WR



FRPSXWH�D�JULG�DSSUR[LPDWLRQ�RI�WKH�SRVWHULRU�GLVWULEXWLRQ�RI�WKRVH
SDUDPHWHUV�

1RZ�OHW¶V�GR�WKH�VDPH�ZLWK�3\0&��

)RU�WKH�SULRUV��\RX�FDQ�XVH�XQLIRUP�GLVWULEXWLRQV�DV�ZH�GLG�LQ
&KDSWHU�����RU�\RX�FRXOG�XVH� �GLVWULEXWLRQV�SURYLGHG�E\
3\0&��

1RWH��7KH� �FODVV�LQ�3\0&��XVHV�GLIIHUHQW�SDUDPHWHUV�WKDQ
6FL3\��7KH�SDUDPHWHU� �LQ�3\0&��FRUUHVSRQGV�WR� ��DQG�
FRUUHVSRQGV�WR� �

([DPSOH������

,Q�³,PSURYLQJ�5HDGLQJ�$ELOLW\´�ZH�XVHG�GDWD�IURP�D�UHDGLQJ�WHVW�WR
HVWLPDWH�WKH�SDUDPHWHUV�RI�D�QRUPDO�GLVWULEXWLRQ�

0DNH�D�PRGHO�WKDW�GHILQHV�XQLIRUP�SULRU�GLVWULEXWLRQV�IRU� �DQG
�DQG�XVHV�WKH�GDWD�WR�HVWLPDWH�WKHLU�SRVWHULRU�GLVWULEXWLRQV�

([DPSOH������

,Q�³7KH�/LQFROQ�,QGH[�3UREOHP´�ZH�XVHG�D�JULG�DOJRULWKP�WR�VROYH�WKH
/LQFROQ�,QGH[�3UREOHP�DV�SUHVHQWHG�E\�-RKQ�'��&RRN�

6XSSRVH�\RX�KDYH�D�WHVWHU�ZKR�ILQGV����EXJV�LQ�\RXU�SURJUDP�
<RX�ZDQW�WR�HVWLPDWH�KRZ�PDQ\�EXJV�DUH�UHDOO\�LQ�WKH�SURJUDP�
<RX�NQRZ�WKHUH�DUH�DW�OHDVW����EXJV��DQG�LI�\RX�KDYH�VXSUHPH
FRQILGHQFH�LQ�\RXU�WHVWHU��\RX�PD\�VXSSRVH�WKHUH�DUH�DURXQG���
EXJV��%XW�PD\EH�\RXU�WHVWHU�LVQ¶W�YHU\�JRRG��0D\EH�WKHUH�DUH
KXQGUHGV�RI�EXJV��+RZ�FDQ�\RX�KDYH�DQ\�LGHD�KRZ�PDQ\�EXJV
WKHUH�DUH"�7KHUH¶V�QR�ZD\�WR�NQRZ�ZLWK�RQH�WHVWHU��%XW�LI�\RX�KDYH
WZR�WHVWHUV��\RX�FDQ�JHW�D�JRRG�LGHD��HYHQ�LI�\RX�GRQ¶W�NQRZ�KRZ
VNLOOHG�WKH�WHVWHUV�DUH�

6XSSRVH�WKH�ILUVW�WHVWHU�ILQGV����EXJV��WKH�VHFRQG�ILQGV�����DQG�WKH\
ILQG���LQ�FRPPRQ��XVH�3\0&��WR�HVWLPDWH�WKH�QXPEHU�RI�EXJV�



1RWH��7KLV�H[HUFLVH�LV�PRUH�GLIILFXOW�WKDW�VRPH�RI�WKH�SUHYLRXV�RQHV�
2QH�RI�WKH�FKDOOHQJHV�LV�WKDW�WKH�GDWD�LQFOXGHV� ��ZKLFK�GHSHQGV
RQ� �

6R�ZH�KDYH�WR�FRQVWUXFW�WKH�GDWD�DV�SDUW�RI�WKH�PRGHO��7R�GR�WKDW��ZH
FDQ�XVH� ��ZKLFK�PDNHV�DQ�DUUD\�

)LQDOO\��\RX�PLJKW�ILQG�LW�KHOSIXO�WR�XVH� �



&KDSWHU� ���� $SSUR[LPDWH
%D\HVLDQ� &RPSXWDWLRQ

7KLV�FKDSWHU�LQWURGXFHV�D�PHWKRG�RI�ODVW�UHVRUW�IRU�WKH�PRVW�FRPSOH[
SUREOHPV��$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��$%&���,�VD\�LW�LV�D
ODVW�UHVRUW�EHFDXVH�LW�XVXDOO\�UHTXLUHV�PRUH�FRPSXWDWLRQ�WKDQ�RWKHU
PHWKRGV��VR�LI�\RX�FDQ�VROYH�D�SUREOHP�DQ\�RWKHU�ZD\��\RX�VKRXOG�
+RZHYHU��IRU�WKH�H[DPSOHV�LQ�WKLV�FKDSWHU��$%&�LV�QRW�MXVW�HDV\�WR
LPSOHPHQW��LW�LV�DOVR�HIILFLHQW�

7KH�ILUVW�H[DPSOH�LV�P\�VROXWLRQ�WR�D�SUREOHP�SRVHG�E\�D�SDWLHQW�ZLWK
D�NLGQH\�WXPRU��,�XVH�GDWD�IURP�D�PHGLFDO�MRXUQDO�WR�PRGHO�WXPRU
JURZWK��DQG�XVH�VLPXODWLRQV�WR�HVWLPDWH�WKH�DJH�RI�D�WXPRU�EDVHG�RQ
LWV�VL]H�

7KH�VHFRQG�H[DPSOH�LV�D�PRGHO�RI�FHOO�FRXQWLQJ��ZKLFK�KDV
DSSOLFDWLRQV�LQ�ELRORJ\��PHGLFLQH��DQG�]\PXUJ\��EHHU�PDNLQJ���*LYHQ
D�FHOO�FRXQW�IURP�D�GLOXWHG�VDPSOH��ZH�HVWLPDWH�WKH�FRQFHQWUDWLRQ�RI
FHOOV�

)LQDOO\��DV�DQ�H[HUFLVH��\RX¶OO�KDYH�D�FKDQFH�WR�ZRUN�RQ�D�IXQ�VRFN�
FRXQWLQJ�SUREOHP�

7KH� .LGQH\� 7XPRU� 3UREOHP
,�DP�D�IUHTXHQW�UHDGHU�DQG�RFFDVLRQDO�FRQWULEXWRU�WR�WKH�RQOLQH
VWDWLVWLFV�IRUXP�DW�KWWS���UHGGLW�FRP�U�VWDWLVWLFV��,Q�1RYHPEHU�������,
UHDG�WKH�IROORZLQJ�PHVVDJH�



³,�KDYH�6WDJH�,9�.LGQH\�&DQFHU�DQG�DP�WU\LQJ�WR�GHWHUPLQH�LI�WKH
FDQFHU�IRUPHG�EHIRUH�,�UHWLUHG�IURP�WKH�PLOLWDU\��«�*LYHQ�WKH�GDWHV
RI�UHWLUHPHQW�DQG�GHWHFWLRQ�LV�LW�SRVVLEOH�WR�GHWHUPLQH�ZKHQ�WKHUH
ZDV�D�������FKDQFH�WKDW�,�GHYHORSHG�WKH�GLVHDVH"�,V�LW�SRVVLEOH�WR
GHWHUPLQH�WKH�SUREDELOLW\�RQ�WKH�UHWLUHPHQW�GDWH"�0\�WXPRU�ZDV
�����FP�[����FP�DW�GHWHFWLRQ��*UDGH�,,�

,�FRQWDFWHG�WKH�DXWKRU�RI�WKH�PHVVDJH�WR�JHW�PRUH�LQIRUPDWLRQ��,
OHDUQHG�WKDW�YHWHUDQV�JHW�GLIIHUHQW�EHQHILWV�LI�LW�LV�³PRUH�OLNHO\�WKDQ
QRW´�WKDW�D�WXPRU�IRUPHG�ZKLOH�WKH\�ZHUH�LQ�PLOLWDU\�VHUYLFH��DPRQJ
RWKHU�FRQVLGHUDWLRQV���6R�,�DJUHH�WR�KHOS�KLP�DQVZHU�KLV�TXHVWLRQ�

%HFDXVH�UHQDO�WXPRUV�JURZ�VORZO\��DQG�RIWHQ�GR�QRW�FDXVH
V\PSWRPV��WKH\�DUH�VRPHWLPHV�OHIW�XQWUHDWHG��$V�D�UHVXOW��GRFWRUV
FDQ�REVHUYH�WKH�UDWH�RI�JURZWK�IRU�XQWUHDWHG�WXPRUV�E\�FRPSDULQJ
VFDQV�IURP�WKH�VDPH�SDWLHQW�DW�GLIIHUHQW�WLPHV��6HYHUDO�SDSHUV�KDYH
UHSRUWHG�WKHVH�JURZWK�UDWHV�

)RU�P\�DQDO\VLV�,�XVHG�GDWD�IURP�D�SDSHU�E\�=KDQJ�HW�DO��7KH\�UHSRUW
JURZWK�UDWHV�LQ�WZR�IRUPV�

9ROXPHWULF�GRXEOLQJ�WLPH��ZKLFK�LV�WKH�WLPH�LW�ZRXOG�WDNH�IRU�D
WXPRU�WR�GRXEOH�LQ�VL]H�

5HFLSURFDO�GRXEOLQJ�WLPH��5'7���ZKLFK�LV�WKH�QXPEHU�RI
GRXEOLQJV�SHU�\HDU�

7KH�QH[W�VHFWLRQ�VKRZV�KRZ�ZH�ZRUN�ZLWK�WKHVH�JURZWK�UDWHV�

$� 6LPSOH� *URZWK� 0RGHO
:H¶OO�VWDUW�ZLWK�D�VLPSOH�PRGHO�RI�WXPRU�JURZWK�EDVHG�RQ�WZR
DVVXPSWLRQV�

7XPRUV�JURZ�ZLWK�D�FRQVWDQW�GRXEOLQJ�WLPH��DQG

7KH\�DUH�URXJKO\�VSKHULFDO�LQ�VKDSH�



$QG�,¶OO�GHILQH�WZR�SRLQWV�LQ�WLPH�

�LV�ZKHQ�P\�FRUUHVSRQGHQW�UHWLUHG�

�LV�ZKHQ�WKH�WXPRU�ZDV�GHWHFWHG�

7KH�WLPH�EHWZHHQ� �DQG� �ZDV�DERXW�����\HDUV��$V�DQ�H[DPSOH�
OHW¶V�DVVXPH�WKDW�WKH�GLDPHWHU�RI�WKH�WXPRU�ZDV���FP�DW� ��DQG
HVWLPDWH�LWV�VL]H�DW� �

,¶OO�XVH�WKH�IROORZLQJ�IXQFWLRQ�WR�FRPSXWH�WKH�YROXPH�RI�D�VSKHUH�ZLWK
D�JLYHQ�GLDPHWHU�

$VVXPLQJ�WKDW�WKH�WXPRU�LV�VSKHULFDO��ZH�FDQ�FRPSXWH�LWV�YROXPH�DW
�

7KH�PHGLDQ�YROXPH�GRXEOLQJ�WLPH�UHSRUWHG�E\�=KDQJ�HW�DO��LV����
GD\V��ZKLFK�FRUUHVSRQGV�WR�DQ�5'7�RI������GRXEOLQJV�SHU�\HDU�



:H�FDQ�FRPSXWH�WKH�QXPEHU�RI�GRXEOLQJV�WKDW�ZRXOG�KDYH�KDSSHQHG
LQ�WKH�LQWHUYDO�EHWZHHQ� �DQG� �

*LYHQ� �DQG�WKH�QXPEHU�RI�GRXEOLQJV��ZH�FDQ�FRPSXWH�WKH�YROXPH
DW� �

7KH�IROORZLQJ�IXQFWLRQ�FRPSXWHV�WKH�GLDPHWHU�RI�D�VSKHUH�ZLWK�WKH
JLYHQ�YROXPH�

6R�ZH�FDQ�FRPSXWH�WKH�GLDPHWHU�RI�WKH�WXPRU�DW� �

,I�WKH�GLDPHWHU�RI�WKH�WXPRU�ZDV���FP�DW� ��DQG�LW�JUHZ�DW�WKH
PHGLDQ�UDWH��WKH�GLDPHWHU�ZRXOG�EH�DERXW�����FP�DW� �

7KLV�H[DPSOH�GHPRQVWUDWHV�WKH�JURZWK�PRGHO��EXW�LW�GRHVQ¶W�DQVZHU
WKH�TXHVWLRQ�P\�FRUUHVSRQGHQW�SRVHG�



$� 0RUH� *HQHUDO� 0RGHO
*LYHQ�WKH�VL]H�RI�D�WXPRU�DW�WLPH�RI�GLDJQRVLV��ZH�ZRXOG�OLNH�WR�NQRZ
WKH�GLVWULEXWLRQ�RI�LWV�DJH��7R�ILQG�LW��ZH¶OO�UXQ�VLPXODWLRQV�RI�WXPRU
JURZWK�WR�JHW�WKH�GLVWULEXWLRQ�RI�VL]H�FRQGLWLRQHG�RQ�DJH��7KHQ�ZH¶OO
FRPSXWH�WKH�GLVWULEXWLRQ�RI�DJH�FRQGLWLRQHG�RQ�VL]H�

7KH�VLPXODWLRQ�VWDUWV�ZLWK�D�VPDOO�WXPRU�DQG�UXQV�WKHVH�VWHSV�

���&KRRVH�D�YDOXH�IURP�WKH�GLVWULEXWLRQ�RI�JURZWK�UDWHV�

���&RPSXWH�WKH�VL]H�RI�WKH�WXPRU�DW�WKH�HQG�RI�DQ�LQWHUYDO�

���5HSHDW�XQWLO�WKH�WXPRU�H[FHHGV�WKH�PD[LPXP�UHOHYDQW�VL]H�

6R�WKH�ILUVW�WKLQJ�ZH�QHHG�LV�WKH�GLVWULEXWLRQ�RI�JURZWK�UDWHV�

8VLQJ�WKH�ILJXUHV�LQ�WKH�SDSHU�E\�=KDQJH�HW�DO���,�FUHDWHG�DQ�DUUD\�
��WKDW�FRQWDLQV�HVWLPDWHG�YDOXHV�RI�5'7�IRU�WKH���

SDWLHQWV�LQ�WKH�VWXG\�

$JDLQ��5'7�VWDQGV�IRU�³UHFLSURFDO�GRXEOLQJ�WLPH´��ZKLFK�LV�LQ
GRXEOLQJV�SHU�\HDU��6R�LI� ��D�WXPRU�ZRXOG�GRXEOH�LQ�YROXPH�LQ
RQH�\HDU��,I� ��LW�ZRXOG�GRXEOH�WZLFH��WKDW�LV��WKH�YROXPH�ZRXOG
TXDGUXSOH��$QG�LI� ��LW�ZRXOG�KDOYH�LQ�YROXPH�

:H�FDQ�XVH�WKH�VDPSOH�RI�5'7V�WR�HVWLPDWH�WKH�3')�RI�WKH
GLVWULEXWLRQ�

+HUH¶V�ZKDW�LW�ORRNV�OLNH�



,Q�WKH�QH[W�VHFWLRQ�ZH�ZLOO�XVH�WKLV�GLVWULEXWLRQ�WR�VLPXODWH�WXPRU
JURZWK�

6LPXODWLRQ
1RZ�ZH¶UH�UHDG\�WR�UXQ�WKH�VLPXODWLRQV��6WDUWLQJ�ZLWK�D�VPDOO�WXPRU�
ZH¶OO�VLPXODWH�D�VHULHV�RI�LQWHUYDOV�XQWLO�WKH�WXPRU�UHDFKHV�D
PD[LPXP�VL]H�

$W�WKH�EHJLQQLQJ�RI�HDFK�VLPXODWHG�LQWHUYDO��ZH¶OO�FKRRVH�D�YDOXH
IURP�WKH�GLVWULEXWLRQ�RI�JURZWK�UDWHV�DQG�FRPSXWH�WKH�VL]H�RI�WKH
WXPRU�DW�WKH�HQG�

,�FKRVH�DQ�LQWHUYDO�RI�����GD\V��DERXW���PRQWKV��EHFDXVH�WKDW�LV�WKH
PHGLDQ�WLPH�EHWZHHQ�PHDVXUHPHQWV�LQ�WKH�GDWD�VRXUFH�

)RU�WKH�LQLWLDO�GLDPHWHU�,�FKRVH�����FP��EHFDXVH�FDUFLQRPDV�VPDOOHU
WKDQ�WKDW�DUH�OHVV�OLNHO\�WR�EH�LQYDVLYH�DQG�OHVV�OLNHO\�WR�KDYH�WKH
EORRG�VXSSO\�QHHGHG�IRU�UDSLG�JURZWK��VHH�WKLV�SDJH�RQ�FDUFLQRPD��
)RU�WKH�PD[LPXP�GLDPHWHU�,�FKRVH����FP�

,¶OO�XVH� �WR�FRPSXWH�WKH�LQLWLDO�DQG�PD[LPXP�YROXPHV�



7KH�IROORZLQJ�IXQFWLRQ�UXQV�WKH�VLPXODWLRQ�

�WDNHV�DV�D�SDUDPHWHU�D� �WKDW�UHSUHVHQWV�WKH
GLVWULEXWLRQ�RI�5'7��,W�LQLWLDOL]HV�WKH�DJH�DQG�YROXPH�RI�WKH�WXPRU�
WKHQ�UXQV�D�ORRS�WKDW�VLPXODWHV�RQH�LQWHUYDO�DW�D�WLPH�

(DFK�WLPH�WKURXJK�WKH�ORRS��LW�FKHFNV�WKH�YROXPH�RI�WKH�WXPRU�DQG
H[LWV�LI�LW�H[FHHGV� �

2WKHUZLVH�LW�FKRRVHV�D�YDOXH�IURP� �DQG�XSGDWHV� �DQG
��6LQFH� �LV�LQ�GRXEOLQJV�SHU�\HDU��ZH�PXOWLSO\�E\�

WR�FRPSXWH�WKH�QXPEHU�RI�GRXEOLQJV�GXULQJ�HDFK�LQWHUYDO�



$W�WKH�HQG�RI�WKH�ORRS�� �SXWV�WKH�UHVXOWV�LQ�D
�DQG�FRPSXWHV�WKH�GLDPHWHU�WKDW�FRUUHVSRQGV�WR�HDFK

YROXPH�

+HUH¶V�KRZ�ZH�FDOO�WKLV�IXQFWLRQ�

+HUH�DUH�WKH�UHVXOWV�IRU�WKH�ILUVW�IHZ�LQWHUYDOV�

DJH YROXPH GLDPHWHU
� �������� �������� ��������
� �������� �������� ��������
� �������� �������� ��������

$QG�WKH�ODVW�IHZ�LQWHUYDOV�

DJH YROXPH GLDPHWHU
�� ��������� ����������� ���������
�� ��������� ����������� ���������
�� ��������� ����������� ���������

7R�VKRZ�WKH�UHVXOWV�JUDSKLFDOO\��,¶OO�UXQ�����VLPXODWLRQV�

$QG�SORW�WKH�UHVXOWV�



,Q�WKLV�ILJXUH��HDFK�WKLQ��VROLG�OLQH�VKRZV�WKH�VLPXODWHG�JURZWK�RI�D
WXPRU�RYHU�WLPH��ZLWK�GLDPHWHU�RQ�D�ORJ�VFDOH��7KH�GRWWHG�OLQHV�DUH�DW
������DQG����FP�

%\�UHDGLQJ�DFURVV�WKH�GRWWHG�OLQHV��\RX�FDQ�JHW�D�VHQVH�RI�WKH
GLVWULEXWLRQ�RI�DJH�DW�HDFK�VL]H��)RU�H[DPSOH��UHDGLQJ�DFURVV�WKH�WRS
OLQH��ZH�VHH�WKDW�WKH�DJH�RI�D����FP�WXPRU�PLJKW�EH�DV�ORZ����\HDUV
RU�DV�KLJK�DV����\HDUV��EXW�LW�LV�PRVW�OLNHO\�WR�EH�EHWZHHQ����DQG����

7R�FRPSXWH�WKLV�GLVWULEXWLRQ�PRUH�SUHFLVHO\��ZH�FDQ�LQWHUSRODWH�WKH
JURZWK�FXUYHV�WR�VHH�ZKHQ�HDFK�RQH�SDVVHV�WKURXJK�D�JLYHQ�VL]H�
7KH�IROORZLQJ�IXQFWLRQ�WDNHV�WKH�UHVXOWV�RI�WKH�VLPXODWLRQV�DQG
UHWXUQV�WKH�DJH�ZKHQ�HDFK�WXPRU�UHDFKHG�D�JLYHQ�GLDPHWHU�

:H�FDQ�FDOO�WKLV�IXQFWLRQ�OLNH�WKLV�



)RU�D�WXPRU����FP�LQ�GLDPHWHU��WKH�PHGLDQ�DJH�LV�DERXW����\HDUV�
WKH�����FUHGLEOH�LQWHUYDO�LV�EHWZHHQ����DQG����\HDUV��DQG�WKH
SUREDELOLW\�WKDW�LW�IRUPHG�OHVV�WKDQ���\HDUV�DJR�LV�OHVV�WKDQ����

%XW�WKLV�UHVXOW�LV�EDVHG�RQ�WZR�PRGHOLQJ�GHFLVLRQV�WKDW�DUH�SRWHQWLDOO\
SUREOHPDWLF�

,Q�WKH�VLPXODWLRQV��JURZWK�UDWH�GXULQJ�HDFK�LQWHUYDO�LV
LQGHSHQGHQW�RI�SUHYLRXV�JURZWK�UDWHV��,Q�UHDOLW\�LW�LV�SODXVLEOH
WKDW�WXPRUV�WKDW�KDYH�JURZQ�TXLFNO\�LQ�WKH�SDVW�DUH�OLNHO\�WR
JURZ�TXLFNO\�LQ�WKH�IXWXUH��,Q�RWKHU�ZRUGV��WKHUH�LV�SUREDEO\�D
VHULDO�FRUUHODWLRQ�LQ�JURZWK�UDWH�

7R�FRQYHUW�IURP�OLQHDU�PHDVXUH�WR�YROXPH��ZH�DVVXPH�WKDW
WXPRUV�DUH�DSSUR[LPDWHO\�VSKHULFDO�

,Q�DGGLWLRQDO�H[SHULPHQWV��,�LPSOHPHQWHG�D�VLPXODWLRQ�WKDW�FKRRVHV
JURZWK�UDWHV�ZLWK�VHULDO�FRUUHODWLRQ��WKH�HIIHFW�LV�WKDW�WKH�IDVW�JURZLQJ
WXPRUV�JURZ�IDVWHU�DQG�WKH�VORZ�JURZLQJ�WXPRUV�JURZ�VORZHU�
1HYHUWKHOHVV��ZLWK�PRGHUDWH�FRUUHODWLRQ��������WKH�SUREDELOLW\�WKDW�D
���FP�WXPRU�LV�OHVV�WKDQ���\HDUV�ROG�LV�RQO\�DERXW����

7KH�DVVXPSWLRQ�WKDW�WXPRUV�DUH�VSKHULFDO�LV�SUREDEO\�ILQH�IRU�WXPRUV
XS�WR�D�IHZ�FHQWLPHWHUV��EXW�QRW�IRU�D�WXPRU�ZLWK�OLQHDU�GLPHQVLRQV
�����[����FP��,I��DV�VHHPV�OLNHO\��D�WXPRU�WKLV�VL]H�LV�UHODWLYHO\�IODW��LW
PLJKW�KDYH�WKH�VDPH�YROXPH�DV�D���FP�VSKHUH��%XW�HYHQ�ZLWK�WKLV



VPDOOHU�YROXPH�DQG�FRUUHODWLRQ������WKH�SUREDELOLW\�WKDW�WKLV�WXPRU�LV
OHVV�WKDQ���\HDUV�ROG�LV�DERXW����

6R�HYHQ�WDNLQJ�LQWR�DFFRXQW�PRGHOLQJ�HUURUV��LW�LV�XQOLNHO\�WKDW�VXFK�D
ODUJH�WXPRU�FRXOG�KDYH�IRUPHG�DIWHU�P\�FRUUHVSRQGHQW�UHWLUHG�IURP
PLOLWDU\�VHUYLFH�

$SSUR[LPDWH� %D\HVLDQ� &RPSXWDWLRQ
$W�WKLV�SRLQW�\RX�PLJKW�ZRQGHU�ZK\�WKLV�H[DPSOH�LV�LQ�D�ERRN�DERXW
%D\HVLDQ�VWDWLVWLFV��:H�QHYHU�GHILQHG�D�SULRU�GLVWULEXWLRQ�RU�GLG�D
%D\HVLDQ�XSGDWH��:K\�QRW"�%HFDXVH�ZH�GLGQ¶W�KDYH�WR�

,QVWHDG��ZH�XVHG�VLPXODWLRQV�WR�FRPSXWH�DJHV�DQG�VL]HV�IRU�D
FROOHFWLRQ�RI�K\SRWKHWLFDO�WXPRUV��7KHQ��LPSOLFLWO\��ZH�XVHG�WKH
VLPXODWLRQ�UHVXOWV�WR�IRUP�D�MRLQW�GLVWULEXWLRQ�RI�DJH�DQG�VL]H��,I�ZH
VHOHFW�D�FROXPQ�IURP�WKH�MRLQW�GLVWULEXWLRQ��ZH�JHW�D�GLVWULEXWLRQ�RI
VL]H�FRQGLWLRQHG�RQ�DJH��,I�ZH�VHOHFW�D�URZ��ZH�JHW�D�GLVWULEXWLRQ�RI
DJH�FRQGLWLRQHG�RQ�VL]H�

6R�WKLV�H[DPSOH�LV�OLNH�WKH�RQHV�ZH�VDZ�LQ�&KDSWHU����LI�\RX�KDYH�DOO
RI�WKH�GDWD��\RX�GRQ¶W�QHHG�%D\HV¶V�WKHRUHP��\RX�FDQ�FRPSXWH
SUREDELOLWLHV�E\�FRXQWLQJ�

7KLV�H[DPSOH�LV�D�ILUVW�VWHS�WRZDUG�$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ��$%&���7KH�QH[W�H[DPSOH�LV�D�VHFRQG�VWHS�

&RXQWLQJ� &HOOV
7KLV�H[DPSOH�FRPHV�IURP�WKLV�EORJ�SRVW��E\�&DPHURQ�'DYLGVRQ�
3LORQ��,Q�LW��KH�PRGHOV�WKH�SURFHVV�ELRORJLVWV�XVH�WR�HVWLPDWH�WKH
FRQFHQWUDWLRQ�RI�FHOOV�LQ�D�VDPSOH�RI�OLTXLG��7KH�H[DPSOH�KH�SUHVHQWV
LV�FRXQWLQJ�FHOOV�LQ�D�³\HDVW�VOXUU\´��ZKLFK�LV�D�PL[WXUH�RI�\HDVW�DQG
ZDWHU�XVHG�LQ�EUHZLQJ�EHHU�

7KHUH�DUH�WZR�VWHSV�LQ�WKH�SURFHVV�



)LUVW��WKH�VOXUU\�LV�GLOXWHG�XQWLO�WKH�FRQFHQWUDWLRQ�LV�ORZ
HQRXJK�WKDW�LW�LV�SUDFWLFDO�WR�FRXQW�FHOOV�

7KHQ�D�VPDOO�VDPSOH�LV�SXW�RQ�D�KHPRF\WRPHWHU��ZKLFK�LV�D
VSHFLDOL]HG�PLFURVFRSH�VOLGH�WKDW�KROGV�D�IL[HG�DPRXQW�RI
OLTXLG�RQ�D�UHFWDQJXODU�JULG�

7KH�FHOOV�DQG�WKH�JULG�DUH�YLVLEOH�LQ�D�PLFURVFRSH��PDNLQJ�LW�SRVVLEOH
WR�FRXQW�WKH�FHOOV�DFFXUDWHO\�

$V�DQ�H[DPSOH��VXSSRVH�ZH�VWDUW�ZLWK�D�\HDVW�VOXUU\�ZLWK�DQ
XQNQRZQ�FRQFHQWUDWLRQ�RI�FHOOV��6WDUWLQJ�ZLWK�D���P/�VDPSOH��ZH
GLOXWH�LW�E\�DGGLQJ�LW�WR�D�VKDNHU�ZLWK���P/�RI�ZDWHU�DQG�PL[LQJ�ZHOO�
7KHQ�ZH�GLOXWH�LW�DJDLQ��DQG�WKHQ�D�WKLUG�WLPH��(DFK�GLOXWLRQ�UHGXFHV
WKH�FRQFHQWUDWLRQ�E\�D�IDFWRU�RI�����VR�WKUHH�GLOXWLRQV�UHGXFHV�WKH
FRQFHQWUDWLRQ�E\�D�IDFWRU�RI�������

7KHQ�ZH�DGG�WKH�GLOXWHG�VDPSOH�WR�WKH�KHPRF\WRPHWHU��ZKLFK�KDV�D
FDSDFLW\�RI��������P/�VSUHDG�RYHU�D���[���JULG��$OWKRXJK�WKH�JULG
KDV����VTXDUHV��LW�LV�VWDQGDUG�SUDFWLFH�WR�LQVSHFW�RQO\�D�IHZ�RI�WKHP�
VD\����DQG�UHSRUW�WKH�WRWDO�QXPEHU�RI�FHOOV�LQ�WKH�LQVSHFWHG�VTXDUHV�

7KLV�SURFHVV�LV�VLPSOH�HQRXJK��EXW�DW�HYHU\�VWDJH�WKHUH�DUH�VRXUFHV
RI�HUURU�

'XULQJ�WKH�GLOXWLRQ�SURFHVV��OLTXLGV�DUH�PHDVXUHG�XVLQJ
SLSHWWHV�WKDW�LQWURGXFH�PHDVXUHPHQW�HUURU�

7KH�DPRXQW�RI�OLTXLG�LQ�WKH�KHPRF\WRPHWHU�PLJKW�YDU\�IURP
WKH�VSHFLILFDWLRQ�

'XULQJ�HDFK�VWHS�RI�WKH�VDPSOLQJ�SURFHVV��ZH�PLJKW�VHOHFW
PRUH�RU�OHVV�WKDQ�WKH�DYHUDJH�QXPEHU�RI�FHOOV��GXH�WR
UDQGRP�YDULDWLRQ�

'DYLGVRQ�3LORQ�SUHVHQWV�D�3\0&�PRGHO�WKDW�GHVFULEHV�WKHVH�HUURUV�
,¶OO�VWDUW�E\�UHSOLFDWLQJ�KLV�PRGHO��WKHQ�ZH¶OO�DGDSW�LW�IRU�$%&�



6XSSRVH�WKHUH�DUH����VTXDUHV�LQ�WKH�JULG��ZH�FRXQW���RI�WKHP��DQG
WKH�WRWDO�QXPEHU�RI�FHOOV�LV����

+HUH¶V�WKH�ILUVW�SDUW�RI�WKH�PRGHO��ZKLFK�GHILQHV�WKH�SULRU�GLVWULEXWLRQ
RI� ��ZKLFK�LV�WKH�FRQFHQWUDWLRQ�RI�\HDVW�ZH¶UH�WU\LQJ�WR
HVWLPDWH�

�LV�WKH�DFWXDO�YROXPH�RI�ZDWHU�LQ�WKH�ILUVW�VKDNHU��ZKLFK
VKRXOG�EH���P/��EXW�PLJKW�EH�KLJKHU�RU�ORZHU��ZLWK�VWDQGDUG�GHYLDWLRQ
�����P/�� �DQG� �DUH�WKH�YROXPHV�LQ�WKH
VHFRQG�DQG�WKLUG�VKDNHUV�

1RZ��WKH�VDPSOH�GUDZQ�IURP�WKH�\HDVW�VOXUU\�LV�VXSSRVHG�WR�EH��
P/��EXW�PLJKW�EH�PRUH�RU�OHVV��$QG�VLPLODUO\�IRU�WKH�VDPSOH�IURP�WKH
ILUVW�VKDNHU�DQG�IURP�WKH�VHFRQG�VKDNHU��7KH�IROORZLQJ�YDULDEOHV
PRGHO�WKHVH�VWHSV�



*LYHQ�WKH�DFWXDO�YROXPHV�LQ�WKH�VDPSOHV�DQG�LQ�WKH�VKDNHUV��ZH�FDQ
FRPSXWH�WKH�HIIHFWLYH�GLOXWLRQ�� ��ZKLFK�VKRXOG�EH
�������EXW�PLJKW�EH�KLJKHU�RU�ORZHU�

7KH�QH[W�VWHS�LV�WR�SODFH�D�VDPSOH�IURP�WKH�WKLUG�VKDNHU�LQ�WKH
FKDPEHU�RI�WKH�KHPRF\WRPHU��7KH�FDSDFLW\�RI�WKH�FKDPEHU�VKRXOG
EH��������P/��EXW�PLJKW�YDU\��WR�GHVFULEH�WKLV�YDULDQFH��ZH¶OO�XVH�D
JDPPD�GLVWULEXWLRQ��ZKLFK�HQVXUHV�WKDW�ZH�GRQ¶W�JHQHUDWH�QHJDWLYH
YDOXHV�

2Q�DYHUDJH��WKH�QXPEHU�RI�FHOOV�LQ�WKH�FKDPEHU�LV�WKH�SURGXFW�RI�WKH
DFWXDO�FRQFHQWUDWLRQ��ILQDO�GLOXWLRQ��DQG�FKDPEHU�YROXPH��%XW�WKH
DFWXDO�QXPEHU�PLJKW�YDU\��ZH¶OO�XVH�D�3RLVVRQ�GLVWULEXWLRQ�WR�PRGHO
WKLV�YDULDQFH�



)LQDOO\��HDFK�FHOO�LQ�WKH�FKDPEHU�ZLOO�EH�LQ�RQH�RI�WKH�VTXDUHV�ZH
FRXQW�ZLWK�SUREDELOLW\� ��6R�WKH
DFWXDO�FRXQW�IROORZV�D�ELQRPLDO�GLVWULEXWLRQ�

:LWK�WKH�PRGHO�VSHFLILHG��ZH�FDQ�XVH� �WR�JHQHUDWH�D�VDPSOH
IURP�WKH�SRVWHULRU�GLVWULEXWLRQ�

$QG�ZH�FDQ�XVH�WKH�VDPSOH�WR�HVWLPDWH�WKH�SRVWHULRU�GLVWULEXWLRQ�RI
�DQG�FRPSXWH�VXPPDU\�VWDWLVWLFV�

7KH�SRVWHULRU�PHDQ�LV�DERXW�����ELOOLRQ�FHOOV�SHU�P/��ZLWK�D����
FUHGLEOH�LQWHUYDO�IURP�����DQG�����

6R�IDU�ZH¶YH�EHHQ�IROORZLQJ�LQ�'DYLGVRQ�3LORQ¶V�IRRWVWHSV��$QG�IRU
WKLV�SUREOHP��WKH�VROXWLRQ�XVLQJ�0&0&�LV�VXIILFLHQW��%XW�LW�DOVR
SURYLGHV�DQ�RSSRUWXQLW\�WR�GHPRQVWUDWH�$%&�

&HOO� &RXQWLQJ� ZLWK� $%&



7KH�IXQGDPHQWDO�LGHD�RI�$%&�LV�WKDW�ZH�XVH�WKH�SULRU�GLVWULEXWLRQ�WR
JHQHUDWH�D�VDPSOH�RI�WKH�SDUDPHWHUV��DQG�WKHQ�VLPXODWH�WKH�V\VWHP
IRU�HDFK�VHW�RI�SDUDPHWHUV�LQ�WKH�VDPSOH�

,Q�WKLV�FDVH��VLQFH�ZH�DOUHDG\�KDYH�D�3\0&�PRGHO��ZH�FDQ�XVH
�WR�GR�WKH�VDPSOLQJ�DQG�WKH�VLPXODWLRQ�

7KH�UHVXOW�LV�D�GLFWLRQDU\�WKDW�FRQWDLQV�VDPSOHV�IURP�WKH�SULRU
GLVWULEXWLRQ�RI�WKH�SDUDPHWHUV�DQG�WKH�SULRU�SUHGLFWLYH�GLVWULEXWLRQ�RI

�

1RZ��WR�JHQHUDWH�D�VDPSOH�IURP�WKH�SRVWHULRU�GLVWULEXWLRQ��ZH¶OO�VHOHFW
RQO\�WKH�HOHPHQWV�LQ�WKH�SULRU�VDPSOH�ZKHUH�WKH�RXWSXW�RI�WKH
VLPXODWLRQ�� ��PDWFKHV�WKH�REVHUYHG�GDWD�����

:H�FDQ�XVH� �WR�VHOHFW�WKH�YDOXHV�RI� �IRU�WKH
VLPXODWLRQV�WKDW�\LHOG�WKH�REVHUYHG�GDWD�

$QG�ZH�FDQ�XVH�WKH�SRVWHULRU�VDPSOH�WR�HVWLPDWH�WKH�&')�RI�WKH
SRVWHULRU�GLVWULEXWLRQ�



7KH�SRVWHULRU�PHDQ�DQG�FUHGLEOH�LQWHUYDO�DUH�VLPLODU�WR�ZKDW�ZH�JRW
ZLWK�0&0&��+HUH¶V�ZKDW�WKH�GLVWULEXWLRQV�ORRN�OLNH�

7KH�GLVWULEXWLRQV�DUH�VLPLODU��EXW�WKH�UHVXOWV�IURP�$%&�DUH�QRLVLHU
EHFDXVH�WKH�VDPSOH�VL]H�LV�VPDOOHU�

:KHQ� 'R� :H� *HW� WR� WKH� $SSUR[LPDWH� 3DUW"
7KH�H[DPSOHV�VR�IDU�DUH�VLPLODU�WR�$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ��EXW�QHLWKHU�RI�WKHP�GHPRQVWUDWHV�DOO�RI�WKH�HOHPHQWV�RI
$%&��0RUH�JHQHUDOO\��$%&�LV�FKDUDFWHUL]HG�E\�

���$�SULRU�GLVWULEXWLRQ�RI�SDUDPHWHUV�

���$�VLPXODWLRQ�RI�WKH�V\VWHP�WKDW�JHQHUDWHV�WKH�GDWD�

���$�FULWHULRQ�IRU�ZKHQ�ZH�VKRXOG�DFFHSW�WKDW�WKH�RXWSXW�RI�WKH
VLPXODWLRQ�PDWFKHV�WKH�GDWD�

7KH�NLGQH\�WXPRU�H[DPSOH�ZDV�DW\SLFDO�EHFDXVH�ZH�GLGQ¶W�UHSUHVHQW
WKH�SULRU�GLVWULEXWLRQ�RI�DJH�H[SOLFLWO\��%HFDXVH�WKH�VLPXODWLRQV



JHQHUDWH�D�MRLQW�GLVWULEXWLRQ�RI�DJH�DQG�VL]H��ZH�ZHUH�DEOH�WR�JHW�WKH
PDUJLQDO�SRVWHULRU�GLVWULEXWLRQ�RI�DJH�GLUHFWO\�IURP�WKH�UHVXOWV�

7KH�\HDVW�H[DPSOH�LV�PRUH�W\SLFDO�EHFDXVH�ZH�UHSUHVHQWHG�WKH
GLVWULEXWLRQ�RI�WKH�SDUDPHWHUV�H[SOLFLWO\��%XW�ZH�DFFHSWHG�RQO\
VLPXODWLRQV�ZKHUH�WKH�RXWSXW�PDWFKHV�WKH�GDWD�H[DFWO\�

7KH�UHVXOW�LV�DSSUR[LPDWH�LQ�WKH�VHQVH�WKDW�ZH�KDYH�D�VDPSOH�IURP
WKH�SRVWHULRU�GLVWULEXWLRQ�UDWKHU�WKDQ�WKH�SRVWHULRU�GLVWULEXWLRQ�LWVHOI�
%XW�LW�LV�QRW�DSSUR[LPDWH�LQ�WKH�VHQVH�RI�$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ��ZKLFK�W\SLFDOO\�DFFHSWV�VLPXODWLRQV�ZKHUH�WKH�RXWSXW
PDWFKHV�WKH�GDWD�RQO\�DSSUR[LPDWHO\�

7R�VKRZ�KRZ�WKDW�ZRUNV��,�ZLOO�H[WHQG�WKH�\HDVW�H[DPSOH�ZLWK�DQ
DSSUR[LPDWH�PDWFKLQJ�FULWHULRQ�

,Q�WKH�SUHYLRXV�VHFWLRQ��ZH�DFFHSWHG�D�VLPXODWLRQ�LI�WKH�RXWSXW�LV
SUHFLVHO\����DQG�UHMHFWHG�LW�RWKHUZLVH��$V�D�UHVXOW��ZH�JRW�RQO\�D�IHZ
KXQGUHG�VDPSOHV�RXW�RI��������VLPXODWLRQV��VR�WKDW¶V�QRW�YHU\
HIILFLHQW�

:H�FDQ�PDNH�EHWWHU�XVH�RI�WKH�VLPXODWLRQV�LI�ZH�JLYH�³SDUWLDO�FUHGLW´
ZKHQ�WKH�RXWSXW�LV�FORVH�WR�����%XW�KRZ�FORVH"�$QG�KRZ�PXFK
FUHGLW"

2QH�ZD\�WR�DQVZHU�WKDW�LV�WR�EDFN�XS�WR�WKH�VHFRQG�WR�ODVW�VWHS�RI
WKH�VLPXODWLRQ��ZKHUH�ZH�NQRZ�WKH�QXPEHU�RI�FHOOV�LQ�WKH�FKDPEHU�
DQG�ZH�XVH�WKH�ELQRPLDO�GLVWULEXWLRQ�WR�JHQHUDWH�WKH�ILQDO�FRXQW�

,I�WKHUH�DUH� �FHOOV�LQ�WKH�FKDPEHU��HDFK�KDV�D�SUREDELOLW\� �RI�EHLQJ
FRXQWHG��GHSHQGLQJ�RQ�ZKHWKHU�LW�IDOOV�LQ�RQH�RI�WKH�VTXDUHV�LQ�WKH
JULG�WKDW�JHW�FRXQWHG�

:H�FDQ�H[WUDFW� �IURP�WKH�SULRU�VDPSOH��OLNH�WKLV�



$QG�FRPSXWH� �OLNH�WKLV�

1RZ�KHUH¶V�WKH�LGHD��ZH¶OO�XVH�WKH�ELQRPLDO�GLVWULEXWLRQ�WR�FRPSXWH
WKH�OLNHOLKRRG�RI�WKH�GDWD�� ��IRU�HDFK�YDOXH�RI� �DQG�WKH
IL[HG�YDOXH�RI� �

:KHQ�WKH�H[SHFWHG�FRXQW�� ��LV�FORVH�WR�WKH�DFWXDO�FRXQW�
�LV�UHODWLYHO\�KLJK��ZKHQ�LW�LV�IDUWKHU�DZD\�� �LV

ORZHU�

7KH�IROORZLQJ�LV�D�VFDWWHU�SORW�RI�WKHVH�OLNHOLKRRGV�YHUVXV�WKH
H[SHFWHG�FRXQWV�

:H�FDQ¶W�XVH�WKHVH�OLNHOLKRRGV�WR�GR�D�%D\HVLDQ�XSGDWH�EHFDXVH
WKH\�DUH�LQFRPSOHWH��WKDW�LV��HDFK�OLNHOLKRRG�LV�WKH�SUREDELOLW\�RI�WKH
GDWD�JLYHQ� ��ZKLFK�LV�WKH�UHVXOW�RI�D�VLQJOH�VLPXODWLRQ�



%XW�ZH�FDQ�XVH�WKHP�WR�ZHLJKW�WKH�UHVXOWV�RI�WKH�VLPXODWLRQV��,QVWHDG
RI�UHTXLULQJ�WKH�RXWSXW�RI�WKH�VLPXODWLRQ�WR�PDWFK�WKH�GDWD�H[DFWO\�
ZH¶OO�XVH�WKH�OLNHOLKRRGV�WR�JLYH�SDUWLDO�FUHGLW�ZKHQ�WKH�RXWSXW�LV
FORVH�

+HUH¶V�KRZ��,¶OO�FRQVWUXFW�D� �WKDW�FRQWDLQV�\HDVW�FRQFHQWUDWLRQV�DV
TXDQWLWLHV�DQG�WKH�OLNHOLKRRGV�DV�XQQRUPDOL]HG�SUREDELOLWLHV�

,Q�WKLV� ��YDOXHV�RI� �WKDW�\LHOG�RXWSXWV�FORVH�WR�WKH�GDWD
PDS�WR�KLJKHU�SUREDELOLWLHV��,I�ZH�VRUW�WKH�TXDQWLWLHV�DQG�QRUPDOL]H
WKH�SUREDELOLWLHV��WKH�UHVXOW�LV�DQ�HVWLPDWH�RI�WKH�SRVWHULRU�GLVWULEXWLRQ�

7KH�SRVWHULRU�PHDQ�DQG�FUHGLEOH�LQWHUYDO�DUH�VLPLODU�WR�WKH�YDOXHV�ZH
JRW�IURP�0&0&��$QG�KHUH¶V�ZKDW�WKH�SRVWHULRU�GLVWULEXWLRQV�ORRN�OLNH�



7KH�GLVWULEXWLRQV�DUH�VLPLODU��EXW�WKH�UHVXOWV�IURP�0&0&�DUH�D�OLWWOH
QRLVLHU��,Q�WKLV�H[DPSOH��$%&�LV�PRUH�HIILFLHQW�WKDQ�0&0&��UHTXLULQJ
OHVV�FRPSXWDWLRQ�WR�JHQHUDWH�D�EHWWHU�HVWLPDWH�RI�WKH�SRVWHULRU
GLVWULEXWLRQ��%XW�WKDW¶V�XQXVXDO��XVXDOO\�$%&�UHTXLUHV�D�ORW�RI
FRPSXWDWLRQ��)RU�WKDW�UHDVRQ��LW�LV�JHQHUDOO\�D�PHWKRG�RI�ODVW�UHVRUW�

6XPPDU\
,Q�WKLV�FKDSWHU�ZH�VDZ�WZR�H[DPSOHV�RI�$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ��$%&���EDVHG�RQ�VLPXODWLRQV�RI�WXPRU�JURZWK�DQG�FHOO
FRXQWLQJ�

7KH�GHILQLWLYH�HOHPHQWV�RI�$%&�DUH�

���$�SULRU�GLVWULEXWLRQ�RI�SDUDPHWHUV�

���$�VLPXODWLRQ�RI�WKH�V\VWHP�WKDW�JHQHUDWHV�WKH�GDWD�

���$�FULWHULRQ�IRU�ZKHQ�ZH�VKRXOG�DFFHSW�WKDW�WKH�RXWSXW�RI�WKH
VLPXODWLRQ�PDWFKHV�WKH�GDWD�

$%&�LV�SDUWLFXODUO\�XVHIXO�ZKHQ�WKH�V\VWHP�LV�WRR�FRPSOH[�WR�PRGHO
ZLWK�WRROV�OLNH�3\0&��)RU�H[DPSOH��LW�PLJKW�LQYROYH�D�SK\VLFDO
VLPXODWLRQ�EDVHG�RQ�GLIIHUHQWLDO�HTXDWLRQV��,Q�WKDW�FDVH��HDFK
VLPXODWLRQ�PLJKW�UHTXLUH�VXEVWDQWLDO�FRPSXWDWLRQ��DQG�PDQ\
VLPXODWLRQV�PLJKW�EH�QHHGHG�WR�HVWLPDWH�WKH�SRVWHULRU�GLVWULEXWLRQ�

1H[W��\RX¶OO�KDYH�D�FKDQFH�WR�SUDFWLFH�ZLWK�RQH�PRUH�H[DPSOH�

([HUFLVHV
([DPSOH������

7KLV�H[HUFLVH�LV�EDVHG�RQ�D�EORJ�SRVW�E\�5DVPXV�%nnWK��ZKLFK�LV
PRWLYDWHG�E\�D�WZHHW�IURP�.DUO�%URPDQ��ZKR�ZURWH�

7KDW�WKH�ILUVW����VRFNV�LQ�WKH�ODXQGU\�DUH�GLVWLQFW�VXJJHVWV�WKDW
WKHUH�DUH�D�ORW�RI�VRFNV�



6XSSRVH�\RX�SXOO����VRFNV�RXW�RI�WKH�ODXQGU\�DQG�ILQG�WKDW�QR�WZR�RI
WKHP�PDNH�D�PDWFKHG�SDLU��(VWLPDWH�WKH�QXPEHU�RI�VRFNV�LQ�WKH
ODXQGU\�

7R�VROYH�WKLV�SUREOHP��ZH¶OO�XVH�WKH�PRGHO�%nnWK�VXJJHVWV��ZKLFK�LV
EDVHG�RQ�WKHVH�DVVXPSWLRQV�

7KH�ODXQGU\�FRQWDLQV�VRPH�QXPEHU�RI�SDLUV�RI�VRFNV�
��SOXV�VRPH�QXPEHU�RI�RGG��XQSDLUHG��VRFNV�� �

7KH�SDLUV�RI�VRFNV�DUH�GLIIHUHQW�IURP�HDFK�RWKHU�DQG�GLIIHUHQW
IURP�WKH�XQSDLUHG�VRFNV��LQ�RWKHU�ZRUGV��WKH�QXPEHU�RI
VRFNV�RI�HDFK�W\SH�LV�HLWKHU���RU����QHYHU�PRUH�

:H¶OO�XVH�WKH�SULRU�GLVWULEXWLRQV�%nnWK�VXJJHVWV��ZKLFK�DUH�

7KH�QXPEHU�RI�VRFNV�IROORZV�D�QHJDWLYH�ELQRPLDO�GLVWULEXWLRQ
ZLWK�PHDQ����DQG�VWDQGDUG�GHYLDWLRQ����

7KH�SURSRUWLRQ�RI�VRFNV�WKDW�DUH�SDLUHG�IROORZV�D�EHWD
GLVWULEXWLRQ�ZLWK�SDUDPHWHUV� �DQG� �

,Q�WKH�QRWHERRN�IRU�WKLV�FKDSWHU��,¶OO�GHILQH�WKHVH�SULRUV��7KHQ�\RX�FDQ
VLPXODWH�WKH�VDPSOLQJ�SURFHVV�DQG�XVH�$%&�WR�HVWLPDWH�WKH
SRVWHULRU�GLVWULEXWLRQV�



,QGH[

6\PEROV

>@��EUDFNHW�RSHUDWRU���&RQGLWLRQDO�3UREDELOLW\

SUREDELOLW\�PDVV�IXQFWLRQV��3UREDELOLW\�0DVV�)XQFWLRQV

_��JLYHQ���/DZV�RI�3UREDELOLW\

���SOXV��YHUVXV�3PI�DGGBGLVW����0L[WXUH

$

DJH�RI�WKH�XQLYHUVH��%D\HVLDQ�6WDWLVWLFV

$QDFRQGD�GLVWULEXWLRQ�RI�3\WKRQ��,QVWDOOLQJ�-XS\WHU

$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��$%&�

DERXW��$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��:KHQ�'R�:H�*HW�WR
WKH�$SSUR[LPDWH�3DUW"

FRXQWLQJ�FHOOV�YLD�$%&��&HOO�&RXQWLQJ�ZLWK�$%&�:KHQ�'R�:H
*HW�WR�WKH�$SSUR[LPDWH�3DUW"

FRXQWLQJ�FHOOV�YLD�0&0&��&RXQWLQJ�&HOOV�&RXQWLQJ�&HOOV

.LGQH\�7XPRU�3UREOHP

$%&�DVSHFW��$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ

DERXW��7KH�.LGQH\�7XPRU�3UREOHP��:KHQ�'R�:H�*HW�WR�WKH
$SSUR[LPDWH�3DUW"

JURZWK�PRGHO��JHQHUDO��$�0RUH�*HQHUDO�0RGHO

JURZWK�PRGHO��VLPSOH��$�6LPSOH�*URZWK�0RGHO



VLPXODWLRQ�RI�JURZWK��6LPXODWLRQ�6LPXODWLRQ

DUUD\V

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

'DWD)UDPH�FRQYHUWHG�WR�1XP3\�DUUD\��-RLQW�'LVWULEXWLRQ

PHVKJULG�IXQFWLRQ

FRPSDULVRQ�RSHUDWRUV��2XWHU�2SHUDWLRQV��/LNHOLKRRG

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

OLNHOLKRRG�RI�KHLJKW�RI�SHUVRQ��/LNHOLKRRG

RXWHU�SURGXFW��2XWHU�2SHUDWLRQV��-RLQW�'LVWULEXWLRQ

RXWHU�VXP��2XWHU�2SHUDWLRQV

��GLPHQVLRQDO�IRU�UHDGLQJ�DELOLW\��/LNHOLKRRG

QRUPDO�GLVWULEXWLRQ�RI�KHLJKW��+RZ�7DOO�,V�$"

QS�UHSHDW�IXQFWLRQ��/LJKW�%XOEV

QS�ZKHUH�IXQFWLRQ��/LNHOLKRRG

SDUHQWKHVHV�YHUVXV�EUDFNHWV��$GGHQGV

��GLPHQVLRQDO�WR���GLPHQVLRQDO��/LNHOLKRRG

WUDQVSRVLQJ�'DWD)UDPH�PDWUL[��*HQHUDO�0L[WXUHV

WULDQJOH�VKDSHG�SULRU��7ULDQJOH�3ULRU

ZHLJKWHG�PL[WXUH�RI�GLVWULEXWLRQV��*HQHUDO�0L[WXUHV

$UYL=�SORWBSRVWHULRU��6LPSOH�5HJUHVVLRQ

$[WHOO��5REHUW��3RZHU�/DZ�3ULRU

%



%DVX¶V�WKHRUHP��8VLQJ�6XPPDU\�6WDWLVWLFV

%D\HV�IDFWRU��2OLYHU¶V�%ORRG��(YLGHQFH��%D\HVLDQ�+\SRWKHVLV
7HVWLQJ��7UDQVIRUPLQJ�'LVWULEXWLRQV

%D\HV�WDEOHV

&RRNLH�3UREOHP��%D\HV�7DEOHV�%D\HV�7DEOHV

'LFH�3UREOHP��7KH�'LFH�3UREOHP

0RQW\�+DOO�3UREOHP��7KH�0RQW\�+DOO�3UREOHP�7KH�0RQW\�+DOO
3UREOHP

%D\HVLDQ�%DQGLW�VWUDWHJ\

DERXW��%D\HVLDQ�%DQGLWV

PXOWLSOH�EDQGLWV��0XOWLSOH�%DQGLWV

SULRU�EHOLHIV��%D\HVLDQ�%DQGLWV

VWUDWHJ\�SXW�WRJHWKHU��7KH�6WUDWHJ\

WHVWLQJ��7KH�6WUDWHJ\

XSGDWH��7KH�8SGDWH

ZKLFK�PDFKLQH�WR�SOD\��([SORUH�DQG�([SORLW

%D\HVLDQ�GHFLVLRQ�DQDO\VLV

EDQGLW�VWUDWHJ\��VHH�%D\HVLDQ�%DQGLW�VWUDWHJ\�

LQVWHDG�RI�K\SRWKHVLV�WHVWLQJ��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

3ULFH�,V�5LJKW�3UREOHP

DERXW��'HFLVLRQ�$QDO\VLV

GHFLVLRQ�DQDO\VLV��'HFLVLRQ�$QDO\VLV



GLVWULEXWLRQ�RI�HUURUV��'LVWULEXWLRQ�RI�(UURU�'LVWULEXWLRQ�RI
(UURU

NHUQHO�GHQVLW\�HVWLPDWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ�
'LVWULEXWLRQ�RI�(UURU

PD[LPL]LQJ�H[SHFWHG�JDLQ��0D[LPL]LQJ�([SHFWHG�*DLQ

PRGHOLQJ��'LVWULEXWLRQ�RI�(UURU

SULRU��7KH�3ULRU

SUREDELOLW\�RI�ZLQQLQJ��3UREDELOLW\�RI�:LQQLQJ

XSGDWH��8SGDWH

TXHVWLRQV�WR�DVN��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

%D\HVLDQ�HVWLPDWLRQ�LQ�(XUR�3UREOHP��%D\HVLDQ�(VWLPDWLRQ�7ULDQJOH
3ULRU

%D\HVLDQ�K\SRWKHVLV�WHVWLQJ

%D\HVLDQ�%DQGLW�VWUDWHJ\��7KH�6WUDWHJ\

GHFLVLRQ�DQDO\VLV�LQVWHDG��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

(XUR�3UREOHP

DERXW��7HVWLQJ

DERXW�SUHYLRXV�VROXWLRQ��(VWLPDWLRQ�(YLGHQFH

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ��(VWLPDWLRQ

PRGHOLQJ��(YLGHQFH

PRGHOLQJ�WULDQJOH�VKDSHG�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

PRGHOLQJ�XQLIRUP�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

VWDWLVWLFDO�YHUVXV��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ



%D\HVLDQ�0HWKRGV�IRU�+DFNHUV��'DYLGVRQ�3LORQ���7KH�3ULFH�,V�5LJKW
3UREOHP��7KH�6SDFH�6KXWWOH�3UREOHP

%D\HVLDQ�UHJUHVVLRQ��VHH�OLQHDU�UHJUHVVLRQ�

%D\HVLDQ�VWDWLVWLFV�YHUVXV�%D\HV¶V�WKHRUHP��%D\HVLDQ�6WDWLVWLFV

%D\HVLDQ�XSGDWHV��'LDFKURQLF�%D\HV

DERXW��'LDFKURQLF�%D\HV��:KDW�WKH�$FWXDO"

%D\HV�WDEOHV�IRU��%D\HV�7DEOHV�%D\HV�7DEOHV

%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��7KH�8SGDWH

GLFWLRQDU\�IRU�HDVH��%D\HVLDQ�(VWLPDWLRQ

JDPPD�GLVWULEXWLRQ�IRU��7KH�&RQMXJDWH�3ULRU�:KDW�WKH�$FWXDO"

+RZ�7DOO�,V�3HUVRQ�$��7KH�8SGDWH

ORJ�RGGV��/RJ�2GGV

XSGDWH�DGGLWLYH��/RJ�2GGV

3PI�REMHFWV�IRU��7KH�&RRNLH�3UREOHP�5HYLVLWHG

%D\HVLDQ�%DQGLW�VWUDWHJ\��7KH�8SGDWH

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��7KH�8SGDWH�1DLYH�%D\HVLDQ
&ODVVLILFDWLRQ

&RRNLH�3UREOHP��7KH�&RRNLH�3UREOHP�5HYLVLWHG

'LFH�3UREOHP��8SGDWLQJ�'LFH

:RUOG�&XS�3UREOHP��7KH�8SGDWH

SRVWHULRU�GLVWULEXWLRQ�ORFDWLRQ��7KH�8SGDWH

3ULFH�,V�5LJKW�3UREOHP��8SGDWH



UHDGLQJ�LPSURYHPHQW�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\�
/LNHOLKRRG

VXPPDU\�VWDWLVWLFV��8SGDWH�ZLWK�6XPPDU\�6WDWLVWLFV

VQRZ�DPRXQWV��7KH�8SGDWH

ZURQJ�FODVVURRP��/RJ�2GGV

XSGDWH�DGGLWLYH��/RJ�2GGV

%D\HV¶V�UXOH

DERXW��/RJLVWLF�5HJUHVVLRQ

%D\HV¶V�WKHRUHP�LQ�RGGV�IRUP��%D\HV¶V�5XOH

&RRNLH�3UREOHP��%D\HV¶V�5XOH��2OLYHU¶V�%ORRG

2OLYHU¶V�%ORRG��2OLYHU¶V�%ORRG�2OLYHU¶V�%ORRG

ZURQJ�FODVVURRP��/RJ�2GGV��/RJ�2GGV

%D\HV¶V�WKHRUHP��7KHRUHP��

%D\HVLDQ�VWDWLVWLFV�YHUVXV��%D\HVLDQ�6WDWLVWLFV

&RRNLH�3UREOHP��7KH�&RRNLH�3UREOHP�7KH�&RRNLH�3UREOHP

GHULYDWLRQ�RI��/DZV�RI�3UREDELOLW\�7KHRUHP��

GLDFKURQLF�%D\HV��'LDFKURQLF�%D\HV

H[DPSOH�RI�XVH��7KHRUHP��

JOXWHQ�VHQVLWLYLW\��*OXWHQ�6HQVLWLYLW\

)RUZDUG�3UREOHP��7KH�)RUZDUG�3UREOHP

,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

EHDUV��VHH�*UL]]O\�%HDU�3UREOHP�

EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG



'LULFKOHW�GLVWULEXWLRQ�PDUJLQDOV�DV��7KH�'LULFKOHW�'LVWULEXWLRQ

6FL3\�EHWD�IXQFWLRQ��%LQRPLDO�/LNHOLKRRG

ELGGLQJ�VWUDWHJ\��VHH�3ULFH�,V�5LJKW�3UREOHP�

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

'LULFKOHW�GLVWULEXWLRQ�PDUJLQDOV�DV��7KH�'LULFKOHW�'LVWULEXWLRQ

6FL3\�EHWD�IXQFWLRQ��%LQRPLDO�/LNHOLKRRG

ELQRPLDO�FRHIILFLHQW��7KH�%LQRPLDO�'LVWULEXWLRQ

K\SHUJHRPHWULF�GLVWULEXWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

FRQMXJDWH�SULRU�RI��%LQRPLDO�/LNHOLKRRG

(XUR�3UREOHP�WHVWHG��7KH�%LQRPLDO�'LVWULEXWLRQ��(VWLPDWLRQ

JOXWHQ�VHQVLWLYLW\��*OXWHQ�6HQVLWLYLW\

)RUZDUG�3UREOHP��7KH�)RUZDUG�3UREOHP

,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

OLJKW�EXOE�GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

6FL3\�ELQRPLDO�IXQFWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG�)XQFWLRQ�
(VWLPDWLRQ

FRQMXJDWH�SULRUV��%LQRPLDO�/LNHOLKRRG

EORRG�W\SH�SUREOHP��2OLYHU¶V�%ORRG�2OLYHU¶V�%ORRG

%RROHDQ�6HULHV

FRQMXQFWLRQV��&RQMXQFWLRQ



LPSRVVLEOH�RXWFRPHV��8SGDWLQJ�'LFH

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD

VXPPLQJ��)UDFWLRQ�RI�%DQNHUV

SUREDELOLW\�IXQFWLRQ��7KH�3UREDELOLW\�)XQFWLRQ

%R[��*HRUJH��7KH�:RUOG�&XS�3UREOHP

EUDFNHW�RSHUDWRU��>@���&RQGLWLRQDO�3UREDELOLW\

SUREDELOLW\�PDVV�IXQFWLRQV��3UREDELOLW\�0DVV�)XQFWLRQV

EXJV�LQ�SURJUDP��VHH�/LQFROQ�,QGH[�3UREOHP�

&

FDQFHU��VHH�.LGQH\�7XPRU�3UREOHP�

&DQWULO�ODGGHU�TXHVWLRQ�RQ�KDSSLQHVV��+DSSLQHVV

&')��VHH�FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ�

&GI�REMHFWV

DERXW��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV��0D[LPXP

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��3HQJXLQ�'DWD

FRPSOHPHQWDU\�&')��0LQLPXP

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

GLVWULEXWLRQ��PD[LPXP�RI�VL[�DWWULEXWHV��0D[LPXP

PD[BGLVW�IXQFWLRQ��0D[LPXP

GLVWULEXWLRQ��PLQLPXP�RI�VL[�DWWULEXWHV��0LQLPXP

PLQBGLVW�IXQFWLRQ��0LQLPXP



HPSLULFDOGLVW�OLEUDU\�IRU�&GI�FODVV��&XPXODWLYH�'LVWULEXWLRQ
)XQFWLRQV

3PI�REMHFW�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

UHDGLQJ�LPSURYHPHQW�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

FHQVRUHG�GDWD��,QFRPSOHWH�'DWD

FHQWHULQJ�GDWD�WR�PLQLPL]H�FRUUHODWLRQ��7KH�8SGDWH��/HDVW�6TXDUHV
5HJUHVVLRQ

&HQWUDO�/LPLW�7KHRUHP��$GGHQGV

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD

DERXW��&ODVVLILFDWLRQ

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQV��3HQJXLQ�'DWD

GDWD�GHVFULSWLRQ��3HQJXLQ�'DWD

GDWD�VRXUFH��&ODVVLILFDWLRQ

MRLQW�GLVWULEXWLRQV��-RLQW�'LVWULEXWLRQV

VFDWWHU�SORW��-RLQW�'LVWULEXWLRQV

VFDWWHU�SORW�FRPSDUHG�WR�FRQWRXUV��-RLQW�'LVWULEXWLRQV

OHVV�QDLYH�%D\HVLDQ�FODVVLILHU��$�/HVV�1DLYH�&ODVVLILHU

ORDGLQJ�LQWR�'DWD)UDPH��3HQJXLQ�'DWD

PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

QRUPDO�PRGHOV��1RUPDO�0RGHOV��-RLQW�'LVWULEXWLRQV

XSGDWH��7KH�8SGDWH�1DLYH�%D\HVLDQ�&ODVVLILFDWLRQ



QDLYH�%D\HVLDQ�FODVVLILHU��1DLYH�%D\HVLDQ�&ODVVLILFDWLRQ

FRLQ�IDLUQHVV��VHH�(XUR�3UREOHP�

&RODE�WR�UXQ�-XS\WHU�QRWHERRNV��:RUNLQJ�ZLWK�WKH�&RGH

FROOHFWLYHO\�H[KDXVWLYH��7KH�/DZ�RI�7RWDO�3UREDELOLW\

JHQGHU�DV��7KH�/DZ�RI�7RWDO�3UREDELOLW\

ODZ�RI�WRWDO�SUREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\��'LDFKURQLF
%D\HV

FRPPXWDWLYH�SURSHUW\

FRQGLWLRQDO�SUREDELOLW\��&RQGLWLRQDO�3UREDELOLW\�,V�1RW
&RPPXWDWLYH

FRQMXQFWLRQV��&RQMXQFWLRQ��7KHRUHP��

FRPSDQ\�VL]HV�IROORZLQJ�SRZHU�ODZ��3RZHU�/DZ�3ULRU

&RQGD�HQYLURQPHQW�IRU�ERRN�FRGH��,QVWDOOLQJ�-XS\WHU

FRQGLWLRQDO�SRVWHULRUV��&RQGLWLRQDO�3RVWHULRUV

FRQGLWLRQDO�SUREDELOLW\

DERXW��&RQGLWLRQDO�3UREDELOLW\

FRPPXWDWLYH�SURSHUW\��&RQGLWLRQDO�3UREDELOLW\�,V�1RW
&RPPXWDWLYH

FRPSXWLQJ��&RQGLWLRQDO�3UREDELOLW\

FRQMXQFWLRQ�WR�FRPSXWH��7KHRUHP��

FRQMXQFWLRQV�DQG��&RQGLWLRQ�DQG�&RQMXQFWLRQ

FRQMXQFWLRQ�DV�SURGXFW�RI�SUREDELOLWLHV��7KHRUHP��

UHODWLRQVKLS�LQ�PDWK�QRWDWLRQ��7KHRUHP��



/LQGD�WKH�%DQNHU�3UREOHP��/LQGD�WKH�%DQNHU

SUREDELOLW\�IXQFWLRQ��&RQGLWLRQDO�3UREDELOLW\

FRQMXJDWH�SULRUV

DERXW��7KH�&RQMXJDWH�3ULRU

DQLPDO�SUHVHUYH�ZLWK�WKUHH�SDUDPHWHUV��/LRQV�DQG�7LJHUV�DQG
%HDUV

'LULFKOHW�GLVWULEXWLRQ��7KH�'LULFKOHW�'LVWULEXWLRQ

(XUR�3UREOHP��%LQRPLDO�/LNHOLKRRG

:RUOG�&XS�3UREOHP

JDPPD�GLVWULEXWLRQ�IRU�XSGDWH��7KH�&RQMXJDWH�3ULRU�:KDW
WKH�$FWXDO"

3RLVVRQ�SURFHVVHV�VROXWLRQ�UHYLHZ��7KH�:RUOG�&XS
3UREOHP�5HYLVLWHG

FRQMXQFWLRQV��&RQMXQFWLRQ

FRPPXWDWLYH�SURSHUW\��&RQMXQFWLRQ��7KHRUHP��

FRQGLWLRQDO�SUREDELOLW\�DQG��&RQGLWLRQ�DQG�&RQMXQFWLRQ

SURGXFW�RI�SUREDELOLWLHV��7KHRUHP��

UHODWLRQVKLS�LQ�PDWK�QRWDWLRQ��7KHRUHP��

FRQGLWLRQDO�SUREDELOLW\�FRPSXWHG�YLD��7KHRUHP��

FRQWRXU�SORW

MRLQW�GLVWULEXWLRQ��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

*UL]]O\�%HDU�WZR�SDUDPHWHU�PRGHO��7KH�8SGDWH

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ



LQFRPSOHWH�GDWD��8VLQJ�,QFRPSOHWH�'DWD

&RRN��-RKQ�'���7KH�/LQFROQ�,QGH[�3UREOHP

&RRNLH�3UREOHP

%D\HV�WDEOHV��%D\HV�7DEOHV�%D\HV�7DEOHV

%D\HV¶V�UXOH��%D\HV¶V�5XOH

%D\HV¶V�WKHRUHP��7KH�&RRNLH�3UREOHP�7KH�&RRNLH�3UREOHP

OLNHOLKRRG��'LDFKURQLF�%D\HV

RGGV��2OLYHU¶V�%ORRG

����%RZOV�3UREOHP������%RZOV�����%RZOV

(XUR�3UREOHP�FRQWUDVWHG��%D\HVLDQ�6WDWLVWLFV

3PI�REMHFWV��'LVWULEXWLRQV��7KH�&RRNLH�3UREOHP�5HYLVLWHG�7KH
&RRNLH�3UREOHP�5HYLVLWHG

XSGDWHG�GDWD��7KH�&RRNLH�3UREOHP�5HYLVLWHG

SULRU��'LDFKURQLF�%D\HV

FRUUHODWLRQ�PLQLPL]HG�E\�FHQWHULQJ�GDWD��7KH�8SGDWH��/HDVW�6TXDUHV
5HJUHVVLRQ

FRXQW�HVWLPDWLRQ��VHH�FRXQWLQJ�FHOOV��HVWLPDWLQJ�FRXQWV�

&RXQWHU�IXQFWLRQ��0XOWLSOH�%DQGLWV

FRXQWLQJ�FHOOV

$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��&HOO�&RXQWLQJ�ZLWK�$%&

0&0&��&RXQWLQJ�&HOOV

FRYDULDQFH�PDWUL[��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

FUHGLEOH�LQWHUYDOV��&UHGLEOH�,QWHUYDOV��7KH�8SGDWH



FUHGLEOHBLQWHUYDO�IXQFWLRQ��&UHGLEOH�,QWHUYDOV

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ��&')�

DERXW��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

��WR���UDQJH��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

&GI�REMHFWV��VHH�&GI�REMHFWV�

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��3HQJXLQ�'DWD

FRPSOHPHQWDU\�&')��0LQLPXP

GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��0L[WXUH�0L[WXUH

JHQHUDO�VROXWLRQ��*HQHUDO�0L[WXUHV�*HQHUDO�0L[WXUHV

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

HPSLULFDOGLVW�IRU�&GI�FODVV��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

(XUR�3UREOHP��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

QS�GLII�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

30)�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

UHDGLQJ�LPSURYHPHQW�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

'

GDWD

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��&ODVVLILFDWLRQ�$�/HVV�1DLYH
&ODVVLILHU

GDWD�VRXUFH��&ODVVLILFDWLRQ



GDWD�LQ�KDQG��%D\HV¶V�WKHRUHP�QRW�QHHGHG��$SSUR[LPDWH
%D\HVLDQ�&RPSXWDWLRQ

(PSLULFDO�%D\HV�PHWKRG�GDWD�UHXVHG��(PSLULFDO�%D\HV

HPSLULFDO�YHUVXV�WKHRUHWLFDO�GLVWULEXWLRQV��'LVWULEXWLRQV

HYLGHQFH�LQ�IDYRU�RI�D�K\SRWKHVLV��2OLYHU¶V�%ORRG��(YLGHQFH

%D\HV�IDFWRU��2OLYHU¶V�%ORRG��(YLGHQFH��%D\HVLDQ
+\SRWKHVLV�7HVWLQJ��7UDQVIRUPLQJ�'LVWULEXWLRQV

HYLGHQFH�RI�ELDVHG�FRLQ��7KH�(XUR�3UREOHP�7KH�%LQRPLDO
/LNHOLKRRG�)XQFWLRQ

%D\HV¶V�UXOH�IRU��8QLIRUPO\�'LVWULEXWHG�%LDV

JURXSE\�IRU�GDWD�LQWR�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\�
/LNHOLKRRG��0RUH�6QRZ"

*66��*HQHUDO�6RFLDO�6XUYH\��GDWDVHW��3UREDELOLW\�3ROLWLFDO�9LHZV
DQG�3DUWLHV��&RQGLWLRQDO�3UREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD�,QFRPSOHWH�'DWD

FDOOHG�FHQVRUHG��,QFRPSOHWH�'DWD

PDUJLQDO�GLVWULEXWLRQV��8VLQJ�,QFRPSOHWH�'DWD

XVLQJ��8VLQJ�,QFRPSOHWH�'DWD�8VLQJ�,QFRPSOHWH�'DWD

LQIRUPDWLYH�YHUVXV�XQLQIRUPDWLYH�SULRU��,QIRUPDWLYH�3ULRUV

3ULFH�,V�5LJKW�SULFHV�DQG�ELGV��7KH�3ULRU

SULRUV�FRQYHUJLQJ�RQ�VDPH�SRVWHULRU��7ULDQJOH�3ULRU

VXPPDU\�VWDWLVWLFV��8VLQJ�6XPPDU\�6WDWLVWLFV

VZDPSLQJ�WKH�SULRUV��7ULDQJOH�3ULRU

XSGDWLQJ�SUREDELOLW\�ZLWK�QHZ�GDWD��'LDFKURQLF�%D\HV



�VHH�DOVR�%D\HVLDQ�XSGDWHV�

ZHDWKHU�UHFRUGV��0RUH�6QRZ"

'DWD)UDPHV��VHH�SDQGDV�

'DYLGVRQ�3LORQ��&DPHURQ��7KH�3ULFH�,V�5LJKW�3UREOHP��7KH�6SDFH
6KXWWOH�3UREOHP��&RXQWLQJ�&HOOV

GHFLVLRQ�DQDO\VLV�LQ�3ULFH�,V�5LJKW��'HFLVLRQ�$QDO\VLV

�VHH�DOVR�%D\HVLDQ�GHFLVLRQ�DQDO\VLV�

GHJUHH�RI�FHUWDLQW\�YLD�RGGV��2GGV

�VHH�DOVR�RGGV�

GHSHQGHQFH�DQG�LQGHSHQGHQFH�RI�KHLJKWV��'HSHQGHQFH�DQG
,QGHSHQGHQFH

GLDFKURQLF�%D\HV¶V�WKHRUHP��'LDFKURQLF�%D\HV

'LFH�3UREOHP

%D\HV�WDEOHV��7KH�'LFH�3UREOHP

GLVWULEXWLRQ�RI�VXPV

WKUHH�GLFH��$GGHQGV

WZR�GLFH��$GGHQGV�$GGHQGV

'XQJHRQV�	�'UDJRQV�EHVW�WKUHH��%HVW�7KUHH�RI�)RXU

3PI�WR�VROYH��7KH�'LFH�3UREOHP�7KH�'LFH�3UREOHP

XSGDWLQJ�GLFH��8SGDWLQJ�'LFH

GLFWLRQDULHV

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��1RUPDO�0RGHOV

HDVH�RI�XSGDWLQJ��%D\HVLDQ�(VWLPDWLRQ



'LULFKOHW�GLVWULEXWLRQ��7KH�'LULFKOHW�'LVWULEXWLRQ

PDUJLQDOV�DV�EHWD�GLVWULEXWLRQV��7KH�'LULFKOHW�'LVWULEXWLRQ

GLVFUHWH�GLVWULEXWLRQV�DQG�QXPHULFDO�HUURUV��0RGHOLQJ

GLVWULEXWLRQ�REMHFWV��,QWURGXFLQJ�3\0&�

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

SORWWLQJ��'LVWULEXWLRQ�RI�'LIIHUHQFHV

GLVWULEXWLRQ�RI�HUURUV��'LVWULEXWLRQ�RI�(UURU�'LVWULEXWLRQ�RI�(UURU

GLVWULEXWLRQV

DERXW��'LVWULEXWLRQV

EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

'LULFKOHW�GLVWULEXWLRQ�PDUJLQDOV�DV��7KH�'LULFKOHW�'LVWULEXWLRQ

6FL3\�EHWD�IXQFWLRQ��%LQRPLDO�/LNHOLKRRG

&GI�IRU�PD[LPXP�RU�PLQLPXP��0D[LPXP�0LQLPXP

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

FRPSDQ\�VL]HV�IROORZLQJ�SRZHU�ODZ��3RZHU�/DZ�3ULRU

FRQGLWLRQDO�GLVWULEXWLRQ��&RQGLWLRQDO�3RVWHULRUV

&RRNLH�3UREOHP

����ERZOV�RI�FRRNLHV������%RZOV�����%RZOV

3PI�IRU��7KH�&RRNLH�3UREOHP�5HYLVLWHG�7KH�&RRNLH
3UREOHP�5HYLVLWHG

3PI�IRU�XSGDWHG�GDWD��7KH�&RRNLH�3UREOHP�5HYLVLWHG

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ

��WR���UDQJH��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV



DERXW��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��3HQJXLQ�'DWD

FRPSOHPHQWDU\�&')��0LQLPXP

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

HPSLULFDOGLVW�IRU�&GI�FODVV��&XPXODWLYH�'LVWULEXWLRQ
)XQFWLRQV

�VHH�DOVR�&GI�REMHFWV�

(XUR�3UREOHP��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

QS�GLII�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

30)�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

UHDGLQJ�LPSURYHPHQW�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

'LULFKOHW�GLVWULEXWLRQ��7KH�'LULFKOHW�'LVWULEXWLRQ

GLVFUHWH�GLVWULEXWLRQV��0RGHOLQJ

GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��0L[WXUH�0L[WXUH

JHQHUDO�VROXWLRQ��*HQHUDO�0L[WXUHV�*HQHUDO�0L[WXUHV

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

SORWWLQJ��'LVWULEXWLRQ�RI�'LIIHUHQFHV

GLVWULEXWLRQ�RI�HUURUV��'LVWULEXWLRQ�RI�(UURU�'LVWULEXWLRQ�RI�(UURU

HPSLULFDO�YHUVXV�WKHRUHWLFDO��'LVWULEXWLRQV

H[SRQHQWLDO�GLVWULEXWLRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ

6FL3\�H[SRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ



JOXWHQ�VHQVLWLYLW\��*OXWHQ�6HQVLWLYLW\

)RUZDUG�3UREOHP��7KH�)RUZDUG�3UREOHP

,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

K\SHUJHRPHWULF�GLVWULEXWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

MRLQW�GLVWULEXWLRQV��&RPSDULVRQ��-RLQW�'LVWULEXWLRQ

�VHH�DOVR�MRLQW�GLVWULEXWLRQV�

NHUQHO�GHQVLW\�HVWLPDWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ

OLJKW�EXOE�OLIHWLPH�GLVWULEXWLRQ��/LJKW�%XOEV�3RVWHULRU�0HDQV

GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

PDUJLQDO�GLVWULEXWLRQV��0DUJLQDO�'LVWULEXWLRQV

'LULFKOHW�PDUJLQDOV�DV�EHWD�GLVWULEXWLRQV��7KH�'LULFKOHW
'LVWULEXWLRQ

LQFRPSOHWH�GDWD��8VLQJ�,QFRPSOHWH�'DWD

MRLQW�GLVWULEXWLRQV�WR��0DUJLQDO�'LVWULEXWLRQV�0DUJLQDO
'LVWULEXWLRQV

ORJLVWLF�UHJUHVVLRQ��%D\HVLDQ��0DUJLQDO�'LVWULEXWLRQV

3PI�PDUJLQDO�IXQFWLRQ��7KUHH�3DUDPHWHU�0RGHO

UHDGLQJ�LPSURYHPHQW��/LNHOLKRRG

UHDGLQJ�LPSURYHPHQW�FRPSDUHG��&RPSDULQJ�0DUJLQDOV

VQRZ�DPRXQWV��7KH�8SGDWH

PHGLDQ�DV���WK�SHUFHQWLOH��&UHGLEOH�,QWHUYDOV

3RLVVRQ�GLVWULEXWLRQ��7KH�3RLVVRQ�'LVWULEXWLRQ��7KH�8SGDWH

JDPPD�GLVWULEXWLRQ�DV�FRQMXJDWH�SULRU��7KH�&RQMXJDWH�3ULRU



SUREDELOLW\�RI�VXSHULRULW\��3UREDELOLW\�RI�6XSHULRULW\

SRVWHULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

�VHH�DOVR�SRVWHULRU�GLVWULEXWLRQ�

SUHGLFWLYH�GLVWULEXWLRQV

SRVWHULRU��3UHGLFWLQJ�WKH�5HPDWFK��3RVWHULRU�3UHGLFWLYH
'LVWULEXWLRQ��3UHGLFWLYH�'LVWULEXWLRQV�3UHGLFWLYH�'LVWULEXWLRQV�
3UHGLFWLRQ

SULRU��3ULRU�3UHGLFWLYH�'LVWULEXWLRQ

SULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

�VHH�DOVR�SULRU�GLVWULEXWLRQ�

SUREDELOLW\�PDVV�IXQFWLRQV��3UREDELOLW\�0DVV�)XQFWLRQV

%D\HVLDQ�XSGDWHV��:KDW�WKH�$FWXDO"

&')�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

FRLQ�WRVV��3UREDELOLW\�0DVV�)XQFWLRQV

HPSLULFDOGLVW�OLEUDU\�IRU�3PI�FODVV��3UREDELOLW\�0DVV
)XQFWLRQV

�VHH�DOVR�3PI�REMHFWV�

RXWFRPHV�DSSHDULQJ�PRUH�WKDQ�RQFH��3UREDELOLW\�0DVV
)XQFWLRQV

VHTXHQFH�RI�SRVVLEOH�RXWFRPHV��3UREDELOLW\�0DVV�)XQFWLRQV

UDQGRP�VDPSOHV�IURP��VHH�0&0&��0DUNRY�FKDLQ�0RQWH�&DUOR��

VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�PHDQ��8VLQJ�6XPPDU\�6WDWLVWLFV

VXPV�RI�WKUHH�GLFH��$GGHQGV��%HVW�7KUHH�RI�)RXU



VXPV�RI�WZR�GLFH��$GGHQGV�$GGHQGV

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

OLJKW�EXOE�GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH
'LVWULEXWLRQ

ZHLJKWHG�GLVWULEXWLRQV��*HQHUDO�0L[WXUHV

GRJ�VKHOWHU�DGRSWLRQ

DERXW��6XUYLYDO�$QDO\VLV

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD�,QFRPSOHWH�'DWD

FDOOHG�FHQVRUHG��,QFRPSOHWH�'DWD

XVLQJ��8VLQJ�,QFRPSOHWH�'DWD�8VLQJ�,QFRPSOHWH�'DWD

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

'XQJHRQV�	�'UDJRQV�GLFH�UROOV��%HVW�7KUHH�RI�)RXU

GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��0L[WXUH�0L[WXUH

JHQHUDO�VROXWLRQ��*HQHUDO�0L[WXUHV�*HQHUDO�0L[WXUHV

(

(PSLULFDO�%D\HV�PHWKRG�XVLQJ�GDWD�WZLFH��(PSLULFDO�%D\HV

HPSLULFDOGLVW�OLEUDU\��'LVWULEXWLRQV

&GI�FODVV��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

3PI�FODVV��3UREDELOLW\�0DVV�)XQFWLRQV

HUURUV�LQ�GRFXPHQW�RU�SURJUDP��VHH�/LQFROQ�,QGH[�3UREOHP�



HVWLPDWLQJ�FRXQWV

FRXQWLQJ�FHOOV�YLD�$%&��&HOO�&RXQWLQJ�ZLWK�$%&�:KHQ�'R�:H
*HW�WR�WKH�$SSUR[LPDWH�3DUW"

FRXQWLQJ�FHOOV�YLD�0&0&��&RXQWLQJ�&HOOV�&RXQWLQJ�&HOOV

GDWD�LQ�KDQG��%D\HV¶V�WKHRUHP�QRW�QHHGHG��$SSUR[LPDWH
%D\HVLDQ�&RPSXWDWLRQ

*HUPDQ�7DQN�3UREOHP��7KH�*HUPDQ�7DQN�3UREOHP

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP�7KH�7UDLQ�3UREOHP

FUHGLEOH�LQWHUYDOV��&UHGLEOH�,QWHUYDOV

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

VHQVLWLYLW\�WR�WKH�SULRU��6HQVLWLYLW\�WR�WKH�3ULRU

HVWLPDWLQJ�SURSRUWLRQV

(XUR�3UREOHP

DERXW��7KH�(XUR�3UREOHP

%D\HVLDQ�HVWLPDWLRQ��%D\HVLDQ�(VWLPDWLRQ�7ULDQJOH�3ULRU

%D\HVLDQ�VWDWLVWLFV�YHUVXV�%D\HV¶V�WKHRUHP��%D\HVLDQ
6WDWLVWLFV

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG
)XQFWLRQ

PRGHOLQJ��7KH�%LQRPLDO�'LVWULEXWLRQ��7HVWLQJ

����%RZOV�3UREOHP������%RZOV�����%RZOV��%D\HVLDQ�6WDWLVWLFV

(XUR�3UREOHP

DERXW��7KH�(XUR�3UREOHP



%D\HVLDQ�HVWLPDWLRQ��%D\HVLDQ�(VWLPDWLRQ�7ULDQJOH�3ULRU

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

ELQRPLDO�FRHIILFLHQW��7KH�%LQRPLDO�'LVWULEXWLRQ

FRQMXJDWH�SULRU�RI��%LQRPLDO�/LNHOLKRRG

6FL3\�ELQRPLDO�IXQFWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

XQELDVHG�FRLQ�UHVXOWV�WHVWHG��7KH�%LQRPLDO�'LVWULEXWLRQ

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG�)XQFWLRQ�
(VWLPDWLRQ

FRQMXJDWH�SULRU�RI�ELQRPLDO�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ
)XQFWLRQV

PRGHOLQJ��7KH�%LQRPLDO�'LVWULEXWLRQ��7HVWLQJ��(YLGHQFH

����%RZOV�3UREOHP�FRQWUDVWHG��%D\HVLDQ�6WDWLVWLFV

UDQGRP�YHUVXV�QRQUDQGRP�TXDQWLWLHV��%D\HVLDQ�6WDWLVWLFV

WHVWLQJ

DERXW��7HVWLQJ

PRGHOLQJ��(YLGHQFH

PRGHOLQJ�WULDQJOH�VKDSHG�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

PRGHOLQJ�XQLIRUP�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

VROXWLRQ�UHYLHZ��(VWLPDWLRQ�(YLGHQFH

H[SRQHQWLDO�GLVWULEXWLRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ

SUREDELOLW\�GHQVLW\�IXQFWLRQ�RI��7KH�([SRQHQWLDO�'LVWULEXWLRQ

6FL3\�H[SRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ



)

)DOVH�YDOXH�VXPPHG��)UDFWLRQ�RI�%DQNHUV

)LIW\�&KDOOHQJLQJ�3UREOHPV�LQ�3UREDELOLW\�ZLWK�6ROXWLRQV��0RVWHOOHU��
7KH�7UDLQ�3UREOHP

IORDWLQJ�SRLQW�URXQGLQJ�DYRLGHG��7KH�'LFH�3UREOHP

)RUZDUG�3UREOHP�RI�JOXWHQ�VHQVLWLYLW\�GLVWULEXWLRQ��7KH�)RUZDUG
3UREOHP

IUDFWLRQ�RI�LWHPV

SUREDELOLW\�IXQFWLRQ�FRPSXWLQJ��7KH�3UREDELOLW\�)XQFWLRQ

6HULHV�RI�%RROHDQ�YDOXHV��)UDFWLRQ�RI�%DQNHUV

IUDFWLRQV�WR�DYRLG�IORDWLQJ�SRLQW�URXQGLQJ��7KH�'LFH�3UREOHP

*

*DOOXS�:RUOG�3ROO�RQ�KDSSLQHVV��+DSSLQHVV

JDPPD�GLVWULEXWLRQ

DERXW��7KH�*DPPD�'LVWULEXWLRQ

%D\HVLDQ�XSGDWHV�YLD��7KH�&RQMXJDWH�3ULRU�:KDW�WKH�$FWXDO"

FRQMXJDWH�SULRUV��7KH�&RQMXJDWH�3ULRU

JRDO�VFRULQJ�UDWH��7KH�*DPPD�'LVWULEXWLRQ

6FL3\�JDPPD�IXQFWLRQ��7KH�*DPPD�'LVWULEXWLRQ

JHQHUDWRU�H[SUHVVLRQV��7KH�/DZ�RI�7RWDO�3UREDELOLW\

*HUPDQ�7DQN�3UREOHP��7KH�*HUPDQ�7DQN�3UREOHP

JLYHQ��_���/DZV�RI�3UREDELOLW\



JOXWHQ�VHQVLWLYLW\�GLVWULEXWLRQ��*OXWHQ�6HQVLWLYLW\

)RUZDUG�3UREOHP��7KH�)RUZDUG�3UREOHP

,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

JRDO�VFRULQJ��VHH�:RUOG�&XS�3UREOHP�

*RUPDQ��.ULVWHQ��&ODVVLILFDWLRQ

*RXOG��6WHSKHQ�-���/LQGD�WKH�%DQNHU

*UL]]O\�%HDU�3UREOHP

DERXW��7KH�*UL]]O\�%HDU�3UREOHP

HVWLPDWLQJ�WRWDO�SRSXODWLRQ��7KH�8SGDWH

SUREDELOLW\�RI�REVHUYLQJ�D�EHDU��7ZR�3DUDPHWHU�0RGHO�7KH
8SGDWH

K\SHUJHRPHWULF�GLVWULEXWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

PRGHOLQJ��7KH�*UL]]O\�%HDU�3UREOHP

WKUHH�SDUDPHWHU�PRGHO��/LRQV�DQG�7LJHUV�DQG�%HDUV

WZR�SDUDPHWHU�PRGHO��7ZR�3DUDPHWHU�0RGHO�7KH�8SGDWH

SORWWLQJ��7KH�8SGDWH

WZR�SDUDPHWHU�PRGHO��7KH�8SGDWH

XSGDWH��7KH�8SGDWH

WZR�SDUDPHWHU�PRGHO��7KH�8SGDWH

ZLOG�DQLPDO�SUHVHUYH��/LRQV�DQG�7LJHUV�DQG�%HDUV

JURXSE\�IRU�GDWD�LQWR�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\��/LNHOLKRRG�
0RUH�6QRZ"



*66��*HQHUDO�6RFLDO�6XUYH\��GDWDVHW��3UREDELOLW\�3ROLWLFDO�9LHZV�DQG
3DUWLHV��&RQGLWLRQDO�3UREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\

+

KDSSLQHVV

DERXW��+DSSLQHVV

PXOWLSOH�UHJUHVVLRQ�YLD�3\0&��OLEUDU\��0XOWLSOH�5HJUHVVLRQ

VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

3\0&��OLEUDU\��6LPSOH�5HJUHVVLRQ

6FL3\�OLQUHJUHVV�IXQFWLRQ��6LPSOH�5HJUHVVLRQ

+DSSLQHVV�DQG�/LIH�6DWLVIDFWLRQ��2UWL]�2VSLQD�DQG�5RVHU��
+DSSLQHVV

+RZ�7DOO�,V�3HUVRQ�$

DERXW��+RZ�7DOO�,V�$"

%�KHLJKW�IURP�$��&RQGLWLRQDO�3RVWHULRUV

LQGHSHQGHQFH�RI�$�DQG�%��'HSHQGHQFH�DQG�,QGHSHQGHQFH

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

OLNHOLKRRG��/LNHOLKRRG

PDUJLQDO�GLVWULEXWLRQV��0DUJLQDO�'LVWULEXWLRQV�0DUJLQDO
'LVWULEXWLRQV

SORWWLQJ�MRLQW�GLVWULEXWLRQ��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

SULRU�GLVWULEXWLRQ�RI�KHLJKW��+RZ�7DOO�,V�$"

XSGDWH��7KH�8SGDWH

K\SHUJHRPHWULF�GLVWULEXWLRQ��7KH�*UL]]O\�%HDU�3UREOHP



6FL3\�K\SHUJHRP�IXQFWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

K\SRWKHVHV

DQ\�QXPEHU�RI

&RRNLH�3UREOHP�ZLWK�����ERZOV������%RZOV�����%RZOV

ODZ�RI�WRWDO�SUREDELOLW\��'LDFKURQLF�%D\HV

HYLGHQFH�LQ�IDYRU�RI��2OLYHU¶V�%ORRG��(YLGHQFH

%D\HV�IDFWRU��2OLYHU¶V�%ORRG��(YLGHQFH��%D\HVLDQ
+\SRWKHVLV�7HVWLQJ��7UDQVIRUPLQJ�'LVWULEXWLRQV

K\SRWKHVLV�WHVWLQJ��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

�VHH�DOVR�WHVWLQJ�K\SRWKHVHV�

GHFLVLRQ�DQDO\VLV�LQVWHDG��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

WKUHH�K\SRWKHVHV

%D\HV�WDEOHV��7KH�'LFH�3UREOHP��7KH�0RQW\�+DOO�3UREOHP�
7KH�0RQW\�+DOO�3UREOHP

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

0RQW\�+DOO�3UREOHP��7KH�0RQW\�+DOO�3UREOHP�7KH�0RQW\
+DOO�3UREOHP

WZR�K\SRWKHVHV

%D\HV�WDEOHV��%D\HV�7DEOHV�%D\HV�7DEOHV

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

ODZ�RI�WRWDO�SUREDELOLW\��'LDFKURQLF�%D\HV

XSGDWLQJ�SUREDELOLW\�ZLWK�QHZ�GDWD��'LDFKURQLF�%D\HV

�VHH�DOVR�%D\HVLDQ�XSGDWHV�



,

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD�,QFRPSOHWH�'DWD

FDOOHG�FHQVRUHG��,QFRPSOHWH�'DWD

PDUJLQDO�GLVWULEXWLRQV��8VLQJ�,QFRPSOHWH�'DWD

XVLQJ��8VLQJ�,QFRPSOHWH�'DWD�8VLQJ�,QFRPSOHWH�'DWD

LQGHSHQGHQFH�DQG�GHSHQGHQFH�RI�KHLJKWV��'HSHQGHQFH�DQG
,QGHSHQGHQFH

LQGXV���LQGXVWU\�FRGH��3UREDELOLW\

LQIHUHQFH

S�YDOXHV��,QIHUHQFH

UHDGLQJ�DELOLW\�LPSURYHPHQW

DERXW��,PSURYLQJ�5HDGLQJ�$ELOLW\

GDWD�LQWR�'DWD)UDPH��,PSURYLQJ�5HDGLQJ�$ELOLW\

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

JURXSE\�IRU�GDWD�LQWR�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\

OLNHOLKRRG��/LNHOLKRRG

OLNHOLKRRG�VXPPDU\�VWDWLVWLFV��8VLQJ�6XPPDU\�6WDWLVWLFV

PDUJLQDO�GLVWULEXWLRQV��/LNHOLKRRG

PDUJLQDO�GLVWULEXWLRQV�FRPSDUHG��&RPSDULQJ�0DUJLQDOV

SULRU�GLVWULEXWLRQ��(VWLPDWLQJ�3DUDPHWHUV

SUREDELOLW\�RI�VXSHULRULW\��3RVWHULRU�0DUJLQDO�'LVWULEXWLRQV

XSGDWH��,PSURYLQJ�5HDGLQJ�$ELOLW\�/LNHOLKRRG



XSGDWH�ZLWK�VXPPDU\�VWDWLVWLFV��8SGDWH�ZLWK�6XPPDU\
6WDWLVWLFV

VWDWLVWLFDO�YHUVXV�%D\HVLDQ��,QIHUHQFH

,QIRUPDWLRQ�7KHRU\��,QIHUHQFH��DQG�/HDUQLQJ�$OJRULWKPV��0DF.D\��
&RQWULEXWRU�/LVW��7KH�(XUR�3UREOHP��2OLYHU¶V�%ORRG��7HVWLQJ

LQVWDOOLQJ�-XS\WHU��,QVWDOOLQJ�-XS\WHU

,QYHUVH�3UREOHP�RI�JOXWHQ�VHQVLWLYLW\�GLVWULEXWLRQ��7KH�,QYHUVH
3UREOHP

-

MRLQW�GLVWULEXWLRQV

DERXW��&RPSDULVRQ��-RLQW�'LVWULEXWLRQ

FRQVWUXFWLQJ��-RLQW�'LVWULEXWLRQ

+RZ�7DOO�,V�3HUVRQ�$

DERXW��+RZ�7DOO�,V�$"

%�KHLJKW�IURP�$��&RQGLWLRQDO�3RVWHULRUV

LQGHSHQGHQFH�RI�$�DQG�%��'HSHQGHQFH�DQG�,QGHSHQGHQFH

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

OLNHOLKRRG��/LNHOLKRRG

PDUJLQDO�GLVWULEXWLRQV��0DUJLQDO�'LVWULEXWLRQV�0DUJLQDO
'LVWULEXWLRQV

SORWWLQJ�MRLQW�GLVWULEXWLRQ��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

SULRU�GLVWULEXWLRQ�RI�KHLJKW��+RZ�7DOO�,V�$"

XSGDWH��7KH�8SGDWH



PDUJLQDO�GLVWULEXWLRQV�IURP��0DUJLQDO�'LVWULEXWLRQV�0DUJLQDO
'LVWULEXWLRQV

RXWHU�RSHUDWLRQV��2XWHU�2SHUDWLRQV

FRPSDULVRQ�RSHUDWRUV��2XWHU�2SHUDWLRQV��/LNHOLKRRG

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

RXWHU�SURGXFW��2XWHU�2SHUDWLRQV

RXWHU�VXP��2XWHU�2SHUDWLRQV

SORWWLQJ��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

FRQWRXU�RI�3PI�6HULHV��7KH�8SGDWH

VFDWWHU�SORW�RI�SHQJXLQ�GDWD��-RLQW�'LVWULEXWLRQV

UHDGLQJ�DELOLW\�LPSURYHPHQW��(VWLPDWLQJ�3DUDPHWHUV

��GLPHQVLRQDO��7KUHH�3DUDPHWHU�0RGHO

-XS\WHU�QRWHERRNV

DERXW�UXQQLQJ�QRWHERRNV��:RUNLQJ�ZLWK�WKH�&RGH

LQVWDOOLQJ�-XS\WHU��,QVWDOOLQJ�-XS\WHU

.

NHUQHO�GHQVLW\�HVWLPDWLRQ��.'(���.HUQHO�'HQVLW\�(VWLPDWLRQ�
'LVWULEXWLRQ�RI�(UURU

GLVWULEXWLRQ�RI�GLIIHUHQFHV�SORWWHG��'LVWULEXWLRQ�RI�'LIIHUHQFHV

6FL3\�JDXVVLDQBNGH�IXQFWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ�
'LVWULEXWLRQ�RI�'LIIHUHQFHV

.LGQH\�7XPRU�3UREOHP



DERXW��7KH�.LGQH\�7XPRU�3UREOHP��:KHQ�'R�:H�*HW�WR�WKH
$SSUR[LPDWH�3DUW"

$SSUR[LPDWH�%D\HVLDQ�&RPSXWDWLRQ��$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ

JURZWK�PRGHO��JHQHUDO��$�0RUH�*HQHUDO�0RGHO

JURZWK�PRGHO��VLPSOH��$�6LPSOH�*URZWK�0RGHO

VLPXODWLRQ�RI�JURZWK��6LPXODWLRQ�6LPXODWLRQ

/

ODZ�RI�WRWDO�SUREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\

&RRNLH�3UREOHP��7KH�&RRNLH�3UREOHP

3ULFH�,V�5LJKW�GHFLVLRQ�DQDO\VLV��'HFLVLRQ�$QDO\VLV

WRWDO�SUREDELOLW\�RI�WKH�GDWD��'LDFKURQLF�%D\HV

OHDVW�VTXDUHV�UHJUHVVLRQ

PDUDWKRQ�ZRUOG�UHFRUG��0DUDWKRQ�:RUOG�5HFRUG

VQRZ�DPRXQWV��/HDVW�6TXDUHV�5HJUHVVLRQ

OLJKW�EXOE�IDLOXUH�WLPH

DERXW��6XUYLYDO�$QDO\VLV

GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

GLVWULEXWLRQ�RI�OLIHWLPHV��/LJKW�%XOEV�3RVWHULRU�0HDQV

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD�,QFRPSOHWH�'DWD

FDOOHG�FHQVRUHG��,QFRPSOHWH�'DWD

XVLQJ��8VLQJ�,QFRPSOHWH�'DWD�8VLQJ�,QFRPSOHWH�'DWD



:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

OLNHOLKRRG��'LDFKURQLF�%D\HV

%D\HV�WDEOHV

WKUHH�K\SRWKHVHV��7KH�'LFH�3UREOHP��7KH�0RQW\�+DOO
3UREOHP�7KH�0RQW\�+DOO�3UREOHP

WZR�K\SRWKHVHV��%D\HV�7DEOHV�%D\HV�7DEOHV

%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��/LNHOLKRRG

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG�)XQFWLRQ�
(VWLPDWLRQ

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��1RUPDO�0RGHOV

FRPSXWLQJ�IRU�HQWLUH�GDWDVHW�DW�RQFH��7KH�%LQRPLDO�/LNHOLKRRG
)XQFWLRQ

GLFWLRQDU\�WR�KROG��%D\HVLDQ�(VWLPDWLRQ

*UL]]O\�%HDU�ZLWK�WZR�SDUDPHWHUV��7KH�8SGDWH

+RZ�7DOO�,V�3HUVRQ�$��/LNHOLKRRG

%�KHLJKW�IURP�$��&RQGLWLRQDO�3RVWHULRUV

OLNHOLKRRG�UDWLRV�DV�%D\HV�IDFWRUV��7UDQVIRUPLQJ�'LVWULEXWLRQV

SRVWHULRU�RGGV��%D\HV¶V�5XOH

UHDGLQJ�DELOLW\�LPSURYHPHQW��/LNHOLKRRG

VQRZ�DPRXQWV��/LNHOLKRRG

VXPPDU\�VWDWLVWLFV�IRU�ODUJHU�GDWDVHWV��8VLQJ�6XPPDU\
6WDWLVWLFV��/LNHOLKRRG

WLPH�EHWZHHQ�JRDOV��7KH�([SRQHQWLDO�'LVWULEXWLRQ



WRR�VPDOO�IRU�IORDWLQJ�SRLQW�DULWKPHWLF��8VLQJ�6XPPDU\�6WDWLVWLFV�
/LNHOLKRRG

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP

XQLIRUP�SULRU��%D\HVLDQ�(VWLPDWLRQ��(VWLPDWLRQ

ZURQJ�FODVVURRP��/RJ�2GGV

/LQFROQ�,QGH[�3UREOHP��7KH�/LQFROQ�,QGH[�3UREOHP�7KH�/LQFROQ
,QGH[�3UREOHP

PRGHOLQJ�WKUHH�SDUDPHWHUV��7KUHH�3DUDPHWHU�0RGHO

PRGHOLQJ�WZR�WHVWHUV��7KH�/LQFROQ�,QGH[�3UREOHP

/LQGD�WKH�%DQNHU�3UREOHP��/LQGD�WKH�%DQNHU

OLQHDU�UHJUHVVLRQ

DERXW��0RUH�6QRZ"

OHDVW�VTXDUHV�UHJUHVVLRQ

PDUDWKRQ�ZRUOG�UHFRUG��0DUDWKRQ�:RUOG�5HFRUG

VQRZ�DPRXQWV��/HDVW�6TXDUHV�5HJUHVVLRQ

PDUDWKRQ�ZRUOG�UHFRUG��0DUDWKRQ�:RUOG�5HFRUG

PDWKHPDWLFDO�PRGHO��5HJUHVVLRQ�0RGHO

UHVLGXDOV��/HDVW�6TXDUHV�5HJUHVVLRQ

6FL3\�OLQUHJUHVV�IXQFWLRQ��6LPSOH�5HJUHVVLRQ

VQRZ�DPRXQWV��0RUH�6QRZ"�7KH�8SGDWH

OLNHOLKRRG��/LNHOLKRRG

SULRUV��3ULRUV

UHVLGXDOV��/HDVW�6TXDUHV�5HJUHVVLRQ��/LNHOLKRRG



XSGDWH��7KH�8SGDWH

ORFRPRWLYH�FRXQW�HVWLPDWLRQ��7KH�7UDLQ�3UREOHP�7KH�7UDLQ�3UREOHP

ORJ�RGGV

DERXW��/RJ�2GGV��5HJUHVVLRQ

H[SODQDWRU\�DQG�GHSHQGHQW�YDULDEOHV��/RJ�2GGV

SUREDELOLWLHV�IURP��7KH�6SDFH�6KXWWOH�3UREOHP��7UDQVIRUPLQJ
'LVWULEXWLRQV

6FL3\�H[SLW�IXQFWLRQ��7KH�6SDFH�6KXWWOH�3UREOHP�
/LNHOLKRRG��7UDQVIRUPLQJ�'LVWULEXWLRQV

6SDFH�6KXWWOH�3UREOHP��/LNHOLKRRG��7UDQVIRUPLQJ�'LVWULEXWLRQV

ZURQJ�FODVVURRP��/RJ�2GGV�/RJ�2GGV

ORJLFDO�$1'��VHH�FRQMXQFWLRQV�

ORJLVWLF�UHJUHVVLRQ

DERXW��/RJLVWLF�5HJUHVVLRQ��5HJUHVVLRQ

%D\HVLDQ

OLNHOLKRRG��/LNHOLKRRG

PDUJLQDO�GLVWULEXWLRQV��0DUJLQDO�'LVWULEXWLRQV

SULRU�GLVWULEXWLRQ��3ULRU�'LVWULEXWLRQ

WUDQVIRUPLQJ�GLVWULEXWLRQV��7UDQVIRUPLQJ�'LVWULEXWLRQV

XSGDWH��7KH�8SGDWH

(PSLULFDO�%D\HV�PHWKRG��(PSLULFDO�%D\HV

ORJ�RGGV��/RJ�2GGV�/RJ�2GGV



SUHGLFWLYH�GLVWULEXWLRQV��3UHGLFWLYH�'LVWULEXWLRQV�3UHGLFWLYH
'LVWULEXWLRQV

6SDFH�6KXWWOH�3UREOHP

DERXW��7KH�6SDFH�6KXWWOH�3UREOHP

ORJLVWLF�UHJUHVVLRQ��%D\HVLDQ��7KH�6SDFH�6KXWWOH�3UREOHP�
7KH�8SGDWH

ORJLVWLF�UHJUHVVLRQ��QRQ�%D\HVLDQ��7KH�6SDFH�6KXWWOH
3UREOHP

PRGHOLQJ��3UHGLFWLYH�'LVWULEXWLRQV

PRGHOLQJ��ORJLVWLF�PRGHO��7KH�6SDFH�6KXWWOH�3UREOHP�
3UHGLFWLYH�'LVWULEXWLRQV

SUHGLFWLRQV�DERXW�2�ULQJV��3UHGLFWLYH�'LVWULEXWLRQV�
3UHGLFWLYH�'LVWULEXWLRQV

VWDWVPRGHOV�IRU�QRQ�%D\HVLDQ��7KH�6SDFH�6KXWWOH�3UREOHP

0

0DF.D\��'DYLG��&RQWULEXWRU�/LVW��7KH�(XUR�3UREOHP��2OLYHU¶V�%ORRG�
7HVWLQJ

0$3�DV�KLJKHVW�SRVWHULRU�SUREDELOLW\������%RZOV

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

FRPSXWLQJ������%RZOV

PDUDWKRQ�ZRUOG�UHFRUG

DERXW��0DUDWKRQ�:RUOG�5HFRUG

OHDVW�VTXDUHV�UHJUHVVLRQ��0DUDWKRQ�:RUOG�5HFRUG

OLNHOLKRRGV��7KH�3ULRUV



PDUJLQDO�GLVWULEXWLRQV��7KH�3ULRUV

SUHGLFWLRQ�RI�WLPH�EDUULHU�EURNHQ��3UHGLFWLRQ

SULRUV��7KH�3ULRUV

PDUJLQDO�GLVWULEXWLRQV��0DUJLQDO�'LVWULEXWLRQV

'LULFKOHW�GLVWULEXWLRQ�PDUJLQDOV�DV�EHWD�GLVWULEXWLRQV��7KH
'LULFKOHW�'LVWULEXWLRQ

LQFRPSOHWH�GDWD��8VLQJ�,QFRPSOHWH�'DWD

MRLQW�GLVWULEXWLRQV�WR��0DUJLQDO�'LVWULEXWLRQV�0DUJLQDO
'LVWULEXWLRQV

ORJLVWLF�UHJUHVVLRQ��%D\HVLDQ��0DUJLQDO�'LVWULEXWLRQV

3PI�PDUJLQDO�IXQFWLRQ��7KUHH�3DUDPHWHU�0RGHO

UHDGLQJ�DELOLW\�LPSURYHPHQW��/LNHOLKRRG

FRPSDULQJ��&RPSDULQJ�0DUJLQDOV

VQRZ�DPRXQWV��7KH�8SGDWH

PDUN�DQG�UHFDSWXUH�H[SHULPHQWV

DERXW��0DUN�DQG�5HFDSWXUH

*UL]]O\�%HDU�3UREOHP

DERXW��7KH�*UL]]O\�%HDU�3UREOHP

HVWLPDWLQJ�WRWDO�SRSXODWLRQ��7KH�8SGDWH

PRGHOLQJ��7KH�*UL]]O\�%HDU�3UREOHP

PRGHOLQJ�WZR�SDUDPHWHUV��7ZR�3DUDPHWHU�0RGHO�7KH
8SGDWH

XSGDWH��7KH�8SGDWH



XSGDWH�ZLWK�WZR�SDUDPHWHUV��7KH�8SGDWH

K\SHUJHRPHWULF�GLVWULEXWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

/LQFROQ�,QGH[�3UREOHP��7KH�/LQFROQ�,QGH[�3UREOHP�7KH�/LQFROQ
,QGH[�3UREOHP

PRGHOLQJ�WKUHH�SDUDPHWHUV��7KUHH�3DUDPHWHU�0RGHO

PRGHOLQJ�WZR�WHVWHUV��7KH�/LQFROQ�,QGH[�3UREOHP

0DUNRY�FKDLQ��VHH�0&0&��0DUNRY�FKDLQ�0RQWH�&DUOR��

PDWKHPDWLFDO�QRWDWLRQ�IRU�SUREDELOLW\��/DZV�RI�3UREDELOLW\

%D\HV¶V�WKHRUHP��7KHRUHP����%D\HV¶V�5XOH

FRQGLWLRQDO�SUREDELOLW\�DQG�FRQMXQFWLRQV��7KHRUHP��

FRQMXQFWLRQV�DV�FRPPXWDWLYH��7KHRUHP��

ODZ�RI�WRWDO�SUREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\

SRZHU�ODZ��3RZHU�/DZ�3ULRU

UHJUHVVLRQ�PRGHO��5HJUHVVLRQ�0RGHO

PDWSORWOLE

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

MRLQW�GLVWULEXWLRQ�SORWWHG��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

VFDWWHU�SORW��-RLQW�'LVWULEXWLRQV

PDWUL[�WUDQVSRVLWLRQ��*HQHUDO�0L[WXUHV

PD[LPL]LQJ�H[SHFWHG�JDLQ��0D[LPL]LQJ�([SHFWHG�*DLQ

0F*UD\QH��6KDURQ�%HUWVFK��%D\HVLDQ�6WDWLVWLFV

0&0&��0DUNRY�FKDLQ�0RQWH�&DUOR�

DERXW��0&0&



KDSSLQHVV

DERXW��+DSSLQHVV

PXOWLSOH�UHJUHVVLRQ��3\0&��OLEUDU\��0XOWLSOH�5HJUHVVLRQ

VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

VLPSOH�UHJUHVVLRQ��3\0&��OLEUDU\��6LPSOH�5HJUHVVLRQ

VLPSOH�UHJUHVVLRQ��6FL3\�OLQUHJUHVV��6LPSOH�5HJUHVVLRQ

3\0&��OLEUDU\��,QWURGXFLQJ�3\0&�

DERXW��:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

LQIHUHQFH��:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

VDPSOLQJ�WKH�SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ��3RVWHULRU
3UHGLFWLYH�'LVWULEXWLRQ

VDPSOLQJ�WKH�SULRU��6DPSOLQJ�WKH�3ULRU

:RUOG�&XS�3UREOHP��7KH�:RUOG�&XS�3UREOHP�3RVWHULRU
3UHGLFWLYH�'LVWULEXWLRQ

JDPPD�GLVWULEXWLRQ�SULRU��*ULG�$SSUR[LPDWLRQ

JRDO�VFRULQJ�UDWH�SRVVLEOH�YDOXHV��3ULRU�3UHGLFWLYH
'LVWULEXWLRQ

LQIHUHQFH��:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

3RLVVRQ�SURFHVV�UHYLHZ��7KH�:RUOG�&XS�3UREOHP

SUHGLFWLQJ�UHPDWFK��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

3\0&��OLEUDU\��,QWURGXFLQJ�3\0&�

VDPSOLQJ�WKH�SULRU��6DPSOLQJ�WKH�3ULRU

PHDQ�IXQFWLRQ



FHQWHULQJ�GDWD�WR�PLQLPL]H�FRUUHODWLRQ��7KH�8SGDWH��/HDVW
6TXDUHV�5HJUHVVLRQ

IUDFWLRQ�FRPSXWHG�YLD��)UDFWLRQ�RI�%DQNHUV��7KHRUHP��

PHDQ�RI�SRVWHULRU�GLVWULEXWLRQ��7KH�7UDLQ�3UREOHP��3RZHU�/DZ
3ULRU

%D\HVLDQ�XSGDWHV�DQG��7KH�8SGDWH

GLVWULEXWLRQ�VNHZ��7KH�8SGDWH

MRLQW�GLVWULEXWLRQV��3RVWHULRU�0HDQV

PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�PHDQ��8VLQJ�6XPPDU\�6WDWLVWLFV

PHDQ�VTXDUHG�HUURU��7KH�7UDLQ�3UREOHP

0(&(��PXWXDOO\�H[FOXVLYH�DQG�FROOHFWLYHO\�H[KDXVWLYH���7KH�/DZ�RI
7RWDO�3UREDELOLW\

PHGLDQ�RI�GLVWULEXWLRQ�SHUFHQWLOH��&UHGLEOH�,QWHUYDOV

PHVK�JULGV

FRPSDULVRQ�RSHUDWRUV��2XWHU�2SHUDWLRQV

KHLJKW�DUUD\V��/LNHOLKRRG

OLNHOLKRRG�RI�KHLJKW�RI�SHUVRQ��/LNHOLKRRG

RXWHU�SURGXFW��2XWHU�2SHUDWLRQV

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

RXWHU�VXP��2XWHU�2SHUDWLRQV

��GLPHQVLRQDO�IRU�UHDGLQJ�DELOLW\��/LNHOLKRRG

0RGHO�REMHFW��,QWURGXFLQJ�3\0&�



PRGHOLQJ

DERXW�PRGHOLQJ�HUURUV��0RGHOLQJ

DOO�PRGHOV�ZURQJ��7KH�:RUOG�&XS�3UREOHP

��SDUDPHWHUV�YLD�3\0&���6LPSOH�5HJUHVVLRQ

(XUR�3UREOHP��7KH�%LQRPLDO�'LVWULEXWLRQ��7HVWLQJ��(YLGHQFH

WULDQJOH�VKDSHG�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

XQLIRUP�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

JOXWHQ�VHQVLWLYLW\�GLVWULEXWLRQ��*OXWHQ�6HQVLWLYLW\

*UL]]O\�%HDU�3UREOHP��7KH�*UL]]O\�%HDU�3UREOHP

WZR�SDUDPHWHU�PRGHO��7ZR�3DUDPHWHU�0RGHO�7KH�8SGDWH

LQIRUPDWLYH�YHUVXV�XQLQIRUPDWLYH�SULRU��,QIRUPDWLYH�3ULRUV

.LGQH\�7XPRU�3UREOHP

JURZWK�PRGHO��JHQHUDO��$�0RUH�*HQHUDO�0RGHO

JURZWK�PRGHO��VLPSOH��$�6LPSOH�*URZWK�0RGHO

/LQFROQ�,QGH[�3UREOHP

WKUHH�SDUDPHWHUV��7KUHH�3DUDPHWHU�0RGHO

WZR�WHVWHUV��7KH�/LQFROQ�,QGH[�3UREOHP

3ULFH�,V�5LJKW�3UREOHP��'LVWULEXWLRQ�RI�(UURU

6SDFH�6KXWWOH�3UREOHP��3UHGLFWLYH�'LVWULEXWLRQV

ORJLVWLF�PRGHO��7KH�6SDFH�6KXWWOH�3UREOHP��3UHGLFWLYH
'LVWULEXWLRQV

��SDUDPHWHUV

/LQFROQ�,QGH[�3UREOHP��7KUHH�3DUDPHWHU�0RGHO



VLPSOH�UHJUHVVLRQ�YLD�3\0&���6LPSOH�5HJUHVVLRQ

VQRZ�DPRXQWV��0RUH�6QRZ"

ZLOG�DQLPDO�SUHVHUYH��/LRQV�DQG�7LJHUV�DQG�%HDUV

:RUOG�&XS�3UREOHP��7KH�:RUOG�&XS�3UREOHP��3UREDELOLW\�RI
6XSHULRULW\

3\0&���,QWURGXFLQJ�3\0&�

PRQVWHU�FRPEDW��VHH�'XQJHRQV�	�'UDJRQV�

0RQWH�&DUOR��VHH�0&0&��0DUNRY�FKDLQ�0RQWH�&DUOR��

0RQW\�+DOO�3UREOHP�YLD�%D\HV�WDEOHV��7KH�0RQW\�+DOO�3UREOHP�7KH
0RQW\�+DOO�3UREOHP

0RVWHOOHU��)UHGHULFN��7KH�7UDLQ�3UREOHP

0XOWL,QGH[

%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��3ULRU�'LVWULEXWLRQ

3PI�REMHFWV��7KH�3ULRU��7KUHH�3DUDPHWHU�0RGHO��3ULRU
'LVWULEXWLRQ

6HULHV�LQ�SDQGDV��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ��7KH�3ULRU

��GLPHQVLRQDO�MRLQW�GLVWULEXWLRQ��7KUHH�3DUDPHWHU�0RGHO

PXOWLQRPLDO�GLVWULEXWLRQ�FRQMXJDWH�SULRU��/LRQV�DQG�7LJHUV�DQG�%HDUV

PXOWLQRPLDO�IXQFWLRQ�LQ�6FL3\��7ZR�3DUDPHWHU�0RGHO��7KUHH�
3DUDPHWHU�0RGHO

PXOWLSOH�UHJUHVVLRQ�YLD�3\0&��OLEUDU\��0XOWLSOH�5HJUHVVLRQ

PXOWLYDULDWH�'LULFKOHW�GLVWULEXWLRQ��7KH�'LULFKOHW�'LVWULEXWLRQ

PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ



PXWXDOO\�H[FOXVLYH��7KH�/DZ�RI�7RWDO�3UREDELOLW\

ODZ�RI�WRWDO�SUREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\��'LDFKURQLF
%D\HV

PXWXDOO\�H[FOXVLYH�DQG�FROOHFWLYHO\�H[KDXVWLYH��0(&(���7KH�/DZ�RI
7RWDO�3UREDELOLW\

1

1D1�DV�QRW�D�QXPEHU��*HQHUDO�0L[WXUHV

QRUPDO�GLVWULEXWLRQ

DYHUDJH�KHLJKW�RI�PDOH�DGXOWV��+RZ�7DOO�,V�$"

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��1RUPDO�0RGHOV��-RLQW
'LVWULEXWLRQV

PXOWLYDULDWH��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

SUREDELOLW\�GHQVLW\�DV�3PI�QRUPDOL]HG��+RZ�7DOO�,V�$"

UHDGLQJ�LPSURYHPHQW�JURXSV��,PSURYLQJ�5HDGLQJ�$ELOLW\

6FL3\�QRUP�IXQFWLRQ��+RZ�7DOO�,V�$"��1RUPDO�0RGHOV

SUREDELOLW\�GHQVLW\�IXQFWLRQ��+RZ�7DOO�,V�$"��1RUPDO�0RGHOV

VQRZ�DPRXQWV��5HJUHVVLRQ�0RGHO

XQLYDULDWH��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

XSGDWH�ZLWK�VXPPDU\�VWDWLVWLFV��&RPSDULQJ�0DUJLQDOV

QRUPDOL]DWLRQ��%D\HV�7DEOHV

MRLQW�SRVWHULRU�GLVWULEXWLRQ��7KH�8SGDWH

QRUPDOL]LQJ�FRQVWDQW��%D\HV�7DEOHV

RXWVLGH�RI�GDWDVHW�ORRS��%D\HVLDQ�(VWLPDWLRQ



3PI�IXQFWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG

QRWHERRNV��-XS\WHU�

DERXW�UXQQLQJ�QRWHERRNV��:RUNLQJ�ZLWK�WKH�&RGH

LQVWDOOLQJ�-XS\WHU��,QVWDOOLQJ�-XS\WHU

QS�DOLDV�IRU�1XP3\������%RZOV

QXOO�K\SRWKHVLV�VLJQLILFDQFH�WHVWLQJ��,QIHUHQFH

1XP3\

DUUD\�RI�YDOXHV��7KH�%LQRPLDO�'LVWULEXWLRQ

'DWD)UDPH�FRQYHUWHG�WR��-RLQW�'LVWULEXWLRQ

PHVKJULG�IXQFWLRQ�RXWHU�RSHUDWLRQV��2XWHU�2SHUDWLRQV

QRUPDO�GLVWULEXWLRQ�RI�KHLJKW��+RZ�7DOO�,V�$"

UHSHDW�IXQFWLRQ��/LJKW�%XOEV

WULDQJOH�VKDSHG�SULRU��7ULDQJOH�3ULRU

ZHLJKWHG�PL[WXUH�RI�GLVWULEXWLRQV��*HQHUDO�0L[WXUHV

ZKHUH�IXQFWLRQ��/LNHOLKRRG

&RRNLH�3UREOHP�ZLWK�����ERZOV������%RZOV�����%RZOV

FXPVXP�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV�
&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

GLII�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

LPSRUW�DV�QS������%RZOV

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

PHDQ�RI�SRVWHULRU�GLVWULEXWLRQ��7KH�7UDLQ�3UREOHP



2

2�ULQJV�RQ�VKXWWOHV��VHH�6SDFH�6KXWWOH�3UREOHP�

RGGV

DERXW��2GGV

%D\HV�IDFWRU��2OLYHU¶V�%ORRG

%D\HV¶V�UXOH��%D\HV¶V�5XOH

%D\HV¶V�WKHRUHP�LQ�RGGV�IRUP��%D\HV¶V�5XOH

&RRNLH�3UREOHP��2OLYHU¶V�%ORRG

%D\HV¶V�UXOH��%D\HV¶V�5XOH

ORJ�RGGV

DERXW��/RJ�2GGV��5HJUHVVLRQ

H[SODQDWRU\�DQG�GHSHQGHQW�YDULDEOHV��/RJ�2GGV

SUREDELOLWLHV�IURP��7KH�6SDFH�6KXWWOH�3UREOHP�
7UDQVIRUPLQJ�'LVWULEXWLRQV

6FL3\�H[SLW�IXQFWLRQ��7KH�6SDFH�6KXWWOH�3UREOHP�
/LNHOLKRRG��7UDQVIRUPLQJ�'LVWULEXWLRQV

6SDFH�6KXWWOH�3UREOHP��/LNHOLKRRG��7UDQVIRUPLQJ
'LVWULEXWLRQV

ZURQJ�FODVVURRP��/RJ�2GGV�/RJ�2GGV

RGGV�DJDLQVW�DQ�HYHQW��2GGV

RGGV�LQ�IDYRU�RI�DQ�HYHQW��2GGV

2OLYHU¶V�%ORRG��2OLYHU¶V�%ORRG�2OLYHU¶V�%ORRG

SUREDELOLW\�IURP��2GGV



2OLYHU¶V�%ORRG��2OLYHU¶V�%ORRG�2OLYHU¶V�%ORRG

����%RZOV�3UREOHP������%RZOV�����%RZOV

(XUR�3UREOHP�FRQWUDVWHG��%D\HVLDQ�6WDWLVWLFV

RQH�DUPHG�EDQGLWV��VHH�%D\HVLDQ�%DQGLW�VWUDWHJ\�

2UWL]�2VSLQD��(VWHEDQ��+DSSLQHVV

RXWFRPHV

'LFH�3UREOHP��7KH�'LFH�3UREOHP

GLVWULEXWLRQ�DV�VHW�RI�SRVVLEOH��'LVWULEXWLRQV

RXWFRPHV�DSSHDULQJ�PRUH�WKDQ�RQFH��3UREDELOLW\�0DVV
)XQFWLRQV

SUREDELOLW\�PDVV�IXQFWLRQV��3UREDELOLW\�0DVV�)XQFWLRQV

VHTXHQFH�RI�SRVVLEOH�RXWFRPHV��3UREDELOLW\�0DVV�)XQFWLRQV

LPSRVVLEOH�RXWFRPHV��8SGDWLQJ�'LFH

RXWHU�RSHUDWLRQV��2XWHU�2SHUDWLRQV

FRPSDULVRQ�RSHUDWRUV��2XWHU�2SHUDWLRQV

KHLJKW�DUUD\V��/LNHOLKRRG

RXWHU�SURGXFW��2XWHU�2SHUDWLRQV

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

RXWHU�VXP��2XWHU�2SHUDWLRQV

3

3�$���/DZV�RI�3UREDELOLW\

3�$�DQG�%���/DZV�RI�3UREDELOLW\



3�$�_�%���/DZV�RI�3UREDELOLW\

3�%�_�$��WR�3�$�_�%��YLD�%D\HV¶V�WKHRUHP��7KH�&RRNLH�3UREOHP

S�YDOXHV��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ��,QIHUHQFH

SDQGDV

%D\HV�WDEOH�LQ�'DWD)UDPH

WKUHH�K\SRWKHVHV��7KH�'LFH�3UREOHP

WZR�K\SRWKHVHV��%D\HV�7DEOHV�%D\HV�7DEOHV

GDWD�KHOG�E\�'DWD)UDPH��3UREDELOLW\

GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��*HQHUDO�0L[WXUHV

JOXWHQ�VHQVLWLYLW\�,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

OLJKW�EXOE�OLIHWLPH�GDWD��/LJKW�%XOEV

SHQJXLQ�GDWD��3HQJXLQ�'DWD��1RUPDO�0RGHOV

UHDGLQJ�DELOLW\�LPSURYHPHQW��,PSURYLQJ�5HDGLQJ�$ELOLW\

VXPPLQJ�URZ�RI�'DWD)UDPH��*HQHUDO�0L[WXUHV

WUDQVSRVLQJ�URZV�DQG�FROXPQV��*HQHUDO�0L[WXUHV

'DWD)UDPH�FRQYHUWHG�IURP�6HULHV��7KH�8SGDWH

'DWD)UDPH�FRQYHUWHG�WR�6HULHV��3RVWHULRU�3UHGLFWLYH
'LVWULEXWLRQ��7KH�3ULRU

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

MRLQW�GLVWULEXWLRQ�LQ�'DWD)UDPH��-RLQW�'LVWULEXWLRQ

FRQYHUWLQJ�WR�6HULHV��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

��GLPHQVLRQDO�MRLQW�GLVWULEXWLRQ��7KUHH�3DUDPHWHU�0RGHO

1XP3\�DUUD\�IURP�'DWD)UDPH��-RLQW�'LVWULEXWLRQ



RXWHU�SURGXFW�RI�'DWD)UDPH��2XWHU�2SHUDWLRQV

UHDG��FVY�ILOH�RI�GDWD

OLJKW�EXOE�OLIHWLPH�GDWD��/LJKW�%XOEV

SHQJXLQ�GDWD��3HQJXLQ�'DWD

3ULFH�,V�5LJKW�3UREOHP��7KH�3ULRU

UHDGLQJ�DELOLW\��,PSURYLQJ�5HDGLQJ�$ELOLW\

VQRZ�DPRXQWV��0RUH�6QRZ"

6HULHV

%RROHDQ�YDOXHV��)UDFWLRQ�RI�%DQNHUV

�VHH�DOVR�%RROHDQ�6HULHV�

FXPVXP�UHVXOWV��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

'DWD)UDPH�FRQYHUWHG�IURP��7KH�8SGDWH

'DWD)UDPH�FRQYHUWHG�WR��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ�
7KH�3ULRU

'DWD)UDPH�VXP�IXQFWLRQ��-RLQW�'LVWULEXWLRQ

0$3�FRPSXWDWLRQ������%RZOV

0XOWL,QGH[��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ��7KH�3ULRU

3PI�FODVV��3UREDELOLW\�0DVV�)XQFWLRQV

SHQJXLQ�GDWD�FODVVLILFDWLRQ

DERXW��&ODVVLILFDWLRQ

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQV��3HQJXLQ�'DWD

GDWD�GHVFULSWLRQ��3HQJXLQ�'DWD



GDWD�VRXUFH��&ODVVLILFDWLRQ

MRLQW�GLVWULEXWLRQV��-RLQW�'LVWULEXWLRQV

VFDWWHU�SORW��-RLQW�'LVWULEXWLRQV

VFDWWHU�SORW�FRPSDUHG�WR�FRQWRXUV��-RLQW�'LVWULEXWLRQV

OHVV�QDLYH�%D\HVLDQ�FODVVLILHU��$�/HVV�1DLYH�&ODVVLILHU

ORDGLQJ�LQWR�'DWD)UDPH��3HQJXLQ�'DWD

PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

QRUPDO�PRGHOV��1RUPDO�0RGHOV��-RLQW�'LVWULEXWLRQV

XSGDWH��7KH�8SGDWH�1DLYH�%D\HVLDQ�&ODVVLILFDWLRQ

QDLYH�%D\HVLDQ�FODVVLILFDWLRQ��1DLYH�%D\HVLDQ�&ODVVLILFDWLRQ

SHUFHQWLOHV

PDUDWKRQ�ZRUOG�UHFRUG��3UHGLFWLRQ

VXPPDUL]LQJ�SRVWHULRU�GLVWULEXWLRQ��&UHGLEOH�,QWHUYDOV

TXDQWLOHV�YHUVXV��&UHGLEOH�,QWHUYDOV

SK\VLFDO�TXDQWLWLHV�DV�UDQGRP��%D\HVLDQ�6WDWLVWLFV

SORWWLQJ

GLVWULEXWLRQ�RI�GLIIHUHQFHV�DV�QRLV\��'LVWULEXWLRQ�RI�'LIIHUHQFHV

MRLQW�GLVWULEXWLRQ��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ

FRQWRXU�SORW��9LVXDOL]LQJ�WKH�-RLQW�'LVWULEXWLRQ��7KH�8SGDWH

SRVWHULRU�GLVWULEXWLRQ��6LPSOH�5HJUHVVLRQ

*UL]]O\�%HDU��7KH�8SGDWH

*UL]]O\�%HDU�WZR�SDUDPHWHU�PRGHO��7KH�8SGDWH



VFDWWHU�SORW�RI�SHQJXLQ�GDWD��-RLQW�'LVWULEXWLRQV

FRQWRXUV�RI�MRLQW�GLVWULEXWLRQ�FRPSDUHG��-RLQW�'LVWULEXWLRQV

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ

LQFRPSOHWH�GDWD��8VLQJ�,QFRPSOHWH�'DWD

SOXV�����YHUVXV�3PI�DGGBGLVW����0L[WXUH

3PI�REMHFWV

DERXW��'LVWULEXWLRQV��3UREDELOLW\�0DVV�)XQFWLRQV��7KH�&RRNLH
3UREOHP�5HYLVLWHG

DGGBGLVW�IXQFWLRQ��$GGHQGV

SOXV�����RSHUDWRU�YHUVXV��0L[WXUH

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG�)XQFWLRQ�
(VWLPDWLRQ

&GI�REMHFW�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

FRLQ�WRVV��3UREDELOLW\�0DVV�)XQFWLRQV

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

&RRNLH�3UREOHP��7KH�&RRNLH�3UREOHP�5HYLVLWHG�7KH�&RRNLH
3UREOHP�5HYLVLWHG

����ERZOV�RI�FRRNLHV������%RZOV�����%RZOV

XSGDWHG�GDWD��7KH�&RRNLH�3UREOHP�5HYLVLWHG

FUHGLEOHBLQWHUYDO�IXQFWLRQ��&UHGLEOH�,QWHUYDOV

'LFH�3UREOHP��7KH�'LFH�3UREOHP�7KH�'LFH�3UREOHP

��VLGHG�EHVW�WKUHH�RI�IRXU�UROOV��%HVW�7KUHH�RI�)RXU

XSGDWLQJ�GLFH��8SGDWLQJ�'LFH



GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��0L[WXUH�0L[WXUH

JHQHUDO�VROXWLRQ��*HQHUDO�0L[WXUHV�*HQHUDO�0L[WXUHV

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

SORWWLQJ��'LVWULEXWLRQ�RI�'LIIHUHQFHV

GLVWULEXWLRQ�RI�VXPV�RI�WZR�GLFH��$GGHQGV�$GGHQGV

HPSLULFDOGLVW�OLEUDU\�IRU�3PI�FODVV��3UREDELOLW\�0DVV�)XQFWLRQV

MRLQW�GLVWULEXWLRQ�FRQVWUXFWLRQ��-RLQW�'LVWULEXWLRQ

OLJKW�EXOE�OLIHWLPHV��/LJKW�%XOEV

ORRS�LWHUDWRU�LWHPV����&UHGLEOH�,QWHUYDOV

PDUJLQDO�IXQFWLRQ��7KUHH�3DUDPHWHU�0RGHO

PD[LPXP�SRVWHULRU�SUREDELOLW\������%RZOV

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

PHDQ�RI�SRVWHULRU�GLVWULEXWLRQ��7KH�7UDLQ�3UREOHP

0XOWL,QGH[��7KH�3ULRU��7KUHH�3DUDPHWHU�0RGHO��3ULRU�'LVWULEXWLRQ

QRUPDO�GLVWULEXWLRQ�RI�SHQJXLQ�GDWD��-RLQW�'LVWULEXWLRQV

QRUPDOL]H�IXQFWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG��%D\HVLDQ
(VWLPDWLRQ

RXWFRPHV�DSSHDULQJ�PRUH�WKDQ�RQFH��3UREDELOLW\�0DVV
)XQFWLRQV

SHUFHQWLOH�UDQN��&UHGLEOH�,QWHUYDOV

3RLVVRQ�GLVWULEXWLRQ��7KH�3RLVVRQ�'LVWULEXWLRQ

SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ��3UHGLFWLQJ�WKH�5HPDWFK

SUREDELOLW\�GHQVLWLHV�DV�QRUPDO�GLVWULEXWLRQ��+RZ�7DOO�,V�$"



SUREDELOLW\�RI�VXSHULRULW\��3UREDELOLW\�RI�6XSHULRULW\��3RVWHULRU
0DUJLQDO�'LVWULEXWLRQV

SUREDELOLW\�WKDW�WKUHVKROG�H[FHHGHG��7KH�%LQRPLDO�'LVWULEXWLRQ

SUREBJW�IXQFWLRQ��3UREDELOLW\�RI�6XSHULRULW\��3RVWHULRU�0DUJLQDO
'LVWULEXWLRQV

VHTXHQFH�RI�SRVVLEOH�RXWFRPHV��3UREDELOLW\�0DVV�)XQFWLRQV

WULDQJOH�VKDSHG�SULRU��7ULDQJOH�3ULRU

XQLIRUP�SULRU�IRU�UHDGLQJ�DELOLW\��(VWLPDWLQJ�3DUDPHWHUV

SRLQW�HVWLPDWHV�IURP�QRQ�%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��7KH�6SDFH
6KXWWOH�3UREOHP

3RLVVRQ�GLVWULEXWLRQ��7KH�3RLVVRQ�'LVWULEXWLRQ��7KH�8SGDWH

JDPPD�GLVWULEXWLRQ�DV�FRQMXJDWH�SULRU��7KH�&RQMXJDWH�3ULRU

3RLVVRQ�SURFHVVHV

DERXW��3RLVVRQ�3URFHVVHV

H[SRQHQWLDO�GLVWULEXWLRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ

JDPPD�GLVWULEXWLRQ��7KH�*DPPD�'LVWULEXWLRQ

3RLVVRQ�GLVWULEXWLRQ��7KH�3RLVVRQ�'LVWULEXWLRQ��7KH�8SGDWH

JDPPD�GLVWULEXWLRQ�DV�FRQMXJDWH�SULRU��7KH�&RQMXJDWH�3ULRU

SRLVVRQ�REMHFW�LQ�6FL3\��7KH�3RLVVRQ�'LVWULEXWLRQ

SUREDELOLW\�RI�VXSHULRULW\��3UREDELOLW\�RI�6XSHULRULW\

XSGDWH��7KH�8SGDWH

SRVWHULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

%D\HVLDQ�XSGDWH��7KH�8SGDWH



(XUR�3UREOHP

%D\HVLDQ�HVWLPDWLRQ��%D\HVLDQ�(VWLPDWLRQ��7ULDQJOH�3ULRU�
(VWLPDWLRQ

FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ��&XPXODWLYH�'LVWULEXWLRQ
)XQFWLRQV

JOXWHQ�VHQVLWLYLW\�,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

MRLQW�SRVWHULRU�GLVWULEXWLRQ��7KH�8SGDWH

SRVWHULRU�GLVWULEXWLRQV�IURP��0DUJLQDO�'LVWULEXWLRQV

PHDQ�RI��7KH�7UDLQ�3UREOHP��3RZHU�/DZ�3ULRU

SDUDPHWHU�PHDQLQJV��:KDW�WKH�$FWXDO"

SHUFHQWLOHV�WR�VXPPDUL]H��&UHGLEOH�,QWHUYDOV

SORWWLQJ��6LPSOH�5HJUHVVLRQ

*UL]]O\�%HDU��7KH�8SGDWH

*UL]]O\�%HDU�WZR�SDUDPHWHU�PRGHO��7KH�8SGDWH

SRVWHULRU�SUHGLFWLYH�GLVWULEXWLRQ

OLJKW�EXOE�OLIHWLPH��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

PDUDWKRQ�ZRUOG�UHFRUG��3UHGLFWLRQ

6SDFH�6KXWWOH�2�ULQJ�GDPDJH��3UHGLFWLYH�'LVWULEXWLRQV�
3UHGLFWLYH�'LVWULEXWLRQV

:RUOG�&XS�3UREOHP��3UHGLFWLQJ�WKH�5HPDWFK

VHQVLWLYLW\�WR�WKH�SULRU��6HQVLWLYLW\�WR�WKH�3ULRU

VORW�PDFKLQH�VHOHFWLRQ��([SORUH�DQG�([SORLW

SRVWHULRU�SUREDELOLW\��'LDFKURQLF�%D\HV



%D\HV�IDFWRU�UHSRUWHG�LQVWHDG�RI��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

%D\HV�WDEOHV

WKUHH�K\SRWKHVHV��7KH�'LFH�3UREOHP�7KH�0RQW\�+DOO
3UREOHP

WZR�K\SRWKHVHV��%D\HV�7DEOHV�%D\HV�7DEOHV

FRQGLWLRQDO�SRVWHULRUV��&RQGLWLRQDO�3RVWHULRUV

0$3�DV�KLJKHVW������%RZOV

FRLQ�WRVVHG�WZLFH��7KH�%LQRPLDO�'LVWULEXWLRQ

FRPSXWLQJ������%RZOV

3PI

'LFH�3UREOHP��7KH�'LFH�3UREOHP

����K\SRWKHVHV������%RZOV�����%RZOV

WZR�K\SRWKHVHV��7KH�&RRNLH�3UREOHP�5HYLVLWHG

WZR�K\SRWKHVHV��XSGDWHG�GDWD��7KH�&RRNLH�3UREOHP
5HYLVLWHG

SRVWHULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

�VHH�DOVR�SRVWHULRU�GLVWULEXWLRQ�

SRVWHULRU�PHDQ��7KH�7UDLQ�3UREOHP��3RZHU�/DZ�3ULRU

%D\HVLDQ�XSGDWHV�DQG��7KH�8SGDWH

GLVWULEXWLRQ�VNHZ��7KH�8SGDWH

MRLQW�GLVWULEXWLRQV��3RVWHULRU�0HDQV

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

VHQVLWLYLW\�WR�SULRU��6HQVLWLYLW\�WR�WKH�3ULRU



SRVWHULRU�RGGV��%D\HV¶V�5XOH��2OLYHU¶V�%ORRG

VXEMHFWLYH��%D\HVLDQ�6WDWLVWLFV

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

XQQRUPDOL]HG��%D\HV�7DEOHV��7KH�&RRNLH�3UREOHP�5HYLVLWHG

QRUPDOL]DWLRQ��%D\HV�7DEOHV��7KH�&RRNLH�3UREOHP
5HYLVLWHG��7KH�8SGDWH

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

SUHGLFWLYH�GLVWULEXWLRQV

SRVWHULRU

OLJKW�EXOE�OLIHWLPH��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

PDUDWKRQ�ZRUOG�UHFRUG��3UHGLFWLRQ

6SDFH�6KXWWOH�2�ULQJ�GDPDJH��3UHGLFWLYH�'LVWULEXWLRQV�
3UHGLFWLYH�'LVWULEXWLRQV

:RUOG�&XS�3UREOHP��3UHGLFWLQJ�WKH�5HPDWFK

SULRU

:RUOG�&XS�3UREOHP��3ULRU�3UHGLFWLYH�'LVWULEXWLRQ

3ULFH�,V�5LJKW�3UREOHP

DERXW��'HFLVLRQ�$QDO\VLV

GHFLVLRQ�DQDO\VLV��'HFLVLRQ�$QDO\VLV

GLVWULEXWLRQ�RI�HUURUV��'LVWULEXWLRQ�RI�(UURU�'LVWULEXWLRQ�RI�(UURU

NHUQHO�GHQVLW\�HVWLPDWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ�
'LVWULEXWLRQ�RI�(UURU



PD[LPL]LQJ�H[SHFWHG�JDLQ��0D[LPL]LQJ�([SHFWHG�*DLQ

PRGHOLQJ��'LVWULEXWLRQ�RI�(UURU

SULRU��7KH�3ULRU

SUREDELOLW\�RI�ZLQQLQJ��3UREDELOLW\�RI�:LQQLQJ

XSGDWH��8SGDWH

SULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��3ULRU�'LVWULEXWLRQ

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��1RUPDO�0RGHOV

GLIIHUHQW�OHQJWKV�IRU�VQRZ�DPRXQWV��3ULRUV

(PSLULFDO�%D\HV�PHWKRG��(PSLULFDO�%D\HV

LQIRUPDWLYH�SULRU��,QIRUPDWLYH�3ULRUV

3PI�IRU�'LFH�3UREOHP��7KH�'LFH�3UREOHP

3ULFH�,V�5LJKW�3UREOHP��7KH�3ULRU

NHUQHO�GHQVLW\�HVWLPDWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ

SULRU�SUHGLFWLYH�GLVWULEXWLRQ��3ULRU�3UHGLFWLYH�'LVWULEXWLRQ

UHDGLQJ�DELOLW\�LPSURYHPHQW��(VWLPDWLQJ�3DUDPHWHUV

XQLQIRUPDWLYH�SULRU��,QIRUPDWLYH�3ULRUV

SULRU�SUREDELOLW\��'LDFKURQLF�%D\HV

%D\HV�WDEOHV

WKUHH�K\SRWKHVHV��7KH�'LFH�3UREOHP�7KH�0RQW\�+DOO
3UREOHP

WZR�K\SRWKHVHV��%D\HV�7DEOHV�%D\HV�7DEOHV



(XUR�YHUVXV�����%RZOV�3UREOHPV��%D\HVLDQ�6WDWLVWLFV

3PI

'LFH�3UREOHP��7KH�'LFH�3UREOHP

����K\SRWKHVHV������%RZOV�����%RZOV

WZR�K\SRWKHVHV��7KH�&RRNLH�3UREOHP�5HYLVLWHG

SRVWHULRU�RGGV��%D\HV¶V�5XOH��2OLYHU¶V�%ORRG

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

SULRU�GLVWULEXWLRQ��7KH�&RRNLH�3UREOHP�5HYLVLWHG������%RZOV

�VHH�DOVR�SULRU�GLVWULEXWLRQ�

SULRU�RGGV��2OLYHU¶V�%ORRG

VHQVLWLYLW\�WR�WKH�SULRU��6HQVLWLYLW\�WR�WKH�3ULRU

VXEMHFWLYH�SULRUV��%D\HVLDQ�6WDWLVWLFV

VZDPSLQJ�WKH�SULRUV��7ULDQJOH�3ULRU

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP��3RZHU�/DZ�3ULRU

WULDQJOH�VKDSHG�SULRU��7ULDQJOH�3ULRU

WULDQJOH�VKDSHG�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

XQLIRUP�SULRU

%D\HVLDQ�%DQGLW�VWUDWHJ\��3ULRU�%HOLHIV

EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

(XUR�3UREOHP��%D\HVLDQ�(VWLPDWLRQ��7ULDQJOH�3ULRU�
(VWLPDWLRQ

JOXWHQ�VHQVLWLYLW\�,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP



UHDGLQJ�DELOLW\�LPSURYHPHQW��(VWLPDWLQJ�3DUDPHWHUV

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP

SUREDELOLW\

FRXQWLQJ�WR�FRPSXWH��3UREDELOLW\��$SSUR[LPDWH�%D\HVLDQ
&RPSXWDWLRQ

GDWDVHW�VL]H��8VLQJ�6XPPDU\�6WDWLVWLFV

GHILQLQJ��3UREDELOLW\

ORJ�RGGV�FRQYHUWHG�WR��7KH�6SDFH�6KXWWOH�3UREOHP

PDWKHPDWLFDO�QRWDWLRQ�IRU��/DZV�RI�3UREDELOLW\

%D\HV¶V�WKHRUHP��7KHRUHP����%D\HV¶V�5XOH

FRQGLWLRQDO�SUREDELOLW\�DQG�FRQMXQFWLRQV��7KHRUHP��

FRQMXQFWLRQV�DV�FRPPXWDWLYH��7KHRUHP��

ODZ�RI�WRWDO�SUREDELOLW\��7KH�/DZ�RI�7RWDO�3UREDELOLW\

SRZHU�ODZ��3RZHU�/DZ�3ULRU

UHJUHVVLRQ�PRGHO��5HJUHVVLRQ�0RGHO

RGGV�DV�GHJUHH�RI�FHUWDLQW\��2GGV

�VHH�DOVR�RGGV�

SUREDELOLW\�IURP��2GGV��7KH�6SDFH�6KXWWOH�3UREOHP

SUREDELOLW\�IXQFWLRQ�UHWXUQLQJ��7KH�3UREDELOLW\�)XQFWLRQ�3ROLWLFDO
9LHZV�DQG�3DUWLHV

FRQGLWLRQDO�SUREDELOLW\�IXQFWLRQ��&RQGLWLRQDO�3UREDELOLW\

UDQGRP�YHUVXV�QRQUDQGRP�TXDQWLWLHV��%D\HVLDQ�6WDWLVWLFV

%D\HVLDQ�LQWHUSUHWDWLRQ�RI�UDQGRP��%D\HVLDQ�6WDWLVWLFV



SUREDELOLW\�GHQVLWLHV��7KH�*DPPD�'LVWULEXWLRQ��7KH�([SRQHQWLDO
'LVWULEXWLRQ��+RZ�7DOO�,V�$"

SUREDELOLW\�GHQVLW\�IXQFWLRQ��3')�

%D\HVLDQ�XSGDWHV��:KDW�WKH�$FWXDO"

JDPPD�GLVWULEXWLRQ��7KH�*DPPD�'LVWULEXWLRQ

QRUP�REMHFW�UHWXUQLQJ��1RUPDO�0RGHOV

UHDGLQJ�DELOLW\�LPSURYHPHQW��/LNHOLKRRG

6FL3\�SGI�IXQFWLRQ��+RZ�7DOO�,V�$"

WLPH�EHWZHHQ�JRDOV��7KH�([SRQHQWLDO�'LVWULEXWLRQ

SUREDELOLW\�PDVV�IXQFWLRQV��30)�

DERXW��3UREDELOLW\�0DVV�)XQFWLRQV

%D\HVLDQ�XSGDWHV��:KDW�WKH�$FWXDO"

&')�FRQYHUVLRQ��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

FRLQ�WRVV��3UREDELOLW\�0DVV�)XQFWLRQV

RXWFRPHV�DSSHDULQJ�PRUH�WKDQ�RQFH��3UREDELOLW\�0DVV
)XQFWLRQV

3PI�FODVV��VHH�3PI�REMHFWV�

VHTXHQFH�RI�SRVVLEOH�RXWFRPHV��3UREDELOLW\�0DVV�)XQFWLRQV

SUREDELOLW\�RI�VXSHULRULW\

UHDGLQJ�DELOLW\�LPSURYHPHQW��3RVWHULRU�0DUJLQDO�'LVWULEXWLRQV

:RUOG�&XS�3UREOHP��3UREDELOLW\�RI�6XSHULRULW\

SURSRUWLRQ�HVWLPDWLRQ��VHH�HVWLPDWLQJ�SURSRUWLRQV�

3\0&��OLEUDU\



DERXW��,QWURGXFLQJ�3\0&���:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

KDSSLQHVV��+DSSLQHVV�0XOWLSOH�5HJUHVVLRQ

LPSRUWLQJ�DV�SP��,QWURGXFLQJ�3\0&�

LQIHUHQFH��:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

0RGHO�REMHFW��,QWURGXFLQJ�3\0&�

PXOWLSOH�UHJUHVVLRQ��0XOWLSOH�5HJUHVVLRQ

VDPSOLQJ�WKH�SULRU��6DPSOLQJ�WKH�3ULRU

VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

:RUOG�&XS�3UREOHP��7KH�:RUOG�&XS�3UREOHP�3RVWHULRU
3UHGLFWLYH�'LVWULEXWLRQ

3\WKRQ

DERXW�UXQQLQJ�QRWHERRNV��:RUNLQJ�ZLWK�WKH�&RGH

$QDFRQGD�GLVWULEXWLRQ��,QVWDOOLQJ�-XS\WHU

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

3\0&��OLEUDU\

DERXW��,QWURGXFLQJ�3\0&���:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

KDSSLQHVV��+DSSLQHVV�0XOWLSOH�5HJUHVVLRQ

LPSRUWLQJ�DV�SP��,QWURGXFLQJ�3\0&�

LQIHUHQFH��:KHQ�'R�:H�*HW�WR�,QIHUHQFH"

0RGHO�REMHFW��,QWURGXFLQJ�3\0&�

PXOWLSOH�UHJUHVVLRQ��0XOWLSOH�5HJUHVVLRQ

VDPSOLQJ�WKH�SULRU��6DPSOLQJ�WKH�3ULRU



VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

:RUOG�&XS�3UREOHP��7KH�:RUOG�&XS�3UREOHP�3RVWHULRU
3UHGLFWLYH�'LVWULEXWLRQ

ZLWK�VWDWHPHQW��,QWURGXFLQJ�3\0&�

4

TXDQWLOHV

&GI�REMHFWV�WR�FRPSXWH��&XPXODWLYH�'LVWULEXWLRQ�)XQFWLRQV

SHUFHQWLOHV�YHUVXV��&UHGLEOH�,QWHUYDOV

5

UDQGRP�GLVWULEXWLRQV��VHH�3RLVVRQ�SURFHVVHV�

UDQGRP�VDPSOLQJ��3UREDELOLW\

IURP�D�GLVWULEXWLRQ��VHH�0&0&��0DUNRY�FKDLQ�0RQWH�&DUOR��

7KRPSVRQ�VDPSOLQJ��([SORUH�DQG�([SORLW

UDQGRP�YHUVXV�QRQUDQGRP�TXDQWLWLHV��%D\HVLDQ�6WDWLVWLFV

SK\VLFDO�TXDQWLWLHV�DV�UDQGRP��%D\HVLDQ�6WDWLVWLFV

UDWLRV�RI�SUREDELOLWLHV�DV�RGGV��2GGV

UHDGLQJ�DELOLW\�LPSURYHPHQW

DERXW��,PSURYLQJ�5HDGLQJ�$ELOLW\

GDWD�LQWR�'DWD)UDPH��,PSURYLQJ�5HDGLQJ�$ELOLW\

GLVWULEXWLRQ�RI�GLIIHUHQFHV��'LVWULEXWLRQ�RI�'LIIHUHQFHV

OLNHOLKRRG��/LNHOLKRRG

VXPPDU\�VWDWLVWLFV��8VLQJ�6XPPDU\�6WDWLVWLFV



PDUJLQDO�GLVWULEXWLRQV��/LNHOLKRRG

FRPSDULQJ��&RPSDULQJ�0DUJLQDOV

SULRU�GLVWULEXWLRQ��(VWLPDWLQJ�3DUDPHWHUV

SUREDELOLW\�RI�VXSHULRULW\��3RVWHULRU�0DUJLQDO�'LVWULEXWLRQV

XSGDWH��,PSURYLQJ�5HDGLQJ�$ELOLW\�/LNHOLKRRG

VXPPDU\�VWDWLVWLFV��8SGDWH�ZLWK�6XPPDU\�6WDWLVWLFV

UHJUHVVLRQ��5HJUHVVLRQ�0RGHO

�VHH�DOVR�OLQHDU�UHJUHVVLRQ�

3\0&��OLEUDU\�IRU�PXOWLSOH�UHJUHVVLRQ��0XOWLSOH�5HJUHVVLRQ

3\0&��OLEUDU\�IRU�VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

6FL3\�OLQUHJUHVV�IXQFWLRQ�IRU�VLPSOH�UHJUHVVLRQ��6LPSOH
5HJUHVVLRQ

UHVLGXDOV�RI�UHJUHVVLRQ��/HDVW�6TXDUHV�5HJUHVVLRQ��/LNHOLKRRG�
0DUDWKRQ�:RUOG�5HFRUG

UHVRXUFHV

$QDFRQGD�GLVWULEXWLRQ�RI�3\WKRQ��,QVWDOOLQJ�-XS\WHU

ERRN�ZHE�SDJH��+RZ�WR�&RQWDFW�8V

85/�ZLWK�OLQNV�WR�DOO�QRWHERRNV��:RUNLQJ�ZLWK�WKH�&RGH

5RVHU��0D[��+DSSLQHVV

URXQGLQJ�DYRLGHG�ZLWK�IUDFWLRQV��7KH�'LFH�3UREOHP

6

VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�PHDQ��8VLQJ�6XPPDU\�6WDWLVWLFV



VDPSOLQJ�IURP�D�GLVWULEXWLRQ��VHH�0&0&��0DUNRY�FKDLQ�0RQWH
&DUOR��

6FL3\

EHWD�IXQFWLRQ�IRU�EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

ELQRPLDO�IXQFWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ

ELQRPLDO�OLNHOLKRRG�IXQFWLRQ��7KH�%LQRPLDO�/LNHOLKRRG
)XQFWLRQ

H[SLW�IXQFWLRQ��7KH�6SDFH�6KXWWOH�3UREOHP��/LNHOLKRRG

H[SRQHQWLDO�GLVWULEXWLRQ��7KH�([SRQHQWLDO�'LVWULEXWLRQ

JDPPD�GLVWULEXWLRQ�IXQFWLRQ��7KH�*DPPD�'LVWULEXWLRQ

K\SHUJHRPHWULF�GLVWULEXWLRQ�IXQFWLRQ��7KH�*UL]]O\�%HDU�3UREOHP

LQVWDOODWLRQ��,QVWDOOLQJ�-XS\WHU

NHUQHO�GHQVLW\�HVWLPDWLRQ��.HUQHO�'HQVLW\�(VWLPDWLRQ�
'LVWULEXWLRQ�RI�'LIIHUHQFHV

OLQUHJUHVV�IXQFWLRQ�IRU�VLPSOH�UHJUHVVLRQ��6LPSOH�5HJUHVVLRQ

PXOWLQRPLDO�IXQFWLRQ��7ZR�3DUDPHWHU�0RGHO��7KUHH�3DUDPHWHU
0RGHO

PXOWLYDULDWHBQRUPDO�IXQFWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

QRUP�IXQFWLRQ�IRU�QRUPDO�GLVWULEXWLRQ��+RZ�7DOO�,V�$"��1RUPDO
0RGHOV

SGI�IXQFWLRQ��+RZ�7DOO�,V�$"��1RUPDO�0RGHOV

SRLVVRQ�REMHFW��7KH�3RLVVRQ�'LVWULEXWLRQ

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ

VHTXHQFH�RI�SRVVLEOH�RXWFRPHV��3UREDELOLW\�0DVV�)XQFWLRQV



��VLGHG�GLFH

EHVW�WKUHH�RI�IRXU�UROOV��%HVW�7KUHH�RI�)RXU

ER[�RI�WKUHH�GLFH��7KH�'LFH�3UREOHP

3PI�WR�VROYH��7KH�'LFH�3UREOHP�7KH�'LFH�3UREOHP

GLVWULEXWLRQ�DV�PL[�RI�GLVWULEXWLRQV��0L[WXUH�0L[WXUH

JHQHUDO�VROXWLRQ��*HQHUDO�0L[WXUHV�*HQHUDO�0L[WXUHV

VORW�PDFKLQHV��VHH�%D\HVLDQ�%DQGLW�VWUDWHJ\�

VQRZ�DPRXQWV

DERXW��0RUH�6QRZ"

IRQG�PHPRULHV�RI��7KH�8SGDWH

OHDVW�VTXDUHV�UHJUHVVLRQ��/HDVW�6TXDUHV�5HJUHVVLRQ

OLNHOLKRRG��/LNHOLKRRG

PDUJLQDO�GLVWULEXWLRQV��7KH�8SGDWH

QRUPDO�GLVWULEXWLRQ�DVVXPSWLRQ��5HJUHVVLRQ�0RGHO

SULRUV��3ULRUV

UHJUHVVLRQ�PRGHO��5HJUHVVLRQ�0RGHO

XSGDWH��7KH�8SGDWH

VRFFHU�JRDO�VFRULQJ��VHH�:RUOG�&XS�3UREOHP�

6SDFH�6KXWWOH�3UREOHP

DERXW��7KH�6SDFH�6KXWWOH�3UREOHP

ORJLVWLF�UHJUHVVLRQ��%D\HVLDQ��7KH�6SDFH�6KXWWOH�3UREOHP�7KH
8SGDWH

ORJLVWLF�UHJUHVVLRQ��QRQ�%D\HVLDQ��7KH�6SDFH�6KXWWOH�3UREOHP



PRGHOLQJ��3UHGLFWLYH�'LVWULEXWLRQV

ORJLVWLF�PRGHO��7KH�6SDFH�6KXWWOH�3UREOHP��3UHGLFWLYH
'LVWULEXWLRQV

SUHGLFWLRQV�DERXW�2�ULQJ�GDPDJH��3UHGLFWLYH�'LVWULEXWLRQV�
3UHGLFWLYH�'LVWULEXWLRQV

VSDP�ILOWHUV�DV�FODVVLILFDWLRQ��&ODVVLILFDWLRQ

VWDFN�IXQFWLRQ

FRQYHUWLQJ�'DWD)UDPH�WR�6HULHV��3RVWHULRU�3UHGLFWLYH
'LVWULEXWLRQ��7KH�3ULRU

3PI�ZLWK�WZR�OHYHOV�LQ�LQGH[��3ULRU�'LVWULEXWLRQ

VWDQGDUG�GHYLDWLRQ

+RZ�7DOO�,V�3HUVRQ�$��+RZ�7DOO�,V�$"��0DUJLQDO�'LVWULEXWLRQV

QRUPDO�GLVWULEXWLRQ

FODVVLILFDWLRQ�RI�SHQJXLQ�GDWD��1RUPDO�0RGHOV

+RZ�7DOO�,V�3HUVRQ�$��+RZ�7DOO�,V�$"

PXOWLYDULDWH��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

3ULFH�,V�5LJKW�3UREOHP��'LVWULEXWLRQ�RI�(UURU

VQRZ�DPRXQWV��5HJUHVVLRQ�0RGHO

XQLYDULDWH��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

3PI�DSSUR[LPDWLQJ�QRUPDO�GLVWULEXWLRQ��-RLQW�'LVWULEXWLRQV

UHDGLQJ�DELOLW\�LPSURYHPHQW��/LNHOLKRRG��8VLQJ�6XPPDU\
6WDWLVWLFV��8SGDWH�ZLWK�6XPPDU\�6WDWLVWLFV

UHVLGXDOV�DV�HVWLPDWH�RI�VLJPD��/HDVW�6TXDUHV�5HJUHVVLRQ�
0DUDWKRQ�:RUOG�5HFRUG



VQRZ�DPRXQWV��5HJUHVVLRQ�0RGHO�7KH�8SGDWH

VLJPD�DV�QXLVDQFH�SDUDPHWHU��7KH�8SGDWH

VWDWLVWLFDO�YHUVXV�%D\HVLDQ�K\SRWKHVLV�WHVWLQJ��%D\HVLDQ�+\SRWKHVLV
7HVWLQJ

VWDWLVWLFDO�YHUVXV�%D\HVLDQ�LQIHUHQFH��,QIHUHQFH

VWDWLVWLFV��%D\HVLDQ��YHUVXV�%D\HV¶V�WKHRUHP��%D\HVLDQ�6WDWLVWLFV

VWDWVPRGHOV�IRU�QRQ�%D\HVLDQ�ORJLVWLF�UHJUHVVLRQ��7KH�6SDFH�6KXWWOH
3UREOHP

(PSLULFDO�%D\HV�PHWKRG��(PSLULFDO�%D\HV

OHDVW�VTXDUHV�UHJUHVVLRQ

PDUDWKRQ�ZRUOG�UHFRUG��0DUDWKRQ�:RUOG�5HFRUG

VQRZ�DPRXQWV��/HDVW�6TXDUHV�5HJUHVVLRQ

6WXGHQW¶V�W�WHVW��,QIHUHQFH

VXPPDU\�VWDWLVWLFV

DERXW��8VLQJ�6XPPDU\�6WDWLVWLFV

ODUJHU�GDWDVHWV��8VLQJ�6XPPDU\�6WDWLVWLFV��/LNHOLKRRG

OLNHOLKRRG�RI�UHDGLQJ�LPSURYHPHQW��8VLQJ�6XPPDU\�6WDWLVWLFV

VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�PHDQ��8VLQJ�6XPPDU\�6WDWLVWLFV

XSGDWH�RI�UHDGLQJ�LPSURYHPHQW��8SGDWH�ZLWK�6XPPDU\�6WDWLVWLFV

QRUPDO�GLVWULEXWLRQ�DVVXPSWLRQ��&RPSDULQJ�0DUJLQDOV

VXPPLQJ�URZ�RI�'DWD)UDPH��*HQHUDO�0L[WXUHV

VXPV�DV�GLVWULEXWLRQV

SUREDELOLW\�RI�VXSHULRULW\��3UREDELOLW\�RI�6XSHULRULW\



WKUHH�GLFH��$GGHQGV��%HVW�7KUHH�RI�)RXU

WZR�GLFH��$GGHQGV�$GGHQGV

ZHLJKWHG�VXP�RI�SUREDELOLWLHV��'HFLVLRQ�$QDO\VLV

VXUYLYDO�DQDO\VLV

DERXW��6XUYLYDO�$QDO\VLV

LQFRPSOHWH�GDWD��,QFRPSOHWH�'DWD�,QFRPSOHWH�'DWD

FDOOHG�FHQVRUHG��,QFRPSOHWH�'DWD

XVLQJ��8VLQJ�,QFRPSOHWH�'DWD�8VLQJ�,QFRPSOHWH�'DWD

OLJKW�EXOE�GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

OLJKW�EXOE�OLIHWLPH�GLVWULEXWLRQ��/LJKW�%XOEV�3RVWHULRU�0HDQV

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO
'LVWULEXWLRQ

VZDPSLQJ�WKH�SULRUV��7ULDQJOH�3ULRU

7

WHVWHUV�ILQGLQJ�EXJV�LQ�SURJUDP��VHH�/LQFROQ�,QGH[�3UREOHP�

WHVWLQJ�K\SRWKHVHV

%D\HVLDQ�%DQGLW�VWUDWHJ\��7KH�6WUDWHJ\

%D\HVLDQ�YHUVXV�VWDWLVWLFDO��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

GHFLVLRQ�DQDO\VLV�LQVWHDG��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

(XUR�3UREOHP

DERXW��7HVWLQJ

ELQRPLDO�GLVWULEXWLRQ��7KH�%LQRPLDO�'LVWULEXWLRQ��(VWLPDWLRQ



PRGHOLQJ��(YLGHQFH

PRGHOLQJ�WULDQJOH�VKDSHG�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

PRGHOLQJ�XQLIRUP�ELDV��8QLIRUPO\�'LVWULEXWHG�%LDV

VROXWLRQ�UHYLHZ��(VWLPDWLRQ�(YLGHQFH

VWDWLVWLFDO�YHUVXV�%D\HVLDQ��%D\HVLDQ�+\SRWKHVLV�7HVWLQJ

WKHRUHWLFDO�YHUVXV�HPSLULFDO�GLVWULEXWLRQV��'LVWULEXWLRQV

7KH�7KHRU\�7KDW�:RXOG�1RW�'LH��0F*UD\QH���%D\HVLDQ�6WDWLVWLFV

7KRPSVRQ�VDPSOLQJ��([SORUH�DQG�([SORLW

WLPH�GHOWD�IURP�7LPHVWDPSV��0DUDWKRQ�:RUOG�5HFRUG

7LPHVWDPS�REMHFWV��0DUDWKRQ�:RUOG�5HFRUG

WRWDO�SUREDELOLW\�RI�WKH�GDWD��'LDFKURQLF�%D\HV

QRUPDOL]LQJ�FRQVWDQW��%D\HV�7DEOHV

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP�7KH�7UDLQ�3UREOHP

FUHGLEOH�LQWHUYDOV��&UHGLEOH�,QWHUYDOV

SRZHU�ODZ�SULRU��3RZHU�/DZ�3ULRU

VHQVLWLYLW\�WR�WKH�SULRU��6HQVLWLYLW\�WR�WKH�3ULRU

WUDQVSRVLQJ�D�PDWUL[��*HQHUDO�0L[WXUHV

WULDQJOH�VKDSHG�SULRU��7ULDQJOH�3ULRU

7UXH�YDOXH�VXPPHG��)UDFWLRQ�RI�%DQNHUV

8

XQLIRUP�SULRU

%D\HVLDQ�%DQGLW�VWUDWHJ\��3ULRU�%HOLHIV



EHWD�GLVWULEXWLRQ��%LQRPLDO�/LNHOLKRRG

(XUR�3UREOHP��%D\HVLDQ�(VWLPDWLRQ��(VWLPDWLRQ

����%RZOV�3UREOHP�FRQWUDVWHG��%D\HVLDQ�6WDWLVWLFV

JOXWHQ�VHQVLWLYLW\�,QYHUVH�3UREOHP��7KH�,QYHUVH�3UREOHP

UHDGLQJ�DELOLW\�LPSURYHPHQW��(VWLPDWLQJ�3DUDPHWHUV

7UDLQ�3UREOHP��7KH�7UDLQ�3UREOHP

XQLYDULDWH�QRUPDO�GLVWULEXWLRQ��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

XQLYHUVH�DJH��%D\HVLDQ�6WDWLVWLFV

XQVWDFN�IXQFWLRQ�FRQYHUWLQJ�6HULHV�WR�'DWD)UDPH��7KH�8SGDWH��7KH
8SGDWH

XSGDWHV��VHH�%D\HVLDQ�XSGDWHV�

XUQ�SUREOHP��7KH�&RRNLH�3UREOHP

9

YDULDQFHV�LQ�FRYDULDQFH�PDWUL[��0XOWLYDULDWH�1RUPDO�'LVWULEXWLRQ

YLVXDOL]LQJ��VHH�SORWWLQJ�

:

ZHDWKHU�GDWD��0RUH�6QRZ"

VQRZ�DPRXQWV��0RUH�6QRZ"�7KH�8SGDWH

:HLEXOO�GLVWULEXWLRQ��7KH�:HLEXOO�'LVWULEXWLRQ�7KH�:HLEXOO�'LVWULEXWLRQ

OLJKW�EXOE�GHDG�EXOE�SUHGLFWLRQ��3RVWHULRU�3UHGLFWLYH�'LVWULEXWLRQ

ZHLJKWHG�GLVWULEXWLRQV��*HQHUDO�0L[WXUHV



ZHLJKWHG�VXP�RI�SUREDELOLWLHV��'HFLVLRQ�$QDO\VLV

:RUOG�&XS�3UREOHP

FRQMXJDWH�SULRUV

JDPPD�GLVWULEXWLRQ�IRU�XSGDWH��7KH�&RQMXJDWH�3ULRU�:KDW
WKH�$FWXDO"

3RLVVRQ�SURFHVVHV�VROXWLRQ�UHYLHZ��7KH�:RUOG�&XS
3UREOHP�5HYLVLWHG

0&0&�YLD�3\0&���7KH�:RUOG�&XS�3UREOHP�3RVWHULRU�3UHGLFWLYH
'LVWULEXWLRQ

3RLVVRQ�SURFHVVHV

JRDO�VFRULQJ�UDWH��7KH�*DPPD�'LVWULEXWLRQ

QXPEHU�RI�JRDOV�JLYHQ�UDWH��7KH�3RLVVRQ�'LVWULEXWLRQ��7KH
8SGDWH

SRLVVRQ�REMHFW�LQ�6FL3\��7KH�3RLVVRQ�'LVWULEXWLRQ

3RLVVRQ�SURFHVVHV��3RLVVRQ�3URFHVVHV

SUHGLFWLQJ�UHPDWFK��3UHGLFWLQJ�WKH�5HPDWFK

SUREDELOLW\�RI�VXSHULRULW\��3UREDELOLW\�RI�6XSHULRULW\

WLPH�EHWZHHQ�JRDOV��7KH�([SRQHQWLDO�'LVWULEXWLRQ

XSGDWH��7KH�8SGDWH

:RUOG�+DSSLQHVV�5HSRUW��+DSSLQHVV

<

\HDVW�FHOOV�FRXQWHG��VHH�FRXQWLQJ�FHOOV�



$ERXW� WKH� $XWKRU
$OOHQ� %�� 'RZQH\�LV�D�3URIHVVRU�RI�&RPSXWHU�6FLHQFH�DW�2OLQ
&ROOHJH�RI�(QJLQHHULQJ��+H�KDV�WDXJKW�FRPSXWHU�VFLHQFH�DW
:HOOHVOH\�&ROOHJH��&ROE\�&ROOHJH�DQG�8&�%HUNHOH\��+H�KDV�D�3K'�LQ
&RPSXWHU�6FLHQFH�IURP�8&�%HUNHOH\�DQG�PDVWHU¶V�DQG�EDFKHORU¶V
GHJUHHV�IURP�0,7��+H�LV�WKH�DXWKRU�RI�7KLQN�3\WKRQ��7KLQN�6WDWV�
7KLQN�'63��DQG�D�EORJ��3UREDEO\�2YHUWKLQNLQJ�,W�



&RORSKRQ
7KH�DQLPDO�RQ�WKH�FRYHU�RI�7KLQN�%D\HV�LV�D�UHG�VWULSHG�PXOOHW
�0XOOXV�VXUPXOHWXV���7KLV�VSHFLHV�RI�JRDWILVK�FDQ�EH�IRXQG�LQ�WKH
0HGLWHUUDQHDQ�6HD��HDVW�1RUWK�$WODQWLF�2FHDQ��DQG�WKH�%ODFN�6HD�
.QRZQ�IRU�LWV�GLVWLQFW�VWULSHG�ILUVW�GRUVDO�ILQ��WKH�UHG�VWULSHG�PXOOHW�LV�D
IDYRUHG�GHOLFDF\�LQ�WKH�0HGLWHUUDQHDQ²DORQJ�ZLWK�D�UHODWHG�JRDWILVK�
0XOOXV�EDUEDWXV��ZKLFK�KDV�D�ILUVW�GRUVDO�ILQ�WKDW�LV�QRW�VWULSHG�
+RZHYHU��WKH�UHG�VWULSHG�PXOOHW�WHQGV�WR�EH�PRUH�SUL]HG�DQG�LV�VDLG
WR�WDVWH�VLPLODU�WR�R\VWHUV�

7KHUH�DUH�VWRULHV�RI�DQFLHQW�5RPDQV�UHDULQJ�WKH�UHG�VWULSHG�PXOOHW�LQ
SRQGV²DWWHQGLQJ�WR��FDUHVVLQJ��DQG�HYHQ�WHDFKLQJ�WKHP�WR�IHHG�DW
WKH�VRXQG�RI�D�EHOO��7KHVH�ILVK��JHQHUDOO\�ZHLJKLQJ�LQ�XQGHU�WZR
SRXQGV�HYHQ�ZKHQ�IDUP�UDLVHG��ZHUH�VRPHWLPHV�VROG�IRU�WKHLU�ZHLJKW
LQ�VLOYHU�

:KHQ�OHIW�WR�WKH�ZLOG��UHG�PXOOHWV�DUH�VPDOO�ERWWRP�IHHGLQJ�ILVK�ZLWK�D
GLVWLQFW�GRXEOH�EHDUG²NQRZQ�DV�EDUEHOV²RQ�WKHLU�ORZHU�OLS��ZKLFK
WKH\�XVH�WR�SUREH�WKH�RFHDQ�IORRU�IRU�IRRG��%HFDXVH�WKH�UHG�VWULSHG
PXOOHW�IHHGV�RQ�VDQG\�DQG�URFN\�ERWWRPV�DW�VKDOORZHU�GHSWKV��LWV
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